
FORMAL POWER SERIES AND ADDITIVE NUMBER THEORY 

By SETSUO ONARI * 

I. Introduetion 

In this paper we shall consider some applications of formal power series to number theory. 

But as we shall use only elementary methods, results which we shall get in this paper are 

not deep ones in number theory. 

At first let us collect a few results on formal power series without proof. Let I be an 

integral domain (we shall use only the formal power series over rational integral ring). A 

formal power series over I is an expression 

ao +alx+ a2x2 + asx3 + ---- a* e I 

where the symbol x is an indeterminate symbol. Consequently, all questions of convergence 

are irrelevant. Let I{x} be the set of all formal power series on I. I{x} has a structure of 

commutative ring by defining addition and multiplication in the following way; if 

A= ~ a^x~ B= ~ b~x~ *=0 ' =0 ' 
we define 

~ A+B C where C= ~ c,,xn 
*=0 

" AB=D where D= ~ d~xn 
*=0 

with the stipulation that we perform these operations in such a way that these equations are 

true modulo x'$ whatever n be. Therefore we get 

cn=an + b~, dn= ~ a.b~_.. 

'=0 
It is clear that I{x} is an integral domain too, i.e. I{x} contains no zero-divisors. There-

fore we can use the cancellation law freely. 

We can give a meaning to infinite sums and infinite products very well in certain cases. 

Thus 

A +A +A +-･--=B 
CIC:C8'---' = D 

both equations are understood in the sense modulo x~, so that only a finite of A's or C's 

can contribute as far as x~. 

We add, now, one more formal procedure, that of formal differentiation. Let 

" A= ~ a^xn. 
*=0 
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The derivation A/ of A is by definition 

= A'= ~: (n+1)a~+1x . '' 

~=0 
This is, again, a formal power series in our sense. 

Let us add one more remark. Let us consider a special case where A and B have re-

ciprocals. Then AB has a reciprocal too, since the set of all units in I forms a group. In 

this case we have 

(AB)/ _ A + BB 
AB 

which is the rule for logarithmic differentiation. In general we have 

(fiAt)/ * Akl 
k=1 ~1 Ah 
fi Ak 

k=1 
We must remark that we can also do this for infinite products 

~ (llA~)! ~ A ' 
'*=1 = ~ " nA,, "*1 An ' = 
~=1 

if the products are permissible. 

. In this paper we shall use various infinite products, but we shall not explain in detail. We 

shall use infinite product of formal power series in the above sense. Particularly we must 

use repeatedly the above logarithmic differentiation of infinite product of formal power series. 

Now let us fix the subset S of the set N of all natural numbers. In this paper for ar-

bitrary natural number m we shall call the number of methods decomposing m into the sum 

of elements in S, the solution of m with respect to S. And we shall denote this solution 

S(m) . 

In the case in which it is permitted to use the same elements of S in arbitrary times we 

shall call the problem looking for S(m) the unrestricted type problem, and in the case in 

which it is not permitted to use the same elements of S in arbitrary times we shall call the 

problem looking for S(m) the restricted type problem. In the latter case we denote S(m) 

S*(m). If the set S is a finite set, we shall call the problem finite type problem and if the 

set is an infinite set we shall call the problem infinite type problem. 

In section 2, we shall deal with unrestricted finite type problem, in section 3 restricted 

finite type problem, in section 4 unrestricted infinite type problem, and in section 5 restricted 

infinite type problem. 

The special notations which are used in this paper are as follows, 

N={O, 1, 2, 3, ----}=the set of all natural numbers 

as(n)= ~ d, 
des dl* 

Ts(n)= ~: (-1)~d, 
des, dl ~ 

and [ l=Gaussian symbol. 
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II. Unrestricted Finite Type Problem 

In this section we shall be occupied with the problem of unrestricted finite type. Let us 

adopt {al' a2' "" an} as the set S explained in the section I , where we shall assume 0<al< 

a2<･･. <a,s' In this case it is clear that the solution S(m) of meNwith respect to S coincides 
with the number of non-negative integral solutions of linear equation 

~ ajxj = m. 

'=1 

We can prove the following theorem about this S(m). 

Theorem l. S(O)=1 and for all m such that m>0, 

S(m)= Il det os(1) O
 -l 

m. 6 (2) cs(1) _ s ~ 2 ~.-..- ._ 
cs(, 3) cs(,2) cs(1)'-_.__.._ ~"~ --" '__.._. (2.1) 

(Is(m-1) cs(m-2) cs:(m-3)-.--c~(1) -(~e-1) 

(rs(m) cs(In-1) cs(m-2)----cs(2) cs(1) 
Proof. It is clear that S(O)=1 and 

~ S(m)x'n= fi ~: x~al= fi (1 -xa,)-1 (2.2) 
"e=0 j=1 ~=0 /=1 

Taking the logarithmic derivative of (2.2), we get 

(1 -xa, -z(_a xa, ~ mS(m)x"$~1/ ~: S(m)xlle= ~ (1-xa,)-1 
'=1 ~=1 'n=0 

Multiplying both sides by x, 

jxaj ~lmS(m)x'T~/ ~ S(m)xm ~l l-xa, ' (2.3) 
= ~=0 = Let us transform the right side of (2.3) into formal power series; it becomes 

~ alxa, ~ x'naJ= ~ ~ ajxma, 

j=1 *=0 j=1 ~=1 
= ~ ( ~ d)x~ = ~: os(tn)x"~ 
*=1 d~s dl'7e ' 'n=1 

where (Is(m) denotes the sum of divisors of m, which belong to S. Therefore the equation 

(2.3) can be rewritten as 

~: mS(m)xm= ~: as(m)xl~. ~ S(m)x'n 

~=1 "t=0 'n=1 

Let us look for the coefficient of x'n (m;~l) on both sides. Then we get 
'T~- l 

mS(m)= ~ os(m-:')S(v). 
'=0 

Remembering S(O)=1, we get 
'Tt-1 
~:lcs(m - ~')S(,,) - ,nS(m) = - cs(m) , 

i,e. -1 O ' S(1) = -os(1) 
-2 

cs(2) cs(1) S(3) - 6s~3) 
os(m-2) 6s(m-3) cs(m-4)-----(~~-1) S(m-1) -cs(m-1) 

m -as(m) cs(m-1) cs(m-2) cs(m-3)---- crs(1) - S(m) 
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Therefore we get the result (2.1) of this theorem . 

COrollary 1. If we define 

~l~~i cs(1) O
 

l
 DJF= det 

k! cs(2) c (1) . s 2-. _ 
6s(3) cs(, 2) cs(, l) .:::::-"--_ .._ 

6S(k-1) cs(k-2) as(~-3)-...as~l) ~Ll 

'Is(k) cs(k-1) cs(k-2).---.cs(2) os(1) 

for all k such that l;~k~al+a2+--'-'+an' we get 

det D1 1 O
 

D2 Dl l... 
D8 D2 D. l"'::"･･~~･.-_ 

bllL-1 I~m-2 I)17s-s~~'~~)1 1 

Dm Dm-1 D,n-2~~'~D2 D1 

=1i~~Ldet (rs(1) -1 O m! (r (2) e (1) _ s s ~2.... . 
os(3) cs(2) cs~ I )--_::::::--- ･ ･･ ･ _ _ ___ 

as(m-1) cs(m-2) cs(m-3)---.;s(1) -(~-1) 

cs(m) cs(m-1) cs(m-2).--.(Is(2) (Is(1) 

for all m such that I~;m~al+az+~~~'+als' 
Proof. Let us define ct (O;~k~;al+az+ ~~~~+a,a) by the following equation. 

al+at+ -- +a~ fi (1 - xaj) = ~ chxk 

/=1 'E=0 It s clear cb=1. Taking the logarithmic derivative of (2.6), we get 

al+a'+-- +a' 
a -1 ~] kckxk~1 

.,~~~~hla~~t_x_~j, _ al+al+--+a~ _ 'F=1 
~ cJFxb 
x =0 ' Multiplying both sides by x 

al+a:+ -- +afl al+a~+---+a* _ J~La x'~j = ~ kchxk/ ~ ckxk, ~
 J=1 1-xaj ,F=0 h=1 

Let us transform the left side of (2.7) into formal power series; it becomes 

= - j=1 j=1 'n=1 frL=0 

= - 
'n=1 des, dl "~ m=1 

Therefore the equation (2.7) can be rewritten as 

* al+a2+'--+an al+ai+--'+an 
~ cs(m)xm. c,1ex'n= _ ~ mcmx~'. 

~
:
 "L=0 

Let us look for the coefiicients of xl't (1;~m~~al+aa+'~~~'+an) on both sides. Then 

In-l 
~ cs(m- :))cp= -mc,n' 
'=0 

Remembering that cb=1, we get 
'n-l 
~ as(m - L')cu +1ncm = ~ 6s(m), 
'=1 

[September 
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as(2) cs(1) . - as(3) 3 ...... . 

cs(m-2) cs'(m-3) o~(m-4).---1iL1 -6s(m-1) cm-1 

cs(m-1) (rs(m-2) cs(m-3)-..-cs(1) m -cs(m) c,,s 

From this equation and (2.4), we get 

ck = Dk, I ~ k ~ al = a2 + "'-' + al~ ' 

On the other hand, by (2.2), we get 

~ (1 -xaJ) . ~: S(m)xm= 1, " 

'=1 'n=0 
~t+as+-' +al ~ i.e. ~ Dlnx"" ~ S(m)xl~= 1, 'n=0 '11=0 

where we put DQ=1. Let us look for the coefiicients of x"~ (1;~m;~al+a2+---' +an) 

sides. Then we get 
tTL 

~Dm-pS(1')=0, 1<m<a +a + +a 
'=0 

Remembering S(O)=1, we get 
'n 
~ D,n-'S(,,) = -D,n' 
'=1 

i,e. Do ' S(1) = -D1 O
 

Do 

D1 Do"-_ 

l)m-2 b,1e-3 bm a~~ S~m-1) -b,n-1 
_ 

.bo 

D _ _ ---'DI Do S(m) -D,1e ml Dm-2 Dms 
Therefore from (2.1) we get the result (2.5). 

Corollary 2. If we define 

os(1) 
1
 
O
 

-l Di= k' det 
s(2) cs(1) -2-_.._ 
es(, 3) cs(2) cs(1)-..__.:"' ~-

(Is'(k-1) cs:(k-2) os(k-3)----;s(1) - ' (k - 1) 

cs(k) as(k-1) 6s(k-2)----6s(2) cs(1) 
for all k such that 1;~k;~al+a2+'--- +an' we get 

det D' I O D' D' l.._. . 
D' D'2 D, /1 "'::"･~････-. 

I)',n-1 / '_'_ bl/ 1 D,n--2 b',,~_8 ' 

' _ ----D~ Di D'f~ Dml Dm2 
1 as(1) O

 
l
 m ' det 

s(2) os(1) 2.... . 

6s(3) '~~~~~~~~~ a~(1) ._ .__._.. cs(2) ---.__ . 
6s(m-1) cs(m-2) o~(m-3)----cs(1) niL1 

(Is(m) cs(m-1) as(m-2) ----cs(2) (rs(1) 

(2 .8) 

57' 

on both 

(2.9) 

(2.10) 
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for all m such that I~m;~al+az+~~~~+a,,. 

Proof. From (2.2) and (2.6), we get 

aa+at+'-- +an " 
~ cmx"t. ~ S(m)x -l ,,,= 

'Tl=Q 'n=0 
Let us look for the coefiicients of xl'lL(m~~;1) on both sides. 

'n 
~ cpS(m - L') = O. I =< m~al +az+ ~~~ + an' 
'=0 

Re~nembering that c0=1, we get 
,,~ 

~ cvS(m - l') = - S(m), I ;~m~~al +az + ~~ 
'=1 

l.e. 

From this equation, 

c~ = ( - 1)"~ det 

S(O) 

S(1) S(O) 
S(2) Sfl) 
S(m-2) S'(m-3) 

S(m-1) S(m-2) 
we get 

S(O) '_..._. 

~(m - 4)..- - ~~O) 

S(m - 3).--. S(1) 

S(1) 1 
S(2) S(1) 
S(3) S,(2) 
j(m-1) ~(m-2) 

S(m) S(m-1) 
On the other hand from (2.4) and (2.8), we get 

_ I i~~ det 
c'n~ m! 

as(1) 

cs(2) 

cs~3) 

os'(m - 1) 

cs(m) 

1
 

es(1) 

as(2) 

'Ts(m - 2) 

os(m - 1) 

O
 

S(O) 

,
 

Then we get 

Cl 

C2 

C3 

C,,~_ 1 

C,1~ 

l-_... 

S(1) "::.~~~ 

~(m - 3) -..-~~1) 

S(m - 2) ' -'- S(2) 

+a n, 

2...,., . 

6s(1)___,,_ ~ 

cs(m - 3),--- as(1) 

6s(m - 2) - - , - (1 s(2) 

-S(1) 

- (2) 

- (3) 

-~(m-1) 

- (m) 

O
 

1
 

S(1) 

o
 

m-1 
as(1) 

[September 

Therefore from (2.1) and (2.9) we get the result (2,10). 

Corollary 3. Let us denote the partition number of the case in which we may use 

the number of {1,2, .---, n} P(n). Then 

P( = )
 m 

1
 
m! 

det 
('s(1) -l 
cs(2) 'rs(1) 

os(3) as(2) 

as(m-1) as(m-2) 

cs(m) cs(m - 1) 
for all m such thct l;~m. 

Proof. Put aj=j(1~j~n) in theorem l
.
 

-2 .,,.. 

cs(1) -',_,,__ 

a~(m - 3),-

as(m - 2) -

' 
~(1) 

- s(2) 

O
 

- m - 1) 
(Is(1) 

only 
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III. Restricted Finite Type Problem 

In this section we shall be occupied with the problem of restricted finite type . Let us 

adopt {al' a2' '--- ' an} as the set S explained in the section I, where we shall assume 

0<al<a2<･･ ･ <al" In this case we must assume that when we decompose a natural number 
In into the sum of elements of S, it is not permitted to use the same aj over rJ times for all 

j; I~~j~n. In this case it is clear that the solution S*(m) of meNwith respect to S coincides 

with the number of integral solutions of conditional linear equation 

~ajxj=m, 0~~xj<r/' J 1 2 -.-,n. 
/=1 

We can prove the following theorem about this S*(m). 
Theorem 2. If we define S/={alrl'a2re' ~~~ ' anrn}' then 

S*(m) = ( - l)'9~ det I I O 
S(1) S'(1) . 1-'._. . 

S(2) S/(, 2) S'(1) -.._....' ' ~---- . .. (3.1) 

S(~l-1) S"(m-1) S!(m-2)----S;(1) 'l 

S(m) S/ (m) S/(m - I ) --- Sl(2) S'( 1) 

= 
_( - l)" es'(1) l

 

O
 
'
 

det 
'=0 " ! (m - (Ts'(2) os'(1) . 

~
'
)
 
!
 2･･.... . 

esl(3) 6s:(2) cs:(1) '..'::..~ ･ ･--_.... 

'7s;(!'-1) cs;(v-2) cs"(L'-3)---･as'(i) :'L1 

as'(!') cs'(v-1) (Is'(v-2)----(rs'(2) as'(1) 

det (7s(1) -1 O
 

as(1) _ as(2) 

(Is(1)'-'._.___ _ ~' -" . . . . (3.2) os(3) (rs(2) 

(Ts(m-s'-1) (1~(m-L'-2) o~(m-L'-3)..--(r~(1) -(m-"-1) 

(Is(m - L' - l) (Is(m - v - 2) ----as(2) as(1) os(m - L') 

Proof. It is clear that S*(O)=1 and 

al(rl~1)+a,(r:-1)+-"+~s(r*-1) '$ r'-l ~ S (m)x"' II ~ x'na/ fi(1 -xaJr,)(1-xGJ)~1 

"L=0 '=1 'n=0 j=1 = fi (1 -x(~JrJ). ~ S(m)x"' (3.3) co 

j=1 m=0 By theorem I in section II, we get 

fi (1 - xaJrj) " 
-1= ~: S'(m)x'n 

j=1 T1'=0 
Then 

at(ri-1)+a:(r,-1)+ -- +a*(rn~1) 

~ S!(m)xm. S*(m)xm=: ~ S(m)xm. ~
 ~=0 'TL=0 "'=0 Let us look for the coefficients of x"~ (1~m~alrl+azr2+---- +anrn) on both sides. Then we 

get 
'n 
~ S/(m - :')S*(L,) = S(m), 
'=0 
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S'(O) 

O
 
'
 

S'(1) S/(O) S*(1) S(1) 
S'(2) S:(1) S,(O)'--....... S*(2) S(~) 
S/(m-1) S;(m-2) S'(m-3)----S;~O) S~;(m-1) S(~-1) 

S/(m) S/(m - 1) S'(m - 2) .---S'(1) S/(O) S*(m) S(m) 
Therefore we get the result (3.1). 

On the other hand let us put 

" alrl+a:r2+---+anrl II (1 - x"J'j) as' (m)xm ~
 f=1 m=0 In order to get as'(m), we use the methods explained at corollary I of theorem 1 

II; it becomes 

as (m)= (~1)"e det (Is'(1) I O 
m! a '(2) (/ '(1) . s s 2.---_ _ _ 

as'(3) (,s:(2) (,~'(~)'-- :-._.~~~･ - .-. _. 

as;(m - 1) (TS; (m - 2) a~, (In - 3) --- as;~1) mL 1 

(Ts'(m) crs'(m-1) (7s'(m-2)----c's'(2) (Is'(1) 

where cys'(O)fl, Remembering (3.3), we get 

al(rl~1)+as(r,-1)+'--+an(rn~1) alr:+a2rz+---+a,,rn " 
~ S*(m)xm = as'(m)x'n. ~: S(m)x"t. ~

 'n=0 'n=0 "I=0 Comparing the coefncients of (3.4) on both sides, we get 

n~ 
S*(m) = ~ as'(L')S(m - v), O ~m <alrl + aBr: + + a,,m 

'=0 
Therefore we get the results (3.2) of the theorem. 

Corollary. If rl=rz= ~~~~=r,,=2, then 

S*(m)= Il det lis(1) l
 

O
 

m . ts(2) T (1) . s 2 .-.. 
1~s(3) ' ~""~--lrs(2) ..--.._ t(1) ._ 

lrs(m-1) t~(m-2) Ts(m-3)-.--T~(1) mL1 

Ts(m) rs(m-1) Ts(m-2)---.Ts(2) ts(1) 

where ts(k) = ~ ( - l)~d. O~m;~alrl + azrz + '~~~' + anrll 

des, dl k 

Proof. Putting rl=r2=----=m=2 in the theorem 2, we get 

(~l+a2+ -- +an n n ~ S*(m)x"t - H (1 + xa,) . II (1 - xsaj)(1 -xa,)-1 = 

'=1 

Taking the logarithmic derivative of (3.6), we get 

a -1 al+a:+'--+a al+a:+"- +a~ ~ ajx ' ~ "mS*(m)x"e-1/ ~ S*(m)x'n. 
j=1 1+x"J 'n=1 '7~=0 

Multiplying both sides by x 

~ ajx"j al+a +"- +~ = : * al+~:+"-+'h~ j=1 1+x"j ~ mS*(In)x~/ ~ S*(m)x'n. 
'n=1 'n=0 

Let us transform the left side of (3 .7) into formal power series; it becomes 

s~lajxa, ~ (-1)11'J"sa,= ~ ~ (-1)m-lajxmoj 

'= m=0 j=1 Tn=1 

[Se ptember 

in section 

(3 . 4) 

(3 . 5) 

(3.6) 

(3 . 7) 



1969] . FORMAL POWER SERIES AND ADDITIVE NUMBER THEORY 61 

= - 

 ( ~ (-1)7d)x~~- ~: Tt(m)x . 

'n 

~=1 de*,ctl~ ~=1 
Therefore the equation (3.7) can be rewritten as 

= a*+a'+"+a^ *'+~,+--'+~,e 
- 

 Ts(m)x~ ' ~ S*(m)x~ ~ ~ mS*(m)x~ 

~=1- *=] ~=1 Comparing the coefficients of x~ (1~m~~al+a2+---- +an) on both sides, we get 

~=1 

- 

 T8(m-v)S*(L,)=mS*(fn), I ~m~~al+a2+ --- +an' 

'=0 

Remembering that S*(O)=1, we get 

~=1 
~ ts(m-L')S*(,,)+mS*(m)= -T,(In), 1;~m~al+az+ ~~~~ +a~, 

= S(1) . 1 O
 

TS(1) S*(2) -ts(2) 2
 

Ts(2) S*(3) -ts(3) Ts(1) 

Ts(tn-2) r~(m-3) ~s(m-4)---,nL1 S~(m-1) -1rs(m-1) 

Ts(m-1) Ts(m-2) rs(fn-3)･---rs(1) In -rs(tn) S*(m) 
Therefore we ge~ the result (3.5) of the corollary. 

IV. Unrestricted Infinite Type Problem 

In this section we shall be occupied with the problem of unrestricted infinite type. Let 

us adopt the countable infinite subset of N {al'a2'a3' --'-} as the set S explained in the section 

I, where we shall assume 0<al<a2<a3< ----. In this case it is clear that the solution S(m) of 

meN with respect to S coincides with number of non-negative integral solutions of linear 

equation ' 
" ~ ajxj = m. 

'=1 

We can prove the following theorem about this S(m). 

Theorem 3. S(O)=1 and for all m such that m>0, 

S(m)= 11 det (iS(1) -1 O
 

m . (Ts(2) (, (1) _ s -2--. _ 
as(3) ' '~ ~ ~ (Ts(2) (7~(1)"-_...._ -. __ __ (4.1) 
(Is(m-1) as(m-2) o's(m-3)----,;s~1) -(~~-1) 

(Ts(m) (Is(m-1) aS(m-2)---.as(2) cs(1) 
Proof. It is clear that S(O)=1 and 

= ~ S(m)x~~ II ~ x~aj= H(1-xaJ)-1. (4.2) 
j=1 ~=0 

Taking the logarithmic derivative of (4.2), we get 

(1-xa!)~ ( ajxa, l) 
~ mS(m)x'n-1/ ~ S(m)x~~ ~ 
~=1 ' =1 (1 - x"/) ~=0 

Multiplying both sides by x 

jxaj ~ mS(m)x'n/ ~ S(m)x~= ~ . (4.3) ~=1 ~=0 '=1 l-xaj 
Let us transform the right side of (4.3) into formal power series; it becomes 
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~ a,x~J ~ x'7ea/ = ~ ajx'na, 

'=1 m=0 '.~=1 
= ~: ( ~: d)x"~= ~ as(m)xm 
~=1 de_s dl~ ~-1 

where cs(m) denotes the sum of divisors of m, which belong to S. 

Therefore the equation (4.3) can be rewritten as 

~: mS(m)x'n= ~ os(m)x~' ~ S(m)x'n. 
~=1 

Let us look for the doefficients of x~ (m>=1) on both sides. Then we g'et 

'n-1 
mS(m)= ~] ,Is(In-L')S($,). 

'=0 

Remembering that S(O) = 1, we get 
"'-1 
~ as(m - v)S(t') -mS(m) as(m) 
*=1 

i,e. -1 ' S(1) = -(Is(1) O
 

os(1 ) S(2) - (f s(2) -2 

('s(2) (,s(1) S(3) -!1~(3) 
(Ts(m-2) as('n-3) as(m-4)---- -(m~11) ~(m-1) -a~(m-1) 

(Is(m-1) cs(m-2) ors(m-3)---- as(1) - -as(In) ,. S(m) m 
Therefore we get the result (4.1) of the theorem. 

Corollary 1. If we define 

D - (~1)': det os(1) 1
 

O
 'F~ ! as(2) o (1) . s 2 .. ._ 

(Is(3) (Is(2) o~(1)...._:.:'~~ - - ___ (4.4) 

(Is(k-1) (f~(k-2) ,7s(k-3).-.-a~(1) kil 

(Ts(k) (Is(k-1) (fs(k-2).---as(2) as(1) 

for all k=1,2,3, .--, - e get 

det Dl O 1
 

Dz D1 1._ 
D8 De D1 ' -'~"~"'-

b~_1 b*_: b~_8----bl i 

Dm D,n-1 D,,~_2----D: Dl 

_ ( - l)In det os(1) - I O 
m ! as(2) as(1) . -2. .... . 

(Is(3) (rs(2) o~(1)-".......' (4.5) 
as(m-1) o~(m-2) cs(m-3).-..a~(1) -(~L1) 

as(m) ors(m - l) os(m - 2).-.- as(2) ors(1) 

for all m=1, 2, 3, ----. 

Proof. Let us define ck(keN) by the following equation, 

-x"j)= ~ chxk. 

/=1 h=0 It rs clear c0=1. Taking the logarithmic derivative of (4.6), we get 
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* '~*-1 * * -ajx ' = ~ kckxk~1/ ~ chxk. j~_1 l-xa/ 

k=1 h=0 
Multiplying both sides by x 

" lxaJ = " 
- : = ~ kckxk/ ~ chxk. l I -x'FJ k-l ,= - k=Q Let us transform the left side of (4.7) into formal power series; it becomes 

- 

 ajxoj ~ xm'!'= _ ~ aJxlfLa, 

'=1 'n=0 '.~=1 
= ~ (Is(tn)x"' = - 

'n=1 d~S dl'n 'n=1 
Therefore the equation (4.7) can be rewritten as 

~ (Ts(m)xm. ~ c,,tx"~~ - ~ mc,,,x"' 

1't=1 'n=0 'n*l Let us look for the coefficients of x'n (m;~1) on both sides. Then we get 

'n-l 
~ os(m - :')cu = ~ mcf't' 
'=0 

Remembering that c0=1, we get 

m-] 
~ (7s(In - L')cu + mc,,,= - as(m) 
.=1 

O
 
'
 

(f s( I ) - (1 s(2) 'Ts(2) cs(1) - cs(3) 3-.---._. CB 
gs(m-2) (T~(m-3) '(rs(m-4) .--.mLl -'Is(m-1) 

c,,~_1 

(Is(m-1) as(m-2) ,Is(tn-3)....cs(1) 'n -as(1h) cm 
From this equation and (4.4), we get 

ck=Dk, k=1, 2, 3, -.-.. 
On the other hand, by (4.2) w~ get 

n (1 -xaJ). ~ S(m)x"'=1 

j=1 ~=0 
~ = i.e. ~ D,nx"e. ~: S(m)xl~=1, 
'n*Q ~=o 

where we put D0=L' Let us look for the coefiicients of xn~ (m;~1) on both sides 

get 

In 
S(:') = O, ~ D,n-p m;~1. 

'=0 

Remembering S(O)=1, we get 
nl 

m 'S(L,)=-Dm' ~D _ 
'=1 

i,e. Do O ' S(1) = -Dl 
Do 

D1 Do'~-'. 

bm-2 D,n-s bm-a ' ~(m-1) b ~" 

)
o
 ~ -l 

Dm-1 D,,,_2 Dm-8 ~' o S(m) -Dn} -- l D 
Therefore from (4.1) we get the result (4.5). 

Corollary 2. If we define 

(4.7) 

(4 . 8) 
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Then we 
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/ I det as(1) -1 O D= 'r k! a (2) as(1) _ s ~2.~... _. 
(rs(, 3) er~(2) as(1) -._...._"~"'--"- ...._ (4.9) 

os(k-1) a~(k-2) a~(k-3)-.--cs~1) -(~-1) 

(rs(k) as(k-1) cs(k-2)--.-(Fs(2) as(1) 
for dl k=1, 2, 3, ...-, we get 

det os(1) 1
 

1
 

O
 

D~ D' m ! (Is(2) os(1) 2--._.__. 1 -..._ 

os(3) os(2) os(1)-'-:::::::""･･･__.._ 

b!"_1 b~_z D~ 3 D I as(m-1) 6~(m-2) os(m-3)----(1~(1) niLl 

D~ D~-1 D~-2----D~ Di as(m) os(m-1) as(m-2) -..as(2) (Is(1) 
for all m=1, 2, 3, ----. 

Proof. From (4.2) and (4.6), we get 

" " ~ cmx~' ~ S(m)xm=1. 
~=0 ~=0 

Let us look for the coefEcients of x~ (m;~1) on both sides. Then we get 

~ ~ c.S(m - v) =0. 
'=0 

Remembering that co = 1, we fzet 

~ ~ c.S(m - !') = - S(m), 
'=1 

i.e. S(O) O ' = -S(1) S(O) 

S= (O)--'-_ ___.. S=(1) 

S(m-2) ~(m-3) ~(m-4)----~(b) c~-1 -j(m-1) 
S(m-1) S(m-2) S(m-3).---S(1) S(O) c~ -S(m) 

From this equation, we get 

c~=(-1)~det S(1) I O 
S(2) S(1) . 1---.. .. 

S(, 3) ~(2) ~(1)"'...:_:'~-･･-･ ･ ___. 

S(m-1) ~(m-2) =S(m-3).---~(1) ~i 

S(m) S(m-1) S(m-2)-..-S(2) S(1) 
On the other hand, from (4.4) and (4.8) we get 

O
 

c~~ (~1)~ det (fs(1) 1
 

m! os(2) a (1) _ s 2~-.-.. . 
cs(, 3) (rs(2) o~(1) --.___:::~~-'- -

os(m-1) a~(m-2) o~(m-3)---.o~(1) m-1 

as(m-1) (Is(m-2)---.as(2) as(1) as(m) 

Therefore from (4.1) and (4.9) we get the result (4.10). 

Corollary 3. Let us denote the partition number of m P(m) and the sum of all divisors 

of m a(m). Then 
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P(m)= It det c(1) -1 O 
m . a(2) (1 (1) - 2-..... 

a(3) ~(2) ~(1)' ' ...... " " 

a:(m-1) ;(m-2) ~(m-3)--..;(1) -(1?;L1) 

a(m) a(m - 1) (r(m - 2) --.-o(2) a(1) 
Proof. Put aj=j(j=1, 2, 3, -.-.) in theorem 3. 

V. Restricted Infinite Type Problems 

In this section we shall be occupied with the problem of restricted infinite type. Let us 

adopt the countable infinite subset of N {al' a2' as' ~~'~} as the set S explained in the section 

I, where we shall assume 0<al <a2<a3<-･･-. In this case we must assume that when 'we 
decompose a natural number m into the sum of elements of S, it is nof permitted to use the 

same a/ Over rj times for all j=1, 2, 3, ----. In this case it is clear that the solution S*(m) of 

meN with respect to S coincides with the number of integral solutions of conditional linear 

equation 

* ~ ajxj= m, 0<xj<r,, j= l, 2, 3, . .-. 
j=1 

We can prove the following theorem about this S*(m). 

Theorem 4. If we define S/= {alrl' a2r2' a3r3' ---'}' then 

S*(m) = ( - I )"IL det S(O) I O 
S(1) S/(1) _ 1- . _ 

S(2) S:(2) S:(1) '-._._:.' - ･---･. .. (5.1) 
S(m - 1) S;(m - l) S;(m - 2) --. Si(1) i 

S(m) S' (m) S' (m - I ) " -- S'(2) S'(1) 

= 
1
 

O
 
'
 det 

'=0 "! (m-v)! as'(9-) a '(1) _ 
s 2"･.. . . 

(rs'(3) (Isi(2) ast(1)"-._... ~~ --

as;(!'-1) as;(~,-2) as"("-3)-.--(1~(1) !'-l 

as' (L') os'("-1) os'(L'-2).-.-as'(2) (TS'(1) 

det as(1) -1 O
 

cs(2) os(1) _ -2...... . 

os(3) . ~~ ~~~ ' "~--as(2) ..--- . .-a~(1) ._ _ .. ._ _ (5.2) 
as'(m-}'-1) as(m-"-2) os(m-L'-3)-.-(Is~i) -(1?;-,,) 

as(m - L') (Ts(m - L' - l) as(m - " - 2>･-- crs(2) (Fs(1) 
Proof. It is clear that S*(O)=1 and 

* = rJ-1 * ~ S*(m)x'n= II II x'naj= II (1 -xaJrJ)(1 -xa,)-l 

m=0 j=1 'n*o j=1 
= II (1 -xajr,) ~ S(m)x'n. (5.3) 
'=1 'n=0 By theorem 3 in section IV we get 
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H (1-xaJ',)- = l ~ S'(m)x~. 

~: S'(m)xm. ~ S*(m)xm= ~ S(m)xl". 

7n=0 'n=0 ~=0 Let us look for the coefacients of x~ (m~1) on both sides. Then we get 
,,t 

~: S/(m - ~')S*(v) = S(m), 
'=0 

S'(O) O' 
S'(1) S'(O) S*(1) S(1) 
S'(2) S:(1) S:(O)---. __. S*(2) S(2) 
S'(m-1) S;(m-2) S;(m-3)..--S;~O) ~*(m-1) ~(m-1) 

SI(m) S'(m-1) S'(m-2) --.-S'(1) S'(O) S*(m) S(m) 
Therefore we get the result (5,1) of this theorem. 

On the other hand, Iet us put 

n (1 -xa,',)= ~ as'(m)xl'~. 

j=1 *=0 In order to get as'(m), we use the methods explained at corollary 2 of theorem 3 

IV; it becomes 

as(m)= (~1)~ det (1 (1) O m! 2_ __ ._._ as'(1) 'Is' (2) 

(r '(3) c '(2) "' "'-s s 'Ts:(1)'.-.._... .. ..... 

as;(m-1) (Is:(m-2) a~,(m-3)-.--(1~'(1) m-1 

os (m) ('s'(m-1) ors'(m-2).---(Is'(2) cs'(1) 

where as'(O) = I , Remembering (5.3) we get 

~: S*(m)xln= ~ as'(m)x'n. ~ S(m)x"~. 
~=0 

Comparing the coefiicient of (5.4) on both sides, we get 

" S*(m) = ~ as'(")S(m-L'). 
'=0 

Therefore we get the result (5.2) of the theorem. 

Corollary 1. If rl=rz=r8='-'-=2, then 

S*(m)= I det rs(1) O
 -1 

m ! ts(2) lrs(1) . -2.. . . 

~ (3) ' .' r ,(1) ._ _.. .. s ts(2) s -"-.. ' 
ts(m-1) rs'(m-2) T~(m-3)....ts(1) -(~-1) 

ts(m) ts(m-1) ts(m-2)-..-ts(2) rs(1) 
where ts(k)= ~ (-1)~d. 

d~s, dl t 

= ' =2 in the theorem 4, we get Proof. Putting rl=r3=r8 " 

~ S*(m)x~= H (1 -x2a,)(1 -x'~J)~1 = II (1 +x(tJ). 

*=0 '=1 '=1 Taking the logarithmic derivative of (5.6), we get 

~ ajxa,-1 = * = ~ mS*(m)dn-1/ ~ S*(m)xlos 
/=1 1+xaJ *=1 ~=0 

[September 

in section 

(5.4) 

(5.5) 

(5 . 6) 
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Multiplying both sides by x 

~ ~~:La xal = ~ mS*(m)xm/ ~ S*(m)x"$ 

/*1 l+xa, ,n=1 "~=0 
Let us transform the left sides of (5.7) into formal power senes tt 

~ ajxa, ~ (-1)'nx~aJ= ~ (-1)malx'na, 

/=1 *=0 /.'~=1 
= 

 ( ~ (-1)7d)x"~= 2: ts(m)x~. 

m=1 des, dl,n ,,~=1 
Therefore the equation (5.7) can be rewritten as 

o Go " "s~fs(m)d~. ~: S*(m)xm= ~ mS*(m)~m. 

- "~=0 1~=1 
Comparing the coefiicients of x'9e (m;~1) on both sides, we get 

"~-1 

.~:ors(m -v)S*(,,) =mS*(m), m= l, 2, 3, ･--. . 

Remembering that S*(O)=1, we get 

~-l 
~_lrs(m - L')S*(!') -mS*(m) Is(m), m= l, 2. 3, ･--. 

i,e. 

becomes 

(5.7) 

67 

O ' S*(1) - Ts(1) 
t8(1) -2 S* (2) 

- s(2) rs(2) ts(1) 3
 , . 

-rs(3) 

t8(m-2) r~(m-3) rs(m-4).-.-.-j~' l) ' : 
- *(m - l) - ts(m - 1) 

rs(m-1) ts(m-2) ts(m-3)---. Ts(1) S* (m ) 
~ s(m) -m we get the result (5.5) of the corollary. 

2. The number of methods of decomposing nctural number m into the sum of 

netural numbers is 

m' det 

(2) r(1) -2･.. .. 
T(3) t(2) r(1)"'-.__.."" ' '.__ . 

f(m-1) r'(m-2) ~(m-3).--.~~i) -(~-1) 

t(m) r(m-1) T(m-2)･.-..T(2) T(1) , 

dlh 

Put S=N in the corollary I of theorem 4. 

VI. Some Applications 

section we consider some applications of theorem 3 and 4. Let r (;~1) be a given 

S= {n';n=1, 2, 3, ---.} be an infinite subset of N. Let us apply theore;n 

S, and use the following notations, 

number of method of decomposing m into ~rpower natural numbers, 

(1 s(m) = c.(m) , 

as(m) = ar(m) . 

Theref ore 

Corollary 

Inutally dtfferent 

where t(k)=~( 1)Td 

Proof . 

In this 

natural number and 

3 to this 

P.(m) = the 

The n 
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。。　　　　　　。。　　　　　。。　1
丑！・イ7）囎1＝沼。B（η）♂＝沼。n！det

員≦・　・）一菖α縦｛，（＝1）πdet

1
二
8

σγ

3
）

σ『（n－1）

σKπ）

σ7（1〉

σ、（2）

σ7（3）

　一1
σγ（1）

σ7

2
）

σ7（π一2）

σ7（π一1）

　　1
　σ7（1）

　στ（2）

　一2、一一甲『一▼

σ1（1）’一一』・

σ7（η一3）一σ7①

σ7（π一2）…・σγ（2）

σ1（働1）σ1（π一2）

σ7（n）　σ7（π一1〉

［September

0

一（π一1）

　σ7（1）

0
2’・一一・．．』魑一

σr（1）

・・

σ7（π一3）…・σ7①η一1

σ7（π一2〉・…σ7（2）σア（1）

詔π

田
♂

N。wwepreparealemmain・rdert・c・nsidertherelati・nbetweenR＋・（π）and君（π）ンand

betweenα，＋1（π）andα7（η）、

　　　Lemma．
　　　　　　　　　　　　　　　　　　　　　　　　　　　お　　　　　　　　　　
　　　　　　　　　　　　　　　　　　　　　　　　n（Σ¢瓢『）ニΣβγ（η）‘♂

　　　　　　　　　　　　　　　　　　　　　　　　π＝17π＝0　　　　η30

　　　　　　　　　　　1
whereβ7（η）＝π！●

det σ『（1）一σ7＋、（1）　　　一1

σ『（2）一σ『＋1（2）　σ7（1）一σ7＋・（1）　　一2『』’、一…一』．
、．

．．

σ『（3）一 7＋・（3）σ7（2）一σ7＋・（2）σK1）マ7＋1（1）”『、一一一一…・…、．．．

σ『（π一i）一σ7＋1（π一・）σ7（π一2〉一σず誰一2）σr（π一3）一σ7＋・（η一3）・…σ7（1）一σγ＋・（1Hπ一1）

σ『（π）一σ『＋1（η）　σ7（π一・〉一σr＋・（η一・）σ7（”一2）一σ7q（η一2）一σγ（2）一σγ＋・（2）σK1）一σ7ナ・（1）

Proof．Taking　the　logarithmic　derivative　of（6ユ），we　get

　　　　　　　　　　　　。。π＿1　　　　　π一1　　　　。。　　　　　　。。
　　　　　　　　　　　逼、｛器、燃皿箆7－1慶伽π7｝＝η揖nβγ（η）剃π黒βア（π）♂・

Multiplying　both　sides　by¢
　　　　　　　　　　　　　　　　oo　れ一1　　　　　π一1　　　　00　　　　　00
　　　　　　　　　　　　　　　羅2｛謬、漁剛濯，♂π7｝＝嵩πβr（η）♂1沼。β7（π）♂・

Letustransf。rmtheleftside・f（6．2）int・f・ma1P・werseries三itbec・mes
　　　　　　　　　　　　　　　　　　oo　　π一1　　　　　　　73－1
　　　　　　　　　　　　　　　　　　Σ｛Σηzガ∬皿η「1Σ（♂γ）皿｝

　　　　　　　　　　　　　　　　　　η＝；2　77し＝1　　　　　　　　　　質し＝0

　　　　　　　　　　　　　　　　一ε、｛ガ（翼勉（〆）皿）・1審｝

　　　　　　　　　　　　　　　　一淫，｛毒（慧解（♂）曙解（即1）｝

　　　　　　　　　　　　　　　　一糞、｛歩（¢・・＋盈（〆）皿一（η一・）（記噸）｝

　　　　　　　　　　　　　　　　一藻、｛歩（嚇♂）皿一（π一・）〆1）｝

　　　　　　　　　　　　　　　　一鶯、誰／〆（1歪鍔）π鼎1）（π一・）コじ伊＋1｝

　　　　　　　　　　　　　　　　一茎2（1一ヱπ煮一¢π叶1）｛♂一π♂叶1＋（η一1）¢π7＋π叶1｝

（6．1）

　　　0

（6．2）
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oo 

= ~n 'e=2 1 - xnr I - xnr+1 

 ~ {nrx"r ~ xmnr r+1 nr+1 ~ xmnr+1lf 

-n x ~=2 "e=0 m=0 co co = ~ { ~ n x ~ nr+1x"~'er+1} 
"=1 'n=1 'n=1 

ea ea 

 ~ nrx'nnr_ ~ nr+1xmnr+1 

"s,n=1 'n,n=1 

oo oo 

 ~: ( ~ dv)x't- ~] ( ~ dr+1)xn 

n=1 drl " n=1 df+1ln 

co 

 ~ {ar(n) -ar+1(n)}xn. 

't=1 

Hence the equatiOn (6.2) can be rewritten as 

n~l{cr(n) -orr+1(n)}x~' ~ pr(n)xla:= ~ nPr(n)xn. 

n-o 
Let us look for the coefiicients of xn on both sides. Then we get 

n-1 
~__o{,Tr(n -1') -cr+1(n - ")} Pr(") :=n pr(n), n  1, 2, 3, ..-- . 

Remembering that Pr(O)  1, we get 
l ' pr(1) := - {(1r(1) - or+1(1)} 

n-l 
and .~1 {ar(n -1') -ar+1(n -1')} pr(L') ~npr(n) = - {o (n) ar+1(n)}, n 2, 3, 4, 

i.e. -1 
cr(1)-cr+1(1) -2---.______ 
cr(2) ~ pr+ l(2) ar(1) - (Tr+1(1>----.-._: 

err(n - ~) - or+1(n - 2) ar(n - ~) _ cr+1(n - 3)-... ar(1) i 6r+1(1) 

gr(n - 1) - cr+1(n - 1) 6r(n - 2) - (Fr+1(n -2).--' or(2) ~ cr+1(2) 

- 
cr(1) - ar+1(1)} 

~ 
(1r(2) ~ (1r+1(2)} 

- 
cr(3) ~ cr+ 1(3)} 

- 
cr(n L 1) - ar+1(n - 1} 

- 
ar(n) - (1r+ 1(n)} 

of the lemma. 

can prove the following theorem. 

O
 

- n - l) 
or(1)-ar+1(1) -n 

Therefore we get the result (6.1) 

By the above lemma we 
Theorem 5. 

af+1(n) = ~ pr(n - !')ar(:') 

'=0 
co 
~ pr(n - v) Prt i (") = Pr(n) . 

'=0 
Proof. Let us prove (6.3) at first. 

II (1 -xnr+1 ~ ar+1(n)xn= ) = H (1 - (xnr)n) 

"=0 ~=1 n=1 - "-1 * ~ 't-l = I(1-xnr). /J x II ~ dnn y 'nnr = II (1 -xnr). 

n=1 'It=0 n=1 'n=0 "=1 
By the lemma, it becomes 

,
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p.(1) 

p.(2) 

p.(3) 

p.(^ - 1) 

p.(^) 

(6.3) 

(6.4) 
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n ~ a.(n)x ' 

**o *=0 
= ~ { ~ ar(:')pr(n -')))xn. " 

n=0 '=0 
Comparing the coefficients of both sides, we get (6,3). Similarly we can prove (6.4) as follows. 

We start from the following equation, , ~ 
II (1 -xnr+1)= H (1 -x"')' ~ p.(n)x't 

'a=1 

Then 

~ Pr(n)xn= ~ Pr+1(n)xn. ~ pr(n)xn 

n=Q 't=0 "=0 
= 

: { ~ pr(n - ") ' Pr+1(lJ)}xn. " 
n=0 '=0 

Comparing the coefficients of both sides, we get (6.4). 

Corollary. If we define Br by 
Br= pr(O) p.(1) p.(2) ----

O p.(O) pr(1)-'--

q O, pr(, O) ----

then (ar+1(O), ar+1(1), ar+1(2), ~~~~ ) = (ar(O), ar(1), ar(2), ~~~~)Br 

and (Pr+1(O), Pr+1(1), P.+1(2), ~~~ )=(P.(O), Pr(1), Pr(2), ･･･ )B.-1. 
Proof. It is clear. 

VII. Generating Function of cs(n), ts(n) 

The definition of the function or(n) and rr(n) is 
I~ 

'1r(n)= ~ dr tr(n)= ~ (-1)1rd' 
d'l ~ d'l * 

as we saw it in the previous section. Let us consider the generating function of c.(n) and 

After that we shall treat of the case of the generating function of cs(n) and rs(n), which 

is more general than the formar case. Throughout this section C(s) denotes Riemann's Zeta 

f unction . 

Theorem 6 . 
" 7,1) ((s) 'C(rs-r)= ~ cr(n)n~s, 

't=1 

= (21-' - 1)C(s)'C(rs-r) = ~: T.(n)n~s. (7.2) 
*=1 

Hen ce 

7.3) ~ Tr(n)n~'= (21-t _ 1) ~: dr(n)n~'. 

'~=1 'a=1 Proof. Let us prove (7.1) at first. It is clear that 

C(s)'C(rs-r)= ~: nl ' ~ n2fn2 "= ~ n!(nln!)-a 
n'=1 n'=1 ~"'t'=1 

= ~ ( ~: dr)n~1= ~: a.(n)n~1. 

*=1 d'l~ "=1 
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Next let us prove (7.2). Since it is clear that 

" ~: ( - l)Itn~' + c(s) = 21-'((s), (7.4) 
'1L=1 

then we get the following relation. 

(21 t l)C(s)'C(rs r)= ~: (-1)nlnl~s. ~ nzrng r' 

l~l=1 '~l=1 
= 

= : (-1)nln!(nln!)-l 
~"'t'=1 

ft " . 
= 

 ( ~: (- 1)~Tdr)n~'= ~ tr(n)n~t. 

n=1 a'If' "=1 
Therefore we get the result (7.2). (7.3) is clear. 

Let us consider more general case. Let S={al' ae' as' ~~~'} be a countable infinite subset 

of N, where 0<al<a2<as< ･･･~; and os(n) and ts(n) are the function defined as follows, 

cs(n)= ~: d, rs(n)= ~ (-1)~~d. 
des, al" d~s, dln 

Now let us define xs(s) and Cs(s) as follows, 

_ I ; ne~S 
{
 
,
 

Xs(n)- O ; n$S 

~ Cs(s)= ~: xs(n)n~8. 
'$=1 

Then we can prove the following theorem. 

Theorem 7. 

" C(s) ' Cs(s- l) = ~ cs(n)n~', (7.5) 
'l=1 

" (21-s _ 1)C(s) ' Cs(s- 1) = ~ ts(n)n~t. (7.6) 
"=1 

Hence 

~ rs(n)n~s= (_~1-s _ 1) ~ os(n)n~s. (7.8) 

n=1 n=1 Proof. Let us prove (7.5) at first. It is clear that 

" ((s)'Cs(s-1)= ~: n ~1' = ~ n2Xs(n2)(nlna)~s ~: Xs(n2)n2~ Is-1) 
nt=1 1 

'=1 n',n'=1 
~ 

= 

 
(
~
:
 
d
x
s
(
d
)
)
n
~
8
=
 
~
 
(
 
~
 
d
)
n
~
1
=
 
~
:
 
a
s
(
n
)
n
~
1
.
 

1~=1 alfl 'l=1 d~s, dln 't=1 
Next let us prove (7.6). By (7.4), we get the following relation. 

(21-1_1)C(s) '(s(s-1)= ~ (- l)nlnl~s. ~ xs(nz)n2~ Is-1) 

n*=1 't'=1 
" = ~ (-1)nlnzXs(n2)(nlna)~s= ~: (~(-1)Tdxs(d))n~s 

n',n'=1 1lb=1 'tl'l 
'~ 

= ~ ( ~ (-1)Td)n~'= ~ rs(n)n~s. 
n=1 des, dln 't=1 

Therefore we get the result (7.6). (7.7) is clear. 

VIII. Some Other Results 

In this last section we consider supplementally some other results which are proved by 
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elementary methods as in the previous sections At first let us define some notations 

p=fixed rational prime number, 

for all natural number neN (n~;1) 

1~(n) = partition number of n 

~ =number of integral solutions of ~ mx~=n, O~xm' 
~=1 

Np={m~N; m~0, (m, p)=1} 

= , ....} {ml mz' m8' 

where ml<m2<m3<---- , 
for all natural number n~N (n~~1) 

" Rp(n)=number of integral solutions of ,c~:Imhx,r=n, O;~xk 

where we shall promise 1~0) = Rp(O) = I . Now we can prove the following theorem. 

Theorem 8. For all notural number neN, 

[~] P(n - [ ~!] p) I O Rp(n)=(-1) det p(n-([~]-1)p) P(1) I -._._ 

P(n-f[~]-2)p) ~(2) ~(1)-._.'_'::.~_i~ (8.1) 

P(n-~) P([ 1 1) P([n] 2) p(1) i 
P(n) P([~~]) P([ 1 1) P(2) P(1) 

Proof. Let us consider an infinite product 

" p-l II ( ~] xlnpr). 

r=0 'n=0 

-rl l~2g~ll Then we get pf <n<pr' Therefore by o~ ' '= +1. For all natural number n (;~1), we put r 
Llog pJ 

decomposing the above infinite product into two parts such as 

"' p-1 = p-1 H(~x~P')' II ( ~x~Pr), 
r=0 ~=0 r="+1 ~=0 

it is clear that the second part of the infinite product does not contribute to x". So by 

developing the first part of the infinite product, we can get the coefficients of xn. It is clear 

that the coefiicient coincides with the number of integral solutions of 

r' 

~ xkpk=n, 0<x <p 
k=0 

But this linear conditional equation has always only one integral solution. Hence we get 

" p-1 " II ( ~ xlnpr)= ~ x"=(1-x)~1. 

'=0 ~=0 tt=0 
Here replacing x with x , where l~N1" we get 

" p-1 = II ( ~ xl~Pr)= ~ dl$=(1-xl)-1. 

'=0 ~=0 "=0 
Now let us consider the infinite product, where I runs about in the set Np, so we get 

" p-1 " II 11 ( ~ xl~Pr)= H ~ xtn= 11 (1-x')~1. (8.2) 
teNP r=0 ~=0 teNP "=0 I~~NP 

Remembering that p is a fixed rational prime number, we get 

= p-1 = p-l II ll(~xl~Pr)=n ~xmn 
teNP r=0 'n=0 n=1 'n=0 ' 

and it is clear that 

II (1-d)-1= II (1-xn)-1/ II (1-xPn)-1 

leNP "=1 '~=1 
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Then we can rewrite the equation (8.2) as follows, 

= II ~xmle= H ~ xtn-ll(1-xn)-1/n(1-xPn)-1 
n=1 m=0 teNP n=0 Ie=1 n=1 

Therefore we get 

~ p-1 -II ~x'nn- II ~x'n 
le=1 'n=0 teNP 't=0 

and 

~ p-l H(1-xPn)-1 11 ~ x ll(1-xn)-1 . 'nn = 
n=1 "'=0 '$=1 n=1 

Now let us define 

" Qp(n)=number of integral solutions of ~ mx =n 0<x,n<p ,,, , 
'n=1 

the equation (8.3) and (8.4) can be rewritten as follows, 

* co ~ Qp(n)x" = ~ Rp(n)xn 
,~=Q 

~ 1~n)xPn. ~ Qp(n)xn= ~ P(n)xn. 

n=0 n=0 1~=0 Therefore we get 

QF(n) = Rp(n) 

and 
[1e/ P] 

~ P(~,)Qp(n - :'p) = P(n) 
' =0 

Since we can rewrite (8.6) as follows, 

O ' n--

remembering (8.5), 

P(O) 

P(1) P(O) 
P(2) Pfl) ~(O) ._.._.._... 

p([~~]-1) p~[~-]-2) j([~]_3)____p(b) 

P([~]) P([~]-1) P([ ~ 1 2) P(1) 
we get the result (8.1). 

Corollary l. Qp(n)=Rp(n) 
Proof . 

Corollary 2. (Euler) 

P(O) 

Qp(n - [T] p) 

Qp(n-([~~] 1)p) 

Qp(n -,([~] - 2)p) 

Qp(n -'p) 

Q p(n) 

(8 .3) 

(8.4) 

(8.5) 

(8.6) 

P(n - [~~] p) 

P(n - ([~-] - 1)p) 

P(n - ([~-] - 2)p) 

P(n L p) 

P(n) 
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,
 

We have proved this corollary in the proof of theorem 8. 

The number ofmethod decomposing noturd number n into mutually 

dtfferent notural numbers cointides with the number of method deco'nposing notured number 

n into odd numbers. 

Proof. Put p=2 in corollary 1. 
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