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Abstract

We propose a generalized version of the RESET test for linearity in regressions with I(1)
processes against various nonlinear alternatives and no cointegration. The proposed test statistic
for linearity is given by the Wald statistic and its limiting distribution under the null hypothesis
is shown to be a x distribution with a “leads and lags” estimation technique. We show that the
test is consistent against a class of nonlinear alternatives and no cointegration. Finite-sample
simulations show that the empirical size is close to the nominal one and the test succeeds in
detecting both nonlinearity and no cointegration.
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1.  Introduction

The objective of this paper is to study the relationships between economic variables in the
context of regression models where explanatory variables are integrated of order one, I(1). It is
well known that dynamic relationships, such as cost and production functions, are nonlinear.
Many researchers have also found empirical evidence of nonlinearity in economic relationships
(for example, see Granger and Terdsvirta 1993, Granger 1995 and the references contained
therein). However, most of the econometric techniques for testing linearity and nonlinearity are
developed for stationary variables and are not applicable for nonstationary variables, especially
I(1) variables.

In studying linear relationships between I (1) economic variables, Granger (1983) and
Engle and Granger (1987) introduced the concept of cointegration. Cointegration has been an
intensive subject of research ever since. However, most results on cointegration provided so far
have been restricted to cointegration in a linear sense. That is, most attentions has been paid
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only to linear relationships between I(1) variables. After Granger (1995) introduced the concept
of nonlinear cointegration, some researchers began to pay attention to nonlinear relationships
between nonstationary variables.

Since any relationships that are not linear can be called nonlinear, the concept of nonlinear
cointegration is quite broad. Several specific types of nonlinear cointegration have been
discussed by various authors. Park and Phillips (2000) established the limiting properties of
nonstationary binary choice models where covariates are integrated of order one. Park and
Phillips (2001) showed the limiting properties of nonlinear regression models with I (1)
regressors. Chang et al. (2001) extend earlier work by Phillips and Hansen (1990) to nonlinear
models with integrated time series. Hansen and Seo (2002) developed a test for threshold
cointegration. They dealt with a model where a cointegrating vector changes according to the
regime to which the error correction term belongs. Corradi et al. (2000) studied nonlinear
relationships between variables that are first order Markov processes. Tastheim (2012) provide
an extensive survey on nonlinear and nonstationary time series. They considered an error
correction-like system with a nonlinear component and proposed some tests to discriminate
linear cointegration from nonlinear cointegration or no cointegration. However, these tests are
directed toward specific kinds of nonlinear cointegration and may have low power against other
alternatives. It is desirable that a test for linear cointegration be consistent with a wide variety
of nonlinear relationships because we typically lack precise information about them in practice.
Thus we seek a test for linearity in regressions with I(1) processes that is consistent with a
wide variety of nonlinear alternatives as well as no cointegration.

In this paper we propose a generalized version of the RESET test for linearity in
regressions with 1(1) processes. Note that the linearity in regressions with I(1) processes we
consider in this paper is equivalent to the linear cointegration of Engle and Granger (1987)". In
this sense we are trying to propose a test for the null hypothesis of linear cointegration. We
cannot simply apply the RESET test directly to the present context because it is well known
that the limiting distribution of the least squares estimators in regressions with (linear) 1(1)
processes generally involves second-order bias effects and these make standard statistical
inference invalid without modification. In fact we show that second-order bias effects are still
present when we use nonlinear transformations of integrated processes as regressors as in the
formulation of the RESET test (see de Jong, 2002 for more general treatment on this issue).
Thus we propose employing a “leads and lags” estimation technique by Saikkonen (1991)
among others to get a test statistics that is free of nuisance parameters. With this modification
we can show that the limiting distribution of the test statistic under the null hypothesis of linear
cointegration is the x’ distribution with degrees of freedom that depend on the number of
regressors. Moreover the test that we propose is consistent against a class of nonlinear
alternatives. For example, our test for linearity can distinguish linear cointegration models from
nonlinear cointegration models that involve the logarithmic function, any distribution type
functions,” and polynomial functions of finite order. Further the test is consistent against the
alternative of no cointegration.

One important feature of the test is that it allows for an endogenous regressor. That is, the

! For the rest of the paper we call the standard cointegration concept developed by Engle and Granger (1987) linear
cointegration to distinguish it from nonlinear cointegration.
2 We call bounded and monotonically increasing functions distribution type functions.
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regressor may be correlated with the regression error. This not usually allowed in nonlinear
regression models with I(1) processes as in Park and Phillips (2000, 2001), but special features
of the RESET test enable us to accommodate it. With this generality we would potentially be
able to apply the test to many empirical problems which would be excluded when we assume
that a regressor is exogenous.

The approach of this article and the asymptotic distribution theory developed here are
similar to those developed independently in closely related work by Hong and Phillips (2010),
although this article is different in several key aspects. First, it considers simple regression
while we consider multiple regression. Second, it allows for an endogenous regressor as our test
does, however, it assumes that the regressor is predetermined as in Park and Phillips (2000,
2001) and Chang et al. (2001) although our test does not. Third, it employs a technique similar
to the fully-modified OLS proposed by Phillips and Hansen (1990) to deal with second-order
bias effects, while we extend the “leads and lags” estimation technique proposed by Saikkonen
(1991).

The rest of the paper is organized as follows. Some assumptions and preliminary results
are presented in section II. Section III explains our test for linearity and the power property of
our test is examined in section IV. Section V gives some simulation evidence. We summarize
some conclusions in Section VII. All proofs are in the Appendix.

A word on notation. For a vector a=(a;) “||lal|” stands for the standard Euclidean norm,

i.e., ||a||2=2ia?. When applied to a matrix, [14]| signifies the operator norm, i.e.

||4]|=supl| Ax|/|lx||. We also use ||-|| to denote the supremum of a function. ||||1< stands for

the supremum norm over a subset of K of its domain, ||f] ||K=sup x| )], “=7 denotes weak

convergence with respect to the Skorohod metric (as defined in Billingsley (1968)). [s] denotes
the largest integer not exceeding s.

II. Assumptions and Preliminary Results

The regression model from which we derive a test statistic is driven by a sequence of
innovation variables denoted by {u,} where u, consists of a scalar time series u; and an m X 1
vector time series = (U2 nlU2ns..clloms), 1.€. U= (u1,u)’. We assume throughout that the
innovation sequence {u} satisfies the following assumption.

Assumption 2.1 For some p>[B>2, {u} is a zero mean, strong mixing sequence with mixing
coefficients @, of size —pB/(p—B) and sup,zl(E|un|p+2:":]E|uz,-,,|p)l/"=C< o, In addition,

(/THEUUT)—Q as n—° where U,:Z;luj.

For example, Assumption 2.1 permits u, to be weakly dependent with possible heterogeneity. A
wide variety of data generating processes satisfies Assumption 2.1, including invertible
autoregressive moving average (ARMA) processes under general conditions. Assumption 2.1 is
one of the common assumptions for innovation processes. We sometimes maintain the
following assumption in addition to Assumption 2.1.
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Assumption 2.2 We assume u, is a general linear process
Mn:(b(L)el,r:ZQbiel,r—i uZtZ\P(L)eZ,tZZ\PieZ,t—i (1)
i=0 i=0

where ¢, is a scalar with ¢o=1, ¥, is an (m>Xm) matrix with V=1, {e.} is a scalar
sequence and {e.} is an (mX1) vector sequence. e, =(e\,e) is iid with mean zero and
covariance Z..

a) ¢(1) nonsingular, > illél| <0, and sup .= Ellex||’< %0 for some ¢>4.
=0

(b) Y(1) nonsingular, Zzoi||q’i||<0°, and Elle,||'< o0 for some r>8. ey has a distribution
that is absolutely continuous with respect to Lebesgue measure and has a characteristic
function ¢(t) that satisfies lim H,Ham”t”égb(t):Ofor some £>0.

In the following sections, u) serves as a regression error process and u» generates an
integrated process. The nonsingularity and summability conditions for ¢ and ¥ in Assumption
2.2 are common in stationary time series analysis. Assumption 2.2 (b) states stronger conditions
on the moment and characteristic function for e, than for e,. It will be needed when we deal
with nonlinear transformations of integrated processes. Assumption 2.2 (b) is commonly
imposed in nonlinear regression models with integrated regressors.” Processes that satisfy both
Assumptions 2.1 and 2.2 include invertible ARMA models under general conditions. Note that
{u} is allowed to have a general correlation structure with {u»}. This is usually not the case as
in Park and Phillips (2000, 2001). We will return to this point in section IV.

Under Assumption 2.1, the sequence {u} satisfies a multivariate invariance principle.

Lemma 2.1 (Wooldridge and White 1988)
(7]

77> w=B(r), 0<r<1,

=1

where B(r)=(B1(r),Bx(r)") is an (m~+1) dimensional Brownian motion with covariance matrix
Q. B\(r) and B:»(r)=(Bai,...,B2.)" denote Brownian motions of 1 and m dimensions respectively.
We assume that £ can be written as

Wy Wy . _
Q:[ ]=llmT lE([JT(]/T)=2"‘/\'|‘/\,,
W) 2 I

where

on On

T /1 /1 T t—1
=lim7' > E(u.u), Az[ " IZ}ZIimT_]ZZE(u,uZ).

I=e =1 A An I—e =2 j=1

These notation will be used repeatedly throughout the paper. We assume that the covariance
matrices @i and 2 of Bi(r) and Ba(r) are positive definite. It will often be convenient to write
these and other stochastic processes on [0,1] without the argument. Thus, we shall frequently
use B, B and B: in place of B(r), Bi(r), and B(r).

021 2

3 See Akonom (1993) and Park and Phillips (1999) for more details on these conditions.
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Let an m-vector time series {x,} satisfy x,=x,—i+u» where x,= (X1,...,X.)". Our results do
not depend on the initialization x, as long as it is bounded in probability. For notational
convenience we assume xo=0. Let x{=(x/,,...,x})" and BY'=(Bb,..., B5,)" where j is a positive
integer. In Lemma 2.2, we show the limiting distributions of some partial sums that will be
needed to derive the limiting distributions of test statistics. The limit distributions are expressed
as functions of Brownian motion. To simplify formulae, all integrals are understood to be taken

over the interval [0, 1] unless otherwise stated, and integrals such as f B and f B are

understood to be taken with respect to Lebesgue measure.
The following lemma is very useful in the derivation of our result in the next section.

Lemma 2.2 Let Assumption 2.1 hold with B=k+ 1. Then for 2<ij<k, as T
(@ 173 xx= BB,

(b) T3 o= [BoYY,

©) T_lzrilxtul,m:)’fBdel+/\21,

@ T2 = [ BdBi+ o,

(e) T‘("+“/2Z,T=1x$’>u],,+]:> f BYdB,+iD(BS ")\,

(f) T_(i+1)/22;1x§i)u1,=>fB§i)dBl+iD(B§H))A21,

[Bis B[ Bém].

Parts (a) — (d) of Lemma 2.2 are standard results that can be found in the literature (e.g.,
Phillips, 1987 and Park and Phillips, 1988) or can be derived easily from it. However, part (e)
of Lemma 2.2 is nonstandard and part (f) is an extension of part (e). Part (e) can be considered
as an extension of the results of Park and Phillips (1999, 2001) in the sense that we extend
their results to a case where a regressor x, is endogenous and multivariate. Recently de Jong,
(2002) extended the results by Park and Phillips (1999, 2001) to accommodate general
correlation structure between u, and u» under a different set of assumptions. However, we note
that his result still deals with a scalar process u» rather than a multivariate process as
considered in Lemma 2.2 although it includes results for general functional forms other than
polynomials.

where Ay =35+ A\, and D(BY)=diag

Ill. Testing for Linearity in Regressions with I(1) Processes

In this section we propose a generalized version of the RESET test for linearity in
regression with I(1) processes. Consider the following regression model:

yi=rtrxt+rx?+rxd++riad@tu, t=1,.T. )

where 7, is a scalar parameter, 7; is an (mX1) parameter vector for 1<i<g, x, x{” for
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2<j<k, and u,, are defined in the previous section. Our test is a generalized version of the test
for functional misspecification proposed by Thursby and Schmidt (1977) that is a variant of the
RESET test originally proposed by Ramsey (1969). If {x,} is stationary and {u.} is normally
distributed, the present situation reduces to that in Thursby and Schmidt (1977).

The idea of their test is that if there is functional misspecification, i.e. if the functional
form is nonlinear, “the omitted portion of the regression is definitely a function of the included
regressors.” If this function is analytic, it can be expressed in a Taylor series expansion,
involving powers and cross products of the explanatory variables. Hence they proposed to test
whether coefficients of powers of the explanatory variables were zero or not. Since this
justification does not depend on the property of the process {x.}, it would be natural to expect
that this test will work even if {x.} is I(1) as in our present situation. However, note that we are
not claiming that our test is consistent against nonlinear cointegration because of this argument.
We must prove consistency against a whole class of nonlinear alternatives and no cointegration
and this is covered in the next section.

Another word on the regression model (2). We do not include cross products of the
explanatory variables. Thursby and Schmidt (1977) found that they do not contribute to the
power of their test very much through Monte Carlo experiments. Since the present situation is
different from theirs, those cross products may contribute to the power of the test in the present
circumstance. However, they are not included in the regression (2) in order to keep our
theoretical development simple.

The null hypothesis of linearity or linear cointegration between y, and x; corresponds to

Ho: 7.==7:=0, 3)

If the null hypothesis is true, the specification in (2) would correspond to “deterministic
cointegration” as defined by Ogaki and Park (1997). The results that will be shown in this
section can easily be extended to “stochastic cointegration” where nonzero deterministic time
trends are present in (2). The null hypothesis (3) is to be tested against the alternative of
nonlinear cointegration or no cointegration. In this section we will present the limiting property
of the test under the null hypothesis of linear cointegration and establish the limiting property
under the alternative of nonlinear cointegration and no cointegration in the next section. The
next theorem characterizes the limiting distribution of the least squares estimator from the
regression model (2) under the null hypothesis.

Theorem 3.1 Suppose Assumption 2.1 holds with B=k~+ 1. Then under the null hypothesis (3)
(as T—0)

;’\0_70 1 fB'Z fB%Z)’ fB(ch)r -1 B,
;\1_71 fBz fBZB,Z fBzBEZ)/ vee fBzB(ZK)/ fBdel+A21

Tr ;’\z = fB%Z) fBEz)B’z fB‘zz)BEZ)’ fB(zz)BEK)’ fB(zz)dBl+D(Bz)Az]

. [ [Bes. [seer - [Bese| |[BOds +DEE )y
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where Y r=diag[T"*,T1,,,T""L,,...,.T**""I,]

Before we move on to the development of our test statistic, some remarks are in order. As
described above, our null hypothesis is that there exists a linear cointegration relationship
between y, and x,. Therefore it would not be hard to imagine that the limiting properties of the
least squares estimates of the present regression model under H, would share some
characteristics with the least squares estimates of cointegrating vectors in standard cointegrated
regression models.

First, a regressor x, is allowed to be endogenous under Assumption 2.1, i.e. x, can be
correlated with the regression error u, as in linearly cointegrated regression models. When it is
enogenous in stationary regression models, the least squares estimator fails to satisfy the
conditions for consistency and therefore we typically employ an instrumental variable estimator
to achieve consistency. However, one notable difference between stationary regression models
and linearly cointegrated regression models is that the least squares estimator in the latter is still
consistent for its population value (e.g., Stock, 1987, Park and Phillips, 1988, and Phillips and
Hansen, 1990). In the present regression model, this is true and the least squares estimator is
consistent even though we have an endogenous regressor, as shown in Theorem 3.1.

Second, we have second order bias effects such as A, D(B2)Aa, ..., D(BY")A, in the
limiting distribution of Theorem 3.1 that are similar to the limiting properties of the
cointegrating vectors in linear cointegrating models. We call this the second order bias because
it does not have an effect on the consistency result but does have an effect on the limiting
distribution (see Stock, 1987 and Phillips and Hansen, 1990). It arises because of the existence
of contemporaneous and serial dependence between the regressors x; and the regression error
uy,. This is directly analogous to the phenomenon that occurs in linearly cointegrated regression.

Next we propose our test statistic. There are two obstacles in the limiting distribution of
the least squares estimator given in Theorem 3.1 in conducting a standard hypothesis testing
procedure such as a x° test. One is the existence of a nonzero covariance structure between B,
and B, and another is that the limiting distribution of the least squares estimates depends not
only on the property of the Brownian motion B, and B> but also on the nuisance parameter
matrix Ay . These obstacles are same as those arising in linearly cointegrated models and the
methods proposed to remove these obstacles in linearly cointegrated regression models can be
extended to our regression model. Here we consider an estimation technique by Saikkonen
(1991).*

Saikkonen (1991) proposed an efficient estimator that eventually removes the obstacles by
adding leads and lags of Ax, in linearly cointegrated regressions where Ax,=x,—x-1. We show
that this “leads and lags” estimation technique works in our regression model (2).

Consider the following new regression model:

K
Y =2V Y@+ Y@+ YO+ D A+ vE, 1=1,..T, 4)

s=—K

where 0; is an (m X 1) parameter vector for —K<i<K. This is a regression model where leads

4 Fully-modified least squares developed by Phillips and Hansen (1990) is also applicable to the present problem
although it is not presented here. See de Jong (2004) and Hong and Phillips (2010) for fully-modified least squares in
nonlinear regression models when a regressor is a scalar.
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and lags of Ax, are added to the regression model (2).” Note that the regression error here is not
ui, but v". The relationship between them is characterized below. To derive the limiting
distribution of the least squares estimator of the regression model (4), we need to make the
following assumption on the error process u, in (2):

Assumption 3.1 (a) {u/ is strictly stationary with the spectral density matrix f.(A) bounded
away from zero so that f.(A)=al,, AE[0,7], where a>0.
(b) The covariance function of u, is absolutely summable 2;_m||r(j)||<00, where I'(j)=

E(u.u'+) and ||| is the standard Euclidean norm.

(¢) The fourth order cumulants of u., denoted by cy(mi,myms;), satisfy Z

mi,mam3=—0ox

|ejr(mi,m,,ms)| < oo,

It is well known that we can deduce under Assumption 3.1 that un=Z L —+v, where

2} _w||H||<00 and v, is a stationary process with the property that E(uxv.+)=0, k=0,

+1,%2,---. Furthermore, 27/,,(0) =wi—©%Q2%'wx where f..(d) is the spectral density of v at
frequency A. These are key properties that play important roles in proving the next theorem.
Note that v in (4) can be represented as v =v,+ > ysllius,—. If IL;=0 for |j|>K, then v/*
is strictly exogenous and we get the desired limiting properties of the coefficient estimator in
(4). That is, there exist neither the second order bias effects nor the correlation between B, and

B>. However, this is not the case in general. Thus we also need to make an assumption on the
truncation parameter K:

KD MIF=0  for some s=5. (5)
7>kl
We must let K—00 as T—00, We choose the rate of K=7° such that <8< 2(2+3 Y where

r is given by the moment condition for e, in Assumption 2.2. For example, invertible ARMA
models satisfy Assumptions 2.2 and (5) for any finite  and s under general conditions. In this
case 0 can take any value between 0 and 1/6. The condition (5) is analogous to Assumption 5.1
of Chang et al. (2001) although the admissible values of ¢ are different. In fact, the condition
(5) is more than necessary to derive the limiting distribution in Theorem 3.2, but it will be
required when we deal with the limiting property under the alternative of nonlinear
cointegration.

The regress1on model (4) leads to the following limiting distribution for the least squares

estimator: Let (70,71,72, ,y,c) be the least squares estimator of (70,7%,7%,...,7%)  in the regression
model (4).

Theorem 3.2 Suppose that {w} satisfies Assumption 2.1 with B=k~+1 where w,= (v,u’) . Also
suppose Assumption 3.1 and the conditions (5) on the truncation parameter K hold. Then under
the null hypothesis (3) (as T—>)

5 1t is possible to allow the leads and lags to be different as in Choi and Kurozumi (2012). We proceed with the
same length K for simplicity.
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Yo—7%o 1 fB; fBEZ)’ fBW ' Bua
71— 7 fBz fBzB’z fB;B;‘”’ fBzBW fBden»z

I v |7 f352> fB%Z)B'z fB&”B&”’ fB‘f’Bg”” fB(f)dBm

Ve fng) fBE")B’z fB&“B?’ fBE")Bé’C” fB£”>dBn.z

where Bi12(r)=B\(r) — 0 Q%' B(r) with covariance matrix @, — wnQn s,

There are two notable differences between the limiting distribution given in Theorem 3.1
and that in Theorem 3.2. First, the Brownian motions B, and B, in Theorem 3.1 are generally
correlated, but the Brownian motions B> and B> in Theorem 3.2 are uncorrelated, implying
independence due to the Gaussian properties of a Brownian motion. Second, the second order
bias terms that are present in Theorem 3.1 vanish in Theorem 3.2. Therefore the limiting
distribution in Theorem 3.2 is free of the obstacles mentioned above and so we can apply the
standard hypothesis testing procedure. Thus Theorem 3.2 suggests that we use the Wald

. -~ - - T , , ~ .
statistic. Let ¥=(70,71,7%....7%), M=Z,=]X,X§, X=(01,x,x?,...x"), w2 be any consistent

estimator of Wi — w5 Q%' @y (see Newey and West, 1987, Phillips, 1987 and Andrews, 1991 for
a discussion of possible estimators), and

071, 0 0
0 I, 0
R= 0 0 In == 0| mr—1)X(mk+1),
[0 0 0 0 7]

Construct the following statistic:
Wr=(Ry) (@ 1-RM™'R)"'(Ry).
The next theorem shows the limiting distribution of this statistic under the null hypothesis.
Theorem 3.3 Suppose the conditions in Theorem 3.2 are satisfied. Then under the null
hypothesis (3) (as T— )
WT=>)C31(K—1)-

Theorem 3.3 shows that we can apply the standard x° test procedure to our test. If Q, =0, the
test statistic based on the estimator considered in Theorem 3.1 has the limiting distribution
given in Theorem 3.3. For example, this will occur when x, is strictly exogenous and the
driving process u is independent of the regression error u ..
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IV. Power of The Test

In this section we show that the proposed test is consistent against a class of nonlinear
alternatives and no cointegration. First, we shall consider the types of nonlinear functions for
which our test for linear cointegration is consistent. From the construction of the test statistic
discussed in the previous section, it would be clear that the test is consistent against nonlinear
cointegration involved in finite order polynomial functions of x. So now we are interested in
for which types of nonlinear functions other than finite order polynomial functions the test is
consistent. Consider the following alternative hypothesis:

H, ytzgl(xlr)+gz(xzt)+"'+gm(xmr)+uu, (6)

where ¢; © R—R is a nonlinear measurable function for 1 <;<m. This structure is same as that
considered in Chang et al. (2001). To prove consistency, we must investigate the limiting
property of the test statistic under the alternative. This involves some nonlinear transformations
of integrated variables. However, the limiting properties of nonlinear functions of integrated
time series are fairly complicated. These remained unknown until Park and Phillips (1999)
showed the limiting properties of nonlinear transformations of “scalar” integrated time series.’
Unfortunately, analogous results for vector-valued integrated time series has not yet been
proven. Since we use their results, we confine ourselves to alternatives that can be expressed by
(6).

We consider the following two classes of functions treated in Park and Phillips (1999), the
integrable class 7 (/) and the homogeneous class T (H)

Definition 4.1 (Park and Phillips 1999) (a) 4 transformation T on R is said to be regular if
and only if (i) it is continuous in a neighborhood of infinity, and (ii) for any compact
subset K on R given, there exist for each € >0 continuous functions Te, Te, and 0:>0 such

that Ig(x)ST(y)Si(x) for all |x—y|<& on K, and such that fK(Ie—?E)(x)dx—’O as

e—0.

(b) 4 transformation T is said to be in Class (I), denoted by TET(I), if it is bounded and
integrable.

(c) A4 transformation T is said to be in Class (H), denoted by TET (H), if and only if

T(Ax)=v(A)h(x) +R(x,A) (7)

where h is regular and R(x,A) is of order smaller than V(A). v and h are sometimes called
the asymptotic order and the limit homogeneous function of T respectively.
All homogeneous functions belong to 7(H) as long as they are locally integrable. Other
functions that belong to 7(H) include polynomials of finite order, the logarithmic function and
the distribution function of any random variable. Each of the two classes, 7(/) and T(H) is
closed under the operations of addition, subtraction, and multiplication (see Park and Phillips,
1999 for more details). In the following, if g;=T (H), we denote its asymptotic order by vi(A)

° Nonstationary binary choice models by Park and Phillips (2000) allows covariates to be multivariate. However, it
essentially reduces to a scalar case by decomposing the covariates (See Park and Phillips, 2000 for more details).
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and its limit homogeneous function by /:(x).

Before we develop the limiting property of the test statistic under the alternative (6), we
show some useful results that are helpful in proving consistency of the test and that give some
intuition about why the proposed test works. To do so, we assume either g;=7T (/) or ;=T (H)
for all i. If there exists at least one i such that ;&7 (H), without loss of generality we let g, be
the function that is in T(H) and dominates other g/'s belonging to T (H) asymptotically, i.e. for

1/2 1/2
l/l(Tl/z) — or Vl(Tl/z)
y(T™) y(T™)
lemma, we must specify the consistent estimator for w. .. explicitly. We employ the
semiparametric consistent estimator

a)nz—T ZV 2T ZW”ZV’ Vr s

5= =s+1

any j#1 such that g ET (H), — constant. For part (b) in the next

where v/* is the residual obtained from the regression (4) and wy,=1—s/(I+1). This is one of
the standard choices for a consistent estimator in the present context (see Phillips, 1987, Newey
and West, 1987, and Andrews, 1991 for more discussions on this choice).

Lemma 4.1 Let {u/} satisfy Assumption 2.1 with B=k+1, Assumptions 2.2 and 3.1 and the
truncation parameter K satisfies (5). Also, suppose either ;=T (I) or g;ET (H) for all i, and
the limit homogeneous function h; is piecewise differentiable with a locally bounded derivative
for i such that €T (H). In addition, assume that for some q=1 there exists a grid {a,...,a,},
where a;<a;+ for all j=1,...q—1, such that h, is continuous at any xER\ay,...,a,}, and

monotone on (a, 1,a,) for] 1,...g+1 for i such that g:T (H).
(a) Let y= (7’0,7’1,?’2, ,}’x) be the least squares estimator of (Y0,Y1,Y>,....Yx) in the regression
model (4).

() If g ETH) with T"?v(T"*)— as T— for some i, then under the alternative,
Yy =0,(T"w(T"?)),
(i) Otherwise, under the alternative (6), Tri =0,(1),
(b) Suppose I as T—0 such that |=o(T).
() If g ETH) with v(T"*)—0 as T—0 for some i, then under the alternative (6),
0 1= 0,(WH(T"),

(ii) Otherwise, under the alternative (6), @ 1>=0,(1).
The intuition behind Lemma 4.1 is clear if we consider some simple functional forms of g.
For example, let's consider g(x)=x""2. This function belongs to T (H) with »(T"*)=T""*. Thus

Lemma 4.1 (a) implies that Y;y=0,(T"*). In particular, we have T**7,=0,(T"*) or
equivalently 7>=0,(T"*). That is, the coefficient estimator of x* diverges at the rate 7/* and
this Would be a signal of nonhneanty Now consider g(x)=x""? In this case, Lemma 4.1
implies 7.= O(T™ 4) Thus 7. converges to zero but at much slower rate than under the null

hypothesis because 7,=0,(T*"?) under the null, as we can see in Theorem 3.2. If it converges
to zero at a rate that is slow enough, it would be interpreted as a signal of nonlinearity and the
next theorem tells us how slow it must be for the test to be consistent.
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The following theorem tells us for which type of functions our test is consistent.

Theorem 4.1 Let the conditions in Lemma 4.1 hold.

(a) If g ET(H) with either v(T"*)—0 or v(T"?) is constant as T—° for some i, then under
the alternative (6), W1=0,(T/I),

(b) If g ET(H) for some i and if T"*vi(T"*)— and vi(T"*)—0 as T—0, then under the
alternative (6), Wr=0,(Tvi(T"*)/1).

(c) Otherwise, under the alternative (6), Wr=0,(l"").

First, Theorem 4.1 (a) shows that our test for linear cointegration is consistent against
nonlinear cointegration if either g7 (H) with v(T"*)— or v(T"?) is constant as T—° for
some i, i.e. consistency of the test can be achieved if there exists at least one function that
satisfies the conditions of Theorem 4.1 (a). A class of functions that satisfy the conditions of
Theorem 4.1 (a) includes g[(x)=|x|k for k>0 and k¥1, g(x)=1/(1+e™), the logarithmic
function gi(x)=log |x|, polynomial functions of finite order g(x)=x"+ax""'+---+a* for k>1.
All distribution functions also satisfy the conditions of Theorem 4.1 (a).

Second, we can deduce from Theorem 4.1 (b) that if ¢g&T(H) for some i and
T u(T"*) =00, y(T"?)—0 and Tyi(T"?)/I—00 as T—o0, the test is still consistent but the test
statistic diverges at a slower rate than in case (a). For example, this happens when all functions
gi(x) for 1<i<m decrease to zero as x goes to infinity, but at least one of them decreases to
zero at a moderate rate as in a case where gl()c)=|x|_l/2 and we choose the lag truncation
parameter / such that /=o(T"’). In this case, W;=0,(T"?/) and W diverges at an
approximate rate of 7'/ that is much slower than that for case (a). The argument above shows
that a choice of the lag truncation parameter is crucial for case (b). If we choose / such that
[=0(T"?), the test becomes inconsistent for gl(x)=|x|1/2. Thus we must be careful about the
choice of / when we are especially interested in this type of nonlinear alternatives. A class of
functions that satisfies the conditions of Theorem 4.1 (b) includes g,-(x)=|x|k for —2/3<k=<0
when we choose /=o(T""?).

Finally, Theorem 4.1 (c) implies that our test is inconsistent if all functions gi(x) (1 <i<m)
decrease rapidly as x goes to infinity such as when g,-(x)=|x|k where k<—2/3 and we use the
lag truncation parameter / such that /=o(T"") or especially when all functions are integrable.
This is expected from Lemma 4.1 because in this case 7 converges to zero at the same rate as
it does under the null hypothesis.

One important characteristic of our test for linear cointegration is that it allows for an
endogenous regressor as mentioned in the last section. Researchers who are familiar with
nonlinear regression models with integrated regressors from Park and Phillips (2000, 2001) and
Chang et al. (2001) may wonder why we can do this because all models mentioned here
assume that x, is predetermined and (u,F,) is a martingale difference sequence where {F} is a
natural filteration to which {u} is adapted. When this is the case, x; is uncorrelated with u,, i.e.
E(x,u1)=0, which rules out an endogenous regressor x,. In general, when we deal with the
limiting properties of nonlinear models with integrated regressors x;,, we must investigate the

T
limiting properties of a sample mean function such as Z,=1 f(x,) and a covariance function such
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T
as Zt=l flx)ui, for some nonlinear function f. An exogenous x; is critical in deriving the

limiting distribution of the covariance function in Park and Phillips (2000, 2001) and Chang et
al. (2001). However, as shown in the proofs of Lemma 4.1 and Theorem 4.1, the covariance
function which we need to deal with has a specific form where f is a polynomial function.
Moreover its limiting properties is provided in Lemma 2.2 (f) without assuming exogeneity.
Thus we can allow an endogenous regressor x, in the alternative model of nonlinear
cointegration. This is a very important assumption in practice. Suppose we are interested in
investigating the nonlinear relationship between the exchange rate e, and the fundamentals. We
take output y, and money m; as proxies for fundamentals and post it a nonlinear relationship
e.=f1(y) +f>(m)tu. In this model, it would be very unrealistic to assume that y, and m, are
predetermined because it is usually the case that e, y, and m, interact simultancously. Allowing
a endogenous regressor will thus make it possible to apply our test of nonlinear cointegration to
many economic problems.

Finally we show that the test is also consistent against the alternative of no cointegration.
Suppose that the system of y, and x, is generated by the following:

ylzyt—l+u]1, xzle—]+u21, t=1,,T (8)

In this case, there is neither linear nor nonlinear cointegration in the system and the present
problem reduces to that spurious regressions as studied by Granger and Newbold (1974) and
Phillips (1986). As we have done for the case of nonlinear cointegration, we first show the
limiting properties of the normalized coefficient estimator and the long-run variance estimator
and then show the limiting properties of the test statistics.

Lemma 4.2 Suppose that the system of y. and x, is generated by (8). Also suppose that {u.}
satisfies Assumption 2.1 with B=k~+1. In addition, suppose that{w/} satisfies Assumptions 2.2
and 3.1 and the truncation parameter K satisfies (5).

(a) Letiz(');o,');ﬁ,');,z,...,’);,/c), be the least squares estimator of (Yo,71,72...,Yx) in the regression
model (4). Then as T—%, T ry=0,(T),

(b) Supposel—0 as T—0 such that =o(T"*). Then as T—, (/u\n-z=0p(lT).

Theorem 4.2 Suppose the conditions in Lemma 4.2 hold. Then as T—o°, Wr=0,(T/l),
In other words the intuition in Lemma 4.1 applies to the case of nonlinear cointegration as

well. 7, converges to zero, but at a rate 7' that is much slower than under the null hypothesis.
This slow rate serves as a signal of no cointegration and underlies the consistency of the test.

V. Some Simulation Evidence

In this section we show some simulation evidence to investigate the properties of our test
in small samples. First we show the size properties. For the study of size properties, we use the
following data generating process (DGP):

DGP,: y, = 15x~uu, x=x-1tu
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with xo=0. u,= (u1,u»)" is generated from a simplified version of a MA process (1)
[uHe] +[¢1 0 He]
Ut € 0 0.5 €2:—1

where e, = (ei,ex)” is distributed as NID(0,X) with

1 0Oen

, 0.12=0.8,0.4,0,—0.4, and —0.8.

Oc,12
The test statistics are constructed as described in section III. The sizes of the test depend on
sample size (7'), the lag truncation parameter (/) used to estimate w2, and £ in equation (4).
We consider three types of sample size (7=100,200 and 400) and four types of /. First three
choices of / are /0=0, l4=[4(T/1OO)1/4] and ll2=[12(T/100)1/4]. These choices of / are used in

many simulations (e.g. Schwert, 1989 and Kwiatkowski et al., 1992). The last choice of /,
denoted /4, is a truncated version of a data dependent choice by Andrews (1991)

~ 1 L

2 3 2 3

1,=1.1447min Mot 09 ; )
(1 _p)2(1+p)2 (1—0.9) (1+0.9)

where o is a coefficient estimated from the first order autoregression of v.*. The truncation was
made to avoid a choice of / which would make our test inconsistent.” We use a value of k=3
for all experiments. We do not use a value of k>3 because for values of « that are greater than
3 the second moment matrix often becomes close to singular in small samples and therefore we
may not be able to get accurate results. We choose =3 rather than k=2 because, in terms of
size-corrected power, the result using £=3 dominates that obtained using ¥ =2. The number of
leads and lags used to estimate the parameters in (4) is determined by Schwartz's Bayesian
criterion® with a maximum lag length of 10.

Table 1 shows the size properties. Since we use the upper 5% critical value from a x’
distribution, the nominal size of the test is 0.05. For each experiment, the number of
replications is 1000. The results of the simulation are summarized as follows: (i) The size of
the test becomes closer to the nominal size as the sample size becomes larger. (ii) A nonzero
correlation 0.1, between ey, and e» causes moderate degrees of size distortion as opposed to
cases where 0.,:=0. (iii) The size of the test for positive ¢ tends to be larger than the nominal
size, while that for negative ¢, tends to be smaller. This positive correlation between the size
and the MA parameter ¢; is also commonly observed in unit root tests (e.g. Schwert, 1989).
(iv) The size of the test with /0 is overly sensitive to ¢;. This is a consequence of ignoring

7 For example if ; =0,(T) as in spurious regression, it is easy to see that /,=O,(T), violating the assumption in
Lemma4.1. See Kurozumi (2002) for a similar problem in a different application

8 We also tried different lag length selections such as AIC or general-to-specific procedures such as in Ng and Perron
(1995). The results are not very different from those presented here. The lag length selection based on Schwartz's
criterion looks only slightly better than others in terms of empirical size. Clearly this does not imply that Schwartz's
criterion is the best method, and further investigation on the lag length selection is needed.



2016] TESTING FOR LINEARITY IN REGRESSIONS WITH I(1) PROCESSES 125

TaABLE 1. SizE oF THE TEST
T=100 T=200 T=400
10 4 112 14 10 14 12 L4 10 4 112 L4

0.8 0.8 0.258 0.159 0.223 0.157 0.223 0.102 0.131 0.105 0.244 0.086 0.107 0.091
04 0269 0.138 0.189 0.142 0.249 0.098 0.132 0.105 0.230 0.086 0.101 0.088

0 0.225 0.115 0.159 0.120 0.242 0.108 0.132 0.108 0.206 0.082 0.099 0.089

—04 0220 0.112 0.170 0.112 0.220 0.101 0.129 0.109 0.238 0.081 0.100 0.091

—0.8 0264 0.144 0.199 0.144 0238 0.113 0.141 0.111 0.242 0.076 0.088 0.077

04 0.8 0.196 0.134 0.191 0.129 0.179 0.094 0.115 0.095 0.180 0.091 0.106 0.092
04 0.198 0.131 0.186 0.130 0.196 0.089 0.126 0.090 0.165 0.079 0.097 0.077

0 0.175 0.114 0.161 0.106 0.188 0.102 0.126 0.103 0.161 0.083 0.093 0.088

—04 0.170 0.105 0.169 0.102 0.181 0.099 0.122 0.097 0.178 0.077 0.096 0.078

—0.8 0.194 0.117 0.180 0.115 0.192 0.103 0.119 0.100 0.183 0.077 0.087 0.069

0 0.8 0.09 0.151 0238 0.125 0074 0.085 0.142 0.079 0.070 0.085 0.104 0.079
04 0083 0.126 0.184 0.106 0079 0.092 0.138 0.083 0.063 0.072 0.094 0.068

0 0075 0.104 0.165 0.089 0070 0.087 0.122 0071 0062 0.072 0.092 0.066

—04 0059 0.101 0170 0.079 0.069 0.089 0.128 0.083 0.056 0.070 0.104 0.062

—0.8 0.091 0.143 0200 0.115 0.074 0.093 0.137 0.084 0.059 0.074 0.100 0.066

—04 08 0.007 0118 0247 0.121 0.001 0.054 0.141 0.067 0.001 0.049 0.092 0.056
04 0004 0095 0.191 0.103 0004 005 0.139 0070 0.001 0.036 0.079 0.040

0 0002 0065 0.156 0.070 0000 0.040 0.112 0.052 0.000 0.037 0.079 0.048

—04 0002 0.086 0207 008 0.000 0042 0.116 0063 0.000 0.030 0.087 0.045

—0.8 0009 0.101 0227 0.102 0000 0051 0122 0067 0.001 0040 0.084 0.051

—0.8 0.8 0001 0056 0.174 0088 0.000 0011 0085 0.035 0.000 0004 0043 0.017
04 0001 0049 0.147 0.069 0000 0.010 0.089 0.036 0.000 0.002 0.038 0.012

0 0.000 0036 0.138 0.057 0000 0.004 0.063 0020 0.000 0.004 0.030 0.012

—04 0001 0.050 0170 0.078 0.000 0.006 0081 0.028 0.000 0.002 0041 0.009

—0.8 0.000 0.064 0194 0.104 0.000 0011 0.081 0.037 0.000 0.005 0047 0.022

¢l O 12

AN
serial correlation when constructing @ 112. (v) The size of the test with /12 tends to be larger

than the nominal size. This generally results from using too many lags to construct c/a\ 12, (Vi)
The size of the test with /4 and / is close to the nominal size for moderate values of the MA
parameter ¢,. Hence we recommend that applied researchers use the lag truncation choice either
I4 or 1, rather than /0 or /12.

Next we turn to power properties against several nonlinear alternatives. The nonlinear
alternatives considered are as follows:

DGP; : y=5(¥(x)—0.5)+uw, DGPs : y,=1/Ix|"+uw, DGP.: y,=y.-i+u.,

where W(*) is the cumulative distribution function of a normal random variable with mean zero
and variance 6. Other assumptions on x, and u, are same as in DGP,. DGP, satisfy the
assumption in Theorem 4.1 (a) and DGPs does likewise for Theorem 4.1 (b). DGP, represents
the case of no cointegration in Theorem 4.2.

Tables 2-4 show the size-corrected power properties at a 5% nominal level for DGP-
DGP, respectively. We summarize the general results first and discuss some specific
alternatives later. (i) The power of the test becomes better as the sample size becomes larger
for all alternatives. (ii) As expected, a nonzero correlation 0.1, between ey, and e increases the
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TABLE 2. S1ZE-ADJUSTED POwER OF THE TEST, g(x)=5(¥(x)—0.5)
T7=100 7=200 T=400
10 14 112 L4 10 14 112 L4 10 14 12 L4

0.8 0.8 0.644 0.625 0.575 0.628 0927 0922 0912 0915 0.998 0.998 0999 0.998
04 0409 0403 0405 0415 0.842 0.844 0.821 0.845 0.990 0.988 0.989 0.991

0 0.384 0383 0.373 0.389 0.812 0.798 0.791 0.795 0971 0.970 0.968 0.970

—04 0459 0437 0412 0429 0.821 0.830 0.793 0.808 0.990 0.989 0.988 0.989

—0.8 0.656 0.622 0.580 0.628 0.926 0.921 0916 0922 1.000 1.000 0.999 1.000

0.4 0.8 0.769 0.752 0.713 0.752 0964 0.961 0951 0958 1.000 1.000 1.000 1.000
04 0539 0.521 0517 0532 0.898 0.893 0.892 0.894 0.995 0.99 0997 0.996

0 0.530 0.516 0482 0.510 0.884 0.874 0.853 0.870 0.989 0.988 0.989 0.988

—04 0577 0561 0.530 0.556 0.892 0.884 0.874 0.877 0.997 0.996 0.996 0.996

—0.8 0.743 0.715 0.663 0.720 0954 0.953 0951 0953 1.000 1.000 1.000 1.000

0 0.8 0.819 0.813 0.785 0.815 0984 0981 0980 0983 1.000 1.000 1.000 1.000
0.4 0.695 0.696 0.661 0.694 0942 0943 0942 0941 0.998 0.998 0998 0.998

0 0.657 0.653 0.622 0.673 0933 0931 0.923 0933 0996 0.996 0.995 0.996

—04 0713 0.692 0.664 0.703 0939 0.934 0928 0935 0.999 0.999 0.999 0.999

—0.8 0819 0812 0.780 0817 0979 0976 0974 0979 1.000 1.000 1.000 1.000

—0.4 0.8 0.891 0.880 0.870 0.881 0.994 0.995 0992 0994 1.000 1.000 1.000 1.000
04 0.809 0.802 0.789 0.800 0975 0.974 0971 0974 0.999 0.999 0999 0.999

0 0.792  0.796 0.791 0.796 0967 0.966 0.962 0965 1.000 1.000 1.000 1.000

—04 0789 0.788 0.762 0.784 0976 0975 0971 0973 1.000 1.000 1.000 1.000

—0.8 0.886 0.879 0.867 0.872 0995 0.995 0.993 0995 1.000 1.000 1.000 1.000

—0.8 0.8 0917 0923 0919 0923 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
04 0.857 0.863 0.880 0.879 0991 0.991 0991 0991 1.000 1.000 1.000 1.000

0 0.853 0.859 0.864 0.863 0989 0.990 0.992 0993 1.000 1.000 1.000 1.000

—04 0836 0.839 0.847 0.838 0989 0.990 0.989 0990 1.000 1.000 1.000 1.000

—0.8 0916 0916 0918 0916 0998 0.998 0.998 0998 1.000 1.000 1.000 1.000

¢1 O 12

power of the test for all alternatives. (iii) The power of the test for positive ¢; tends to be less
powerful than the test with ¢, =0, and that for negative ¢, tends to be more powerful especially
when 7=100. (iv) The power of the test against nonlinear alternatives that satisfy the
assumption in Theorem 4.1 (a) increases very quickly as the sample size grows, on the other
hand when the nonlinear alternatives that satisfy the assumption in Theorem 4.1 (b), the power
increases very slowly as Theorem 4.1 (b) predicts. (v) The power of the test with /4 is as
powerful as that with /, for all nonlinear alternatives. (vi) The power of the test for DGP; is
more sensitive to the choice of / than that for DGP-.

The second thing to note is that the test with /, against the alternative of no cointegration
suffers from a lack of power. This is because the truncated version of the lag length choice /4

tends to choose a longer lag length since o in the formula of /, (9) is close to 1. As we see in
Theorem 4.2, there exists a tradeoff between lag length ! and power, so the test with /4
performs poorly against the alternative.

V1. Concluding Remarks

This paper has developed a testing procedure for linearity in regressions with I (1)
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TABLE 3. SIZE-ADJUSTED POWER OF THE TEsT, g(x)=1/|x| "
P o T=100 T=200 T=400
' ) 4 n2 L, 10 14 n2 1 10 14 n2 L

0.8 0.8 0415 0258 0.147 0240 0.606 0467 0262 0358 0783 0.681 0481 0.574
04 0216 0.150 0.130 0.154 0377 0323 0199 0289 0.566 0486 0365 0434

0 0230 0.179 0.135 0169 0351 0299 0204 0247 0514 0430 0321 0379

—04 0270 0.195 0.135 0.81 0380 0320 0.190 0247 0.601 0511 0385 0.444

—0.8 0454 0290 0.156 0272 0.637 0515 0299 0415 0819 0718 0494 0.610

04 08 059 038 0210 0370 0756 0.613 0327 0503 0891 0776 0.556 0.698
04 0331 0219 0.150 0219 0533 0440 0274 0392 0.741 0.641 0485 0.585

0 0330 0249 0.156 0243 0513 0391 0238 0357 0.670 0.578 0405 0.521

—04 0417 0264 0170 0270 0528 0425 0252 0354 0769 0.634 0447 0.572

—0.8 0614 0381 0181 0371 0791 0.666 0408 0560 0918 0.814 0572 0.730

0 0.8 0.738 0443 0249 0.528 0.889 0.691 0375 0715 0963 0.841 0.620 0.855
04 0549 0331 0.166 0410 0744 0582 0351 0.625 0900 0.801 0.573 0.838

0 0542 0357 0.191 0460 0720 0568 0312 0.634 0855 0741 0.508 0.796

—04 0621 0377 0222 0482 0775 0574 0321 0.648 0902 0.783 0591 0.836

—0.8 0743 0457 0240 0521 0902 0740 0467 0.753 0.976 0.880 0.637 0.888

—04 08 0900 0564 0311 0.620 0977 0815 0463 0.862 0997 0936 0.691 0.965
04 0787 0475 0264 0517 0932 0768 0451 0779 0988 0.928 0710 0.933

0 0811 0552 0305 0594 0925 0779 0451 0.788 0.979 0.904 0.647 0.907

—04 0828 0512 0252 0573 0949 0.800 0437 0799 0986 0925 0715 0.934

—0.8 0.888 0.549 0299 0.625 0977 0835 0532 088 0998 0947 0.695 0.975

—0.8 0.8 0945 0.694 0374 0.694 0996 0936 0555 0901 1.000 0995 0811 0.987
04 0898 0.636 0336 0.608 0992 0926 0.549 0.839 1.000 0.991 0.807 0.971

0 0922 0692 0342 0.634 0994 0928 0.615 0859 0999 0996 0.824 0977

—04 0918 0.650 0346 0.586 0995 0929 0.566 0.854 1.000 0994 0.798 0.972

—0.8 00953 0.655 0351 0.689 0998 0946 0.597 0918 1.000 0993 0.785 0.989

processes. We proposed the Wald test based on a generalization of the RESET test and we
showed that the limiting distribution of the test statistic under the null of linearity is a x°
distribution when a “leads and lags” estimation technique is employed to construct it. We also
showed that the test is consistent against both a class of nonlinear alternatives and no
cointegration. The simulation experiment revealed that the proposed test has nice power
properties against the functions considered. Finally, we applied our test for linearity to see
whether relationships between exchange rates and fundamentals and found significant evidence
against linearity.

ArPPENDIX A

Proof of Lemma 2.2: Proofs of (a) and (b) are trivial extensions of the results in Phillips (1987). Proof of
(c) can be found in Hansen (1992). Part (c) is an extension of part (d) and its proof follows the argument
of Durlauf (1986).

Proof of (e): This is a version of Theorem 4.2 of Hansen (1992). The case for i=2 is given by Theorem
4.2 of Hansen (1992). Thus we show the case for i=3. Cases where i=4 can be proved by the same
argument as in the case for i=3. Let F,=0(u, : s<1) be the smallest c—field containing the past of {u}
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TaBLE 4. S1zE-ADJUSTED POWER OF THE TEST, NO COINTEGRATION

é . T7=100 T=200 T=400
' o 10 4 n2 L 10 14 n2 L 0 14 n2 L
0.8 0.8 0.795 0.502 0.250 0.302 0.882 0.669 0.377 0.314 0.940 0.801 0.545 0.402
0.4 0.766 0.513 0.289 0.313 0.846 0.690 0.422 0.362 0.925 0.792 0.557 0.395
0 0.769 0.547 0.317 0.343 0.862 0.684 0.406 0.319 0.923 0.796 0.558 0.403
—0.4 0.802 0.554 0.318 0.347 0.856 0.675 0.383 0.312 0.927 0.800 0.580 0.432
—0.8 0.789 0.530 0.263 0.313 0.866 0.692 0.415 0.336 0.926 0.799 0.568 0.419
0.4 0.8 0.819 0.540 0.267 0.328 0.903 0.688 0.379 0.340 0.948 0.802 0.547 0.410
0.4 0.787 0.516 0.287 0.326 0.859 0.690 0.436 0.365 0.936 0.802 0.576 0.409
0 0.794 0.551 0.314 0.346 0.886 0.697 0.405 0.341 0.932 0.796 0.558 0.414
—0.4 0.826 0.554 0.316 0.358 0.871 0.677 0.384 0.324 0.940 0.801 0.571 0.421
—0.8 0.828 0.538 0.262 0.329 0.892 0.721 0.446 0.367 0.937 0.802 0.568 0.436
0 0.8 0.860 0.506 0.246 0.338 0.930 0.679 0.364 0.366 0.962 0.808 0.538 0.439
0.4 0.863 0.532 0.283 0.365 0913 0.698 0.436 0.376 0.961 0.811 0.567 0.452
0 0.868 0.567 0.312 0.403 0.926 0.717 0410 0.376 0.958 0.807 0.558 0.456
—0.4 0.886 0.558 0.316 0.382 0.924 0.693 0.404 0.377 0.962 0.806 0.577 0.465
—0.8 0.871 0.534 0.259 0.343 0.929 0.719 0.438 0.395 0.958 0.804 0.571 0.461
—0.4 0.8 0.924 0.552 0.252 0.367 0.975 0.755 0.412 0.423 0.990 0.857 0.571 0.486
0.4 0.921 0.556 0.301 0.385 0.971 0.734 0.441 0.422 0.990 0.845 0.605 0.492
0 0.944 0.611 0.327 0.422 0.981 0.750 0.432 0.435 0.989 0.840 0.580 0.495
—0.4 0.930 0.568 0.281 0.394 0.964 0.751 0.421 0.431 0.987 0.848 0.599 0.508
—0.8 0.923 0.563 0.245 0.360 0.981 0.758 0.449 0.447 0.989 0.829 0.584 0.481
—0.8 0.8 0.903 0.572 0.266 0.519 0.984 0.823 0.458 0.683 0.995 0.925 0.668 0.785
0.4 0913 0.563 0.311 0.510 0.974 0.801 0.472 0.679 0.996 0.907 0.665 0.767
0 0.930 0.590 0.284 0.542 0.986 0.818 0.487 0.681 0.997 0.919 0.693 0.766
—0.4 0910 0.559 0.273 0.488 0.970 0.821 0.455 0.652 0.995 0917 0.647 0.762
—0.8 0.904 0.562 0.270 0.526 0.981 0.824 0.471 0.675 0.993 0.892 0.662 0.744

for all 2. We can decompose u, into two parts
ur=&+%tz—1—z (10)

where 8l:2k:0(E1ul,l+k_E/—lul.z+I¢) and z,=

martingale difference sequence. By the decomposition (10) we have
T

T2 x
=1

Applying Theorem 3.1 of Hansen (1992) gives

=)

k=1

T
T Ve = f BYdB.
=1

Note that no second order bias terms show up in the limit.

It remains to be shown that

Observe

that

T T
T2 xP@—zm) =T D J(xP—x)z,— T~
=1 =1

T
T xV(zi—z41)=3D(B¥) Aan.
=1

r r
3 _ 3 —2 3
Oy =T 2 xPe i+ T E x! )(Zz_ZH-l).

=1

2_.(3
xPzre1.

E.u e where E(-)=E(-|F).

Note that {&,F} is a

(1

(12)

(13)
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By the argument of Theorem 4.1 in Hansen (1992), we have T °x?z+1=0,(1). Since a typical element of

xP—x2) can be written as

3 30— 3 3 —rq.2 2 3
Xit ™ Xig—1— (x ir—1 + uzf,z) —Xi—1— 3xi.r—lu2i,z+ 3X -1l i + Uiz,

we have
T T T T
T_22x§3)(z,—z,+1) =3T_22(x52—>1 0] uz,)z,+3T_22(x,—1 Ous)z,+ T_ZZuS)z,-i-op(l),
=1 =1 =1 =1

where “O” is the element-by-element product and %= (u5 ,...,u5,.)". Note that

2
X1—1U21,¢
x% U2
5 _ =1 N = 2
@2 Oux)z= . z=D(x)usz,,
2
Xmi—1U2m,t

where D(x2))=diag[x} 1,X2~1,...,Xn.—1]. Then we have

T T T
T 0 x0(z— i) =3T72 0 D)z 3T (-1 O u)z,
=1 =1 =1

T
+77> Uz +0,(1) (14)

=1

First, the second and third terms on the right-hand side of (14) vanish in probability because we
have by the Holder's inequality that

T T
EI77> (1 0u@)z | <77 [F 2 0u|| Iz,
=1 =1 ﬁ 4/3
_ Xi—1 2
<T /Z ﬁ 4||u2t||4||z,||ﬁo (15)
and
T T T s
EIT72 2] <722 M8l llzdl,= 772 Ml [z, —0 (16)
=1 =1 =1

since ||x,—1/ﬁ”4 is bounded as in the proof of Lemma 3.1 (f) of Chang et al. (2001), ||uzz||i<C by
Assumption 1 and ||z/|, is uniformly bounded by the proof of Theorem 3.1 in Hansen (1992) where |al|
denotes the L"-norm with subscript, defined by ||a||,_=(2,_ Ela])"”.

Second, note that the first term on the right-hand side of (14) can be written as
T ~ T ~ T _
T_ZZD(ij—)l)uerz:T_ZZD(sz—)l)Azl +T_22D(X52—)1)(u2/21_/121).
=1 =1 =1

By Theorem 3.2 of Hansen (1992), the sequence {u»z,—As}is an Lg/,-mixingale and [)(xﬁz-’l)ZOP(T).
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Then, applying Theorem 3.3 of Hansen (1992), |T_ZZLID(X;Z—)])(MLZ;_A21)|L0. By the continuous

mapping theorem we obtain

T
T2 D(x-1)As=>D(B>) A (17)
=1
Thus combining (14)-(17) gives (13).
(11), (12), and (13) together establishes the result of Lemma 2.2 (¢) when i=3. The proof for the
case where i=4 follows along the same line with appropriate moment conditions specified in Lemma 2.2.
The proof for part (f) can be shown by combining that of part (e) and the argument used in Phillips
(1988). O

Proof of Theorem 3.1: Observe that

[~ 1 [ T r r
Yo~ 7o T D Do e x|
=1 =1 =1
~ T T r r
— 2

YN Do 2oxxs Doxx® e D xx®

=1 =1 =1 =1

Tr - =1, u T,

=1

T T T
2 2 2 2 2
72 DUXP D, D xPx@ e D kP
=1 =1 =1

T

T T T
2
~ nyc) Elxﬁlc’x'z nyc)xf)f E}xi’c)xfw
Ve | | =1 =1 =1 =1
. :
Zun
=1
T
z :xlul/
=1
T
) .
ZXS )1411
=1

XY7!

T
K
ng )ulr
L =1

Applying Lemma 2.2 to each element on the right hand side of the equation gives the required result. O

Proof of Theorem 3.2: Although we now have stationary regressors in (4), we may concentrate on i

without loss of generality because they are asymptotically orthogonal to the integrated parts of the model,
1 ; ’

Wzlilx}lhwﬂﬁo, for 1<i<g, 1<j,k<m, and any s by Lemma 3.1 of Chang et al. (2001). This

asymptotic orthogonality of nonlinear transformations of integrated regressors to stationary regressors are

analogous to that of (untransformed) integrated regressors to stationary regressors in linear cointegration

models as noted in Chang et al. (2001).
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Note that

1 & |:Bll-2(r):|
Wi
T2 - j Ba(r)

with covariance matrix
=1
[6011_60/21922 wy 0 ]
0 QZZ

. T ; - . o .
Then by Lemma 2.2 (e) we have 770" ZZ,= xt'vi= f BYdB 1., for 2<i<k. Since similar arguments are

used as in the proof of Theorem 4.1 in Saikkonen (1991), it suffices to show that for 2<i<x and
1<j<m

1 <, 1 &G
T(i+l)/22xflvf*: T(f+|)/22xftvf+0p(1)~ (18)
=1 =1

Note that the number of observations now is 7—2K, but we may use 7 instead of 7—2K without loss of
generality. Note that
Xt i/
()

T
Z'lvr*_VrH

Ejt=1

1 T
‘ ‘ 772 ZX;?(V!* V)
=1

g ‘

where

E,-=[(jrninlBZ,(r)—l,Umasz,(r)-f-l]. 19)
=r= =r=l1
It can be shown by the argument in Lemma A1l of Chang et al. (2001) that

E(l;—vIH=0K™""?). (20)

(v —v)=0,(TK™") as

=1

i 1
Then by (20) and the fact that ||(x;/T"?) ||EA=O,,(1) we can deduce WZ
1 ; 1 :
shown in Lemma A4 (b) of Chang et al. (2001), leading to WZ,T:,X}M* :WZLIX}/V‘—F
O,(T"*K™"*). Thus (18) follows if 0> 1/s since K=T1". m]

Proof of Theorem 3.3: Given the result of Theorem 3.2, applying Lemma 5.1 in Park and Phillips (1988)
gives the required result. O

Proof of Lemma 4.1: In this proof and the subsequent proof, we frequently use results from Park and
Phillips (2001) and Chang et al. (2001). In those citations, the space D[0,1] is endowed with the uniform
metric. However, we use “=" to imply weak convergence using the Skorohod metric in our proofs. This
is possible because convergence in the uniform metric implies the convergence in the Skorohod metric.

Proof of (a): Note that we have stationary regressors in (4). Again we may concentrate on 7 without loss

of generality by the same reasoning as described in the proof of Theorem 3.2. Observe that

T
Toy="TM T X7 D Xy 1)
=1
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First, as we have seen in the proof of Theorem 3.1
TiM™'Lr=0,(1). (22)

Next we consider the second component of the right hand side of (21). Observe that under the
alternative (6) we have

T T T
T Xy =T 200X+ 7D X (23)
=1 =1 =1

where g(x,)EZ::lg,(x”). The second term on the right hand side of (23) is O,(1) as we saw in the proof

of Theorem 3.1. To analyze the first term on the right hand side of (23), we consider the asymptotic
properties of ¢;&T (I) and ¢:=T (H) separately. For a function g:=7 (I), it follows from Part (k) of

1
Lemma 3.1 of Chang et al. (2001), for 0<s<k and 1<;k<m, TR IT=]g,-(xb,-,)sz=O,;(l). Hence we

have for a function g;&T (1)

T;'Z G(x)X/=0,(1). (24)

It follows that if g;&T (1) for all i
T
Y7 D Xy =0,(1). (25)
=1

Thus if ;=T (I) for all i, we can deduce by (21), (22) and (25) that Y?'iZOp(l), giving one case of the

result required for Part (ii) of Lemma 4.1 (a).
For a function g;&T (H) with asymptotic order v; and limit homogeneous function /;, we have, from
Part (I) of Lemma 3.1 in Chang et al. (2001) and Theorem 1 of de Jong (2004), for 0<s<x and

1 . .
1<j,k<m, WZ;lgi(xj,)xz,ZOp(l). Thus we have for a function g;&T (H)

Y70 X= 0T u(T')). (26)

Note that (26) holds for any y(+) that satisfies the assumptions of Lemma 4.1.

Now we consider a case where g;=7 (H) for some i under the alternative (6). Remember that g; is
the dominating function among functions belonging to 7 (). Then it is clear from the argument above
that the order of the dominating component in the first term of (23) is given by

OP(TI/ZM(TI/Z)) if T]/zul(Tl/z)—'OO as T—00,
0,(1) otherwise.

r
T?'Zgl(x“)XF{
=1

Thus we get

OP(TI/ZVI(TI/Z)) if Tl/zl/](Tl/z)—’OO as T—00,
O,(1) otherwise,

Y;Zg(x,)x:{

leading to
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T O(T"*u(T"?) if TV u(T"*)— 0 ag T—00,
TS { AT (1) (77) o
= 0,(1) otherwise.
Hence combining (21), (22) and (27) shows that
~_{0F(T1/2)J1(T1/2)) if Tl/zl/](Tl/z)—’OO as T—00,
! 0,(1) otherwise,
giving the result required for Part (i) and the other case of Part (ii) in Lemma 4.1 (a).
Proof of (b): Recall that
Wua=T" D WE 42T D Iy D IvivE, (28)
=1 s=1 r=s+1

where C,* is the residual obtained from the regression (4) and wy=1—s/([+1). First, consider the first
term in (28). Let 0= (0%,0%-1,0%k—2,...,0-k+2,0-x+1,0-x) and

7= (AX 6, AX k1, AX k=2, 0 ) AX =2, AX 1, AX 1)
Also let é be the OLS estimator of @ from (4). Observe that

T N T ~ _ T ~ _
T W =T D (0 =X/ —Z/0) =T~ DY (g(x) +un—X/y—2/0)’
=1

=1 =1
T T T T
=T 0%xc)+ T D i +T77" Z’(ZX,X,’)z + T“Q’(Z Z,Z,’)Q
=1 =1 =1 =1
T N T _ T
+2{T“2g(x,)ul,— T 209X~ T7'0 2 39(x)Z,
=1 =1 =1
_ T ~ T _ T ~
T2 X —T7'0 D Zoun+ T‘]z’(ZX,Z/)Q} (29)
=1 =1 =1

First, we deal with the case where ¢, €7 (H) with y(T"/*)— as T—o0 for some i. Again remember that
g1 is the dominating function among functions that belong to 7 (/) We check the order of convergence of

each term in (29). T_'Z/T:lgz(x,)ZOP()JIZ(T'/Z)) by the argument in Part (a) of Lemma 4.1,

T_IZ;M?,ZOF(I) by the law of large numbers and T“Z;g(x,)u|,=0,,()/(T”2)) by Lemma 3.1 (f) of

Chang et al. (2001) and Theorem 1 of de Jong (2004). It follows by the proof of Theorem 3.1 and Part (a)
of Lemma 4.1 that

T i’(i]x,x/)i = (T’l/zTri)’<T?ZT]X,X,’TF')(T"“T 7)
= 0,0AT 0,0)0,T ) =0,07(T ),
T"j’i g(x,)X,=(T‘”W@’T‘“ZiI gex)Y7'X,
| =0,(n(T '/2))0p(1/;(T "N=0,(u(T)

and
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T T
TﬁIZ/Zqu1[:(Til/zYTZ)/Til/zz’r;l/\ﬂMlz
=1 =1
=0,(u(T" O™ ) =0T (T
Observe that
17 4 T T -1 T
'0’(22 Z,) {(Zz Z,) Zz,y,} (Zz,z/){(Zzz/) Zz,yz}

=1 =1

=1
T

=T*2(§g(x,)zz),( 27 Z,) l(ig(xz)z/)

=1

+2T*3’2<erg(x,)z,>,< Zzz,) ( 7I/ZZT]ZA,{“>

=1

T T
+T*‘<T*‘/222rul,> (T*‘ZZ[Z,’) (T*‘/ZZZIMIJ (30)
=1 =1

=1

since y,=g(x,;)+u.. Note that ||(T7'2;Z,Z/)_l||=Op(1) and ||T7'/22;2,u“||=O,,(K‘/2) by the proof
of Lemma 3 in Berk (1974). Also note that

u 443 r
Zg(x,)Ax,—k=O,,(M(T‘”)T«Hw]( 2(1+r>),
=1
uniformly for k=1,....K by Lemma A4 (b) of Chang et al. (2001). Then it follows by (30) that
T
T_IQ’(ZZ,Z/>Q=Op(T_Z)Op(M(Tl/Z)Tr‘zﬁ;)K z<1)+,~>K)Op(l)Op(ul(Tl/Z)TA‘ZT:;)K 2(1)+,->K)
=1

4+3r r
+ 0,,(T73/2)0,J(VI(T'/2) Ta+nK 2<l+r)K)O,,(1)O,,(K1/2)
+ Op(T_l)On(Kl/z)Op( 1O,(K'?)

1o o 200+30= Lo o200 FA=2=3r 51
O\Wi(TYHT 20+ +0V(T )VARRETIE R b ol 0 (AR N (€20

letting K=T7°. Thus we get T_‘Q’(Z;Z,Z,’)Q=o,,(uf(T“Z)), for 0<r/(2(2+3r)). Similarly, we get
70> gee)Z=0,0T"), T70>) Zuw=0,(n(T"?), and T“j’(z;xzx)é:o,,(u%(T”z)) for

0<r/(2(2+3r)). Thus by the discussion above we can deduce that

T*'ZT]C,H:{OP(“Z(TW)) if »(T"?)—00 as T—0o, (32)

=1 (1) otherwise,

When g7 (I) for all i, the similar arguments show that T _lz;gz(x,):o,,(l) by Theorem 5.1 of
Park and Phillips (1999), Tflzj:]g(x,)MUZO,,(l) by Theorem 3.2 of Park and Phillips (2001),
T_li’(T"ZLIX,X/)iZOP(I), T_li'ZL]g(xf)X,Zop(l) by the proof of Theorem 3.1, Part (a) of Lemma
4.1 and Part (k) of Lemma 3.1 in Chang et al. (2001), T_lé/(T_IZ;]ZrZ;,)é:Op(l) by Lemma A3 (b) of

Chang et al. (2001). Thus we can deduce that a dominating term in (29) for this case is T_lz;uf, and
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its order O,(1), leading to
r N
T- > W=0,1) if gET () for all i. (33)
=1
Next we consider the cross product terms in (28). Observe that
r N r ~ ~ - ~
T2 =T 2 (=X Y= Z/0) (v X'y —Z1-0)
=1 =1

T
=72 Mg() Fun—Xy—ZOHg(c-) Fur - — X'imy— Zi-0}

=1

r T
=T 239(x)g0r-) T T 2wt -
=1 =1
r T
ey (S g2z Jo
. =1 . =1 L )
T2 g T g T_lzl{z gOr)X -+ Zg(x,_x)x}
=1 =1 p pe
T T r r
-T "Q’{Z g(xr)Zz—erZg(xz-xﬂ} - T‘li’{ZX,u Lt 20 X }
= =1 =1 =1
T T r r
o T_IQ,{Z qu 1"_S+ ZZ’_SM 1’} + T_lil{ZXtZ;—.\'Q—’_ZXr—sZz,}é.

=1 =1 =1 =1
A similar argument to the one used deriving (32) and (33) can be applied to each term to get
N O0,(Vi(T"?) if g/ ET (H) with v(T"*)—00 as T—00 for some i
TﬂZV/*V[*—S:{ P( 1( )) g . ( ) ( ) (34)
0,(1) otherwise.

t=s+1

except for the two terms, 7' _‘Z;g(x,)g(xr—x) and i’(T“Z;X IX,—.y)i. For the former, observe that when
g:ET (H) for some i,

1 T B T
TR 29I =T 2 i) Fo,(1) (35)
by Theorem 3.3 of Park and Phillips (2001). We can also show that for large T’

T T

T‘IZIIhI(xl,)hl(xl,,_J)||é(T"ZIh(x,,)IZ) (T_‘2|h(x1,f—s)|2)

=1 =1
<[l (36)

where the first inequality follows from Cauchy-Schwartz inequality and E; is defined in (19). Then it
follows from (35) and (36) that

O0,(Vi(T"?) if vi(T"*)—00 as T—0,
0,(1) otherwise,

T*‘Zg(x,)g(x,_s)={

When g: =T (1) for all i, we get from (36) that T_]Z;g(x,)g(x,-s)=0,,(1). Applying the same argument
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to (T2 XX gives 7 (T2 X.X-)y=0,(1) leading to (34).
Given (32), (33) and (34), the argument used in the proof of Theorem 3.1 of Phillips (1991) shows
that

~ {Op(ll/lz(T'/z)) if gET (H) with v(T"*)—00 as T—0o0 for some i
Wi2=

O,(1) otherwise.

Proof of Theorem 4.1: Observe that
Wr=(Ry) (@, -RM™'R)"(Ry)
=RY7T2) (@1 RY 7M™ LR (RYTY )
= (0 RY 7Y [ waRY T MY D(XT'R)) (RYT)(C ).
=) R 0o (TFRYC MY )R T (TFR(C )
=RY ) {1 ROCM T YRY (RY 1) (37

where Y7 is a lower-right (k—1)X (k—1) submatrix of Yr. If g ET (H) with v(T"?)—00 as T—co for

some i,
Wi=(RY ) {@ 1w ROCM Y DR} (R 1y)
=0,(T"*vi(T"*))0,(I”" v (T""))O,()OLT"*w(T"*)=0,(T/I),

by Lemma 4.1 and the proof of Theorem 3.1. If ;&7 (H) with vi(T"?) is constant as T—0° for some i,
using the same argument we get W, =0,(T"*)0,(I"NYO()OLT")=0,T/I). If gET(H) with
T2y (T"*)—00 and v (T"*)—0 as T—0, we also obtain by the same argument

Wi=O,(T"*v(T"*))O,(I")O,()OLT"*v(T"?)) = O(TVi(T'*)/1).

Otherwise W:=0,(1)0,(I")0,(1)0,(1)=0,(I""), giving the required result. O
Proof of Lemma 4.2: (a) Given the result of the proof of Lemma 4.1, it is sufficient to show that
T
Y2 Xy =0y(T) (38)
=1

since the arguments in Lemma 4.1 can be applied to other parts of the proof. (38) can be easily proved by
the application of the continuous mapping theorem 7~0** 22; xily= f BYB,.
(b) Given (a), the proof of (b) is completely analogous to that of Lemma 4.1 (b) and so it is omitted. O

Proof of Theorem 4.2: By (37), we have

Wr=(RY ) {@ 1 :ROC MY )R} (RY 1) = 0,(T) 0,1 T™)O,(1)O,(T) = O,(TI1),
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where the last equality is from Lemma 4.1. O
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