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Abstract
In order to analyze the optimal degree of privatizing an upstream public ﬁrm, this paper
sets up a vertically related market that consists of an upstream mixed oligopoly with one public
ﬁrm and m private ﬁrms and a downstream oligopoly with n private ﬁrms. The major ﬁndings
of this paper are as follows: If the marginal production cost of input increases slowly
(rapidly), then the optimal degree for privatizing a public upstream ﬁrm increases (decreases)
with the number of downstream ﬁrms. If the marginal production cost of input increases
moderately, then the optimal degree for privatizing the public upstream ﬁrm ﬁrst increases and
then decreases with the number of downstream ﬁrms. If the marginal production cost of input
is constant, then the optimal degree for privatizing a public upstream ﬁrm always increases
with the number of downstream ﬁrms.
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Introduction

Privatization has been a worldwide trend since the late 1970s, with one famous example
being that of British Rail under the leadership of Prime Minister Margaret Thatcher in 1993
(Railway Britain 2008). Many privatized ﬁrms are in downstream markets where they directly
face the consumers, but in many developing economies such as mainland China and Taiwan,
those that have been privatized are upstream ﬁrms in the industries of petroleum, electricity,
minerals, steel, glass, ship construction, etc. (Lee 2009; Pao et al. 2008). Most of the literature
on privatization looks at a mixed oligopoly that is not embedded in a vertically related market
environment, hence providing no suﬃcient analysis of privatization in an upstream mixed
oligopoly market structure. The main purpose of this paper is to analyze the optimal
privatization of an upstream public ﬁrm in an upstream mixed oligopoly market and to compare
it with the previous literature on privatization. This paper sets up a vertically related market
consisting of an upstream mixed oligopoly and a downstream oligopoly to analyze the optimal
degree for privatizing a public ﬁrm.
A market where public ﬁrms and private ﬁrms co-exist is regarded as a mixed market.
The literature on a mixed oligopoly can be traced back to Merrill and Schneider (1996).
Recently, the literature on a mixed oligopoly structure has developed fast and has extended to
an open economy and spatial competition market.1
The literature on partial privatization of a downstream public ﬁrm includes Fershtman
(1990), Matsumura (1998), Lee and Hwang (2003), Matsumura and Kanda (2005), Fujiwara
(2007), Lu and Poddar (2007), Matsumura and Shimizu (2010), Han and Ogawa (2012), etc.
Matsumura (1998) ﬁnds that neither full privatization nor full nationalization is optimal under
moderate conditions. By extending the model of Matsumura (1998) and taking the ineﬃciency
caused by public management into account, Lee and Hwang (2003) prove that partial
privatization is a reasonable decision-making outcome, no matter under a monopoly or a mixed
oligopoly. Matsumura and Kanda (2005) allow free entry and ﬁnd, in contrast to the case of a
ﬁxed number of private ﬁrms, that welfare-maximizing behavior by the public ﬁrm is always
optimal. Lu and Poddar (2007) study the impact of ﬁrm ownership in a diﬀerentiated industry.
Fujiwara (2007) applies the horizontal diﬀerentiated mixed oligopoly model to study free-entry
and non-free-entry eﬀects of product diﬀerentiation upon the optimal degree of privatization.
Matsumura and Shimizu (2010) set up a mixed oligopoly with m public ﬁrms and N-m private
ﬁrms to examine the welfare of sequential privatizing public enterprises. Under plausible
assumptions, the social welfare function is convex on the number of public ﬁrms. Therefore, if
the number of privatized ﬁrms reaches some point, then this can improve social welfare.
Papers looking at the privatization of an upstream public ﬁrm in a vertically related market
structure include Vickers (1995), Lee (2006), Gangopadhyay (2005), Willner (2008), De Fraja
1
The literature on the welfare eﬀects of privatization encompasses De Fraja and Delbono (1989), De Fraja and
Delbono (1990), Fershtman (1990), Cremer et al. (1989), Husain (1994), White (1996), George and Manna (1996),
Mujumdar and Pal (1998), etc. The literature on the welfare eﬀects of privatization in an open economy includes Fjell
and Pal (1996), Pal and White (1998), Chang (2005), Chao and Yu (2006), Dadpay and Heywood (2006), Han and
Ogawa (2007), Mukherjee and Suetrong (2009), Matsumura et al. (2009), Wang and Cheng (2010), Wang and Cheng
(2011), etc. Furthermore, Cremer et al. (1991), Anderson et al. (1997), Matsushima and Matsumura (2003), and
Matsushima and Matsumura (2006) study spatial competition under a mixed oligopoly.
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and Roberts (2009), Stähler and Traub (2009), Wen and Yuan (2010), Ceriani and Florio
(2011), Ohori (2012), and Bose and Gupta (2013). Vickers (1995), Gangopadhyay (2005), and
Stähler and Traub (2009) analyze whether or not a natural monopolist in a vertically integrated
market should also be allowed to participate in a competitive downstream market by
considering the tradeoﬀs between privatization and keeping a public ﬁrm at diﬀerent vertical
stages. In a vertical structure of the telecommunications industry, Lee (2006) examines the
welfare eﬀects of privatization on the upstream public enterprise, showing that the cost
advantage of the independent rivals improves welfare post privatization. Willner (2008)
investigates a market with an upstream bottleneck monopoly and downstream activity that may
either be vertically integrated or separated. He ﬁnds that separation always reduces consumer
surplus as well as total surplus unless there are large cost reductions.
De Fraja and Roberts (2009) use a vertically related model to discuss the sequence of
privatization on vertical integrated public ﬁrms in Poland. Wen and Yuan (2010) examine
restructuring, divestiture, and deregulation of a vertically integrated public ﬁrm from a public
ﬁnance perspective, ﬁnding that the optimal restructuring plan for the utility depends on the
cost of public funds and on the X-eﬃciency gains from privatization. Ohori (2012) investigates
the optimal rate of an environmental tax and the level of privatization in a vertical relationship
between one partially privatized producer and two private sellers. Considering a public
monopolist, Ceriani and Florio (2011) study the eﬀects of a sequence of reforms on consumer
surplus within the network industry. Their results depend on the X-ineﬃciency of the public
monopolist, allocative ineﬃciency of the private monopolist, cost of unbundling, and cost of
establishing a competitive market. Bose and Gupta (2013) look at the optimal sequence of
privatization of a public bilateral monopoly.
All of the above studies on the privatization of an upstream public ﬁrm conﬁne themselves
to regimes where upstream public ﬁrms face no private competitors, or to put it diﬀerently, the
upstream market is not a typical mixed oligopoly. There are many industries in the real world
with an upstream mixed oligopoly, such as the petroleum and steel industries in the developing
economy of Taiwan, and some of the upstream public ﬁrms of these industries are already
privatized or are going to be privatized. To the best of our knowledge, no study exists in the
literature that looks at this topic, except Matsumura and Matsushima (2012) who examine the
optimal privatization of upstream public ﬁrms in an upstream mixed oligopoly set-up.
Matsumura and Matsushima (2012) provide a model of an upstream (airport) duopoly with two
downstream (airline) companies that compete internationally. They show that the privatization
of both airports is always an equilibrium, but they do not consider the plausibility of partial
privatization and the relevant impacts of the market structure and technology on the optimal
privatization degree of an upstream public ﬁrm. Thus, our model is completely diﬀerent from
theirs.
In order to ﬁll this gap in the literature, the purpose of this paper is to look closely at the
optimal privatization degree of an upstream public ﬁrm. This paper sets up a model with a
vertically related market structure, whereby the upstream (intermediate good) market contains
one public ﬁrm and m private ﬁrms, and the downstream (ﬁnal good) market has n
homogeneous private ﬁrms. This model allows us to analyze the optimal degree of
privatization of a public upstream ﬁrm and the inﬂuence of the downstream market structure on
the resultant privatization policy.
When privatizing an upstream public ﬁrm, the governmentʼs motive is to correct upstream
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production distortions (the previous literature calls this the ʻcost saving eﬀectʼ ) and both
upstream and downstream oligopolistic distortions (known as the ʻquantity reduction eﬀectʼ ).2
A greater (smaller) cost saving eﬀect increases (decreases) the incentive for the government to
privatize the public ﬁrm to a greater degree, while a greater (smaller) quantity in the reduction
eﬀect decreases (increases) the incentive to privatize the public ﬁrm. This paper ﬁnds that the
number of upstream and downstream ﬁrms and the eﬃciency of production technology both
play key roles in determining the relative size of these two eﬀects and the optimal degree of
privatization of an upstream public ﬁrm. If the marginal production cost of input increases
slowly (rapidly), then the optimal degree for privatizing a public upstream ﬁrm increases
(decreases) with the number of downstream ﬁrms. If the marginal production cost increases
moderately, then the optimal degree for privatizing the public upstream ﬁrm ﬁrst increases and
then decreases with the number of downstream ﬁrms. When marginal production cost is
constant, the optimal degree of privatization always decreases with the number of downstream
ﬁrms. This result is quite diﬀerent from the case of an increasing marginal cost.
This paper is organized as follows. Section II provides the basic model. Section III
discusses the optimal degree of privatization of an upstream public ﬁrm with an increasing
marginal cost. Section IV analyzes the case of a constant marginal cost. Section V concludes.

II.

The Basic Model

In a vertically related market, the upstream intermediate goods market is a mixed
oligopoly where one public ﬁrm (denoted as ﬁrm 0) and m private ﬁrms (denoted as ﬁrm j, for
j=1, 2, ..., m) co-exist and supply homogeneous intermediate goods to n downstream private
ﬁrms (denoted as ﬁrm i, for i=m+1, m+2, ..., m+n). These n ﬁrms use the intermediate
goods to produce homogeneous ﬁnal goods to supply the ﬁnal goods market. All upstream and
downstream ﬁrms engage in Cournot competition.
Before privatization, ﬁrm 0 is a welfare-maximizing pure public ﬁrm with 100% public
shareholdings. However, after a proportion of λ shares are released to the private sector, the
public shareholder wants to maximize the social welfare, while the private shareholders want to
maximize proﬁt. As a result, privatized ﬁrm 0ʼs objective function Ω is a weighted average of
its own proﬁt and social welfare:
Ω=λπ0+(1−λ)SW,

(1)

2
Production distortion comes from the marginal production cost of an upstream public ﬁrm being diﬀerent from that
of the upstream private ﬁrms. If the public ﬁrm is not fully privatized, then its output will be greater than each
upstream private ﬁrm, and hence its marginal production cost will be greater than the private ﬁrms. Privatizing the
public ﬁrm can shift some output from the public ﬁrm to the private ﬁrms and reduce the total production cost of the
industry, which is the cost saving eﬀect of privatization. Thus, privatizing the public ﬁrm can save the production cost
of the industry and improve social welfare. In contrast, oligopolistic distortionscome from ﬁrms not producing at a
price equal to the marginal production cost. In other words, the total output of the industry is not equal to the ﬁrst best
output level of the sociality. When the public ﬁrm is totally nationalized, the total output level is still less than the ﬁrst
best result, because only the public ﬁrm produces at a price equal to marginal cost. Once the government initiates the
process of privatization, the total output of the industry will be farther away from the ﬁrst best level, which is the
output reduction eﬀect in the literature. Therefore, from the viewpoint of correcting the oligopolistic distortion,
reducing the privatization degree of the public ﬁrm increases the industryʼs total output and improves social welfare.
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where π0 is the proﬁt of privatized ﬁrm 0; SW is social welfare as a sum of consumer surplus
and the proﬁts of m+1 upstream ﬁrms and n downstream ﬁrms; λ∈[0, 1] is the proportion of
private shareholdings. The value of λ represents the degree of privatization. When λ=1 (0),
the privatized ﬁrm 0 is a pure private (public) ﬁrm that pursues proﬁt maximization (social
welfare). When 0<λ<1, ﬁrm 0 is a partially privatized ﬁrm.
For simplicity of exposition, we assume that the ﬁnal goods demand function is p=a−Q,
where p and Q are the price and the demanded quantity of the ﬁnal good, respectively. The
production function of each downstream ﬁrm is q i=y i, where q i (y i) denotes the output
(intermediate goods) of ﬁrm i,3 which represents one unit of intermediate goods producing one
unit of ﬁnal goods for all n ﬁrms. We also assume that downstream ﬁrms need no other
complementary inputs to produce ﬁnal goods. Thus, the cost function of downstream ﬁrm i can
be expressed as TC i=wq i, where w denotes the price of the intermediate goods.
Following the set-up of most studies in the literature on a mixed oligopoly, we assume that
upstream ﬁrm 0 and ﬁrm j (for j=1, 2, ..., m) have a cost function that is TC 0=c 0 x 0+k 0 x 202
and TC j=c j x j+k j x 2j 2 ,4 respectively, where x 0 (x j) is the intermediate goods produced by the
upstream ﬁrm 0 (j). We discuss ﬁrst the case when the marginal production costs of all
upstream ﬁrms are increasing (i.e., k 0=k j=k>0 and c 0=c j=0) and then the case when their
marginal costs are constant (i.e., c 0≠0, c j≠0, and k 0=k j=k=0).5
Based on those assumptions, the model is a three-stage game. In stage 1, the government
chooses the optimal degree of privatization, λ, of the upstream public ﬁrm 0, in order to
maximize social welfare. In stage 2, the m + 1 upstream ﬁrms simultaneously choose their
output quantities, x 0 and x j (for all j=1, 2, ..., m), to maximize their own objective function. In
stage 3, the n downstream ﬁrms simultaneously choose their output quantities, q i (for all
i=m+1, m+2, ...m+n), to maximize their own proﬁts.6
We apply the solution concept of the subgame-perfect Nash equilibrium (SPNE) to solve
this game and therefore follow the backward induction approach to ﬁnd the SPNE. We ﬁrst
solve for the Cournot equilibirum output level of the n downstream ﬁrms, then work out the
equilibrium outputs of the two upstream ﬁrms in the second stage, and ﬁnally, characterize the
social optimal privatization degree in the ﬁrst stage of the model.

One unit of output requiring one unit of input is a typical assumption in the literature on a vertically related market.
Those papers assuming that the public ﬁrm and private ﬁrms have the same quadratic cost function include De
Fraja and Delbono (1989), Barcena-Ruiz and Garzon (2003), Fjell and Pal (1996), White (1996), Pal and White (1998),
Han and Ogawa (2012), etc. Matsumura and Shimizu (2010) assume that the public ﬁrm and private ﬁrms have
asymmetric quadratic cost functions, whereas Nishimori and Ogawa (2002) assume that the public ﬁrm and private
ﬁrms have asymmetric constant marginal costs. Chang (2005) discusses both the case of asymmetric quadratic cost
functions and the case of asymmetric constant marginal costs.
5
We also present the more general case where k 0≠k j in Section III.3.
6
Our model follows the conventional set-up of the literature on a vertically related industry, where the intermediate
ﬁrms co-determine the input price and the ﬁnal-good ﬁrms act as price takers, such as in Greenhut and Ohta (1979),
Spencer and Jones (1991, 1992), etc.
3
4
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III. The Optimal Degree of Privatization of an Upstream Public Firm with an
Increasing Marginal Cost
This section discusses the optimal degree of privatization of an upstream public ﬁrm when
the marginal production cost of all the upstream ﬁrms is increasing. We solve the subgame
perfect equilibrium of the game through backward induction.
1.

Equilibria of the Downstream Market

In stage 3, all n downstream ﬁrms take λ and w as given to maximize proﬁt. According
to the setting in Section II, we express the proﬁt function of downstream ﬁrm i as:
mn

πi=[(a− ∑ q l)−w]q i, i=m+1, m+2..., m+n.
lm1

(2)

Diﬀerentiating Equation (2) with respect to q i, we have ﬁrst-order conditions and solve the
a−w
symmetric equilibrium output for every downstream ﬁrm as q i=q=
. Because the
n+1
a−w
production function is q i=y i, y i=q i=q=
is also the derived demand function for every
n+1
ﬁrm i. By aggregating the derived demand function of the downstream n ﬁrms, we get the
mn
mn
n
total derived demand function as X= ∑ y i= ∑ q i=nq=
(a−w), where X is the total
n+1
im1
im1
intermediate good demand quantities.
2.

Upstream Market Equilibria

In stage 2, these m+1 upstream ﬁrms take the privatization degree, λ, as given in order to
maximize their objective function. Let us further denote the total quantity supplied of the
m

intermediate good by x 0+∑ x h .
h1

After rearranging the total demand function of the

intermediate good, we have the inverse derived demand function as w=a−
upstream private ﬁrm j ʼs proﬁt functions can be expressed as:

n+1
X . Thus,
n

m

πj=[a−

n+1
k
( x h+x 0)]x j− x 2j , for all j=1, 2, ..., m.
n ∑
2
h1

(3)

Using Equation (3), privatized public upstream ﬁrm 0ʼs objective function, Ω, can be written as:
m

mn

j1

im1

Ω=λπ0+(1−λ)][CS+π0+∑ πj + ∑ πi].

(4)

The ﬁrst item and the items in the parentheses on the right-hand side of Equation (4) are
respectively ﬁrm 0ʼs proﬁt and social welfare (including consumer surplus and all upstream and
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n+1 2
2
2
n 2(
X)
mn
Q 2 n 2(a−w)
X2
(a−w)
n
downstream proﬁts), where CS= =
=
=
π
=n
and
2
2
∑ i (n+1)2
2
2
2(n+1)
2(n+1)
im1
n+1 2
(
X)
n
X2
. In other words, except for its own proﬁt, ﬁrm 0 also cares about the proﬁt
=n
=
2
n
(n+1)
of the other m+n upstream and downstream ﬁrms.
Diﬀerentiating Equations (3) and (4) with respect to x j and x 0, respectively, we have the
ﬁrst-order conditions of maximization for upstream ﬁrm j and ﬁrm 0 as:
m

dπj
n+1
n+1
=a−
( x h+x 0)−
x j−k x j=0, for j=1, 2, ......, m.
d xj
n ∑
n
h1

(5)

m

dΩ
n+1
n+1
=a−
(∑ x h+x 0)−
x 0−k 0 x 0
d x0
n h1
n

.
m
m
n+1
2
+(1−λ)[∑ (−
x h)+(∑ x h+x 0)+ (∑ x h+x 0)]=0.
n
n h1`
h1`
h1`
m

(6)

Solving for x 0 and x j by Equations (5) and (6),7 we obtain the equilibrium outputs of the
upstream ﬁrms as x *0=x *0(λ, n, m) and x *j =x*=x*(λ, n, m), for all j=1, 2, ..., m,8 respectively.
From the equilibrium output level of the intermediate good, we present the comparative statics
in Lemma 1.
Lemma 1.

∂ x *0
∂ x*
∂X
>0,
<0, and
<0.
∂λ
∂λ
∂λ
*
∂ x0
∂ x*
∂X
(ii) Given λ and m,
>(<)0, if λ is high (low);
>0;
>0.
∂n
∂n
∂n
∂ x *0
∂ x*
∂X
(iii) Given λ and n,
<0,
<0,
>0. (Proof See Appendix A.)
∂m
∂m
∂m
The economic intuition of Lemma 1 (i) is as follows. Given the original privatization
degree λ, ﬁrm 0 puts some weight on social welfare and some weight on its own proﬁt, and
hence it will produce more than the proﬁt maximization output level of private ﬁrm j. As the
privatization degree increases, ﬁrm 0 raises the weight on its own proﬁt and reduces the weight
on social welfare in the objection function. Thus, it reduces output to improve its own proﬁt,
causing all other private ﬁrms facing an increased perceived derived demand to raise their
output. However, the decreased amount of ﬁrm 0ʼs output dominates the total increased amount
of all the private ﬁrmsʼ output, leading to a decline in the total output of the upstream industry.
The economic intuition of Lemma 1 (ii) is as follows. Other things being equal, an
increase in n reduces the downstream oligopoly distortion and raises the derived demand faced
by upstream private ﬁrm j. Therefore, ﬁrm j has an incentive to increases its output level;

(i)

Given n and m,

We assume that the second-order and stability conditions in the upstream market are all satisﬁed.
Since the equilibrium quantities for each upstream ﬁrms are symmetric, we have x *j =x*=x*(λ, n, m), for all
j=1, 2, ..., m.
7
8
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however, ﬁrm 0 has some incentive to reduce its output level, because of the reduction in
downstream oligopoly distortion. If λ is at a low level, then ﬁrm 0 puts a great weight on
social welfare, and the incentive to cut down its output is relatively strong and outweighs the
incentive to raise its output, causing ﬁrm 0 to reduce output. On the contrary, if λ is at a high
level, then the latter incentive outweighs the former incentive, leading ﬁrm 0 to raise output.9
The total output of all upstream ﬁrms will increase, because the total increased amount of the
upstream private ﬁrmʼs output is always greater than the decreased amount of ﬁrm 0ʼs output.10
The economic intuition of Lemma 1 (iii) is more straightforward. When the number of
upstream private ﬁrms increases, the upstream mixed oligopoly market becomes more
competitive and every incumbent private ﬁrm will decrease its output. However, total upstream
output will increase, because the increased output from the new entrants is greater than the
decreased output of all the incumbent ﬁrms.
3.

The Optimal Degree of Privatization of an Upstream Public Firm

Based on the equilibria of the ﬁnal two stages, this section discusses the optimal degree of
privatization of an upstream public ﬁrm. The government, in stage 1, chooses the privatization
degree to maximize social welfare, expecting the best responses of all upstream and
downstream ﬁrms in the following stages. The governmentʼs objective function is the social
welfare function, expressed as:
max SW(λ)=CS+mπ U+π0+nπ D,


(mx *+x *0)
2

(7)

2

n+1
kx *2
is the
(mx *+x *0)]x *−
2
n
kx *2
n+1
0
equilibrium proﬁt of all the m upstream private ﬁrms, π0=[a−
is the
(mx *+x *0)] x *0−
2
n
1
2
equilibrium proﬁt of upstream ﬁrm 0, and π D= 2 (mx *+x *0) is the equilibrium proﬁt of all the
n
n downstream ﬁrms. Totally diﬀerentiating Equation (7) with respect to λ, we have the
following ﬁrst-order condition:

where CS=

is consumer surplus, π U=πj=[a−

∂π0 ∂x * ∂π0 ∂x *0
dSW
2
∂π U ∂x * ∂π U ∂x *0
∂x * ∂x *0
+
)+
+
+(mx *+x *0)(1+ )(m
+
)=0 (8)
=m(
∂x ∂λ
∂x 0 ∂λ
∂x ∂λ ∂x 0 ∂λ
∂λ
∂λ
dλ
n
From Equation (8), we can solve the optimal privatization degree as (Proof See Appendix
9
Taking the extreme cases for example, when λ=0, ﬁrm 0 puts its whole weight on social welfare in the objective
function, it has no incentive to raise output, and the former eﬀect will dominate the latter, causing it to cut output when
the derived demand increases, whereas when λ=1, ﬁrm 0 puts all weight on its own proﬁt, and the latter eﬀect
dominates, causing it to raise output.
10
In other words, if ﬁrm 0 is a pure public ﬁrm with maximizing social welfare as its objective, then it faces a
vertically integrated market demand that is not aﬀected by the number of n, and so it has no incentive to raise output.
When ﬁrm 0 is partially privatized, it faces a weighted average of the perceived derived demand and perceived
integrated market demand to maximize a weighted average of its own proﬁt and social welfare. When the derived
demand increases, the ﬁrm has some incentive to raise output. The higher the degree of privatization, the stronger the
incentive to raise output will be.
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B):
λ U=

m(n+1)nk
2.
n k +kn(n+1)(m+2)+(n+1)
2 2

(9)

Equation (9) shows that the value of λ U depends on m, n, and k. Based on Equation (9), we get
Proposition 1.
Proposition 1. When the marginal production cost of input is increasing, the optimal degree of
privatization of the upstream public ﬁrm (λ U) has the following properties:
dλ U
dλ U
>0; (iii) Given k and m, if k≤1, then
>0; if
dm
dn
U
>
< 1
dλ
0 as n
; if k≥2, then
<0; (iv) Given m and n, if
<
> k−1
dn
>
0. (See Appendix B for proof.)
<

(i) 0<λ U<1; (ii) Given k and n,
dλ U
dn
<
1
dλ U
k 1+ , then
dk
>
n
1<k<2, then

The economic intuitions of Proposition 1 are as follows.
(i) A production distortion in the upstream market and oligopolistic distortions in both the
upstream and downstream markets occur. The greater the former (latter) distortion is, the more
(less) the incentive is for the government to privatize ﬁrm 0. When ﬁrm 0 is a fully public
ﬁrm (that is, λ=0), the former incentive will dominate the latter, and thus partially privatizing
ﬁrm 0 can improve social welfare. On the contrary, when ﬁrm 0 is fully privatized (that is,
λ=1), there is only oligopolistic distortion, which provides the incentive for the government to
nationalize ﬁrm 0, and thereby partial privatization is better than full privatization.11 This is
why neither full nationalization nor full privatization is the best policy. Moreover, the optimal
privatization degree λ U emerges when the marginal eﬀects of λ U on production distortion and
oligopolistic distortion are equal.
(ii) Given n, k, and the initial optimal λ U, when the number of upstream private ﬁrms m
increases, the total output of the industry will rise by Lemma 1 (ii) and hence oligopolistic
distortion drops, whereas the outputs of ﬁrm 0 and every incumbent upstream private ﬁrm all
fall, with the latter decreasing more than the former, leading to a greater marginal cost
diﬀerence between ﬁrm 0 and ﬁrm j and hence an increased production distortion. Both a
reduced oligopolistic distortion and an increased production distortion call for privatizing ﬁrm 0
further. Therefore, the entry of upstream private ﬁrms deﬁnitely results in a greater λ U.
(iii) The relationship between n and λ U is not so intuitive and depends on the speed of the
increase in the marginal production cost. If the marginal production cost increases slowly
(k≤1), n is at a low level (for example, n=1), and ﬁrm 0 is a fully public ﬁrm initially, then
all upstream private ﬁrms face a more inelastic perceived derived demand to maximize proﬁt,
whereas ﬁrm 0 puts the whole vertically integrated industryʼs ﬁnal demand into its objective
function. Thus, ﬁrm 0 faces a more elastic perceived ﬁnal good demand than each upstream
11
If the marginal cost of the output of ﬁrm 0 is greater than that of the upstream private ﬁrms, then it results in a
production distortion that provides the incentive for privatization. This is because initiating privatization can reduce the
diﬀerence in the marginal production cost between ﬁrm 0 and ﬁrm j and hence the production distortion.
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private ﬁrm and thus produces much more output than each private ﬁrm does.12 However, as
ﬁrm 0 uses the same eﬃcient production technology as each upstream private ﬁrm, the
marginal production cost diﬀerence between ﬁrm 0 and any upstream private ﬁrm is not very
great, and hence the production distortion is small (that is, the cost saving eﬀect of privatizing
ﬁrm 0 is small) and results in a small optimal λ U . Given the initial optimal λ U, as n increases
from a low level, the upstream private ﬁrmswill face an increased perceived derived demand,
and they will produce more than before (from Lemma 1(ii)), leading to a smaller oligopolistic
distortion than before (that is, a smaller output reduction eﬀect).
The government has an incentive to lift up the degree of privatizing ﬁrm 0, but because
the government initially owns a large amount of shares of ﬁrm 0, the magnitude of the
increased output of ﬁrm 0 (which may even decrease by Lemma 1(ii)) will be less than that of
the upstream private ﬁrm j. Thus, the marginal production cost diﬀerence between ﬁrm 0 and
ﬁrm j narrows down (that is, a smaller production distortion or a smaller cost saving eﬀect),
which raises the incentive for the government to privatize less of ﬁrm 0. Because the marginal
production cost increases slowly, the former incentive always dominates the latter incentive,
leading the government to privatize more of ﬁrm 0 in order to improve social welfare.
If the marginal production cost increases moderately (1<k<2), when n is at a low level
and λ=0 initially, then the aforementioned positive incentive (that is, the decreased output
reduction eﬀect) initially dominates the negative incentive (that is, the decreased cost saving
eﬀect). As n passes over some critical level, the former is dominated by the latter, causing the
government to privatize less of ﬁrm 0. This is because the increase in n from a low level
causes the government to privatize more of ﬁrm 0. The higher the degree of privatization is,
the greater the shrinkage is in the output diﬀerence between ﬁrm 0 and ﬁrm j and the smaller
the production distortion is (that is, the cost saving eﬀect). As n reaches some critical level, the
negative incentive to privatize (i.e., the smaller cost saving eﬀect) turns out to be stronger than
the positive incentive (that is, the smaller oligopolistic distortion), causing the government to
reduce the degree of privatization λ U to improve social welfare. Therefore, the optimal degree
of privatization λ U ﬁrst increases and then decreases with n when the marginal production cost
increases moderately.13
When the marginal production cost increases rapidly (k>2), if n is small and λ=0, then
the output diﬀerence between ﬁrm 0 and ﬁrm j is relatively small (that is, the production
distortion is small). At the same time, the oligopolistic distortion is also small, because all the
ﬁrms have the same ineﬃcient technology, and the total output level is not very far away from
the ﬁrst best level. Therefore, the government will privatize more shares of ﬁrm 0. As n
increases, it leads to a smaller production distortion and a smaller oligopolistic distortion. The
former always dominates the latter as n increases continuously, and this is why the optimal
12
It should be clariﬁed that the objective of a full public ﬁrm 0 is social welfare, and thus it faces vertically
integrated perceived demand - that is, the demand of the ﬁnal good - and not derived demand. This can be seen from
m

Equation (6). Substituting λ=0 into Equation (6), we have [a−x 0−∑ x h]−kx 0=0, in which the expression in the
h1

bracket represents market demand, and thus ﬁrm 0 faces the ﬁnal demand rather than the derived demand faced by
other private upstream ﬁrms.
13
Because ﬁrm 0ʼs output is always greater than ﬁrm jʼs output, redistributing some of ﬁrm 0ʼs output to ﬁrm j via
privatization can save on production cost, but as the diﬀerence in output levels goes down, the cost saving eﬀect
becomes smaller.
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degree of privatization λ U decreases with n when the production technology is less eﬃcient.
The policy implication of Proposition 1 (iii) is that a more competitive downstream market
(that is, a larger n) may not call for a higher degree of privatization.
(iv) For any given n, if the production technology is more eﬃcient (k is low), then the
government will not privatize too much of ﬁrm 0, because of a relatively small production
distortion. Given the initial λ U, as k increases from a low level, the marginal production costs
of all ﬁrms will rise. Both ﬁrm 0 and ﬁrm j will reduce their output, but the former reduces
less than the latter does and ﬁrm 0 puts some weight on social welfare in its objective function.
When k is low, the output diﬀerence in ﬁrms 0 and j will magnify. Therefore, the production
distortion will go up, which increases the incentive to privatize ﬁrm 0. At the same time, the
output reduction of all ﬁrms also magniﬁes the output reduction eﬀect, which decreases the
incentive to privatize. The former dominates the latter, causing the government to privatize
more of ﬁrm 0, and therefore λ U will increase with k initially. As k continuously increases to
reach a critical value, the magniﬁcation of the output diﬀerence between ﬁrm 0 and ﬁrm j
begins to mitigate. The incentive to privatize more turns out to be dominated by the incentive
to privatize less, causing the government to begin to decrease λ U. Hence, for a given n, λ U ﬁrst
increases with k, but as k passes over a critical value, λ U will decrease with k. In other words,
λ U is concave in k.
The implication of (iv) is that, if the eﬃciency of production technology improves, then a
higher degree of privatization of the public ﬁrm may be called for. This is in fact counterintuitive.
We use some numerical examples and Figure 1 to check Proposition 1. In Figure 1, we
take m = 5 as the same parameter and respectively take k=0.5, 1.2, and 2 (as diﬀerent
eﬃciencies of the production technology) in a, b, and c to see the relationship between λ U and
n. When the production technology is more eﬃcient (k=0.5), the optimal degree of
privatization of an upstream public ﬁrm increases with the number of downstream ﬁrms and is
always less than that of a downstream public ﬁrm. When the production technology is
intermediately eﬃcient (k=1.2), the optimal degree of privatization of an upstream public ﬁrm
ﬁrst increases and then decreases with the number of downstream ﬁrms. When the production
technology is less eﬃcient (k=2), the optimal degree of privatization of an upstream public
ﬁrm decreases with the number of downstream ﬁrms.
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In addition to the above, we can also get the more generalized case where ﬁrm 0 uses a
diﬀerent production technology from ﬁrm j. Under the case of k 0≠k j=k, we resolve the threestage game in the same way and reach the optimal degree of privatization of ﬁrm 0 as follows:
λ U(k 0, k)=

m(n+1)n[k 0(m+n+1)+k]
(10)
2
[(m+1)(n+1)+kn][(k 0mn+(n+2)nk]+kn(n+1)(n+m+2)+(n+1) (n+2+m)

Equation (10) is a more general optimal degree of privatization than Equation (9). Note that,
when k 0=k, λ U(k 0, k) in Equation (10) reduces to λ U in Equation (9). We thus easily obtain
dλ U
that
>0 - that is, the higher the value is of k 0, the greater the value of λ U will be.
dk 0

IV.

The Optimal Degree of Privatization of an Upstream Public Firm with a
Constant Marginal Cost

Except for increasing marginal production costs, a constant marginal production cost is
also a popular assumption in the literature of a mixed oligopoly.14 Following the above section,
we continue to use backward induction to solve the optimal degree of privatization of an
upstream public ﬁrm when the marginal production costs of all the upstream ﬁrms are constant.
1.

Equilibria of the downstream market and upstream market

The downstream market equilibria in stage 3 are the same as those in section III.1. We
can directly make use of the previous results to solve the upstream market equilibria in stage 2.
Because the marginal costs of all upstream ﬁrms are constant, by substituting k 0=k=0
into the cost functions of all upstream ﬁrms, these cost functions become TC 0=c 0x 0 and
TC j=c x j . Thus, the ﬁrst condition of the upstream ﬁrms in (5) and (6) changes to be (11) and
(12):
m

dπj
n+1
n+1
=a−
( x h+x 0)−
x j−c=0, for j=1, 2, ....., m.
d xj
n ∑
n
h1

(11)

m

dΩ
n+1
n+1
=a−
( x h+x 0)−
x 0−c 0
d x0
n ∑
n
h1
m

m

m

n+1
2
+(1−λ)[∑ (−
x h)+(∑ x n+x 0)+ (∑ x n+x 0)]=0
n
n h1
h1
h1

(12)

From the above two equations, we obtain the equilibrium outputs of the upstream ﬁrms as
x *0=x* 0(λ, n, m) and x *j =x*=x*(λ, n, m), for all j=1, 2, ..., m . The comparative statics and
the intuition are the same as Lemma 1. (Please refer to Mathematical Appendix C.)
As for the ﬁrst stage, we proceed as before to solve the optimal privatization level:
14
The constant marginal production cost is also wildly adopted in the literature on privatization issue, for examples,
George and Manna (1996), Pal (1998), Matsumura (1998), Nishimori and Ogawa (2002), Chang (2005), and recent
works by Matsumura and Ogawa (2012) and Matsumura and Sunada (2013).
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mn(c 0−c)
.
[(n+m+2)(a−c)+(m+1)(c−c 0)(mn+m+n+2)]

From the above, we now have Proposition 2
Proposition 2. When the marginal production cost of input is constant, the optimal degree of
privatization of the upstream public ﬁrm (λ U) has the following properties: (i) When c 0≤c,
a(m+m+2)+m(mm+m+3n+2)c
then λ*=0. (ii) When c 0>c, if c<c 0<c 0≡
, then 0<λ*
(m+1)(mn+m+n+2)+mn
dλ*
dλ*
<1, and thus
>0 and
>0; ifc 0≥c 0, then λ*=1. (Proof See Appendix C.)
dn
dm
The result in Proposition 2 diﬀers from Proposition 1 in two respects. One is that, when all
the upstream ﬁrms use the same production technology with a constant marginal cost, the
optimal degree of privatization is zero. This is because no matter how many inputs ﬁrm 0 has
produced, its marginal cost is always the same as that of private ﬁrms, and there is no cost
saving eﬀect with privatization under any number of m and n. Thus, the best policy is not to
privatize.
dλ*
dλ*
The second diﬀerence from Proposition 1 is
>0. The economic intuition of
>0
dn
dn
is that, given the initial value of λ*, an increase in n ampliﬁes the aforementioned positive
incentive (the decreased output reduction eﬀect), whereas it also reduces the negative incentive
(that is, the decreased cost saving eﬀect), because of a reduction in the output diﬀerence among
ﬁrm 0 and the other upstream ﬁrms. The former always dominates the latter owing to a
constant marginal cost diﬀerence among ﬁrm 0 and the other upstream ﬁrms.
The results of this paper tell us that the characteristic of marginal production cost and the
number of downstream ﬁrms both play key roles in determining the optimal degree of
privatization of an upstream public ﬁrm. In spite of the fact that a greater number of
downstream ﬁrms increases the derived demand and consequently reduces the downstream
oligopolistic distortion, which then increases the incentive to privatize the public ﬁrm to a
greater degree, upstream private ﬁrms may increase more output than upstream public ﬁrms do,
which also reduces the production distortion and decreases the incentive to privatize more of
the public ﬁrm. Therefore, a more competitive downstream market is not a suﬃcient condition
for the government to privatize the upstream public ﬁrm to a greater degree especially when the
marginal production cost is increasing. All the above results tell us that the derived demand of
the downstream ﬁrms aﬀects the relative strength between oligopolistic distortion (output
reduction eﬀect) and production distortion (cost saving eﬀect), which determine the optimal
degree of privatization of an upstream public ﬁrm.

V.

Conclusion

This paper establishes a vertically related market model that consists of an upstream mixed
oligopoly and a downstream oligopoly to analyze the optimal degree of privatization when
privatizing an upstream public ﬁrm. The upstream market is a mixed oligopoly containing one
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public ﬁrm and m private ﬁrms. The downstream (ﬁnal goods) market is an oligopoly that
contains n homogeneous private ﬁrms. This model allows us to analyze the optimal degree of
privatization of an upstream public ﬁrm. Moreover, we also discuss the inﬂuence of the
downstream market structure on the optimal degree of privatization of the upstream public ﬁrm.
The major ﬁndings of this paper are as follows. When the marginal production costs of
the upstream public ﬁrms are increasing, the relative strength between oligopolistic distortion
and production distortion depends on the speed of the increase of the marginal production cost
and the number of downstream ﬁrms. If the marginal production cost increases slowly
(rapidly), then the optimal degree for privatizing a public upstream ﬁrm increases (decreases)
with the number of downstream ﬁrms. If the marginal production cost increases moderately,
then the optimal degree of privatization of the public upstream ﬁrm ﬁrst increases and then
decreases with the number of downstream ﬁrms. Finally, when the marginal production cost is
constant, the optimal degree of privatization of an upstream public ﬁrm always increases with
the number of downstream ﬁrms, which is diﬀerent from the case of an increasing marginal
production cost.
This paper has explored the relationship between the degree of privatization and
production eﬃciency in a vertically related market structure. There have been an increasing
number of studies in the literature, such as Lin and Matsumura (2012), that take into account
the role of foreign investors in a mixed oligopoly market structure. Incorporating downstream
foreign ﬁrms into the model is an interesting research topic and also provides direction for our
future research.
MATHEMATICAL APPENDICES
A. Proof of Lemma 1
2nd-stage equilibrium (upstream market equilibrium)
Based on Equations (5) and (6), we have a symmetric solution for private ﬁrms, x j=x,
∀j=1, 2, ......, m. Substituting them into Equations (5) and (6), we obtain the following two rearranged
equations.
[(n+1)(m+1)+kn]x+(n+1)x 0=an
(n+λ)mx+[(1+k 0)n+λ(n+2)]x 0=an
By solving x and x 0, we have the equilibrium outputs of the upstream market.
[(n+1)(m+1)+kn−(n+λ)m]an
[(1+k)n+λ(n+2)−(n+1)]an
x 0=
, x=
and
H
H
[(1+k)mn+λ(n+1)m+kn+(n+1)−mn]an
X=mx+x 0=
, where
H
H≡[(n+1)(m+1)+kn][(1+k)n+λ(n+2)]−(n+1)(n+λ)m.
By equilibrium outputs, we have the following comparative statics.
∂x 0 −[(n+1)(m+1)+kn][m(kn−1)+(n+2)(kn+m+n+1)]an
<0,
=
∂λ
H2
∂x (n+1)m(kn−1)+(n+2)(kn+m+n+1)]an
>0,
=
∂λ
H2
∂X ∂x 0
∂x −[kn+n+1][m(kn−1)+(n+2)(kn+m+n+1)]an
<0,
+m =
=
∂λ ∂λ
∂λ
H2
dx 0 −an(n+λ)[kn+n+1)[kn−1+λ(n+2)]
<0,
=
dm
H2
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dx −an(n+1)[kn+λ(n+1)][kn−1+λ(n+2)]
<0,
=
dm
H2
dX an[(kn+n+1)(kn−1)+λ(n+2)(kn+n+1)+(n+1)(1−λ)m]
>0,
=
dm
H2
2
2
2
∂x n {k (m+2)+k[λ(m+1)+1]+λ +λm+1}+λ(m+2)(2kn+2λn−2λ−1)]
>0,
=
∂n
H2
2
2
2
dX n [k (m +2m+λm+2)+k[λ(λm+1)+(m+1)(2m+3)]+λ(λm+1)(2m+3)+(m+2)]
=
dn
H2
2λn(m+2)[k(m+1)+λm+1]+(λm+1)(m+2)
>0,
H2
dx 0 n 2{−(m−λm+1)[k 2+(m+λ+2)k+(λ+1)(m+1)]+(k+1)[k(1+m+2λ)+λ(2m+3)+1]}
=
dn
H2
+

+
≡

λ(m+2)[2n(k+1)+m−λm+1]
H2

Ψ(λ)
.
H2

dx 0
is the same as Ψ(λ), which depends on the value of λ. By diﬀerentiation Ψ(λ) with
dn
respect toλ, we have:
dΨ
=n 2[mk(k+m+2+λ)+λm(m+1)+(k+1)(2k+m+2)]+(m+2)[2n(k+1)+(m+1)(1−λ)] >0, and
dλ
thus Ψ increases with λ. Furthermore, we have Ψ(0)=−n 2m(m+2)(k+1)<0 , and
Ψ(1)=n 2[k 2(m+2)+2k(m+2)+2]+(m+2)[2n(k+1)+1]>0. By the medium value theorem, these
dx 0
<(>)0, if λ is low (high).
three properties assure that Ψ(λ)<(>)0⇔
dn
The sign of

B. Proof of Proposition 1
1st-stage equilibrium (optimal degree of privatization of the upstream public ﬁrm).
2

By substituting π U=[a−

kx 20
(mx+x 0)
n+1
kx 2
n+1
, and
(mx+x 0)]x− , π0=[a−
(mx+x 0)]x 0− , CS=
2
2
2
n
n

2

(mx+x 0)
into Equation (7), then diﬀerentiating it with respect to λ, and substituting Equation (6),
n
we have the following two equations.
dπ0 dx dπ0 dx 0
dSW
2
dπ U dx dπ U dx 0
dx dx 0
+
)+
+
+(mx+x 0)(1+ )(m +
)=0,
=m(
dx dλ dx 0 dλ
dx dλ dx 0 dλ
dλ
n
dλ dλ
dSW
n+1
dx
n+1
n+1
dx
n+1 dx 0
}+(−
=m{[a−
mx−kx] +(−
mx 0)
(mx+x 0)−
x)
dλ
dλ
n
dλ
n
n
dλ
n
nπ D=

dx 0
n+2
n+1
dx dx 0
n+2
+(mx+x 0)(
)=0.
)(m +
mx+
(mx+x 0)]
dλ
n
n
dλ dλ
n
dx
n+1
1
m[
x+ (mx+x 0)]
dλ
n
dx
n
U
Solving the above equation for λ, we have λ =
. By substituting
and
dx 0
dλ
n+1
n+2
[
mx−
(mx+x 0)}
n
n
dλ
dx 0
U
into it, we ﬁnally get the reduced form for λ as:
dλ
−(1−λ)[−
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λ U=

m(n+1)nk
2.
n 2k 2+kn(n+1)(m+2)+(n+1)

Proof of Proposition 1.
2

(i) Because λ U−1=

−[n 2k 2+2kn(n+1)+(n+1) ]
U
2 <0, λ <1 is proven.
n 2k 2+kn(n+1)(m+2)+(n+1)
2

(ii) From Equation (9), we have

∂λ U n(n+1)k(nk+n+1)
>0 where
=
∂m
Δ2
2

Δ=n 2k 2+kn(n+1)(m+2)+(n+1) .
(iii) From Equation (9), we have:
2

∂λ U km[−k 2n 2+(n+1) ] >
=
0
∂n
<
Δ2

<
n+1.
(A1)
>
U
∂λ
Equation (A1) shows that if k≤1, then kn<n+1 for any n≥1, and thus
>0; if k≥2, then kn≥n+1
∂n
U
∂λ
for any n≥1, and thus
<0; if 1<k<2, then k−1>0, and thus kn<(=, >)n+1 ⇔
∂n
1
1
n(k−1)<(=, >)1 ⇔ n<(=, >)
. In other words, given k, if n<(=, >)
, then
k−1
k−1
∂λ U
>(=, <)0.
∂n
(iv) From Equation (9), we have:
if kn

2

∂λ U mn(n+1)[−k 2n 2+(n+1) ] >
<
=
0 if kn n+1.
∂k
<
>
Δ2
<
<
1
<
1
∂λ U >
Because kn
0.
n+1 ⇔ k 1+ , and thus given n, if k 1+ , then
∂k <
>
>
n
>
n

(A2)

C. Proof of Proposition 2
By the symmetric property and denoting xj =x ∀j, Equations (11) and (12) can be simpliﬁed as follows:
(n+1)(m+1)x+(n+1)x 0=an,
(n+λ)mx+[n+λ(n+2)]x 0=an.
Solving x and x 0, we have the upstream equilibrium outputs:

x 0=

n[(n+1)(m+1)l 0−(n+λ)ml ]
,
(n+1)Φ

n{[n+λ(n+2)]l−(n+1)l 0)}
n[λm(a−c)+(a−c 0)]
, and mx+x 0=
, where Φ≡n+λ(mn+m+n+2),
(n+1)Φ
Φ
l≡a−c, l 0≡a−c 0.
Because we assume that x 0 and x are always positive before (λ=0) and after (λ=1) ﬁrm 0 is fully
n+1 l m+1
privatized, thus the condition
must hold - that is, the cost diﬀerence between ﬁrm 0
< <
m
n
l0
and the other upstream private ﬁrms (i.e., l−l 0=c 0−c) should not be too high or too low. Moreover, if
n+1 m+1
m>n, then
>
, the above conditions will not hold, and hence we only focus on the case of
n
m
m<n.
The comparative statics of x 0, x, and X on λ, m, and n are as follows:
∂x 0 n(m+1)G
∂(mx+x 0) nG
∂x −nG
<0,
=
= 2 <0, where G≡mn(a−c)− (mn+m+n+2)
= 2 >0,
∂λ
∂λ
∂λ
Φ2
Φ
Φ
x=
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(a−c 0)<0. This is because the condition for x 0>0 (i.e., (n+1)(m+1)l 0−(n+λ)ml>0) implies
(mn+m+n+2) l
l (n+1)(m+1) mn+m+n+2
<
<
, and thus we have G=−mnl 0[
− ]<0.
(n+λ)m
mn
mn
l0
l0
∂x 0 n{(n+1)[n+λ(n+1)]l 0−(n+λ)[n+λ(n+2)]l}
<0,
=
∂m
(n+1)Φ 2
∂(mx+x 0) λn{[nl−(n+1)l 0+(n+2)λl}
∂x −λn(n+1){[n+λ(n+2)]l−(n+1)l 0]}
<0,
>0,
=
=
∂m
∂m
Φ2
Φ2
2

∂x {n 2+λ 2[2(m+1)(n+1)+n(n+2)+2]}l+λ{[2n(m+1)(n+1)+n]l−(n+1) (m+2)l 0}
>0,
=
2
2
∂n
(n+1) [n+λ(mn+m+n+2)]

(A3)

∂x 0
Γ
,
=
∂n (n+1) 2Φ 2

(A4)
2

where
Γ≡λ(m+1)(m+2)(n+1) l 0−ml{n 2+2λn(mn+m+n+2)−λ 2[(m+1)(n 2−1)−1]
∂X λ(m+2)(λml+l 0)
>0.
=
∂n
Φ2

and

2

The item [2n(m+1)(n+1)+n]l−(n+1) (m+2)l 0 in the numerator of (A3) can be rearranged as
2

l
(n+1) (m+2)
[2n(m+1)(n+1)+n]l 0[ −
]>0,
l 0 2n(m+1)(n+1)+n

which

is

positive

because

of

l n+1
>
>
n
l0

2

(n+1) (m+2)
,
2n(m+1)(n+1)+n

∂x
∂Γ
>0.
Because
=(m+1)(m+2)(n+1)l 0
∂n
∂λ
∂x 0
∂x 0
−mn 2l
−2mn(mn+m+n+2)l +2λl[(m+1)(n 2−1)−1]>0,
<0 and
(λ=0)=
(λ=1)=
2
∂n
∂n
(n+1) Φ 2
and

thus

we

have

2

(n+1) (m+2)[(m+1)l 0−ml]
>0, and there exists a critical
2
(n+1) Φ 2
⇀
2mn(mn+m+n+2)l−(m+1)(m+2)(n+1)l 0
∂x 0 <
<
λ≡
such that if λ λ, then
0 . Thus, we have
∂n >
>
2[(m+1)(n 2−1)−1]
∂x 0 >
0.
∂n <
n+1
By substituting p=
x+c into π0 in Equation (7), the social welfare function can be rewritten
n
as:
1
n+1 2 1
2
2
SW= (mx+x 0) +m
x + (mx+x 0) +(p−c 0)x 0
2
n
n
=

n+2
n+1 2 n+1
2
(mx+x 0) +m
x+
xx 0+(c−c 0)x 0.
2n
n
n

The ﬁrst-order derivative of SW on λ is:
∂(mx+x 0)
∂x 0
∂x
dSW (n+2)
n+1 ∂x n+1 ∂x 0
+x 0 )+(c−c 0)
+2m
=
x
(mx+x 0)
+
(x
∂λ
∂λ
∂λ
∂λ
dλ
n
n
∂λ
n
n 2G
= 3 {λ[(m+1)(mn+m+n+2)l 0−m(m+2)(n+1)l]−[mn(c 0−c)]}.
nΦ

(A5)

dSW
−nG
dSW
 = 3 [mn(c 0−c)]. Thus, if c 0≤c, then
 <0, and the best policy
dλ 0
dλ 0
Φ
dSW
is not to privatize ﬁrm 0; if c 0>c, then
 >0, and privatization will improve welfare.
dλ 0
From (A5), we have
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We can further see the case that c 0>c (i.e., l>l 0).
From (A5), we also have
nG
dSW
Thus,
if
 = [(m+1)(mn+m+n+2)+mn]l 0−m[(m+2)(n+1)+n]l}.
dλ 1 Φ 3
l < (m+1)(mn+m+n+2)
<
dSW
, then
0. It tells us that, given m, n, and c, if the diﬀerence in

l0 >
m(m+2)(n+1)
dλ 1 >
l
a−c
the marginal cost c 0−c=l−l 0 is great enough, then the value of =
will be high, and fully
l 0 a−c 0
privatization (i.e., λ=1) is optimal; otherwise, partially privatization is the best policy. In other words, if
dSW
 =0, we
c 0 is greater than a critical c 0, then λ*=1; if c 0 is less than c 0, then 0<λ*<1. By setting
dλ 1
a(m+m+2)+m(mm+m+3n+2)c
get c 0≡
.
(m+1)(mn+m+n+2)+mn
dSW
dSW
When
 >0 and
 <0, by setting Equation (A5) to be zero, we can solve the optimal
dλ 0
dλ 1
degree of privatization as:
λ*=

mn(c 0−c)
.
[(n+m+2)l+(m+1)(c−c 0)(mn+m+n+2)]

The eﬀects of m and n on λ* are respectively:
n(c 0−c)[(m 2n+m 2)(c 0−c)+(n+2)l 0]
dλ*
>0 and
=
dm [(n+m+2)l+(m+1)(c−c 0)(mn+m+n+2)]2
m(c 0−c)(m+2)[(m+1)l 0−ml]
dλ*
=
2 >0.
dn
[(n+m+2)l−(m+1)(c 0−c)(mn+m+n+2)]
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