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I. Measuremevet of Margi,eal Utility of Movtey 

The measurement' of individual subjective utility has not yet been 

attained up to the present. The measurernent of money utility, however, 
was attempted by Ragnar Frisch and F. V. Waugh.1 In this paper we 
shall adopt the former method. 

The fundamental idea of Frisch's method is as follows. We take, 
say, sugar as a well defined and physically measurable commodity, which 
is called a commodity of compariso,e. There are two ways of defining the 

marginal utility of a commodity of comparison. One-is the utility measured 

per one pound, and the other that measured per one dollar. Firstly we 
consider the utility per one pound. u represents the marginal utility of one 

pound of any commodity, which is dependent only upon its consumption x, 
i. e. , 

( I ) u = u(x). 
Let p represent the price of this ~ommodity of comparison, then the ex-
penditure ~ in terms of dollar per unit time is, of course, 

(2) ~ = xp 
Let p, moreover, represent the marginal utility measured per one dollar 

of the commodity of comparison, then 

(3) u = pp. 
The marginal utility p of one dollar depends upon the expenditure ~ 

and the price p, i,e., 

(4) p = p(~ p) Taking (2), (3) and (4) into consi~eration, we get 

1 ~ p(~, p) ( . 
p p We have considered, so far, the marginal utility of a commodity of 

* Ragnar Frisch. Sur u~ Probl~me d'L;cono"~ie pure. Norsk Motemaiisk Foreni'egs Skrifter 
(Osto, 1926). 

Ditto i¥rew Methods of Measuri,eg Margiteed Utuity (Ttibingen, 1932). 
F. V: Waugh, "The Marginal Utnity of ~{oney in the United States from 1917 to 1921 

and irom 19'2 to 1932 " ~canometrrca Vol 3 1935, pp. 376-399. 
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comparisdn. The same formulae will be obtained* if we conside; the mar-

ginal utility of money. Corresponding to the expenditure ~ of a commodity 
of comparison per one year, the nominal income in terms of money may 
be formulated. Let P represent the price of living, then we get the real in-
come r=p/P, corresponding to the physical volume of consumption x of the 

commodity of comparison per one year. The only difference between ~, p 
and p, r is that the former has the connection with any special commodity 
of comparison, while the latter with the common commodities. We distin-
guish the marginal utility of money measured per one dollar from that 
measured per one unit of real purchasing power, corresponding to the dis-
tinction between the marginal utility of commodity per one dollar and that 

of one pound. The former is represented by co which ,is called tromil4al 
mofvey utility, while the latter by w, which is called real or deflated mol~ey 
utility. 2 

Corresponding to (3), (4) and (5), w~ get the following relations : 

(6) w = Q)P, ~ 
(7) (o = co(p, P), 

( ) (t'(p, P) = ~w T 

The last equation has the very important relations with the following 
extension. 

According to the static equilibrium theory, individuals distribute their 

expenditures to each item which appears in their budgets, in such a way 
that the product of nominal money utility of ,a special commodity, say, food 

and its price equals the marginal utility of the commodity of comparison 
measured in terms of the unit of physical quantity. That is :3 

(9) (~'(p P)･p = u(x). 
Substituting (8) into Q,(p, P) in the above equation, 

( = )
 

(10) P P u (x). w P p Moreover, putting 

(11) - P a
 ~ p' 

we get 

(12) w(r) = a~J(x). 
This is called the equilibrium equatiole. The above equation shows that 
the marginal utility of money w (r) is proportional to the marginal utility 

of commodity, and at the same time it involves three variables, a, w, and 

r, which define one surface. We call it the surface of coeesumptiove, and 
by means of it we can evaluate the utility. Involving three variables, the 

' Money utility in Frisch's terms always means marginal utility of money, as well as in 

the case of commodity. . , . ' It is quite easy to derive equ~tion (9), from the general law of equi-marginal utility. 
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surface　of　consumption　is　plotted　in　the　space　prescribed　by　three　axes．

Fig．1shows　it．4The　surface　LMKDHPJL　is　the　surface　of　consumption．
In　order　to　depict　it　as　curves　in　a　plane，we　may　pursue　the　re1atiohs

between　two　vafiab1es，putting　any　one　of　them　constant．　We　may　dis－

tinguish　thfee　cases，according　as　what　variable　is　held　constant．

　　　　　　　　　　　　　　　Fig．1．　’　　　　　　　　　In　this　respect，it　is　the　most

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　interesting　　td　consider　the　case
　　　　　　　　　　　　　”
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　　　whe正e　the　inverted　priceα．and　the

　　　rea1incomeグrelate　each　other，

　　　the　vo1ume　of　consumptionκbeing

　　　held　constant．　In　this　case，fmm

　　　the　equi1ibrium　equation　（12）we

　　　obtain

　　　　　　　　　　　　　　　　　　　　　．1・

　　　　　　　　（13）　α＝　　zo（γ）
　　　　　　　　　　　　　　　　　　　　α（”）

　　　”and　thereforeω（”）being　constant，

　　　α　is　the　product　of　τo（γ）　and　a

　　　constant．This　means　money　utility
γ
　　　equation　zo＝zo（γ）if　we1eave　the

　　　constant　part　out　of　our　considera－

　　　tion．　　In　order　to　p1ot　this，　the

　　　section　para11e1to　the　planeα0γ，

”axis，　is　to　be　paid　attention．．Such

set　of　such　curves　is　ca11ed　4∫oqωα〃オ

　　　　We　shall　now　c㎝sider　the　method　which　makespossib1e　the　comparis㎝

between　the　money　uti1ities　of　di丑erent　individua1s．More　correctly　speaking，

this　method　is　to　compare　the　morユey　Hexibi1ity　zo（γ）of　one　individua1with

別（ヅ）of　another　indiYidua1．　Theガ2”％〃〃ツoナ｛物o物θツω〃〃4ツin　this　case　is

de丘ned　as　fo11ows：

　　　　　　　　　　　（1・）搬。協）／÷グ刎1、）・∂冒17）・

　　　　　　　　　　　　　　　　　　　■ω→O

　　　　To　determine　the　consumption　surface　statisticany，we　fonow　Frisch，s

method，which　makes　use　of　the　fmctional　re1ationships　between　socia1

average　of　consumptionκand　social　incomeγ．5

　　　　The　most　simp1e　method　of　determining　the　money　utility　is　to　get

theisoq・a・tc・r・eo・the・o・sumpti㎝su・fa・e・6

’Fig．1is　drawn　by　altering　Frisch，s，in　order　to　understand　it　eas三1y．

5Frisch　proves　such　an　assumption　theoretica1ly．　Cf．Frisch，州湖〃舳oゐ，pp．

・R．Fri5ch，5〃〃州P畑眺榊θ．

22＿27’



1950] A MEASUREMENT or MON'EY UTILl~Y 37 

II. L;xtefes~on of Fresch s I,rdex Nu,,eber Formula 

A theory of functional index number of distant comparisons is studied 
by Ragnar Prisch.7 The result of his own is described as follows :8 

d In Pot 

(15) 1+~o = 1+(ot + dln_pt . 
1-P"ot (1-Pot)2 * 

I~ the above equation In shows natural logarithm, and Pot is defined as : 

(16) pot = dlnPQt 
dlnpt ' 

where Pot is the functional index nurnber of time t, time O taken as base. 

PQ and pt are respectively money expenditures at time O and t. In addition 

o'o and ~t are resbectively nominal money flexibilities at time O and t. 

That is : 
d In coo {

*
 
(D_o , ~ dlnp 

(17) d In (o 
(t't = , d In pt 

where (~,0 and (ot are respectively nominal money utilities at time O ant t. 

Let I be the choice indicator, then they are represented as follows : 

d I 

{ a'o ' ~ dpo 
( 1 8) d I 

cot = ' d pt 

Since it is inconvenient directly to compute index number so far as 
(15) is concerned, we consider the method to derive Pot from (15). 

Rewriting (15), * d (1 - Pot) 

_ (L,t+pnt _ dlnpt ~PO -
1-P"ot (1-P'~ot)2 

d In ( I - Pot) 

_ cot+p*tt _ dlnpt 

1-Pot 1-Pot 
Further we get 

(~o~a't)dlnp + dln(1 Pot) (1+(L, )dlnPot 
Solving this differential equation,9 

l+~o p"o "t(1 pot) clPot , 
T Ragnar Frisch, "Annual Survey of General ~;conomlc Theory : The Problem of Index 

~Tumbers," F+cowometrica. Jan. 1936, pp. 31-38. 
8 Ibid., p. 37. 
' In integrating this differential equation, (t*J, and ~~, are assumed 'to be constants, because 

in the neighborhood of time O and t both may be regarded as constants respectively. 
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where cl is a constant of integration. If we put t=:O, Pot=:1 and Pot:=:O, 

and accordingly cl1.10 Then the above equation becomes 

_ l+~o p~'o "t(1 pot) P 
- ot ' 

We ,can derive further 

p"o ~t(dlnp -dlnPot) =: Plt" dlnp 
Solving this differential equation, 

1 e(1+~t) In pt (1+~o)e (1+~o)(Inpt+1*pot) 1+~t + c2, 

1
 where c2 is another constant of integration. Putting t:=:O and In po:=~~, 

c2=:0.10 Then, we get from the above equation, 

(19) pot 1+~or~~;t}~~ {~ ~~ Inp . }
 

=: ~o coo ~t exp I + coo t 
As a general case, moreover, we may define 

- d In Pot Pot = d In (p tlpo) ' 

where p0=constant. Then, we finally get 

(20) Pot =:1+~~ 1+~' ' (t'o~(L't In Pt V - {~ ( -~ )} ex p 
l +a'o I +~Q po 

~quation (20) is the desired one by means of which we calculate the 
numerical values of the functional index numbers. 

III. Applicati0,4 of the Theory to Japoneese L;co,eomic Data 

Before applying the above theory to the actual data of Japan, we 
shall still consider the Frisch's actual procedure. Frisch introduces the 
following method.11 

The relation between the consumption, the inverted price and the real 
money income is derived in the following way : 

(21) xl = ax2 + ~x3, 
where xl=x-x, x2=a-a, and x3=alogr-alogr, Iog being common 
10garithm. Here, x, a and alogr are their means of x, a and alogr 
respectively. From (21), 

x+(aa+ pa log r-x) 

a= 10g r+ a 
p
 

l* cl and c2 are in general not constants. A11 process throughout this paper, however, is 
that of comparative statics. Accordingly we have no means to make cl and cs dependent 
variables theoretically. 

11 R. Frisch. Seer tl'e Probl~me, pp. 36-39. 
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Let the marginal utility be represented as : 
l
 (23) w(r) = Iogr-10gb' 

and let the marginal utility of a commodity as : 

(24) u(x) = x+m' 
where b, c, I and m are all' constants. From the equilibrium equation (13), 

x+eee 

l
 (25) ~ Iogr-10gb.' a

 

Comparing this equation with (22), we get c /1=P･ Then, according to (23), 
the marginal money utility is represented as follows : 

_ p (26) w(r) Io r + a ' 

g p 
At the same time, the equation of the marginal 'utility of the commodity 

becomes 

(27) u (x) = p l 
x+(a~+ pa log r-x~) 

from (24). Referring to (14), the flexibility of marginal money utility is 

expressed as : 
d w (r) 

dr _ -0.4343 (28) ~,(r) w(r) ~ a ' 
10g r+ 

So far we have traced the Frisch's method to compute the flexibility 

of the marginal money utility. We shall now discuss how to derive the 
numerical values of cost of living index of Japan, making use of the 

method above-mentioned. 
Rewriting (9), we get 

(29) (o(p P) = I u(x). 

T In the above equation we assume P is constant, i. e., we consider a short 
period when P is assumed not to change, or negligibly to change. Then, 

substituting r=p/P in (23), 

(30) - Iog~_10gb ~ Iogp-logb! ' 
P
 where b/=Pb which is a constant. Therefore, (30) becomes a function of 

p, which we make equal to (o (p). Moreover, using (24), (29) becomes 
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　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　1　　　　　　　　σ・
　　　　　　　　　　　（31）　ω（ρ）＝1。。ρ＿1。。び＝γ。十物・

　　　　　　　　　　1

whereγ＝一．From　the　above　equation，
　　　　　　　　　ク

　　　　　　　　　　　　　　　　　　　　　　　　　　　　”十閉

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　6

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　1

　　　　　　　　　　　（32）　　β＝　　　　　　．
　　　　　　　　　　　　　　　　　　　　　　　　　1ogρ一1og51

The　nexibility　of　margina1nominal　money　utilityあ（ρ）is　derived　from（30）：

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　一〇．4343
　　　　　　　　　　　（33）　　　　あ（ρ）＝　　　　　　　　　　　．
　　　　　　　　　　　　　　　　　　　　　　　　　　　　1ogρ一1ogあ1

From　this　equation　we　can　getあo　andみ，and　then　Po‘．In　this　case　it

is　to　be　mentioned　not　to　take　the　price　of1iYing　index　P　into　considera－

tion　throughout　the　computation　of1『o！．

　　　　We　shal1show，next，the　statistica1data　of　Japan　for　the　mmerica1

computation　ofあand孔。We　take　rice　as　a　commodity　of　comparis㎝．
Rice　is　a　staple　good　of　consumption　not　only　in　Japan　but　in　the　East

Orient．In　order　to　make　use　of　the　volume　of　consumption　and　price　of

rice，the　data　of　family　budget　inquiry　in　Japan　is　to　be　aYailable．we

now1ook　at　the”Kakei　Ch6sa　HOkoku，”or“Report　of　Family　Budget
Inquiry，”compi1ed　by　Statistics　Bureau　of　Prime　Minister’s　O冊ce，which

iεshown　in　Tab1e1－In　this　table，the丘gures　of　September，1931to
August，1932，the　beginning　year　of　this　inqtliry，and　of　September，1939

to　August，1940，the丘nal　year，are　given．

Table I (1) (1931-1932) 

Consumption of Rice 
Income Consum ption 

Real Expenditure Expenditure for Rice 

C Iass Unit per Unit l, per Cons 
per Unit per Cons. per Unit 

Price of 

Family Unit (x)' Family Unit (p) Family 
Rice per 
To (p) 

Y en To To Ye'a Ye'e Yen 
Under 50 

Yen 
2.90 3. 15 1 . 09 46.04 ･1 5. 88 7. 14 2. 27 

60 3. 05 3 , 06 1 . OO 51.73 16.96 7,00 2. ･-9 

70 2.90 3 . 05 1 . 05 59.31 20.45 7,02 2 . 30 

80 2.99 3.04 1.02 66. 74 22.32 7.01 2.31 

90 3.02 3. 08 1.02 75.65 25,05 7. 14 2. 32 

100 3.11 3. 15 1.01' 82. 13 25.41 7. 28 2.31 

Mean 1 . 032 25.41 

(N. B. To is a unit of volume, approximately e ual to 18.04 Iitres. τo　ls　a　umt　ofマolume，approxmately　equal　to180411tms）

　　　　The　reason　why　we　adopt　consumption　unit　instead　of　unit　family　is

that　we　consider　consumption－to　be　variab1e　as　to　sex　and　years．　Rea1

expenditure　invo1ves　costs　of　food，　housing，etc．，・not　savings，insurance，

etc．　Price　of　rice　per’o　is　obtained　by　dividing　expenditure　for　rice　per
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Table I (2) (1939-1940) 

Consumption of Rice Real Expenditure Expenditure for Rice 

Income Consum ption 
per Unit per Cons. per Unit per Cons. per Unit 

Price of 
Class Unit 

Family Unit (x) Family Unit (p) Family 
Rice per 
To (p) 

Yen Under To To Yen Yett Yet' Yele 

60 2.74 3. 44 1 . 26 63.88 23.31 14.39 4. 18 

70 2.02 2.87 1.10 59.09 22.55 1 2. 46 4.34 

80 2. 78 2.91 1.05 69. 08 24. 85 12.81 4 . 40 

90 2. 94 3.00 1 . 02 75. 50 25.68 13. 18 4 . 39 

1 OO 2 . 96 3 . 06 l.03 83. 54 28. 22 13.47 4.40 

Mean 1 . 092 24. 92 

Table　2　（1） （1931－1932）

1
γ＝一　　　ク γlOgρ

　’　　　　　　　　　　　　1”　　　　　　　　　γ （γlo9ρ）’

0．4405 O．5290 105．6　　　　　　101．3 92．3

O．4367 0．5367 96．9　　　　　　100．4 93．7

O．43㎎ 0．5700 101．7　　　　　　100．O 99．5

0．4329 O．5840 98，8　　　　　　99．6 1O1．9

O．4310 O．6030 98，8　　　　　　99．ヱ 105．2

O，4329 O．6156 97，9　　　　　　99．6 107，4

O．4348 O．57305 100．0　　　　　　100，0 1OO．O

Table2（2）　（1939－1940）

1
γ＝’　　　ク γlo9ρ

”’
　
’
γ

（γ1ogργ

O．2392 O．3272 115．4 103．8 1O1．8

O，2304 O，3117 100．7 1OO．0 97．O

O．2273 O，3171 96．2 98．7 98．7

O．2278 O．3212 93，4 98．9 99．9

0．2273 O．3298 94．3 98．7 102．6

O．2304 一〇．3214 100，O 100．O 100．O

unit　fami1y　by　consumption　of　rice　per　mit　family。　　　　　　　．

　　　　Table2shows　the丘gures　necessary　to　ca1cu1ateあ　and　Po‘。　In　this

t．bl。〆，γ…d（γ1・gρ）’・・・…p・・ti・・ly100一舳・・1・・g…　th…1…

divided　by　the　means　ofκ，γ　and　γlogρ　repectiマe1y．

　　　　Let　the　deviations　from　the　means　of”’，〆and（γlogρ）’beガ1，”2and

”3fespective1y，then　we　get
　　　　　　　　　　　　（34）　　　”、＝4．84”。十〇・29”・，

by　applying　the　usual　method　of1east　squares　to（21），in　respect　to　the

館。。・。・f1931－1932．I・th・・b・…q・・ti・・κF・1－100，・・＝γL1OO・・d



42 THI~; AN~NALs OF TH1~) HITOTSUBASHI ACADEMY 

x (r logp) 100 Then we get 
x+413 
O. 29 

(35) r/ = 
(10g p y+ 16.69 ' 

Computing ~,o(p) by means of (33), 

-O 4343 (36) ~;o (p) = ' = - 0.0232 (10g p y+ 1 6. 69 

By the same way we can get the results from the figures of 1939-1940 : 

(37) xl = 4'18x2 - 0.27x3, 

x+291 
r/ = ~0.27 

~ (10g py-15.48 ' 

- O. 4343 
(38) ~;t(p) = (10gpy-15.48 = O 0322 

Putting these values of ~;o and ~bt in (20), we finally get 

-o.0232-0.0322 
(39) Potl~o.0232~!~:~~( 24.92 1-0.0232 = 1.059 )

 
= 1-0.0232 25.41 

For the sake of comparison, we look at 150.6, 1940 index (base=1932), 
the atomistic value of ccst of living index compiled by The Asahi. 




