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Welfare Analysis of Economic Systems from the Viewpoints of

Distributive Justice and Incentive Compatibility

INTRODUCTION

1. Welfaristic and Nonwelfaristic Criteria on Economic Systems

Welfare economic theory aims to investigate various economic systems, some
of which may be really observed while others may be ideal ones hypothetically
constructed as a first best referential criterion, from various viewpoints on social
desirability. An economic system consists of individuals, several environmental
structures such as production technology, a preference profile of individuals, initial
endowments of wealth, systems of individual rights, etc., and a stylized process or
pattern of resource allocations. The social desirability represents societal goals which
individuals should or wish to pursue. The typical examples are social efficiency or
fairness of allocational consequence such as Pareto optimality or fairness as no envy,
efficiency or justice of allocational methods (or procedures), or incentive compatibility

of the allocation process.
1.1. Welfaristic Analysis of Economic Systems

A traditional welfare economics in a narrow sense has mainly focused on the
social consequence of the pattern of resource allocation, given the environmental
structures. The fundamental theorem of welfare economics is one of the most brilliant
success in such a traditional welfare economics. That theorem treats only one economic
system, the private ownership economy with competitive markets, and focus on
welfare performance of allocational consequence through the competitive mechanism
from the viewpoint of social efficiency. Although the result of the theorem is very
excellent, we should note that the implication of the theorem does not necessarily lead

to justification of real capitalist economies, because the model of market economies,



such as the Arrow-Debreu type, that the welfare theorem assumed seems to capture no

basic characteristics of the capitalist economy.

In contrast to the fundamental welfare theorem, there have been several attempts
to analyze allocational consequence of one and the other economic systems not only
from the viewpoint of social efficiency but also from viewpoints of distributive justice.
Theories of fair allocation such as “Fairness as No Envy” (Foley (1967)) and/or
“Egalitarian equivalent allocations” (Pazner and Schmeidler (1978)) argued what
concept is a reasonable criterion to capture economic equity, and show the existence
and the characteristic of resource allocation rules which satisfies such an equity

criterion.

These theories of fair allocation intended not to analyze equitable properties of
some realistic economic system but rather to hypothetically construct the resource
allocation systems regarded as the equitable, to which policy makers in real economic
systems should mention as a first best criterion. The reason is that these theories do not
refer to property relations in economic systems, right structures of economic systems or
the existence of nontransferable resources, with which persons are arbitrary endowed,
such as “talent” or *handicap”, those of which seem to be very important environmental
structures when we characterize the realistic economic systems. These fair allocation
rules only concern with a preference profile, and at most aggregate initial endowments
or the structure of production technology. This implies that the theories of fair
allocations such as the no envy and/or the egalitarian equivalent are on the standpoint of
welfarism. Welfarism requires that resource allocation rules should only take account
of the preference profile in the economy as long as the aggregate endowment or the
production technology is fixed. However, as many authors have already pointed out
(for example, Sen (1979), Dworkin (1981a) or Roemer (1986b)), the welfaristic
approach is inadequate to analyze realistic economic systems from the viewpoint of

distributive justice.



In fact, we can easily show the case that a welfaristic criterion on fair allocation
is incompatible with a rule respecting for individuals’ right spheres or paying attention
to arbitrariness of distribution of nontransferable resources. For example, in private
ownership economies, person 1 has the right to claim all profits produced and person 2
has no rights to claim profit revenues, and it is assumed that such a right structure used

to be assigned through a justifiable procedure. Then, even if person 2 envies person 1,

person 1, while for example, the no envy and Pareto efficient allocation rule may assign
a competitive equilibrium allocation from equal division. Next, consider some |
institution compensating the handicapped, when person 1 is handicapped to work for
his minimum standard life while person 2 is completely healthy man. Then, let us
suppose that person 2 feels envy of person 1 at his guaranteed minimum standard life
without working. Thus, the economic system adopting the no envy allocation rule

must prohibit such a compensating institution.

There are some arguments, which have interests in states of environmental
structures such as the distribution of initial endowments including nontransferable
resources, property relations and the system of individual right, from viewpoints of
nonwelfaristic desirability like “justice as fairness” (Rawls (1971)), liberty (Mill
(1859), Sen (1970, 1992), Gaertner et al. (1992)), equality of opportunity (Dworkin
(1981b), Sen (1980, 1985), Cohen (1989, 1993)). For example, Sen’s argument on
“Paretian Liberal Paradox” (Sen (1970, 1992)) indicates that a representative welfaristic
criterion, the Pareto principle, is not compatible with a typical nonwelfaristic criterion
on liberty of individuals. This also implies that the nonwelfaristic allocation rule
respecting for individuals’ rights is incompatible not only with the welfaristic criterion
on fairness but also with that representative welfaristic criterion. As an example of the
Paretian Liberal Paradox, we can find out the voluntary contribution scheme of public
goods in public-good economy. The voluntary contribution scheme of public goods

guarantees individuals’ rights to choose freely how much pay for providing public



goods. Itis well known that the allocation induced by the scheme is not Pareto

efficient.

1.2. Nonwelfaristic Theories of Distributive Justice

With regard to nonwelfaristic theories of distributive justice, we can also refer
to many arguments— Rawls (1971), Nozick (1974), Sen (1980, 1985), Dworkin
(1981a,b), Cohen (1985, 1986) and Roemer (1986b). The difference principle, that
is the theory of Rawlsian distributive justice, represents, according to Rawls (1971), an
agreement to regard the distribution of natural talents as a common asset and to share in
the benefits of this distribution, so that the naturally advantaged are not to gain merely
because they are more gifted, but only to cover the costs of training and education and
for using their endowments in ways that help the less fortune as well. Thus, according
to the difference principle, to distribute primary goods such as income and wealth in
such a way that no one gains or losses from his arbitrary place in the distribution of
nontransferable endowments, economic inequality in the distribution of primary goods
would be permissible only if such an inequality contributes to the greatest rewards of
the least advantaged. In his theory (1981a,b) of “Equality of Resource”, Dworkin
maintains that the bundle of the resources to be “equalized” should include not only all
transferable goods but also nontransferable ones such as talents, handicaps and
propensities of various kinds. As well as Rawls, Dworkin’s theory also regards
personal skills or talents as arbitrary distributed. He advocated a insurance mechanism
to allocate transferable goods to implement the resource egalitarian in a manner that
compensates people for the morally arbitrary distribution of talents that results from the

birth lottery.

In contrast to Rawls (1971) and Dworkin (1981 a,b), Nozick’s argument
(1974) on appropriation maintains that in the state of nature, personal skills or talents
were under self-ownership; each person is entitled to his own skills or talents. On the
contrary, external resources such as land and natural resources were unowned. Nozick

thinks but also that people can be entitled to appropriate the unowned objects as a result
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of proper exercise of their own and/or other’s self-owned personal powers — that is
justified by virtue of self-ownership, as long as others will not be rendered worse off
than when the land was held in common — Lockean proviso (Locke (1690)).
According to Nozick (1974), the free operation of the market system involving private
appropriation of the external resources will not actually run afoul of the Lockean
proviso, though it is not so clear why he can believe so. Thus, although a union of
self-ownership and unequal appropriation of external resources readily leads to
indefinitely great inequality of private property in external goods, Nozickian entitlement
theory justifies such a inequality as well as the highly unequal income distribution in

real capitalist economies.

While, critiquing the Rawlsian and the Dworkinian theories of distributive
justice, Nozickian justifies inequality in real capitalism by declaring protection of self-
ownership, it is the Marxian theory of exploitation that directly critiques unjustifiable
inequality in real capitalism without necessarily denying self-ownership. The Marxian
theory of exploitation rather maintains that the realistic capitalist economy itself is
certainly denying self-ownership of the working class through the reproduction of
itself. The reason is that, according to Marx (1867), as a result of the capitalist
production process, the amount of labor embodied in the wage basket the worker
received is less than the amount of labor he expended to earn that wage. This
phenomenon implies that the workers are forced to expend their some time in working
for the capitalists’ profit revenues, that is surely a denial of self-ownership Nozick
(1974) condemned for. Such a phenomenon is referred to, by the Marxian theorist, as
the existence of exploitation. If a person command with his income more labor
embodied in goods than his expended labor, he is an exploiter, and if he is in the
inverse case, he is exploited. Note that the Marxian critique on capitalism seems to be
the most serious one for its supporter in the sense that the Marxian critique seizes upon
the inconsistency of the argument justifying the inequality in real capitalist economies,
and by doing so, it shows that the capitalistic economic system is unjust with respect to

its distributive performance, while each of the Rawlsian and the Dworkinian only
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argues that how can one justify the degree of inequality in distribution from a particular
normative point of view, without arguing whether or not is justified the distributive
performance of the realistic capitalist economy. Thus, when we see the distributive
performance of the realistic capitalist economy, it seems to be meaningful for us to

follow the Marxian argument of exploitation.

2. The Marxian Theories to Analyze the Realistic Capitalist Economic Systems

Before introducing Marxian arguments about the capitalist system, it seems to
be beneficial to explain what model of the capitalist economy is realistic. Asabove
mentioned, the Arrow-Debreu model, I think, captures no basic characteristics of the
capitalist economy. In my opinion, at least the three components stated in the following
constitute of basic characteristics of the capitalist economy. The first is the existence of
the competitive market mechanism for implementing resource allocations. However,
this component is not necessarily inherent to capitalism only, because there were
several economic systems in which market mechanisms functioned such as simple
commodity production economies. The Arrow-Debreu model surely captures this
characteristic. The second component is private ownership system with unequal
distribution of the means of production. Here, an important property of that unequal
distribution is the mass existence of persons with no material productive assets.
Without such persons whom we call “proletarian”, it could not be established the
capitalist system, which is indicated by much historical evidence such as the Enclosure
in England. The third characteristic is of production activities in firms. In firms, there
is a fundamental conflict of interests between the manager of the firm and the employee.
While the manager would like to work the employee with as low wage as possible to
attain as high profitability as possible, the employee is looking for a chance to shirk his
work for a given payment. Such a conflict is not described in the Arrow-Debreu
world, since in that world the manager-employee relationship is treated as in the block-

box.



2.1. The Marxian Arguments of Exploitation in Mathematical Marxian Economics

Among various types of the Marxian school, I am mainly indebted to
mathematical Marxian economics which, by adopting the mathematical tools developed
in the neoclassical economics, tries to investigate the capitalistic economic system from
the point of Marxian view. With regard to the Marxian exploitation theory, one of the
most famous contribution of the mathematical Marxian is the fundamental Marxian
theorem (FMT) originally discussed by Okishio (1963) and Morishima (1973). The
FMT shows that the necessary and sufficient condition of positive profit rates in the
capitalist economy is the existence of exploitation. Thus, according to this theorem,
high profitability in the capitalist economy, which Nozick (1974) praised as the success
of that system by using the means of production most efficiently, has the suppressed
source in the unjustly distributive performance of the economy. After the seminal work
by Morishima (1973), there were many generalizations and discussions of the FMT.
While the original FMT is discussed in the simple Leontief economy with
homogeneous labor, the generalization of the FMT to the Leontief economy with
heterogeneous labor is discussed by Fujimori (1982), Krause (1982), e.t.c. The
problem in generalizing the FMT to the von Neumann economy is discussed by
Steedman (1977) and one resolution is proposed by Morishima (1978). Furthermore,
Roemer (1980) generalized the theorem to a convex cone economy. These arguments
may reflect the robustness of the FMT. However, this theorem has a crucial problem: it
does not follow from the FMT that the exploitation of labor is the source of positive
profits. The reason is that every commodity can be shown as exploited in a system
with positive profits whenever the exploitation of labor exists. This observation was
pointed out by Bowles and Gintis (1981), Samuelson (1982), and was named the

“Generalized Commodity Exploitation Theorem (GCET)” by Roemer (1982).

After the arguments of GCET, one of the noticeable researches in the Marxian
school is of Bowles and Gintis (1988, 1990) about “Contested exchange”. Bowles

and Gintis (1981) gave attention to the fundamental difference between labor-power



and other commodities. In contrast to the usual exchange contract of material
commodities, labor contract is not perfectly delineable and not costlessly enforceable:
the manager cannot delineate exactly the tasks he will want the employee to perform,
and it is costly to supervise the employee. Thus, labor of the employee must be
extracted from labor-power of the employee by whatever system of control the manager
may devise. When the exchange process has such a property, it is called conrested.
Then, if there exist mass industrial reserved armies both in the capitalist and non-
capitalist sector, the manager has power over employees to make them perform along
with his interest by threatening to impose sanctions on them. In such cases the ex post
level of the contested attribute is determined by sanctioning mechanisms. Bowles and
Gintis (1990) stressed one extremely important sanctioning mechanism: contingent
renewal labor contract. This obtains when the manager elicits labor performance from
the employee by promising to renew the contract in future periods if his performance is
satisfactory and to terminate the contract if not. Notice that since monitoring perfectly
whether the labor performance of each employee is satisfactory or not is quitely
expensive, that monitoring is feasible only stochastically. Thus, in the contested
exchange of labor, the equilibrium wage will involve paying the employee a premium
over what he could get if he is unemployed, and this premium and the contingent
renewal are to induce him to perform well for avoiding the possibility of being caught
shirking even if he is not being watched. Such the equilibrium is characterized as a
Stackelberg equilibrium, and the equilibrium wage is characterized as an efficiency
wage. Bowles and Gintis (1990) stressed upon that when the labor exchange is
modeled explicitly as contested one, the well-known theorem about the efficiency of
market economies will no longer be established. I think this result is more plausible as
a characteristic of real capitalist economies than the well-known welfare theorem, since
the Bowles-Gintis model captures the production relationship in firms while the Arrow-

Debreu not.

The argument of contested exchange seems to be not directly related to

exploitation. However, as Marx (1867) discussed as the cause of surplus value the
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power relationship between capital and labor concerning the extraction of labor from
labor-power, I also think it is a fundamental issue to argue the power relationship
between the manager and employees when it is discussed the existence of exploitation
in the capitalist economy. I think that a main contribution of the contested exchange
theory is to show the existence of a power relationship between the manager and
employees behind the unjustly distributive performance of the capitalist economy,
although Bowles and Gintis themselves might not intend so. However, their argument
does not explicitly analyze whether or not the strength of the manager’s power over its
employees can guarantee profitability in the capitalist economy. As far as this problem
is concerned, it implies that there seems to be an effect of distributive inequality of
wealth in tightening the power of the employer over the employee, although

Bowles and Gintis (1990) themselves did not refer to this problem.

The other noticeable researches in the Marxian school is of Roemer (1982,
1986a) about the corresponding relationship between the existence of exploitation and
the unequal distribution of wealth. By adopting a standard general equilibrium model
of capitalist economies, Roemer (1982, 1986a) showed that how capitalist societies can
generate endogenously in their economic systems the structure of class and exploitation
that Marxian postulates for capitalism. In the capitalist economic model Roemer (1982,
1986a) put forth, it is assumed that there are no contested exchanges—in particular, that
the labor contract is perfectly delineable and costly enforceable, while there exists the
unequal distribution of privately owned wealth. Furthermore, itis assumed that all
persons have the same utility function. Inthe economy’s equilibrium, every person is
optimizing against a constraint of his endowment, and so that the whole society is
divided into four disjoint and exhaustive classes: that is, a class of capitalists, a class of
petty bourgeoisie, a class of semiproletarians, and a class of proletarians. In the
equilibrium, if a person can optimize by hiring other persons as workers to operate his
capital, he belongs to the capitalist class, if a person can optimize by operating his
capital with self-employed only, he belongs to the petty bourgeoisie class, if a person

can optimize by operating his capital with self-employed only and selling his labor to
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others, he belongs to the class of semiproletarians, and if a person can optimize only by
selling his labor to others, he belongs to the class of proletarians. Then, if the labor
supplied by any person is inelastic with respect to his wealth, what class each person
belongs to is determined corresponding to his status of wealth: Differential ownership
of the means of production is responsible for differential class position. That was
summarized up by Roemer (1982, 1986a) as Wealth-class correspondence principle
(WCCP). Moreover, Roemer (1982, 1986a) showed that every person in the capitalist
class is exploiter, while every person in either the class of semiproletarians or of
proletarians is exploited. This theorem is named the “Class-exploitation
correspondence principle” (CECP). By both WCCP and CECP, it is followed that if
the labor supplied by any person is inelastic with respect to his wealth, every exploiter
is wealthier than every exploited: that is, Wealth-exploitation correspondence principle.
Thus, Roemer (1982, 1986a) showed that the Marxian kind of class structure and
exploitation can emerge endogenously as a result of the existence of unequal wealth

distribution, even if the labor market is not contested.

We should mention to some points about the above arguments. First, the
Roemer’s theorems (1982, 1986a) depend upon the inelasticity condition of labor
supplied. As Roemer (19862a) said, it may be reasonable from the point of historical
evidence to assume that condition. However, even if that condition is historically
reasonable, the assumption of neoclassical labor market itself is not so. Thisis,
furthermore, related to the following problem: that is, under a given economic
environment the inelasticity condition of labor supply is not necessarily ensured in the
contested exchange labor market even if it is ensured in the neoclassical labor market.
Thus, replacing the neoclassical labor market in Roemer (1982, 1986a) by the contested
exchange labor market, the robustness of the Wealth-exploitation correspondence is not
necessarily guaranteed. This implies that it is necessary to show the robustness of the
Wealth-exploitation correspondence in a more realistic capitalist economic model with a
contested exchange of labor than the Roemer’s model (1982, 1986a) with a neoclassical

labor market.
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2.2. A Theory of Wealth, Exploitation and Power Relationship

Succeeding to the above two noticeable Marxian researches, in Chapter I of this
thesis, I try to analyze the distributive performance of the capitalistic economic system
by synthesizing, in one Leontief economic model, the analysis of wealth distribution
and exploitation by Roemer (1982) and the analysis of the contested exchange of labor
by Bowles and Gintis (1988, 1990). In the capitalist economic model I put forth, it is
assumed that labor exchange is contested, and also that the labor contract is organized
as a sequential contingent renewal one, while there exists the unequal distribution of
privately owned wealth. Furthermore, it is assumed that all agents have the same utility
function as well as Roemer (1982) and Bowles and Gintis (1988, 1990). However, it
is also assumed that all agents are either risk-neutral or non-increasing risk averse.
These settings seem to be sufficiently reasonable to describe a realistic capitalist
economy under uncertainty. In this paper, I propose a method for measuring the
level of the agent's labor-discipline. 1 define the level of an agent’s discipline as
the supply of labor effort per unit of the agent’s received real wage. So, the more
labor effort some agent supplies per unit of his received real wage rate, the higher the
level of his labor-discipline is. The level of the agent's labor-discipline is an index for
expressing the strength of the manager’s power over that agent. By introducing such
the index and investigating the relationship between the unequal distribution of wealth
and the problem of labor discipline, I try to solve whether or not there exists an effect
of distributive inequality of wealth in tightening the power of the manager over the
employee. Moreover, I try to analyze the relationship between the level of the agent's
labor-discipline and the exploitation status of the agent, as well as to check the
robustness of the Wealth-exploitation correspondence in this model. My main results
in Chapter [ are as follows. First, the less wealthy agent has a higher level of labor-
discipline than the wealthier agent if agents are risk averse (The correspondence of
wealth and the level of labor-discipline), and second, as a consequence of capitalist
production, the income gap between the wealthy and the poor widens more and more

(A poverty law in capital accumulation). Third, it is guaranteed that the robustness of
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the Wealth-Exploitation Correspondence in the Capitalist economy with the contested
exchange labor market if agents are either risk-neutral or non-increasing risk averse.
Finally, the less wealthy exploited agents are more labor-disciplined than the wealthier
exploiters if agents are risk averse (The correspondence of exploitation and the level of

labor-discipline).

The results obtained indicate the essential importance of the unequal distribution
of wealth in understanding the contemporary capitalist economy. Especially, as well
as Roemer’s assertion, one of my results implies that the call for the abolition of
exploitation is a call for an egalitarian distribution of material productive assets as long
as all agents have the same risk-neutral or non-increasing risk averse preference. Such
an implication is not true when preferences are different among agents. However, an
essential critique of Marxism to capitalism is rather directed to the facts that even if there
are no differential traits among agents such as preferences, which seem to be matters
they should be responsible for (and/or labor endowments if we see so), nevertheless, in
capitalist societies, there exist various injustices such as inequalities in income
distribution or in opportunities to access to material productive assets, and as unfair
power relationship between capital and labor in decision process of production. As
well, my results also indicate that only as a consequence of differential wealth
ownership which is an objective structure of the capitalist society every agent should
not be responsible for, the distributive inequality like exploitation can emerge in the
realistic capitalist economy. Hence, I think that my paper’s critical power to capitalism
is not lost essentially by the facts that my results are not robust in the case of

preference-differential.

Notice that the implication of the correspondence of wealth and the level of
labor-discipline is not the behavioral difference between the rich and the poor, but
rather the importance of the unequal distribution of wealth in explaining the modest
contestedness in labor markets for the capitalist economy to be sufficiently

profitable. By this result, it can be seen that the labor market entered by the less
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wealthy suppliers alone is more moderately contested than the one by the wealthier
suppliers alone. In real capitalism, it is usual that most of the employed workers are the
agents with no or only a few productive assets. Thus, the contestedness in labor
markets would be moderated to maintain enough profitability in real capitalist

economies.

3. Theories of Public Ownership

In the above section, as an effective counter-argument to Nozick’s justification
of the highly unequal distribution of income in capitalist societies, I introduced the
classical Marxian theory of exploitation and its recent developments in mathematical
Marxian economics including the research contribution of myself. However, the
classical Marxian theories of exploitation have some insufficient points as the counter-
proposal to Nozick: first, the scopes of the classical theories of exploitation are
essentially restricted to the world in which there are no differential traits among persons
including preferences and internal talents, and second, in the classical theories of
exploitation including mathematical Marxian approaches, there are no analytical
arguments about desirable alternative economic systems. These two points have been
often criticized by both non-Marxist and Marxist itself. In contrast, the arguments of
Rawls (1971) and Dworkin (1981a,b) are free from these two criticisms. But, as
mentioned above, their counter-proposals to Nozick’s have denied the premise that
people should morally be viewed as the owners of their talents: that is, denial of self-
ownership. Hence, their counter-proposals seem to be supported only by the

standpoints approving of denying self-ownership.

3.1. The Analytical Marxist Critique of Nozickian Entitlement Theory

Here is the alternative, third counter-proposal to Nozick’s, of Analytical
Marxists, Cohen (1985, 1986) and Roemer (1986b, 1988). Cohen (1985) argued that

Nozickian revision of Lock’s proviso cannot clearly give legitimacy for appropriation
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of things. Nozickian revision of Lock’s proviso says that one person’s appropriation
of a thing is justified as long as no person is left worse off after the appropriation than
he was before, had the thing is remained as unowned. However, according to Cohen
(1985), there exist at least three cases Nozick’s condition does not regard but important

for judging whether an appropriation is legitimate or not.

Consider an economy with two people, A and B, and land commonly used by
them. In this economy, A gathers m bushels of wheat and B gathers n bushels. Then
A appropriates the land and designs a division of labor between himself and B, with the
result that A ends up with m+p bushels and B with n+q bushels. Suppose p>¢g > 0.
Since this appropriation passes Nozick’s proviso, it is legitimate according to Nozick.
However, if B could have appropriated the land as well and designed the same division
of labor and the same distribution of the additional product, and so that B received n+p
bushels and A received m+q bushels, B would have been better off than the actual
situation. When one judged the actual situation by the above hypothetical situation,
then A’s appropriation giving rise to the actual situation would be unjustified. Or,
consider if B could have appropriated the land and designed a more superior program
of resource allocation than the one A imposes, and so that B received n+p+r bushels
and A received m+qg+r bushels. If such a case is possible, is it reasonably justified A’s
appropriation in the actual situation ? Third, consider the case that A and B would have
agreed to a resource allocation program without either of them privately appropriating
the land. Such an agreement institute a form of joint ownership. When the agreed
program would be productively superior to the ones both of A’s appropriation and of
B’s, it is not plausible nevertheless to justify A’s appropriation. Thus, although A’s
appropriation is clearly legitimate according to Nozick, there are other counterfactual
situations, at least three possibilities stated above, that are as relevant for judging the

moral legitimacy of the appropriation.

Moreover, Cohen (1986) questioned why in the state of nature the external

world such as land or lake should be considered to have been unowned as Nozickian
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supposed. In stead of such a supposition, Cohen (1986) viewed the external world in
the initial state as having been jointly or publicly owned by its initial inhabitants, and
explored the possibility to unite self-ownership with equality of external resources and
preserve equality of condition. Consider an economy with two people, A and B, and
land jointly owned by them. Each owns himself, and be rational and exclusively self-
interested. A can produce life-sustaining and life-enhancing goods, but B has no
productive power at all. Since the land is under joint ownership, no one may use it
until all agree to a decision of resource allocation. As well, even if they own
themselves, no one have any rights to appropriate parts of it as private property unless
such appropriation is approved by its joint owners. Itis only interesting to consider the
case that A can produce not only what is needed to sustain both people but also a
surplus. Then A and B will bargain over how much will be produced, and over who
gets how much of the produced, against the constraint that threat point is no
production, and therefore death for both. In such a situation, A gets nothing extra just
because he has productive skill. If the exercise of A’s talent is irksome to him, then he
will indeed get additional compensation, but only because he is irked, not because it is
he, and not B, who does the producing. Then, joint ownership of external world
prevents self-ownership from generating an inequality to which egalitarian objects.
Thus, according to Cohen, without denying self-ownership, one may move towards a
form of equality in distribution by insisting on joint ownership of external world. For
the inequality that Nozick defends depends on adjoining to self-ownership an

inegalitarian principle of external resource distribution, which need not to be accepted.

3.2. A Proposal of Public Ownership — The Constant Returns Equivalent Solution

Roemer (1986b, 1988), succeeding to Cohen (1985, 1986), tries to a remaining
Cohen’s problem that what distribution of income is justifiable in the economy with
public ownership of external resource and private ownership of self. This problem is
very important but also from another angle, a resolution of “tragedy of commons”, not

only for the counter-proposal to Nozick. Consider a society of fisherfolks. In the
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society, there are n fisherfolks endowed with labor-power and a lake commonly used
by all fisherfolks. Every fisherfolk expends his labor in fishing on the lake. Fishing
on the lake is represented by a production function, which describes the conversion of
labor into fish. Suppose the production function exhibits decreasing returns to labor.
While each has the right to free access to the lake, that is, each can fish as much as he
wishes, there is no coordination of their fishing among them. Thus, as a result of each
fisherfolk’s unilateral optimizing, the equilibrium allocation of fish and labor under this
laissez-faire economy is Pareto inefficient, because each inflicts a negative externality
on the others under the decreasing returns of the common resource. Itis called
“tragedy of commons”. There seem to be two methods of resolution of the tragedy.
The first one is privatization of the lake by appropriation of a competitive
entrepreneurial fisherfolk. Then the entrepreneurial operates the lake competitively,
hiring the other fisherfolks and selling the fish, so that every other fisherfolk is worse
off than he was under the laissez-faire (Weitzman (1974)). This gives a typical
counter-example to Nozick’s belief that the free operation of market system involving
private appropriation will not run afoul of Nozickian proviso. The second one is to
institute public ownership of the lake, and so bring about Pareto efficient solutions.
Then the problem is what allocations among Pareto efficient ones the public committee
should assign as justifiable solutions respecting for public ownership. That is the same

problem as Cohen and Roemer tried to.

By adopting an axiomatic method, Roemer (1988) and Moulin and Roemer
(1989) characterize the class of resource allocation rules that satisfy the axioms
describing the requirements of self-ownership and public ownership of external
resource. Moulin and Roemer (1989) assumed production economies with publicly
owned production technology and two persons having the same pref erence but different
labor skills. It was imposed four axioms, that is, Pareto optimality, Technological
monotonicity, Limited self-ownership and Protection of low skill. Technological
monotonicity says that if two economies are identical except that the technology is

unambiguously better in one than in the other, then neither agent should be rendered
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worse off under the allocation rule in the economy with the better technology. It
implies that whatever public ownership requires, each agent at least has a right not to be
harmed by an improvement in the publicly owned asset. Limited self-ownership
requires that the more skilled agent should end up at least as well off as the less skilled
one. This represents a minimum condition self-ownership might require necessarily.
Protection of low skill says that the less skilled agent should be no worse off than he
would be in an economy in which the other agent was as low skilled as he. This axiom
is an individual rational condition. Moulin and Roemer (1989) showed that there
exists a unique allocation rule satisfying the above four axioms, which assigns an
allocation each agent gains the same utility. This result implies that the distribution of
income recommended under public ownership is much more egalitarian than what

exists in a capitalist economy, although its model is very specific.

A more general argument is discussed in Roemer (1988). Similar ones are in
Moulin (1987, 1990a) and Roemer and Silvestre (1989). Let us follow its argument
formally. Let us represent an economy as a vector & =(f; s+, S,; Uy »--s U, ),
where f(/) =y is a production function describing the production of a single output
from a single input (labor), by using a publicly owned technology. Let f be
continuous, nondecreasing, and f{0) =0. Each agent i owns one unit of labor-power
with skill level s;, and has a utility function, u,(£,, y,), which is continuous,
decreasingin /,, and increasing in y,. Let be the class of economies described as E.
Let denote the set of agents by 1. A feasible allocation for & is a list of vector
(£, ¥.);q satisfying thatforall ie I, £, <1, and f(z;sifi) =§;yi . Then, an
allocation rule defined on E is a function § that assigns to any economy {€E a

feasible allocation.
Required axioms are described as follows.

Axiom PO (Pareto Optimality): The allocation rule S should assign a Pareto optimal

allocation foreach £ € E.
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Axiom TMON (Technological Monotonicity): Let &' =(f; s,,++, 53 4+, u,) and
E*=(g sy, S U, 4,) be two economies in E, and for all £, f£)=g¥).

Thenforall ie I, u(S(E") 2u,(S,(E)).

Axiom FALE (Free Access on Linear Economies): If £ =(f; s,,---, 5,5 U+, U4,)
and f is alinear function [ f(£) =af for some o > 0, for all /] then the allocation rule

§ should assign the allocation achieved under free access, where each agent chooses

her optimal bundle (£,, y,).

The axiom of FALE implies that whatever public ownership of the technology in
conjunction with private ownership of labor consists in, it should at least require that
free access solution which allowing each agent to use her private endowment as she
chooses, when there are no positive and negative externalities from joint use of the

technology.

Definition: The allocation rule S is the Constant Returns Equivalent Solution (CRE)
if the following is satisfied: foreach €€ E, (¢, y;),., =CRE&) if and only if

(£, y;),., is a Pareto efficient at £, and there exists a & > O such that forall ie [,
there exists a bundle d(o) satisfying i) d{(a) =arg max u,(/,, as;{,) where £, <1,

and i) (£}, y7)=d(o).

Moulin (1987, 1990a) and Roemer and Silvestre (1989) showed that CRE is a
unique allocation rule satisfying PO, TMON and FALE. Notice that CRE cannot be
generalized in multi-imput and multi-output economies (Roemer and Silvestre (1989)),
since there is no allocation rule satisfying PO, TMON and FALE in economies with
many inputs. In the case of one-input and one-output economies, since any Pareto
optimal allocation rule satisfies FALE, CRE is a unique Pareto optimal allocation rule

satisfying TMON.
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3.3. Another Proposals of Public Ownership — Equal Benefit Solutions and

Proportional Solutions

There are another allocational rules respecting for public ownership of external
resources in conjunction with private ownership of self, proposed by Roemer and
Silvestre (1989): that is, the Equal Benefit Solution (EB) and the Proportional
Solution (PR), both of which are well defined in multi-input and multi-output
economies. The proportional solution (PR) assigns the Pareto efficient allocations such
that each person receives his dividend according to his input contribution. The equal
benefit solution (EB) assigns Pareto efficient allocations such that every person receives
the same surplus (profit revenues). These solutions are intuitively natural equity
solutions, because each of them satisfies one of the two representative principles of
distributive justice — “One receives according to one’s contribution”, and “All ones
receive equal distribution of social benefit”. I think that PR and EB are more plausible

proposals in the context of resolving the tragedy of commons than CRE.

Roemer and Silvestre (1989, 1993) showed that the existence of PRand EB is
guaranteed as long as economies have convex structure — that is, each person has a
convex preference and the production possibility setis convex. Remember that the
existence of Walrasian solutions that assign competitive equilibrium allocations to
private ownership economies is also guaranteed as long as economies have convex
structure (Debreu (1959), Arrow-Hahn (1970)). This implies that the well-definedness

of each of EB and PR is as robust as that of Walrasian solutions.

Following the proposal of Roemer and Silvestre (1989), by adopting the
axiomatic method, Moulin (1990a,b) characterized PR and EB in convex production
economies with one-input and one-output. Moulin (1990a,b) introduced new axioms:
Free Access Upper Bound (FAUB) and Lower Bound Egalitarian (LBE). Each of
FAUB and LBE represents a desirability from a viewpoint of equity in the context of

cooperative production with convex technology.
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FAUB expresses an upper bound of welfare a person would be able to gain in
the public ownership economy. This axiom requires allocation rules to prevent one
particular person from monopolizing most dividends of social benefit. FAUB defines
such an upper bound of a person by the maximal welfare level he can attain in one-
person economies composed only of himself. It also has a following implication: in
commonly owned convex production economies, each member has free access to the
production technology. However, in such a case, if all members behave to pursue their
individually maximal welfare, it is well known that “the tragedy of the common” is
consequential, since joint utilization of convex technology brings a negative externality.
This implies that to avoid such a socially inefficient state, each member should bear
some share of this negative externality instead of pursuing his individually maximal
welfare. FAUB regards that in public ownership economies, it is natural that such a

requirement is imposed.

In contrast to FAUB, LBE represents a lower bound of welfare level every
person is equally guaranteed to gain. This axiom says that no person should be worse
off than at the allocation that would be chosen if all other persons had preferences
identical to him, under the requirements of efficiency and equal treatment of equals. In
public ownership economies, identical members should be treated equally, and
differences of the surplus opportunities should be caused only by the differences in
preferences due to personal responsibility. In other words, all members should be
guaranteed at least some minimal equality of welfare level whenever all members have
identical preferences. Then, such a minimal equality of welfare imposes a lower bound
on all members’ welfare. Such a lower bound is constituted by the welfare that each

agent is reachable by utilizing an equal share of the production set.

Moulin (1990a) showed that PR satisfies FAUB while EB satisfies LBE.
Moulin (1990b) also showed that EB is a subselection of no envy and Pareto efficient
solutions. Since PR and EB satisfy FALE, it is followed that both solutions do not

satisfy TMON. PR and EB also satisfy Independence of Irrelevant Alternatives (IIA)
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and Maskin Monotonicity (Maskin (1977)). IIA is regarded as reminiscent of Nash’s
Independence of Irrelevant Alternatives (Nash (1950)). It relates to contractions of the
production set: if an allocation chosen with the initial production function remains
feasible with the contracted function, IIA requires that it remains in the solution.
Maskin Monotonicity relates to Nash implementation problem, that is referred in the

next section.

There is another axiom representing a desirability from a viewpoint of equity in
the context of cooperative production: that is, Population Monotonicity (PMON).
This axiom requires that when additional agents arrive, and the profile of welfare levels
chosen by the solution for the initial group remains feasible only by “ignoring the
newcomers”, then none of the agents initially present gains. That is expressed formally

as follows: forall u ,--, u,,u,,, and s, -+, 5

n’

S

n+1’

and anyi=1,..., n,

n+1

S(ul’“ n’l" Sn’f) S(ul’”’ n’un-l—l;sl’“" n’n+1’f)

Notice that repeated applications of PMON yields FAUB: PMON is a stronger form of
FAUB. Moulin (1990b) showed that in convex economies with one-input and one-
output, CRE satisfies PMON. How about EB and PR ? Moulin (1990b) showed that
there is no Pareto optimal solution that is no envy and meets FAUB. This implies that
EB does not satisfy PMON. As well, PR does not satisfy PMON. Consider an
economy with two persons, / and 2. Letforboth / and 2, u, =u, =y --12-€ , and

2/ 0</<1

3
€+5 1S€.Then

s, = s, =1. The production technology is f(¥) = {
2

1 1
L, y),ULy, ) =((5 , D), (5 , 1)) is an allocation of PR. Let us add person 3 with
1
y—af and s; =1. Then

(2, y), (L, v,), (L, ) =(1, 1.5),(0.5, 0.75), (0.5, 0.75)) is an allocation of
PR in the new economy with three persons. This example violates the requirement of
PMON, because person /’s welfare level is better off in the three persons economies

than in the original one. Notice that on the domain of economies such that the marginal
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rate of substitution between the input and the output increases along all rays from the

origin, PR is single-valued, so that satisfies PMON.

3.4. Full Axiomatizations of Equal Benefit Solutions and Proportional Solutions

While CRE is axiomatically full-characterized by Moulin (1987, 1990a) and
Roemer and Silvestre (1989), Moulin’s axiomatic characterizations of EB and PR are
not complete: that is, the EB solution is included in any solution set satisfying PO,
LBE and IIA, but the inverse relation is not true. Also, the PR solution is included in
any solution set satisfying PO, FAUB, IIA and Maskin Monotonicity (Maskin (1977)),
but the inverse relation is not true whenever preferences are weakly (not strictly)
convex. On the contrary, it is Chapter II of my thesis that gives full axiomatic

characterizations of EB and PR.

In Chapter II of my thesis, I introduce new axioms, Pareto Independence (PI)
and Support Price Independence (SPI), the requirements of both of which are from
another new angle: that is, informational efficiency of allocation rules. To assign a
desirable allocation of a given solution, the public committee must collect information
on the current economic environment to calculate the allocation. Itis costly to collect
information of all member’s preferences and/or of characteristic of publicly owned
production technology. So, it is more desirable for the committee to be able to assign
allocations by collecting as less information as possible. Here informational efficiency
has the implication as in the following statements: when some economy changed its
characteristic to the other one, it is necessary for assigning a new allocation as the
solution to the new economy to collect information on its new characteristic (the new
profile of all members’ preferences and the new production set ). Then, if by collecting
only local information on the new economy’s characteristic, the new allocation is
assignable as the solution, such the solution is referred to as meeting informational

efficiency.
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PI says that for any economy in domain, any allocation in the solution set, if the
economy is changed such that the current allocation becomes Pareto efficient, then the
current allocation remains in the solution set. SPI says that for any economy in
domain, any allocation in the solution, some price which is supporting the current
allocation as the solution, if the economy is changed such that the current price supports
the current allocation as Pareto efficiency, then the current allocation remains in the

solution set.

We can refer PI as representing a criterion of informational efficiency. The
reason is as follows: If some current feasible allocation is equitable solution in some
economic environment, whether the current allocation is also equitable solution or not
in the other economic environment is verified by only checking whether or not this
allocation is Pareto efficient in the other economic environment. Checking whether or
not some allocation is Pareto efficient is very easy in convex economic environments,
since it is enough to collect only local information on members’ indifference curves at
this allocation. In other words, it is sufficient to check whether or not all members
weakly prefer this allocation to the other feasible allocation in some neighborhood of
this allocation whenever all possible economies have convex properties. As well as PI,
we can also refer SPI as representing a criterion of informational efficiency. The
reason is that checking whether some price which supports the current allocation in the
solution set becomes an efficiency price or not in some new economy is enough to
collect members’ preference information on some feasible allocations in some

neighborhood of the current allocation.

In Chapter II of my thesis, I show that in convex technology production
economies with one input and one output, PR is a unique solution satisfying PO,
FAUB and SPI even if preferences are weakly (not strictly) convex. Also, I show that
EB is a unique solution satisfying PO, LBE and SPI. Moreover, as a corollary of
these results, I show that PR is a unique solution satisfying PO, PI and Individual

Rationality (IR) even if preferences are weakly (not strictly) convex.
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Next, I discuss on the case of convex technology production economies with
multi-input and multi-output. In such economies, PR no longer satisfies FAUB. Sol
define a new axiom, “Upper Bound by Stand Alone Income (UBSAI)”, thatis a
weaker version of FAUB in multi-input and multi-output economies. I show, in
addition, that PR no longer is a unique solution satisfying PO, UBSAI and SPI when
the economy has a positive commodity vector of publicly owned initial endowments.
In contrast, EB is shown to be a unique solution satisfying PO, LBE and SPI even

when there exists a positive commodity vector of publicly owned initial endowments.

[ also discuss on the Walrasian solution (W) in private ownership production
economies with multi-input and multi-output. By adopting the axioms of Full
Individual Rationality (FIR) (Gevers (1986)), PO and SPI, I show that W is fully
characterized. Some axiomatic characterizations of W were argued by Gevers (1986)
and Nagahisa (1991, 1994). Nagahisa (1991) fully characterized W in the case of
differentiable pure exchange economies. In contrast, with respect to the case of W in
production economies, although Gevers (1986) and Nagahisa (1994) argued, their
axiomatic characterizations were not complete. A difference between my result and
their results is that I succeed in fully characterizing W by adopting SPI while they did

not by adopting other axioms.

By those results, we can induce the following implication: with respect to
informational efficiency of allocation rules, two public ownership solutions, EB and
PR, and a representative private ownership solution, W, reveal the same good

performance.

4. The Analysis of Economic Systems from the Viewpoint of Incentive Compatibility

In the above sections, as counter-arguments of Nozickian defending of greatly
unequal income distribution in real capitalist economies from the standpoint of self-

ownership, we discussed, first, that, according to the classical Marxian theory of
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exploitation, the realistic capitalist economy itself denies the self-ownership of the
working class by the exploitation relationship between capital and labor, and that such
the exploitation is caused by the unequal distribution of the material means of
production in the realistic capitalist economy. Second, we discussed that there are
alternative economic systems which institute public ownership of the material means of
production compatible with respecting for self-ownership, and that in those economies,
the distribution of income recommended by those allocation rules is much more
egalitarian than what exists in the realistic capitalist economy. Those arguments seem
to indicate that the realistic capitalist economy does not necessarily reveal good
performance from the viewpoint of distributive justice, while there can be constructed
alternative economic systems revealing much better distributive performance.
However, we should mention another viewpoint in evaluating economic systems: that

is, incentive problem of economic systems.
4.1. Incentive Problem of Economic Systems

The incentive problem of economic systems is related to realizability of resource
allocations recommended by the allocation rule that the economic system choiced. So,
if an economic system reveals bad performance from the point of incentive problem,
then we cannot necessarily regard that system as desirable one even if its characteristic

of distribution is enough to be justified.

Consider this problem concretely by taking up the example of the “tragedy of
commons”. In the initial state of fisherfolks’ society, each fisherfolk unilaterally fishes
as much as he wishes in freely accessing the commonly owned lake. Under such a
laissez-faire economy, the equilibrium allocation of fish and labor is Pareto
inefficiency. To resolve this tragedy, we can give the proposal to institute public
ownership of the lake and to make the public committee assign a Pareto efficient
allocation. The members of the committee are supposed to be elected by fisherfolks,
and fisherfolks appoint the committee empowered to assign allocations in the interests

of all. The committee proposes an allocation rule — for example, the proportional
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solution —, and that is supposed to be approved by all. Then, the following problem
remains: thatis, how to assign allocations consistent with true characteristics of the
current economy. To assign an allocation of a given solution consistent with true
characteristics of the current economy, the public committee must collect true
information on the current economic environment to calculate the allocation. First, as
mentioned above, it is costly to collect information of all member’s preferences and/or
of characteristic of publicly owned production technology. Second, collecting true
information of all member’s preferences is necessary to calculate a true allocation in the
solution, but such information is originally known only to each fisherfolk himself: that
is, all members’ preferences are under their private information. Itis a difficult
problem to assign allocations consistent with true characteristics of the current economy
when true characteristics of the current economy are under members’ private
information, because each fisherfolk does not necessarily reveal his true private
information if he can gain by misrepresenting his information. When such a
misrepresentation is beneficial to some member, the current allocation rule is said to be
“manipulable”. Thatis the incentive problem of economic systems we mentioned

above.

The incentive problem has been discussed by many authors. Gibbard (1973)
and Satterthwaite (1975) showed that in the social choice environment, there is no
nondictatorial social choice rule satisfying non-manipulability. In contrast, on the case
of economic environments, Hurwicz (1972) showed that any allocation rule satisfying
Pareto optimality (PO) and Individual rationality (IR) is manipulable. Thus, by the
theorem of Hurwicz (1972), we can understand that most of allocation rules we regard
as desirable in the above are manipulable. The Walrasian solution in private ownership
economies is manipulable. As well, the three public ownership solutions we mentioned

above are also manipulable. Well, how to resolve this manipulation problem ?

Now, we can see the above process of misrepresenting private information as a

game of revelation, in which each fisherfolk chooses a strategy concerning what
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information on himself to be revealed to maximize his outcome, taking account of what
information the others reveal. So, we can see that the manipulability of the solution
implies that the equilibrium allocations of such a revelation game do not coincide with
the allocations of the solution under the true information on the current economy. Then
we can understand that as long as the revelation game where the strategy set of each
member consists of the possible class of his preference is played, the incentive problem
could not be resolved. Hence, let us now consider whether the problem is resolved by
instituting another noncooperative game. One noncooperative game consists of a
profile of members’ true preferences and a game form (Gibbard (1973)). A game form
is a pair of members’ strategy sets and an outcome function which assigns to each
strategy combination that members take a unique allocation. Since the committee does
not know a profile of members’ true preferences, instituting a noncooperative game
implies instituting a game form. We call such a game form a resource allocation
mechanism (or a mechanism). Under a noncooperative game defined by a mechanism,
each member takes some strategy, and so an allocation is assigned by the outcome
function of the mechanism and the combination of members’ strategies. If the
equilibrium allocations of a mechanism coincide with the allocations of a given solution
under a given equilibrium concept, then the mechanism implements the solution. It can
be looked upon that the incentive problem of an economic system is resolvable when
there exists a mechanism implementing the solution the system choiced in a reasonable

equilibrium concept.

It is desirable that the equilibrium concept under which the mechanism
implements the solution is the one of dominant strategy. However, it is impossible by
the revelation principle (Gibbard (1973)), which says that if a solution is
manipulable, there is no mechanism implementing the solution in dominant strategy
equilibria. Moreover, by Dasgupta, Hammond and Maskin (1979), if a solution is
manipulable, there is no mechanism implementing the solution in truth-telling Nash
equilibria. Truth-telling Nash equilibrium consists of the Nash equilibrium strategy in

which every person reveals truth information. So, the next problem to be explored is
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that whether or not there is a nonrevelation mechanism implementing solutions in Nash

equilibria.
4.2. The Theory of Nash Implementation

It was Maskin (1977) that identified the class of Nash-implementable solutions
in social choice environments, and that constructed mechanisms implementing them.

Let us see Maskin’s work formally in the context of our economic models.

Suppose that a list of labor skill, s=(s,,--,s,), and production technology f
are fixed. Then an economy is specified by a list u = (u, ,-+-.u, )eU =U, X---xU, .
Let denote an allocation by z =(z,,--,2,)=(4,, ¥,),; - A solutionis a mapping S
associating with every economy # € U a non-empty subset S( u) of feasible allocations.
A mechanism (or game form) is a pair I'= (M, g) where M =M x---xXM,, M, is
the strategy space of agent i, and the outcome function, g: M—> R>", assigns to
every m € M aunique element of R>". Denote the i-th component of g(m) by

g (m). The list m € M will be written as (m,, m_; ), where m_;=(m,, ---, m;_,, m

i-1? i+12

-, m)EM Ej);fiMj . Givenm e M and m;e M;, (m;, m_;) isobtained by the
replacement of m, by m;. Let g(M;, m_;) is the attainable set of member i at m_; ,
i.e., the set of consumption bundles that member i can induce when the other members
select m_;. Forie I, uy;eU;,and z;€[0, 11xR_,let L(z;,u;):={z;€[0, 1]xR, |
u; (z;) =u;(z;)} be the lower contour set for u; at z;. Given afeasible mechanism
I'= (M, g) and a profile of utility functions u € U , the strategy profile m € M isa
Nash equilibrium of T" at u ifforallie I, g(M; m_;)c I(g(m), u;). Let
NE(T", u) be the set of Nash equilibriaof T at u . Let gNE(T', u)) be the set of
Nash equilibrium allocations of T" at . The mechanism I'= (M, g) implements the
solution § in Nash equilibria if forallu e U, S(u ) = gNE(T", u)). The solution S is

Nash-implementable if there exists a mechanism which implements § in Nash

equilibria.

Maskin (1977) introduced the following monotonicity condition:
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Maskin Monotonicity (Maskin (1977)): Forall u, u” €U and all z e Xu), if for all
iel, Uz, u)c L(z,, 4, ), then z& S(u").

Maskin (1977) showed that Maskin Monotonicity is necessary for Nash-
implementability of solutions, and it is also sufficient for Nash implementation when
there exist at least three members in economies. To prove the sufficiency of Nash
implementability, Maskin (1977) concretely constructed a mechanism which
implements the solutions satisfying Maskin Monotonicity in Nash equilibria. This
mechanism has the following strategy space: forall ie [, M, =U XA X N where A
denotes the set of feasible allocations and N denotes the set of integers. For the case
of two members, Moore and Repullo (1990) and Dutta and Sen (1991a) showed that a
solution § is Nash-implementable if it satisfies Maskin Monotonicity and Non-empty
lower intersection — viz., for any u, u* €U and any pair of 7€ S(u) and e Sud),
there exists some feasible allocation z*" € A such that u,(z)>u,(z"") and
u, (27 )> uy(z77). After the seminal work of Maskin (1977) on Nash implementation,
many mechanisms were designed in different equilibrium concepts; for example,
subgame perfect implementation in Moore and Repullo (1988) and Abreu and Sen
(1990), undominated Nash implementation in Palfrey and Srivastava (1988),
undominated implementation in Jackson (1992), and strong Nash implementation in
Dutta and Sen (1991b). For about the survey of these works, see Moore (1992) and
Dutta (1993).

It is easy to show that each of PR and EB satisfies Maskin Monotonicity, so
that they are Nash-implementable. In contrast, CRE does not satisfy Maskin
Monotonicity so that not be Nash-implementable, though it is easily shown that CRE is
implementable in subgame-perfect equilibria. By pointing out these facts, Roemer
(1989) and Moulin (1990a) showed that PR and EB are Nash-implementable by the
Maskin-type mechanism. It seems to be looked upon that the incentive problem of the
public ownership economic system is resolved by constructing the Maskin-type

mechanism as long as the selected solution is either PR or EB. However, is the
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Maskin-type mechanism reasonable one as the realistic institution for proceeding
resource allocations ? It seems not to be so, because the Maskin-type mechanism is
excessively complicated — its strategy spaces are extremely large. This implies that
information transmission in playing the game defined by the mechanism is costly and
very complicated. Second, the Maskin-type mechanism requires each member to
announce the characteristics of other members as his strategy. It seems not to be
defended in democratic societies. Thus, we cannot refer the Maskin-type mechanism as
a reasonable institution for proceeding resource allocations. Hence, if PR and EB are
Nash-implementable only by the Maskin-type mechanism, and there is not a more
reasonable mechanism Nash-implementing either PR or EB, we cannot regard that the

incentive problem of PR and EB is resolved in a realistic sense.
4.3. Nash Implementation of A Specific Solution by Reasonable Mechanisms

In contrast to the above works, there was the other works in Nash
implementation theory, which tried to construct a reasonable mechanism implementing
a specific solution such as the Walrasian and Lindahl solutions in economic
environments. For example, there are several reasonable mechanisms which implement
the Walrasian solution or the Lindahl solution in Nash equilibria (Schmeidler (1980),
Hurwicz (1979), Walker (1981), Postlewaite and Wettstein (1989), Tian (1989)
(1992), and Hong (1995)). |

Schmeidler (1980) constructed a balanced mechanism implementing the
Walrasian solution in pure exchange private ownership economies. The balanced
mechanism assigns to every strategy combination an allocation where the total demand
is equal to the total supply. In the Schmeidler (1980) mechanism, a strategy for a
member consists of a pair of a price and a net trade. Hurwicz (1979) then constructed
balanced and continuous mechanisms implementing the Walrasian and the Lindahl
solutions. The continuous mechanism implies that its outcome function is continuous.
The continuity of the outcome function means a slight change in one’s strategy will

result in a slight change in the outcome. The strategy sets in the Hurwicz (1979)
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mechanism are the same as in the Schmeidler (1980) one. Walker (1981) presents an
alternative balanced and continuous mechanism implementing the Lindahl solution in
public goods economies. In the Walker (1981) mechanism, a strategy for a member
consists of announcing a quantity. Hence, the strategy space of the Walker (1981)
mechanism is smaller than that of the Hurwicz (1979) one. These three mechanisms
have the same characteristic: nonequilibrium strategies may lead to individually
nonfeasible allocations. An individually feasible allocation is the allocation in which

every member’s allocated bundle is in his consumption set.

Hurwicz, Maskin and Postlewaite (1984) constructed an individually feasible
and balanced mechanism Nash-implementing the constrained Walrasian solution in
pure exchange economies. The constrained Walrasian solution isv the Walrasian one
where each member’s consumption of some commodity does not exceed the aggregate
initial endowment of it. Since as long as we give attention to only interior feasible
allocations as the range of the solution, the Walrasian solution is always constrained, in
the following, we will not particularly pay attention to the difference between the
Walrasian solution and the constrained one. In the following, we will assume that any

solution always assigns some interior feasible allocations.

While the mechanism in Hurwicz, Maskin and Postlewaite (1984) is not
continuous, Postlewaite and Wettstein (1989) proposed a continuous and individually
feasible mechanism Nash-implementing the Walrasian solution. Their mechanism is,
however, only weakly balanced — that is, the total demand does not exceed the total
supply, but may be not equal. It was Tian (1989, 1992) that constructed a continuous,
individually feasible and balanced mechanism Nash—implementiﬁg the Walrasian
solution in pure exchange economies. Tian (1989) also constructed a continuous,
individually feasible and balanced mechanism Nash-implementing the Lindahl solution
in public goods economies. Hong (1995) constructed a continuous, individually

feasible and balanced mechanism Nash-implementing the Walrasian solution in private

31



ownership production economies. These mechanisms require every member to

announce a price and a net trade as his strategy.

Notice that though those mechanisms introduced in this subsection are
reasonable ones, they only apply to a specific solution (the Walrasian or the Lindahl).
So, to check implementability of the different solution such as PR and/or EB, we must
reconsider whether or not there exists a reasonable mechanism implementing that

solution.

4.4. Characterizations of Nash Implementation by Reasonable Mechanisms in Pure

Exchange Economies

Recently, there is a new approach in Nash implementation theory that is to
explore the ground between the above two approaches. This approach is to impose
several conditions that a reasonable mechanism should satisfy, and then characterize the
class of solutions implementable by such a mechanism in pure exchange economies.
This approach is promoted by Sjostrom (1991), Dutta, Sen and Vohra (1995), and

Saijo, Tatamitani and Yamato (1995).

Sjostrom (1991) proposed the use of a quantity mechanism: each member
announces just his consumption bundle as his strategy. He showed that neither the no
envy and Pareto efficient solutions nor the Pareto efficient solutions is Nash-

implementable.

Dutta, Sen and Vohra (1995) proposed as reasonable mechanisms elementary
mechanisms, and characterized the class of solutions Nash-implemented by those
mechanisms in differentiable pure exchange economies. Elementariness of mechanisms
requires that the attainable set of each member in an equilibrium be contained in a closed
half space. That closed half space is given by the marginal rate of substitution at the
equilibrium allocation. This implies that the dimension of the strategy space in
elementary mechanisms is quitely lower than the canonical Maskin-type mechanisms,

because in an elementary mechanism, the committee is constrained to the attainable sets
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which are tangential approximations to the lower contour set, while in the Maskin-type
mechanism, the committee must be able to use the entire reported, lower contour set as
the attainable set. As a specially interested class of elementary mechanisms, Dutta, Sen
and Vohra (1995) proposed elementary price-quantity mechanisms where members
announce a price and a consumption quantity vector. Moreover, they imposed to
elementary price-quantity mechanisms a requirement of truthful implementation. This
implies that the strategy profile composed of truthful announcements must constitute an
equilibrium where the truthful announcements are the strategy profile consistent with
some allocation and its associating efficiency price in the solution of the current
economy. As a characterization result, they showed that the Walrasian solution is
implementable by an elementary price-quantity mechanism while neither the no envy
and Pareto efficient solution nor the Pareto efficient solution is implementable by that

mechanism.

Succeeding to Sjostrom (1991) and Dutta, Sen and Vohra (1995), Saijo,
Tatamitani and Yamato (1995) identified some fundamental conditions that reasonable
mechanisms should satisfy in differentiable pure exchange economies. The first
condition is that the dimension of the strategy space should be finite and low enough.
As such mechanisms, they consider six types of mechanisms: quantity, quantity >,

allocation, price-quantity, price-quantity >, and price-allocation mechanisms. Quantity >

implies that a strategy of one person consists of announcing a pair of her and her
neighbor’s consumption bundles. The second condition is forthrightness that is the
same as the truthful implementation in Dutta, Sen and Vohra (1995). They imposed
this as a condition of easiness in computing the outcome of an equilibrium strategy
profile. The third condition is that the mechanisms be individually feasible and
balanced. The fourth demands that the mechanisms should satisty the best response
property due to Jackson, Palfrey and Srivastava (1994): for every strategy
combination of the other members, each member has a best response. It is required to
Justify the use of Nash equilibrium as an equilibrium concept. Saijo, Tatamitani and

Yamato (1995) called the mechanisms satisfying the above four conditions natural
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mechanisms. They provided necessary and sufficient conditions for solutions to be
Nash-implemented by the above six types of natural mechanisms. Moreover, as
several main results, first, they showed that the Walrasian solution is not implemented
by any natural quantity mechanism. Second, both the Walrasian and the no envy and
Pareto sofutions are implementable by natural price-quantity mechanisms. The reason
why the no envy and Pareto solution is implementable by a natural price-quantity
mechanism, that different from the result in Dutta, Sen and Vohra (1995), is that natural

mechanisms do not require the elementariness.

These works restricted the class of economies to that of pure exchange ones. It
is interesting to research in the case of production economies the implementability of
solutions by reasonable mechanisms. In the case of production economies, it is
difficult to construct individually feasible and balanced mechanisms, because the total
supply will not be known to the committee ex ante, even if the distribution of initial

endowment and production technology are known.
4.5. Natural and Double Implementation in Production Economies

It is Chapter I'V of this thesis that studies the class of solutions in production
economies implementable by reasonable mechanisms. In Chapter IV of this thesis, I
also impose on reasonable mechanisms the four conditions Saijo, Tatamitani and

Yamato (1995) did. Moreover, I also impose the following three conditions: First,

the informational decentralization (Schmeidler (1980)) property that each member
announces information only about himself. The Maskin-type mechanism requires each
member to announce the preferences of all the members. This implies that each
member’s strategy space includes the space of other member’s possible preferences.
Thus, in this mechanism, the committee has the authority to compel each member to
announce the traits of others, which is usually objectionable in actual democratic
societies. Among the six types of natural mechanisms Saijo, Tatamitani and Yamato
(1995) offered, we can regard quantity and price-quantity mechanisms as satisfying the

informational decentralization property.
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Second, we also impose that the natural mechanism should implement solutions
not only in Nash, but also in strong Nash equilibria. The Maskin-type mechanism can
be used only in the environment where the social planner is convinced that members
will never take any cooperative strategies. However, it seems to be usual in actual
economic contexts that the planner cannot know whether members will cooperate or
not. So, it is more desirable to construct a mechanism doubly implementing solutions
in Nash and in strong Nash equilibria. Double implementation in Nash and strong
Nash equiliBria is originally discussed by Maskin (1979). The Schmeidler (1980)
mechanism is an example of doubly implementing mechanisms. There are also several
works on double implementation in Nash and undominated Nash equilibria — Jackson
(1992), Yamato (1993), Tatamitani (1993), and Jackson, Palfrey and Srivastava
(1994).

Moreover, we require easiness of constructing the attainable set of each
member. Many mechanisms with preference announcements possess the property that
in equilibrium the attainable set of each member is precisely the reported lower contour
set. However, since in our models the committee does not collect reports about lower
contour sets, the problem is how to construct attainable sets of members to successfully
implement solutions. In the case of production economies where the production
technology is fixed, one method to resolve that problem is to construct the mechanism
such that the attainable set of each member in equilibrium be contained in the closed half
space defined by announcing quantities and some production-supporting price. The
production-supporting price is determined by the production possibility frontier and

some efficient production point inferred by quantity announcements.

In Chapter IV of this thesis, [ first characterize the class of solutions satisfying
PO doubly implementable in Nash and strong Nash equilibria by a natural quantity
mechanism. Sjostrom (1991), and Saijo, Tatamitani and Yamato (1995) have already
clarified that no natural quantity mechanism can implement Pareto efficient solutions in

pure exchange economies. Itis generally true in the case of production economies, too.
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However, as long as the production set has the smooth boundary (or the technology is
representable by a differentiable production function), several solutions satisfying PO
are doubly implementable by a natural quantity mechanism. The Walrasian solution in
private production economies is such an example. In one-input and one-output
differentiable production economies, PR and EB are also doubly implementable. In
Chapter III of my thesis, assuming one-input and one-output differentiable production
economies, [ concretely construct two natural quantity mechanisms each of which
doubly implements PR or EB respectively. With respect to EB, I ascertained that it is
doubly implementable in a more general multi-input and multi—outpﬁt differentiable
production economies. Notice that all these referred solutions satisfy the axiom of SPI,
which is shown in Chapter II of my thesis. In this chapter, I show that SPI and some
axiom, Condition QP, are necessary and sufficient for solutions satisfying PO in
differentiable convex production economies to be doubly implementable by natural
quantity mechanisms. Condition QP gives a feasible punishment condition in the case
that all members be potential deviators. As a corollary, all solutions satisfying PO and
SPI in differentiable convex production economies are doubly implementable by

individually feasible and weak balanced quantity mechanisms.

Second, in general convex production economies, we characterize the class of
solutions satisfying PO doubly implementable in Nash and strong Nash equilibria by a
natural price-quantity mechanism. The above three solutions are doubly implementable
by natural price-quantity mechanisms in multi-input and multi-output convex
production economies. It is also shown that SPI and some axiom, Condition PQP, are
necessary and sufficient for solutions satisfying PO in convex production economies to
be doubly implementable by natural price-quantity mechanisms. Condition PQP also
gives a feasible punishment condition in the case that all members be potential
deviators. As a corollary, all solutions satisfying PO and SPI in convex production
economies are doubly implementable by individually feasible and weak balanced price-

quantity mechanisms.
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Now, there are still several problems remained. As mentioned in subsection
4.3, many authors have imposed continuity of the outcome function as a condition of
reasonable mechanisms. However, as well as Dutta et al. (1995) and Saijo et al.
(1995), all of my constructed mechanisms in Chapter IIl and I'V do not satisfy this
requirement. [n contrast, the Hong (1995) mechanism which implements the Walrasian
solution in production economies is individually feasible, balanced and continuous, and
satisfies forthrightness and the best response property, although the strategy spaces of
her mechanism are rather larger than ours, and her mechanism cannot doubly
implement. Itis interesting to explore the possibility of continuous natural mechanisms
the strategy spaces of which are less than the Hong (1995). Second, as well as Dutta et
al. (1995) and Saijo et al. (1995), all of my constructed mechanisms in Chapter I1I and
IV also contain “modulo game”, though they do not contain “integer game”. Thus,
although no pure Nash equilibrium exists in a modulo game, if members have von
Neumann-Morgenstern utility functions over lotteries on the sets of feasible allocations,
then there may exist mixed Nash equilibria which lead to allocations out of the solution
with positive probability. Saijo, Tatamitani and Yamato (1995) conjectured some
degree of trade-off between none of “modulo game” and both of the best response
property and balancedness. Third, I only consider the case of more than three members
economies. It remains to consider Nash implementability of solutions in production
economies with two persons by natural mechanisms. Fourth, with respect to CRE, we
have not yet obtained convincing answers. This problem also relates to the problem of

subgame perfect implementation by reasonable mechanisms.

5. A Concluding Remark

By these results, as long as PR or EB is concerned, we can see that the
performance of public ownership economic system from the point of “Natural
implementation” is as well as the one of the private ownership system in which the

allocation rule is the Walrasian solution. However, notice the existence of another type
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of incentive problem. That is a shirking problem in firm production — one of moral
hazard problems, which I mentioned a little in subsection 2.1 as the problem of
contested exchange in the realistic capitalist economy. In the case of public ownership
systems also, such a moral hazard problem shall have developed because of cooperative
production and costly monitoring. The implementation theory is not concerned with the
problem of costly monitoring, so that it cannot give an adequate answer to this another
problem. It seems to be interesting to evaluate the performaﬁcs of various economic

systems from the point of the moral hazard problem.
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CHAPTER I

Wealth, Exploitation and Labor Discipline
in the Contemporary Capitalist Economy

Abstract: Synthesizes, in one Leontief economic model, the arguments of
exploitation and unequal distribution of wealth by Roemer (1982, 1986) and of the
power relationship between employers and employees concerning the labor extraction
by Bowles and Gintis (1988, 1990). The author introduces the level of the agent's
labor-discipline as measured by the ratio of labor effort per unit of labor time to the real
wage rate. The connection between this kind of power index and both exploitation
status and wealth distribution is then examined. The result obtained is that, under some
reasonable assumptions, the exploitation status and the level of labor-discipline

accurately reflect the unequal distribution of wealth.

*) An earlier version of this paper was presented at the 1995 Annual Meeting of the japan Association
of Economics and Econometrics at Gakushuin University. [ am specially thankful to Professor
Takashi Oginuma (Kobe University of Commerce), who was the discussant at the meeting, for his
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University) and to two anonymous referees for their helpful comments. [ am also grateful to
Professors Robert Bover (CEPREMAP), Kotaro Suzumura (Hitotsubashi University) and Tatsuyoshi
Saijo (Osaka University) for their kind comments on this earliest version. I am also grateful to Mr.
Michael W. Pilarski and Ms Tanya Jiang for their kind grammatical suggestions.



1. Introduction

During the 1970’s, there were remarkable developments in the discussion about
exploitation in Marxian economic theory. The “Fundamental Marxian Theorem (FMT)”
was originally proved by Okishio (1963) and later named by Morishima (1973). The
FMT showed the equivalence between the existence of positive profit and the existence
of exploitation. It purports to prove the classical Marxian argument that the exploitation
of labor is the source of positive profits in the capitalist economy. After the seminal
work by Morishima (1973), there were many generalizations and discussions of the
FMT. While the original FMT is discussed in the simple Leontief economy with
homogeneous labor, the generalization of the FMT to the Leontief economy with
heterogeneous labor is discussed by Fujimori (1982), Krause (1982), e.t.c. The
problem in generalizing the FMT to the von Neumann economy is discussed by
Steedman (1977) and one resolution is proposed by Morishima (1978). Furthermore,
Roemer (1980) generalized the theorem to a convex cone economy. These arguments
may reflect the robustness of the FMT.

However, this theorem has a crucial problem: it does not follow from the FMT
that the exploitation of labor is the source of positive profits. The reason is that every
commodity can be shown as exploited in a system with positive profits whenever the
exploitation of labor exists. This observation was pointed out by Brody (1970),
Bowles and Gintis (1981), Samuelson (1982), and was named the “Generalized
Commodity Exploitation Theorem (GCET)” by Roemer (1982).

After the GCET was proven, there were two remarkable developments in works
on Marxian economic theory. The first one was the “General Theory of Exploitation
and Class” by Roemer (1982, 1986). This argued that in a capitalist economy if the
labor supplied by agents is inelastic with respect to their wealth (that is, the value
of their own capital), then the theories of Class-Exploitation Correspondence, Class-
Wealth Correspondence and Wealth-Exploitation Correspondence can be proven. The
second was the “Contested Exchange in the Capitalist Economy” by Bowles and Gintis

(1988, 1990)1). This argued that in the capitalist production process, by creating



employment rents and utilizing the contingent renewal, the employer has the power
over employees to extract a desired level of labor efforts.

Some remarks can be made about both arguments. First, Roemer (1982, 1986)
stated that the emergence of exploitation and class can be explained, without referring to
the enforceability of inducing labor effort in the production process, as a consequence
of unequal wealth distribution. However, replacing the neoclassical labor market in
Roemer (1982; 1986) by the contested exchange labor market, the robustness of the
Wealth-Exploitation Correspondence is not necessarily guaranteed. The reason is that
under a given economic environment the inelasticity condition of labor supply is not
necessarily ensured in the contested exchange labor market even if it is ensured in the
neoclassical labor market. |

In contrast, Bowles and Gintis (1988, 1990) argued, without referring to
unequal distribution of wealth, the existence of a power relationship between
employer and employee in which a better labor performance is extracted in the capitalist
production process. However, their argument does not explicitly analyze whether or
not the strength of an employer’s power over its employees can guarantee profitability
in the capitalist economy. As far as this problem is concerned, it implies that there is
an effect of distributive inequality of wealth in tightening the power of the
employer over the employee. Hence, the problem to be solved is how to relate the
unequal distribution of wealth to the problem of labor discipline.

In this paper, we synthesize, in one Leontief economic model, the analysis of
wealth and exploitation by Roemer (1982) and the analysis of the labor discipline by
Bowles and Gintis (1988, 1990). We propose a method for measuring the level of
the agent's labor-discipline in this paper. Moreover, we show that the status of
exploitation and the level of labor-discipline correspond to the status of personal wealth
in the capitalist economy given several reasonable assumptions. Our objective for this
research is not to construct a general theory of wealth and exploitation just as Roemer
(1982, 1986) did, but to analyze explicitly the relation of wealth distribution,

exploitation and labor discipline in the contemporary capitalist economyz)



with more reasonable restrictions.

This paper proceeds as follows. Section 2 presents the basic economic model.
Section 3 examines the existence of equilibrium in the modeled economy. In section 4,
the correspondence between the level of labor-discipline and the status of personal
wealth is examined. Finally, section 5 discusses the relation of exploitation, labor

discipline and the unequal distribution of wealth.

2. The Basic Model

We consider the economy to be in the following: There are W I agents, and
identical firms3). Each agent has some or no capital and one unit of labor endowment.
The agent can invest his capital in firms and sell his labor power to firms. All firms

have free access to common Leontief technology through production.

Notation:
A is an nXxn productive, indecomposable input matrix
L is a strictly positive 1 x n vector of direct labor inputs
b is a strictly positive nXx1 vector of the real wage basket
pisa lxn price vector normalized to pb =1
Q' e R, isascalar of an agent v’s rea] wage rate
we R’ isan nxl1 vector of aggregate endowments of capital

®’ €R" is an nx1 vector of an agent v’s capital endowment.
An economy is specified by the list {A, L, b, @' -+ mlA_f!}_

Assumption 1: In the economy {A, L, b, @', ,a)"vl}, all agents have the same
preference and the same level of labor skills. Furthermore, each firm knows the

preferences and capital endowments of its agents4).



In this economy, agents and firms are engaging in two stages of decisions in
one production period. In the first stage, each firm offers labor contracts to agents
employed as workers. Suppose that in this period, there are |V| (slN_ I) agents
employed by firms>). One labor contract with one agent, v, consists of two variables:
one, a real wage rate, €, which the firm will pay to him; and, two, a monitoring
project, f . Through the monitoring projects, the firm announces to its employees that
if some agent is detected as not being productive enough in his work for his offered
wage level, he will be fired at the end of the production period. Let {Q", '} _, bea
list of labor contracts offered by firms. Each firm also offers a list of expected profit
rates to agents who will invest their finance capital. Then each agent decides in which

firm or industry he will invest his capital.

The second stage corresponds to a production process where each employed
agent decides his labor effort level. In this stage, there exists a fundamental
informational asymmetry between agents and the firm with respect to the effort level of
each agent. Namely, while each agent's effort can be perfectly known to the other
agents in the workplace, it is only known to the firm by costly monitoring. Hence, the
firm’s knowledge of its employees only increases with the level of monitoring
intensity. At the end of the production period, each firm will fire the agent who is
detected as not performing satisfactorily in comparison with his fellow agents employed
at the same wage. If it is advantageous for every agent to renew his employment in the

next period, such a system serves to induce labor efforts.

In this economy, the role of any firm is to implement profit maximization for
capital-owning persons. That object is accomplished through the labor extraction
process in production and competition against other firms in the market. There exist
two types of competition among firms. First, firms compete in terms of a list of labor
contracts. Since all firms are identical, in equilibrium they will adopt the same list of
labor contracts in which the same type agents are offered the same wage rate. Second,

firms compete in quantities, and in equilibrium a uniform profit rate prevails among all



industries. Thus, in our setting, the equilibrium state of competition among firms inter
and intra industries is characterized by the same list of labor contracts and an equal
profit rate (EPR)®). Since describing such competition explicitly is beyond the scope
of this paper, it is assumed for simplicity that the number of firms is equal to unity.

Thus, the notation N represents the set of employed agents in the representative firm.

In such a situation, the program of the firm is described below.

Notation:

x’ is an nx1 vector of activity levels operated by agent v

x = 2.x" isan nx1 vector of aggregate activity levels

veV
e" is the labor effort of agent v per unit of labor time”)
[ 1s the labor time decided by the firm (0< / < 1)

y" isan nx1 vector of activity levels operable through v s' investing capital.

Facing a set of unemployed agents, N — N, and a price vector p,

2A(p—pAX —(Q +s(f N (p-1)

max
(& }yg\('{gv S Yoar) veN

subjectto ¢' [ =Lx", x’=0(VveN),

szx”sZ,_pAy",Os <1,

veN neN

where « /) denotes the monitoring cost per employee corresponding to the monitoring
intensity, f € R, . Assume that § /) is a continuously differentiable function such that
Lf)y>0if >0, £0)=0, s°(-)>0and s”(-) = 0. Note that

’ . y [0 \Z .
2i(p—pAx" —(Q +s(f )i =Z[p—pA—£—‘{jvﬁ‘f"DL]x =

veN veN
2(Q +s(f)
[p—pA—| S Ix. This equation implies that in (p-1), each agent's
veN

labor cost (wage and monitoring cost) per unit of labor effort should be minimized.



The firm offers a list of labor contracts {Q", f* },., and a list of capital

2(Q + ()
[p. —PA - — Zev Jx

reN
contracts [r,] =[x, ,..., 7, ] where 7, = a;e so as to
p .

13 13

implement the program (p-1). Then each agent v in N or N — N faces his optimization

program in supplying his labor effort and or his capital.

Notation:
(e|Qv S Y isa list of the labor efforts of other employed agents offered the
same labor contractas v's
o is the probability of being hired in the next period for any unemployed agent
0 =0 is the growth factor of population
r is the rate of time preference

[(pw” L) is the revenue of agent v when price is p, the real wage rate of
agent v is €, and the labor time is |

V, is agent v’s present value of being employed

V, is agent v’s present value of being unemployed

d" is the probability of dismissal for agent v

B( f) is the rate of people who are detected shirking under f monitoring

where f=[f', ™.

Any agent v s' preference is represented by a utility function
W pw”, Q'l), €"1) of his revenue, [ pw”, Q'1), and his labor supply, e’ 1.

Assume that u is a twice continuously differentiable function as follows:
u,=u,, <0 >0, u;>0, u, <0, upr <0, uy,=0and
u(IT") is non-increasing in 11" where u(I1") = —uyy fuy, .

The assumption of u, is reasonable in this context, since every agent can receive his

revenue of profit and/or wage irrespective of his real labor performance. The

assumption of u; and u(I1") relates to the risk attitude of agents. The non-positive



uy, implies that all agents are not risk-seeking, and the non-increasing &(I1") implies
that all agents are either risk-neutral or non-increasing risk averse. These settings are

natural assumptions under uncertainty (Kreps (1990)).

If v is unemployed in this period, then his program is only to maximize
WI(pw” ,w) 0) subject to [ pw” w)=[r pA Y + W and pAy < pw’, where W
represents a reservation wage exogenously supplied by the non-capitalist sector. In the
following, for simplicity, we assume that w = 0.

If v 1s employed in this period, then his program can be written as follows®):
Foragiven (', I, [, &, (el e )", [m.], p)and given v s expected utility of
being unemployed V;, ,

~ W pay , Q' D), e D+ d( f e (ely Ve

v

max V. = — — -2)
&y E r+d(f e ,(elgvva) ) (p
subjectto [H(pw”, Q1) =z pAlY + Q' [,
PAY < pw’,
here V2 =% 11 po” 0)0)+ EE 0 and o = < BN Note th
where U_r+ald (pw 0)0)+ o an a—alﬁl_(l_ﬁ)‘Nl. ote that

all agents have a common subjective probability function of dismissal, &-,,), since
they are assumed identical. Assume that &-,) is a continuously differentiable function

as follows:

forany given ¢, d, <0, d4,,> 0, d; >0, d,<0and d(0,,") = 0.

In the following, the probability function is specified as

v

C(fv ’e" ’(elgy g )‘V } = min [{e( }2

2 (g )
neMv)—{v}

INw)|
Nv)={ne N‘ (Q", /M =(Q", f')}. Itis easy to check that such a formulation

o(v) , 1],

where ¢(v) = E—%ﬁ, wv) =

and

satisfies the above assumptions of d-,,)9).



We can now define equilibrium. Let us denote A( p), the set of solution triples
of (p-1). Also, denote B(p,Q", f* .[x,], V), the set of solution pairs of agent v’s

optimization program. Then the equilibrium concept is10):

Definition 1. A tuple (p, {x"}, v {Q, F Lo {€7) ¥ hhaws {Ve Loy ) isa

reproducible solution for the economy {A, L, b, @', leI} if:
@3 x" Yo {9, Y )e A(p), and (profit maximization)

dVve N, 3, v)e B(p,Q', f .Irx.1, V) suchthat (individual optimization)

(¢c) x=2x and x=Ax (reproducibility)
veN
(d)Ax < E_A Vo= z-wv (feasibility of production)
veN veN

Notice that this equilibrium concept permits the existence of unemployment.

3. The existence of reproducible solutions

In this section, we characterize solutions for the optimization programs of the
firm and agents, and show the existence of reproducible solutions in thé economy.
First, it is shown that under the stationary expectation, there exists an equilibrium labor
contract implemented in subgame perfection. In this state, the optimal capital contract is
also characterized. Second, it is shown that there exists a unique stationary expectation
under some reasonable assumptions. Finally, the existence of reproducible solutions

with unemployment is shown under some assumptions.
3.1. The decision processes of labor and capital contracts

Consider the second stage of decision in the production period. Let {Q",
/" },. and [x,] be labor and capital contracts offered by the firm. If agent v has
some capital endowment, then he invests his finance capital such that pAy = W"

(= pw") whenever [, ] has some positive components. If agent v is employed, he



solves the problem (p-2). In the following, suppose that forany ve ¥, V, >V, —a

reasonable assumption. Solving the problem (p-2), we obtain the following condition:

& {u(l” " -1V}

ue

=r+df e (g g ™) (D

From (1), we define an implicit function, £, as follows:

F L, pa” QD f Vi (g ) (1y

= d{u(Il’ ' D—rVY—u {r+ &f & (o »))}=0

In the neighborhood of optimal labor effort ", the function F( - ) = 0 is continuous,
andalso F, , K, f, F, , F; and F,~ are continuous. Moreover, F, =0, since F, =

rvy ?

d,{u~rV,)~u,[(r+d)>0 by the above assumptions V, >V,

vs d,,>0and u, <0.

Thus, by applying the implicit function theorem, we can obtain a labor extraction

function as follows:

'=e(Mi(po” QD L f 1V (g »)7) (2)

Lemma 1: Under the stationary expectation, for a given p and {x,], any two agent v,
11 € N, who have the same value of capital, W'=W", have the same optimal effort

level of labor for any given (Q, f).

Proof : Since the only difference of initial conditions among agents in &V is the value of

capital endowment, the difference of labor efforts for any given (€2, f)isonly

generated by the difference of capital endowments. Q.E.D.

Lemma 1 implies that, to minimize labor costs per unit of labor effort, the firm
should differentiate labor contracts among agents according to their capital

endowments.

Lemma 2: Under the above assumptions, for any given agent in N, the optimal labor

effort increases with the real wage.



Proof: From (1)’, forany ve N,

de’  d,ug-l-(r+duy -l
o u(r+d)-d,(u—rV,)

3)

\4

Q

Since u;>0, u, <0, u,=0, d <0, d,,>0and V,

>V, clearly > 0. Q.E.D.

Lemma 2 is a necessary condition for the efficiency wage labor market.

Next, consider the first stage of decision in the production period. Notice that

the firm can calculate any agent v's labor effort for any given (Q’, f*), since the firm

knows the agent’s preference and capital endowment. Hence, the problem (p-1) can be

separated into the following two steps:

(First) For given ( N-N, p)and [€{0, 1],

min 2+
o' e(M(pa’ QDL f 1V Lelg o))

(Vve N) (p-1-1)

where e(ll(pw” ,Q"D), I, 7,1V} (ely )7 is induced from (1)’.

(Second) For given ( N-N, p) and n-tuple solution pairs of (p-1-1),
LQF D), (D)o (¥ 10, 1]),

Q™ (!
mu.Ekp—pA—[ W+ A :}MYD (p-1-2)

140, 1] yen (T W", QYO L, £ (D, V)
subjectto  «TH(W", Q¥ (D)-1), [ (), rV))=LX() (Vve N)

PAx() < pw, x({) 20and0=< /< ].

Let denote a solution triple of (p-1-1) and (p-1-2) by (4Q™, f™}, . 7). Then,
the first order condition of (p-1-1) is as follows!1):
v @ sy, e e G
(Q af )—aro gll];l e’ = €nr = Qv +S(fﬂ=v)> S(f )_ 6;’2"- (4)

[ Insert Figure 1 |

10



Lemma 3: Under the above assumptions, for any agent v in N, if (7, /™) satisfies

the condition (4), then (Q", f™ ) satisfies the second order condition.

Proof: See Appendix. Q.E.D.

Proposition 1: Under the stationary expectation, a list of labor contracts {7, /™ }

veN

and a list of labor efforts {¢""}, _, are implemented in subgame-perfect equilibrium if

they satisfy the following conditions:
Q7 7}, ., satisfies the condition (4) for each agent v in N, and
et =dl(W", QY 0, 7, VY (VYve N).
Proof: Consider the following strategy combination:

The firm's strategy: Offer {Q”, f™ }, _, satisfying (4), and renew the employment in
the next period for agent v if " = «TWW", Q™ ["), [", f7, rV,;), and dismiss him

at the end of this period if €” < «ITAW ", Q™ "), ', f7, V).

Any agent v's strategy: Supply e'= «TI(W", Q' ["), I, f ', rV,) when (', /") is

offered.
Clearly, this strategy combination constitutes a subgame-perfect equilibrium. Q.E.D.

The firm’s threatening strategy would be credible even in the case of full
employment if the rate of population growth exogenously given exceeds the maximal
rate of capital accumulation. In such a case, any agent is threatened by the existence of

potential reserve armies that will appear in the next period of productionlz).

3.2. The existence of a stationary expectation of reservation utilities

The above analysis assumes that the economy is under the stationary

expectation. That is, the ex-ante value of reservation utility of each agent coincides

11



with the ex-post value of reservation utility13). Now, we will show that there exists a

unique value which sustains the stationary expectation.

Let’s denote the ex-ante value of reservation utility of each agent v by

zo =1V, . Because of the dependence of the solution satisfying condition (4) on the
value of z; foreach v, we can define continuous functions, Q” (zy), [~ (Zy),

- : t
[(z,) and €™ (z,) where Z,= (24, .20 er iz

N
By definition, &t = min { 7= BIN , 1}. Consider 8 which represents
8N~ B)IN]

the rate of agent dismissals. Let’s denote 8 = ), max @' .60, )f* where
veN

. { L ife QY f™, —e" >0 . { 1 ifyv)—e >0
L0 ife QYL Y, )" <07 TP 0 ifwv)—e <0
and Q™ ,f", [") is the critical labor effort derived from (4). Then we define a
continuous function (@) such that f(0)=0, B’ ()=0and B(8)e[0,1] (VO ). Since

F7(z5) and €7 (z,), clearly B(6(z,)). Thus, we obtain & = a(z,)-

By the above arguments, we can obtain the ex-post value of reservation utility

continuously corresponding to the ex-ante value of reservation utility as follows:

A+ rp(z,)

Ve _ Kl—a(zo) v *V o
rVi(zy) = _r+a(7 )u(H(W ,0),0) + Froz) Ve (24)
¢) "O
where rVE*v(:O) =
A/ )

L{(H(W ,QA (:0 )F(:O)),e (ZO )l (ZO ))+ r +d(fﬂ(:g)’e*\(:0 ))*‘O

r
r+df(z5),e" (2)
By condition (1), we can rewrite the above equation as follows:

L+ rezy)

W) = S22 0).0)+ g o)l +
CTT rtalzy) TS B r+o(zy) 7’
where ¢'(2,)=A(z,)r Zf ESO; and A(z,) = %{;—i%}%. Note that rV,'(z,) isa

convex combination of [u(TI(W",0),0)+ g"(z,)] and z, .

12



We show that there exist {2, }, .., such that for each v, 7V, (z,) = 2, or

ven
[u(TW",0),0)+ g"(5,)] = 5. Note that in equilibrium of labor contracts, according
to Lemma 1 and Proposition 1, any agents who have the same value of capital provide
the same level of labor effort which supports the firm's cost minimization. Hence,

6" =Oforall v in N. This implies 8 =0in the equilibriumm). Hence,

[u(TIW"” ,0),0)+ g (5,)] is reduced to L{TI(W",0),0) in equilibrium. Clearly, 2, =

KTHW" ,0),0) is a unique value of v's reservation utility consistent with the labor

contract equilibrium under the stationary expectation.
[ Insert Figure 2 |

Proposition 2 : Set 3 as the above formula. Then there exists a unique stationary

expectation consistent with the labor contract equilibrium.
3.3. The existence of reproducible solutions (RS)

Assume that the economy is under the stationary expectation. Then the value of
reservation utility is 7V, = (IW",0),0) for each v. By (p-1-1), this implies that the
value of Q" , f and the level of labor effort ,e” , are dependent on the level of v’s

profit revenue, 7W ", and labor time /. Thus, we obtain continuous functions,

QY (mWY, D, fF(xW", ) and e(zW", ) as the solutions of (p-1-1) and (p-2).

Let’sdenote C= {w € RZl dx20st Ax=w and x> Ax} 15) and, for any

20" =o }. Define a continuous

ven

givenw € C, () = {' ,"-,CON)E Rim

function ( p) :max{&';:i—A} onA={peR]

Y = mf\Axy(p). Define for each /&[0, 1], &5: (@) x A %[0, ¥" ] — R, such that
e

pb =1}, and denote that

€@, p, 1) = Ddnpw’, [) whered = @' ,+-,0™). Clearly, ek(@, p)is
v eV

continuous at each (@, p, m). Given (p, m)e Ax[0, " |, there exists @ € ((w)
such that @" = arg max £x(@, p, 7). Itis well-defined because C(w) is compact. @°

of this kind is determined for each (p, 7)€ A %[0, " ]. Thus, we can obtain an

13



upper-hemi continuous correspondences® ( p, 7) atevery (p, £)e Ax[0, y"].
Also, Ef,(d)*(p, 7}, p, T)is continuous at every (p, @)e AX[0, ¥ ] according to
the maximum theorem of Berge. Since A is compact, there exists for each given

nel0,v"], p(n) =arg magge{,.(a;*(p*(n),n), p(m), m). Since
pPe

ex(@(p*(w), m), p'(m), m) is continuous on [0, " ], there exists a

églaxm]eé,(&)*(p*(ﬁ), 7), p (), m). Denote this by max e( N, /). Then, there
xd0. 7

exists max e( N, ') = lér%)ax]{max (N, DI [ le[0, 1]}. Assuming A exists,
1

define the following set: W .={w e C |LA_ICO <max e(N, [},

Assumption 2 : In this economy, @ € YO ..

Note that there exists a unique vector x~ > 0 such that x =(1 + 1)AX,
according to the Perron-Frobenius Theorem, where O0< (1 + A < 1isthe unique

associating eigen value. Since Ax e C,sothat Cis non-empty. Moreover, there

exists p >0 such that pLx” < max e(N, ). Hence, Y0 : is also non-empty.

Theorem 1 : Let the economy be at a non-trivial RS. Then the associating price vector
p is the EPR price with 7 > 0 as follows:
i 2(Q +5(f)
p=(0+ p)pA+CL where = =2 0 (30 €(0, 1), and C =*= S

veN

Assumption 3 : Either ¢, =0 (ve N), or ¢/ <0Oand ¢, <O (ve N).

Theorem 2 : Let Assumption 2 and 3 hold. Then, under the stationary expectation, for

every @€ ((w), there exists a RS.

Theorem 1 and 2 are proved in Appendix. The above theorems reveal the knife-
edge property of RS. The reason is that some change in the initial distribution of

endowments may drastically change the number of employed agents in equilibrium.

14



4. The relation between the level of an agent's labor-discipline and the level of his

wealth

In this section, we analyze the relationship between the level of agent's labor-
discipline and the level of his wealth. How should we measure the level of each
agent's labor-discipline 7 In this paper, [ will define the level of an agent’s
discipline as the supply of labor effort per unit of the agent’s received real wage.
So, the more labor effort some agent supplies per unit of his received real wage rate,
the higher the level of his labor-discipline is.

Definition 2: One agent v is more labor-disciplined than the other agentn if the
w k)
e e

following is satisfied: o o

The implication of this definition is clear. Every employed agent must work
under the firm's control. However, the final factor in deciding how much labor effort
is supplied is ultimately up to the individual agent even if he is threatened by the firm's
dismissal policy (the monitoring project). In spite of this fact, if agent v provides more
labor effort per unit of the real wage rate than agent7] , agent v seems to demonstrate
that he is more vulnerable to the firm's control than agent77 . In other words, agent v

is more obedient to the firm's control than agentn] 16),

In the following, without loss of generality, assume a RS with /=1. Itis
shown first that the wealthier agent provides a higher level of labor effort than the less
wealthy agent in a non-trivial RS with 7 > 0. Second, despite this fact, the wealthier
agent's optimal labor cost per unit of his labor effort is higher than the less wealthy
agent's. Thus, the less wealthy agent has a higher level of labor-discipline than the
wealthier agent. Finally, as a corollary, the wealthier agent's optimal real wage rate is
higher than the less wealthy agent's, thereby establishing in our economy a poverty law
in capital accumulation (Marx (1986)). It is also shown that the labor effort supplied by

any agent is inelastic with respect to his wealth. That is a sufficient condition for the
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Wealth-Exploitation Correspondence Principle (Roemer (1982)), discussed in the next

section.

Take the labor extraction function Q" (W"), f (W" ),rV (W"),W") in a non-
trivial RS with 7 > O, which is derived from (p-1-1) and (p-2). Note that the level of
the supplied labor effort continuously corresponds to the endowed wealth of the agent,

because there is no difference among agents except in capital endowments.

Proposition 3: Let the economy be in a non-trivial RS with 7 > 0. Then the wealthier

agent supplies a level of labor effort greater than or equal to the less wealthy agent.

Proof: Consider the following calculation:

de(W") de  IQWY) de IfWY) de
dW" T aQW') aW' T afWy W oW’
. de  JrV (W)

IVIW') aw’

e {&Q" o 8rVU} e {8]‘* o F QrVU}
o low” Taw, aw JTar low” Taw, ow'
. de drV, . de

v, oW’ Tow’

d, {ugw o7y~ Ugw” o0y

T d AU Q) €)= Vo —u e (r+ d)

forany W"> 0.

Since (TW"', Q")) > rVy,, d,,>0and u,, <Obytheaforementioned

e

assumptions, the denominator of the last right-hand side of the above equation is

positive. On the other hand, the numerator is a non-negative because d,. <0 and
de(W")
daw’

Uiw® o'y < U .o, Whichis followed by up; <Oand u,=0. Thus,

forany W">0. This proves the statement. Q.E.D.

Proposition 4: Let the economy be in a non-trivial RS with 7 > 0. Then the wealthier
agent's optimal labor cost per unit of his labor effort is not lower than the less wealthy

agent's.
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Proof: Denote the optimal labor cost per unit of the labor effort as follows:

QW) +s(ff(W"))
qQ (W), WDV WHW)

e (WH QW) f[(W")) =

By applying the envelop theorem, we can obtain the following:
dC(e W)W, f(W"))
ow’ B

—(Q" + S(f*)) d,: {un(w Co) THnwt o )}77:
Y . {uW Q) e )=V}~ (r+ D)

forany W'= 0.

d,- {un(W" o T Unwr o )}77-'

d,. Au@UW" Q)€ ) =1V} it o (r + d)

Since < 0, we can obtain:

AC(e W )W), [(W))
oW’

>0 forany W'z 0.

This proves the statement. Q.E.D.

Lemma4: Let the economy be in a non-trivial RS with 7 > 0. Then the labor effort

supplied by any agent is inelastic with respect to wealth.

Proof: We show that

dlog e"(W") dlog (s(ff(W' N+ Q" (W")) o
dlog (s(f/ (W' N+Q(W")) dlog W' -

dlog e"(W")
dlog (s(fH (W' )+ QW)

By Proposition 4, it is clear that < 1. Check that

dlog (s(f*(WY )+ Q" (W"))
dlogW"’

< 1. Since, by condition (4), s’ (f )=

A(s( (W N+ Q(WY)) B EJ Unw> oy _IL
a WV - ! Lun(w“.gw

J(s(fTW" )+ QW) 50
ow’ B

e, [eqr =F; [F, , we can obtain:

Since Uy v o, < Up v o, DY the concavity of u,

However, since u is non-increasing in W" by the assumption of

H(WV,O)/un(WV,Q‘)
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IS W N+ QW) .

W is non-increasing in W". This implies

dlog (s( f{(W" ) +Q(W"))
g W <1. QED.

1(I1"), the slope of

that

Theorem 3: (The Correspondence of Wealth and Labor-Discipline) Let the economy
be in a non-trivial RS with 7 > 0. Then the less wealthy agent has a higher level of

labor-discipline than wealthier agents if agents are risk averse.
[ Insert Figure 3 |

Proof: Consider a two-dimensional non-negative Euclid space where the ordinate’s
axis represents a level of labor effort and the abscissa's axis represents a level of the

real wage rate. We call this the (Q, ¢)-space in the following. Note that for any given

€, f),

de _ d, {“H(WV oy T Unw ,Q)}ﬂ:
OW" — d__{u(T(W" Q),e )=V }—u,, (r+d

<0 (VveN).

This fact implies that if there exist two agents v and 7] such that W" < W7, then 1's
labor extraction curve depicted in the (€2, ¢)-space should shift down from v's labor

extraction curve.

Let (Q",e™ ) be v's labor contract point in the (Q, ¢)-space. Depict a line from

the origin through this point with a slope e%*v . We shall call this line the (e*%z*v )-
line. In the following, we show that 1)'s labor contract point (™ ,e™ ) cannot lie
either on or above the (e é)*“ )—line except at the pointof (O™ ,e™ ).

First, in the interval [0,Q2™ ), the 2nd component of any point in the (6*%1*»- )—

line cannot exceed the value ¢ (W"). However, by Proposition 3, ¢"(W") >
e” (W") should be established. This implies that, in the interval [0,Q™), (Q7,e™)
cannot lie on the (e %YV )-]ine. Suppose that, in the interval [0,Q"), (Q™.e™) lies

&y
above the (e é» )—line. Then, since 1's labor extraction curve is depicted belowv's
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labor extraction curve in the (Q2, ¢)-space, ¢ (W") < ¢”(W") would be established.

This is a contradiction. Of course, in the interval [0,Q™), (Q™,e™) cannot lie below

the (e*%rv )—line because ¢ (W") > ¢™(W") should be established. Thus,

(Q™,e™) cannot lie in the sub-(Q, ¢)-space, [0,Q” )x R, , whenever W" < W'.

Second, in the interval (Q™ ,+ o), any point on the (e él*" )-line isabove v's

labor extraction curve, because the slope of v's labor extraction curve at (Q” ,e™ ) is

Y #=Y £y

’ d clearl c ‘
T ,and clearly

(FH+QF T Qv
Hence, (Q™,e™ ) cannot lie on the (e*ZT" )-line. Thus, (Q7,e™) should lie below

equal to the slope of the line

both the (ew/Q*v )—line and v's labor extraction curve such that e™(W") = e (W").

This implies that
e ev n v
o < -Q_”' oW >W.
e ev
The equation o7 - o~ occurrs onlyif up; =0.  Q.E.D.

Corollary 1: (The poverty law in capital accumulation) Let the economy be in a non-
trivial RS with 7 > 0. Then the less wealthy agent is paid a lower real wage rate than

the wealthier agent if agents are risk averse.

Proof: By Proposition 3 and Theorem 3, we can get the following:

e™ e”
<

Q" T oY

[e"(W") = ¥ (W") and ISR AN A

The left-side of the above equation meets only if Q7 > Q”. Q.E.D.

The results of Theorem 3 and Corollary 1 show that it is very costly for the firm
to employ the wealthier agents. In spite of this, there could be cases that the wealthiest
agent is employed. Such a case would occur when full employment is feasible and
profitable for the firm in the current scale of aggregate capital endowments. Evenin

this case, the firm’s dismissal strategy can be effective against every employed agent,
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since every employed agent is threatened by the existence of potential reserve armies

who will appear in the next period of production.

The implication of Proposition 4 and Theorem 3 is that the mass existence of a
proletariat in the capitalist economy plays an important role for the capitalist
economy o be sufficiently profitable, because proletarians who own no produced
assets have the highest level of labor-discipline, and therefore are the most

profitable agents for capitalism.

5. The relations of wealth, exploitation and labor-discipline

In this section, we first define exploitation. Second, we classify the agents
according to their level of wealth. Third, we analyze the relations of wealth,

exploitation and labor discipline.

In the following, without loss of generality, we assume that the economy is at a

non-trivial RS with 7 = go > 0 (O <o <1).

Definition 3: Let the economy be at a non-trivial RS , and (p,{Q"}, _,,X) support the

veN?

RS. A feasible assignment for this RS is any distribution of the net output {D" }

veN?

such that:

(1) 2D' =(-Ax, (2) pD’' =Ipo’ Q) (VveN).

veN

The class of all feasible assignments is called T'. Let T'" be the set of bundles D"

which v receives under various feasible assignments.

The vector of labor valueis A, a 1xn vector, where A = AA+ L. Since A is

indecomposable and productive, it can be written that A = ([ — AY'> 0.

Definition 4 : Let the economy be at a non-trivial RS with # > 0. Then an agent v is

exploited if and only if 17)
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max AD" <Lx .
D' el"

Agent v is an exploiter if and only if
min AD" >Lx".
DY eV

The following assumption is used by Roemer (1982).

Assumption 4: (ALE) Every agent can spend all his revenue on the purchase of any

one good.

Proposition 5: Let the economy be at a non-trivial RS with 7 > 0. Also, let ALE

1- &
117 v pmax ev

vy <
e Ttpmax

o |
Wv pmi ev

—>
€ l npmin

hold. Then: if visin VN,

v is exploited &

Vv is an exploiter <

Ax\‘ . Ai i
where p, .. =max ? cand p; =min| — .

Proof: Notice that, in a non-trivial RS with 7 > 0, [I(pw” ,Q") = aW" + Q"/ and

e'l=Lx", where W'= pw’.

o |2
W v pmax eV

<
v
el 7P max

A, .
Let . Then max(—’—](ltwv + Q' )< £'l. Suppose D’

t

. . . A : .
is any assignment satisfying pD" = W’ + Q'[. Then max (—‘-} pD" < €'l. This

t

implies AD" < ¢'[forall D" suchthat pD" = zW" + Q'[. Hence,
max AD" < ¢"{. Similarly, the converse direction can be shown. For an exploiter,

DY erT?

it can also be proven in the same way. Q.E.D.
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Proposition 6: Let the economy be at a non-trivial RS with © > 0. Then, society is

exhaustively partitioned into the following five pairwise disjoint sets:

[Zs(f" )/,Ze"]

CM=fyeN|em+ = {PI‘:\) I<oLy” (Vy'ss. pAy =W')ifveN}
T max

GL(.

(El\f(f" )//Zwe“
C'=feN|ei<oLy <e'ffi+ = "Z 1(VY st pAY =W")ifveN}
m(f_)

O'Li

C=veN| oLy =1 (Vy'st. pAY =W") ifve N}
C'=WeN| oLy <'LLW' 20 (Vy'se pAY =W') ifve N}

C'=eN|W" =0}

The above five sets do not have the concept of “class” as discussed by Roemer
(1982), because in our setting every agent has access to the economy only through
becoming an employee or a capital holder. That is, there exists “the separation of
ownership and management ” while in Roemer (1982) the capital owner is also the
manager. This is one characteristic of a contemporary capitalist economy. If it so, why
do we define the above partition in society ? The following proposition gives us our

answer.

Proposition 7: Let the economy be at a non-trivial RS with # > 0. Then: ifve N,

. 25(f")

veC'"e w > max ﬁ + LJF-L—
el oL ), \& Se'
neN

pA) (1 20Ny pA
H pa 2| sy £2
veC’ & max(o_L 1+(7c] S > KTk max( ]‘

ne\
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A W A
ve(C " < max p_} z—v-_rmn!;j
oL ) el oL ),
s pA W
veC® omn|— | > —>0
oL ) el

Proof: It is sufficient to show that: veC"” < max (%—) (

Another relation is followed by Roemer (1982, 1986). Let veC “ . Then,

¢ {ng\‘fS(f / neN };Ly

oLy <e'l+ (Vv's.e. pAY =W"). Then we can obtain
m pAy |

the following:

s(f" / AY + ( ™) / Ly
WV WV [ne\(f ) nev jL Wv P ! n%S(f neN i

— < -+ oS— <
el oLy n Ly el
77
wY < pA\V 3 (£ PA 1 TZ,NS(f >W"
< evl N ()_L)/ na\js f /neN = max G Ze - evl )
neN

Then

pA) (Jgs(f) W

]+ 2.
oL ), D¢ el

neN

Conversely, let max(

. [Zs(f” )/w
A

W .
<e'l1+ 1. Thus, oLy <e' [l + ]
oL oL A oL :

(Vy's.t. pAY =W"). Q.E.D.

Proposition 7 implies, by being combined with Lemma 4, that the order of the

above five sets such that ™%, Cc?, C*%, C°, C” corresponds to the level of wealth.

The following definition divides the society into three classes: “the high labor-

disciplined”; “the low labor-disciplined”; and “the middle labor-disciplined”.



Definition 4: Let the economy be at a non-trivial RS. Then define the three sets as

follows:

2.¢"

n

eV ev j—
222,, <§-, otherwiseve N — N},

C™ ={eN|ifveN,
neN

e

neN

C*® =veN|ifve N’ig—l”—> otherwisev e N ~ N},

e
Q'
neN
2"
CcHP 1 neN e’ . vd
={veN|ifve N, ST o otherwisev e N — N}.

nev

Theorem 4: Let the economy be at a non-trivial RS with 7 > 0. Let ALE hold. Then

D

every agent v in C7' n(C¥” UC"™) isan exploiter. On the other hand, every agent v

in (C° uC")YN(C™ UC'™) is exploited.

Proof: It is sufficient to show that:

o
l—pmi,(evj (pA) (1]”%‘;5(]‘77)
= < max| ——

(1) — oL + ;C- —z—en—— ifve CPHF\(CLD uC?y,
min £ ”EJV
l‘pmax .g.zT
€ . [ PA . s P HD MD
(2)7—-—2“1“15- fveCulC)MCTulC™).

First, we show (1). Suppose for some v € C*7 n(C™ uC"),

neN

1- <
Pri o [ij (
—_—" > max| —— -+

|y 230N
d

— o - S Then:
ReN
EVQ" + 25(f")
nel neN
p¥eL Al=A4)- 2.
; (9 N
neN ne
oI —-A)- Ze,, —-eT < minL because 7w = oA c.

neN
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i

A
Since v € (C*” UC™), we can reduce to min [-—'—}(1 —A)< L . This implies

A
min (—l)p < A. This is a contradiction.

i

Next, we show (2). Suppose for some v € (C° UC")n(C™ uC"™),

(04
1 _ —_ 1 7 .
_—__—Pm(e» J | 24 Th 1-A (%Q +"Ze\’s<f ) Q—L L
Tcpmax = GL ib . ﬂ B )—k zeﬂ - e" ) g pmax ‘
nev

. ZQ” + z‘i f’[) )
. HD MD, TN neN _A_‘
Sincev e (C wC™), S - > 0, so that max (I -A)>L.

neN

i

i

A,
Hence, max {—’—Jp > A . This is also a contradiction. Q.E.D.

Notice that if ™" ~(C* UC")isa proper subset of C*”, then every agent
in C™" ~(C" U C" )is wealthier than every agentin CPP ™ A Cc”? uC*y) by
Theorem 3. Also, if (C° UCHYNC™ UC™)isa proper subset of C° UC”, then

every agent in Cc’uchH—(c®uc*®

) is wealthier than every agent in
(€ Uy (C U CM). Note that C* < (C* U C*), for all agents in C” belong
to " whenever some agentin C” belongs to C*™”. Such a case occurs only if

N c C”. By these facts, it can be said that Theorem 4 does not necessarily lose the

implication that there is a correlation between wealth and exploitation.
The following statement is important:

Corollary 2: Let the economy be at a non-trivial RS with © > 0. Let ALE hold.
Then, if agents are non-increasing risk averters, there exists a group of wealthier
agents who are exploiters and a group of less wealthy agents who are exploited.
Moreover, the less wealthy exploited agents are more labor-disciplined than the

wealthier exploiters.



Proof: The first statement is followed by Lemma 4, Theorem 3 and 4, because both
C™" A o C"™yand (CTUuCHNECP UCY) are surely non-empty. The

second statement is also followed by Lemma 4, Theorem 3 and Proposition 7. Q.E.D.
There are four interesting cases of Corollary 2 :

Case I: C"c (C"™” UCY)Y and (C° UCY < (C™ UC™). Then every agent in
C"" is the wealthier exploiter and every agent in (C° U C”) is the less wealthy
exploited. Moreover, every agent in (C° U C”) is more labor-disciplined than every

- PH
agentin C .

Case2: C"'o(C® uC*yand (C° UC?Yc (C™ UCY). Thenevery agent in
(C"” W C™) is the wealthier exploiter and every agent in (C° U C”) is the less
wealthy exploited. Moreover, every agentin (C° U C") is more labor-disciplined than

every agent in (C** U C"").

Case3: C""c (" uC" )y and (C* UCP) o (C™ UCY). Then every agentin
C""is the wealthier exploiter and every agent in (C™ U C"") is the less wealthy

MD

exploited. Moreover, every agent in (C”” U C*) is more labor-disciplined than every

- PH
agentin C .

Case4: Nc C”. Then N =C"" and every agentin N — C” is the wealthier exploiter

and every agent in C” is the least wealthy exploited.
[ Insert Figure 4 |

Lemma 4, Theorem 4 and Corollary 2 indicate that, in the capitalist economy
with the contested exchange labor market as well as the neoclassical one, Wealth-
Exploitation Correspondence is established if every agent is either non-increasing risk
averse or risk neutral. Both the conditions of non-increasing risk aversion and risk
neutrality of agents are sufficiently plausible in the economy under uncertainty. Hence,
the above result indicates that the argument of Roemer (1990) that the unequal

distribution of wealth implies the exploitation of labor is true at least in economic
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environments with plausible restrictions even if the labor market is contested.

Theorem 3 and Corollary 2 also indicate the importance of the unequal
distribution of wealth in explaining the modest contestedness in labor markets for
the capitalist economy to be sufficiently profitable, as well as in explaining the
exploitation of labor. Notice that whether the degree of contestedness in labor
exchange is moderate or not depends on the levels of employees’ labor-discipline. By
Theorem 3, we can see that the labor market entered by the less wealthy suppliers alone
is more moderately contested than the one by the wealthier suppliers alone. In real
capitalism, it is usual that most of the employed workers are the agents with no or only
afew productive assets. Thus, the contestedness in labor markets would be moderated
to maintain enough profitability in the capitalist economy, which is inferred from

Theorem 3 and Corollary 2.

6. Concluding Remarks

In the above arguments, we discussed the corresponding relationships between
the status of wealth, exploitation and labor-discipline. First, we introduced the level of
the agent's labor-discipline measured by the ratio of the labor effort per unit of labor
time to the real wage rate. The connection of this kind of power index is then examined
with respect to wealth distribution in Proposition 4, Theorem 3 and Corollary 1. The
obtained results are that the less wealthy agent has a higher level of labor-discipline than
the wealthier agent if agents are risk averse, and that as a consequence of capitalist
production, the income gap between the wealthy and the poor widens more and more.
Theorem 4 and Corollary 2 show the robustness of the Wealth-Exploitation
Correspondence in the Capitalist economy with the contested exchange labor market.
Moreover, we prove that the less wealthy exploited agents are more labor-disciplined

than the wealthier exploiters.
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The results obtained indicate the essential importance of the unequal distribution
of wealth in understanding the contemporary capitalist economy. On the other hand,
Theorem 4 also demounstrates, on determining the exploitation status, an influence of
the power relationship in the production process. These arguments do not contradict
the work of Roemer (1982, 1986) or Bowles and Gintis (1988, 1990), but reinforce

both their arguments.

[t is easy to extend our arguments in our Leontief economic model into a more
general model where the production set is a convex cone including the case of the von
Neumann technology (Roemer (1980, 1982)) if only the labor value is refined,
following Roemer (1982, chapter 5). Our results would not depend on the simplicity

of the Leontief model.

Of course our analysis is based on both several assumptions and a specific
characteristic of labor contracts. When we remove some of our assumptions and/or
take alternative types of labor contracts, our conclusion may be different. However,
since our problem is to capture one feature of contemporary capitalism under some
reasonable economic assumptions, our restrictions in this paper may be permissible

whenever our suppositions are not so far removed from real capitalism.
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Footnote

1). Related papers are by Bowles (1985), Gintis and Ishikawa (1987) and Bowles and
Boyer (1988, 1990). A similar argument is the efficiency wage theory, which gives a

micro foundation of Keynsian involuntary unemployment theory, surveyed by Akerlof

and Yellen (1988).

2). In this paper, “contemporary” implies “the existence of the separation between

ownership and management”.

3). Note that in this paper the term “the firm” has the same meaning as the firm as “the
employer”. Hence, in this paper, “the firm” does not imply “an internal organization”

composed of a particular group of producers.

4). Itis commonly assumed in the literature of efficiency wage and/or labor contested
exchange models that the firm knows its employees’ preferences, reservation income
and discount rate, since otherwise the firm could not calculate the “labor extraction
function” of its employees. See, for example, Solow (1979), Gintis and Ishikawa

(1987) and Bowles and Gintis (1994).

5). The member of employed agents N is determined at the end of the previous period
of production. In this economy, the labor market we are considering is organized as a
sequential contingent renewal market: New employment occurs either to replace a

dismissed agent or to meet new demand by extending reproduction.

6). Notice that when dynamic process of such a profit rate equalization is characterized
by capital mobility across sectors, it does not ensure in general convergence to any

(EPR)-equilibrium price vector (Nikaido (1983)).

7). In this paper, “labor effort” is synonymous with “labor intensity”, that is to say,
“labor input per unit of labor time”. Moreover, following the usual efficiency wage
literature, we assume that there exists a common cardinal measure of all ¢”. However,

this treatment has been criticized by Currie and Steedman (1993) who argue that labor
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effort may be measured only ordinally. The problem whether ‘effort’ is only
measurable cardinally or ordinally is a recent and controversial issue. See Gintis

(1995) and Currie and Steedman (1993, 1995).

8). The following formulation is based on Gintis and Ishikawa (1987). However,
there are several different points. First, in our setting, a dismissal occurs only when
the firm detects non-best labor performance of its agents. Second, the inexactness of
m(mitéﬁng does not exist, while, in Gintis and Ishikawa (1987), some proportions of

agents are necessarily fired in consequence of error estimations.

9). This probability function reflects the content of labor contracts that one agent who
is detected with an unsatisfactory labor performance compared to the other agents
employed at the same wage as his may not be renewed his employment contract in the

next period.
10). The following definition of equilibrium is based on Roemer (1981, chapter 1).

11). In the following, for any function /(x), when a variable maximizes or minimizes

h on X, we denote such a variable by arg max Ax) or arg min A x).
xeX xeX

12). The potential reserve armies are from not only the natural growth of population in

the capitalist sector but also a flowing from the non-capitalist sector.

13). Since our approach is a temporary equilibrium approach, there exists another type
of expectation, which is about the price in the next period. However, in this paper,
according to Roemer (1981, 1982), we assume that price expectations are also

stationary.

14). That is, in the equilibrium of labor contracts, there is no dismissal of agents. Itis
because an error in monitoring has not occurred. Of course, this does not imply that
the firm’s monitoring is perfect. Since perfect monitoring is extremely expensive for

firms, in general, the firm’s monitoring may be imperfect.
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15). This set is proposed by Roemer (1981).

16). Bowles and Boyer (1990) suggested that the increase in unemployment insurance
makes the bargaining power of labor stronger when capital and labor are in conflict.
Also, they showed that the increase in unemployment insurance brings about higher
real wages per unit of labor effort. These things imply that the level of real wages per
unit of labor effort is closely connected to the bargaining power of labor. This

viewpoint may seem to confirm Definition 2.

17). This definition is based on Roemer (1982, 1986).
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Appendix
Lemma 3: For small enough r > 0, for any agent v in N, if (Q¥, /") satisfies the

condition (4), then (7, /™) satisfies the second order condition.

3 v *V *y (Q*V + S(f*v )) E3Y Y .
Proof : Let’sdenote that C' (Q ", f )= ———= = where (O, /) satisfies
e (Q7.f7)
the condition (4). Define the following Hessian matrix:

IA&ZC'V (Q*v , f*V) aZCv (Q*v ,f*v )

4o 9900 2Q0 f
- 82CV (Q*v , f*v ) a?_Cv (Q*v ,f*v )
dfaQ dfof
PCHQY ™) @7 + L) N
Note that 2030 = 8% where ey, = — (EY

Since Fyy = dun! 20, F, >0, F, <0Oand F,, = d, yy! + d,u,! >0, we get that
azcv Q*v , *v a‘_’Cv Q*v , *y
eoq < 0. Thus, ;Qag{ ) > 0. Next, note that B(f aj{ ) =
spe’ —ep(QY +s(f™)) . FoF, —FF,
prve where ¢, =————
{e } o

{F.}

and F; = d (u—-rV,)—-ud,.

v

Since d'= min|

d d
' ¢(v) 1], we get that F, = 0,F, = }e{u SV —u, S >0 and

f

v IC@Q 1) FC@Q )
e < 0. Thus, EXEY; > 0. Next check EREN; . Since
a%rarhf”)__q—fqafv+xfwn—e@f_-quY”+1f”Dami

JdQd f - {e"} - {”y

F,F —F,F, E e F

_ Qffe Q fe TOf Qef_‘—ﬁ)_ & ue[__ueJ o
—le_—--'——'---{E}2 = F + F = 7 + G + F = F <0, we get that
QZCV(Q*V ’f*V) ue! « *V 1 " ue!

BQaf - {e*v}’: F; (Q +S(f )) -

w3 < 0. Thus, the above
e} (-F)
Hessian is reduced to the following:

—em _Lueer
_ Al & F, eq *{" _-J
e lus s 7 L
F, e d

Then, if either lu,, | > 0 or » >0 is small enough, |H| > 0 is guaranteed. Q.E.D.

Note that the proof of Lemma 3 implies that the optimal labor contract,

(QY, ™), is uniquely determined because for any Q’ > 0, e, <O in this model.
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Proof of Theorem 1: Let x# O be the aggregate activity vector associated with a RS.
Since A is a productive matrix, there exists (I —A) " and (/ —A)x =20. And since
(I - A)"'> 0 by indecomposability of A, x> 0. That s, all activities must be operated

at a nontrivial RS.

In maximizing profits, the firm facing price p will operate only those processes
generating the maximal profit rate, because any capital holder invests all his finance
capital in those processes. Hence, for all processes to operate, it is necessary that the
price vector p generate the same non-negative profit rate in all sectors. Let p" € A be
such a price at a non-trivial RS. Denote the corresponding solutions of (p-1-1) and (p-
1-2) by {Q, ™}, and {"€(0, 1] respectively. Also, denote the corresponding
solution tuple of (p-2) by {¢™, y™'}, ., . Notice thatforall ve N, y* =A"0",
because all sectors generate the same profit rate. Let x> 0 be the aggregate activity

vector associated with a RS. Then the associated profit is

2" + (£

lp; —p A —| == W .Jx; >0 for each sector i. Since forall i, x, >0

veN

and L, >0, p’ >0 should be satisfied for all /. By the budget constrain of (p-1-2),
pAX =0 (Z_p*Ay*v Yy=0 p'w forsome oe(0,1]. The associated EPR is

QY +s(f™))

n=[p,-pA - — S Jx; [/ plw, foreachsectori. Let
veN
- 2Q" +s(f™)) |
w ={p —p A - == S Jx’ /p Ax’ foreachsectori. Then, for all i,

veV

* *® * < * * *® n * ® - - -
u,p Ax, =np.w,. So, ZN,-P Ax =mp @ =5P Ax . This implies
i=1
= T, . - T, ; . - .
2w, —E)p Ax, =0 & P{Z(H,- —;)x,.AJ:O. Since p >0and x >0, if
i=1 i=l
b4
L ¢~O—_ for some /, then rank(A) <n. However, since A exists, itisa

T , ‘ .
contradiction. Thus, 4, == =H forall i. Thisimpliesthat p" =1+ u)p A+C'L

2(QY +s(f7))
where C'= = po” . QED.
Ye

v eN
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Proof of Theorem 2: Let @ € ((w) be an endowment assignment in this production
period of the economy. Let N° be the set of agents who are renewed their employment
contracts at the end of the previous period of production, and let N be the set of agents
being in this production period. Then the set of employed agents in this production

peroid becomes N & 2" suchthat N°c N*'c V.

By Theorem 1, at a RS, EPR is prevailed. Hence, let us restrict our analysis to
the case that a capital contract offered by the firm consists of a EPR 7 2 0. Then, all
capital holders invest all their-owned finance capital in all secters. Hence, consider the

following problem: for given pe A,

QY v’ [ *y v’ / ,
(@’ , )+ S(f™ (mpe”, 1) z)))”x T

— pA— v L4 v i 4
max D [p-p (e(:rpw , Q (mpa”, D), I, f (nmpw

E
subjectto  dnpw”, Q" (mpw”, 1), [, [~ (apw”, DH=Lx() (VveN"),
pAx () <pw.

Denote the solution set of the above problem (5) by /,+(p, #). By the maximum
theorem of Berge, ¢, (p, m) is upper hemi-continuous at every (p, w)e A x[0, A].

Furthermore, /.- is compact-valued. By Assumption 3, the aggregate cost function,
2IQ” (mpa”, D+ s(f™ (mpw” , D)), is convex, so it is secured that ¢, (p, ) is

v eN'

convex-valued.

Let define a correspondence pi: Ax[0, A]—— [0, A] such that for each
A if mg(I")=2 A

Uely(p,m), U (p, ”)z{ng(z*) if 0<mg(l") <A

where ¢([")=1 satisfying ¢(/")pAx= pw such that Lx= X dmpw’, I")". Denote that

vev'

2@ (mpo’, )+ s(f* (mpa”, I')))
e (npa, )

v eN*

foreach [ e 4~ (p, ), Umpw’, ') =

Since £, (p, ) is a closed interval, and ((mpw’ , (") is continuous at every

I"e . (p, m), by Bolzano’s Theorem, ((npw", /- (p, 7)) is a closed interval in
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R,. Let define a correspondence f: Ax[0, A] >— R’ such that for each
Fety(p, ), ' (p, m =1+ u, (p, M)pA+Urpw”, I")L. Moreover, let

define a correspondence g: A X[0, 1] —-— A such that for each e’ (P, T,

j;,'(p’ﬂ') . o

A ‘.. :.—-—— V =1’...’ b ] 'b O
g (p,m)= 98 S 4, 7 (p,fr)-b( L n)y if ff(p,m)b> -
A if f(p,m)b=0

By

the definitions, g is upper hemi-continuous on A X{0, 4], and is convex compact-

valued.

Let define a correspondence 7"°: Ax[0, A] ——[0, 4] such that for each
[p—pA-C(rpw’, I")L]x

= o

2" (mpe’, I")' =Lx such that (I")pAx=pw. By the definitions, 1" is upper

veN'

where

l'ely(p,m), m/(p, )

hemi-continuous on A X[0, 4], and is convex compact-valued.

Let define a correspondence ¢: A X[0, A] —-— AXx[0, A] such that for each
el (p, ), ¢.(p, ®)=(g(p, ), x[°(p, 7)). By the definitions, ¢ is upper
hemi-continuous on A xX[0, A], and is convex compact-valued. Thus, by Kakutani’s
fixed point theorem, there exists a pair (p*, #°)e¢ (p", n”). If p" isnot the form of
p =+ gl(p", WP A+C(n"p'®’, I'(p", " ))L, then by Theorem 1, there
exists a trivial RS. If p” is the form of
p =+ gl(p, mp A+ Cln'p'@”, [(p”, #"))L, then p” > 0 by the Perron-
Frobenius Theorem. Thus, ¢({'(p", 7" )Ax=m =Ay". Since ¢(I'(p", 7)) 21, this
implies that Definition 1(d) is satisfied. Since @ € YU -, there exists x" such that

qU(p", i NAX =0, Xe”I'(p", ")=Lx" and x” > Ax’. So, Definition 1(c) is

veN"

satisfied. Thus, all conditions of RS are satisfied. Q.E.D.
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CHAPTER II

Full Characterizations of Public Ownership
Solutions

Abstract: By introducing new axioms, completely characterize two public ownership
solutions in convex production economies, one of which is the Proportional Solution
(PR), and the other of which is the Equal Benefit Solution (EB). The new axioms are
Pareto Independence (P1) and Support Price Independence (SPI). These axioms are
related to informational efficiency of allocation rules in the sense that they represent
what allocation rules are attainable through as costless information transmission as
possible. By adopting these axioms and the other axioms Moulin (1990a,b) adopted, it
is shown that PR and EB have desirable properties from viewpoints of allocational
efficiency, equity and informational efficiency. As a corollary, the Walrasian solution

in private ownership production economies is also completely characterized by adopting
SPL

*) I am special thankful to Professor Koichi Tadenuma (Hitotsubashi University) for his detailed and
helpful comments. [ would like to thank Professors Tatsuyoshi Saijo (University of Tsukuba} and
Takehiko Yamato (Tokvo Metropolitan University) for their kind comments. This paper was presented
at the Workshop on Economic Theory and Mathematical Economics at Hitotsubashi University in
October, 1995, [ am also thankful to Professors Akira Yamazaki (Hitotsubashi University) and
Shinichi Takekuma (Hitotsubashi University) for their insightful comments in this workshop.



1, Introduction

In production economies where some productive resource is publicly owned
and the other factor is privately owned, a fundamental issue is what allocation rules are
desirable to respect public ownership of the productive resource in conjunction with
private ownership of the other factor. It was with regard to this issue that Roemer and
Silvestre (1989) proposed three solutions. These are the equal benefit solution (EB),
the proportional solution (PR) and the constant returns equivalent solution

(CRE)D.

In these solutions, CRE is offered some full axiomatic characterization by some
literatures (Moulin (1987), Moulin (1990a,b), Moulin and Roemer (1989), and Roemer
and Silvestre (1989)). On the other hand, £ B and PR are also axiomatically
characterized by Moulin (1990a,b), but these characterizations are not full in the
following sense: the E B solution is included in any solution set satisfying Pareto
Optimality (PO), Lower Bound Egalitarian (LBE) (Moulin (1990a,b)) and I1A (Moulin
(1990a)), but the inverse relation is not true. Also, the PR solution is included in any
solution set satisfyiﬂg PO, Free Access Upper Bound (FAUB) (Moulin (1990a,b)), [1A
and Maskin Monotonicity (Maskin (1977)), but the inverse relation is not true

whenever preferences are weakly (not strictly) convex.

In this paper, we offer full characterization for each of £B and PR by
introducing new axioms. Those are Pareto Independence (Pl) and Support Price
Independence (SPI). The former says that for any economy in domain, any allocation
in the solution set, if the economy is changed such that the current allocation becomes
Pareto efficient, then the current allocation remains in the solution set. The latter says
that for any economy in domain, any allocation in the solution, some price which is
supporting the current allocation as the solution, if the economy is changed such that
the current price supports the current allocation as Pareto efficiency, then the current

allocation remains in the solution set.



We can regard Pl and SPI as a requirement of informational efficiency.
Informational efficiency has an implication as in the following statements: When some
economy changed its characteristic to the other one, it is necessary for attaining a new
allocation as the solution in the new economy to collect information on its new
characteristic (the new profile of all members’ preferences and the new production set ).
Then, if by collecting only local information on the new economy’s characteristic, the
new allocation is attainable as the solution, such the solution is referred to as meeting
informational efficiency. We argue in section 3 that PI and SPI represent criteria of
informational efficiency in the sense that both axioms require only local information on
changing economic environments. Notice that many equitable solutions do not satisfy
these informationally efficiency requirements. For example, CRE does not satisfy
these. No-envy and efficient solution (Foley (1967)) also does not. Individual
rational and efficient solution and Core solution also do not. These solutions need to
collect not local but global information of members’ indifference curves at the current
allocation. Hence, these solutions do not meet our requirement of informational

efficiency.

The implication of PI and SPI is also related to Nash implementability of
solutions by a “natural mechanism”: The problem of Nash implementation by a
“natural mechanism” is discussed by Dutta, Sen and Vohra (1995), and Saijo,
Tatamitani and Yamato (1993). In their arguments, the mechanisms in which each
participant announces his own demand quantity only or plus at most a current price are
regarded as the most natural mechanisms. These literatures also introduced the axioms
which completely characterize the solutions implemented by the above natural
mechanisms in pure exchange economies. Those are named Condition W* and/or
Condition M by Saijo, Tatamitani and Yamato (1993). These axioms can be interpreted
as stronger versions of Maskin Monotonicity which is the necessary and sufficient
condition for Nash Implementation by unrestricted mechanisms. In production
economies where production technology is fixed, it is easily proven that EB and PR

satisfy Condition M, and that they also satisfy Condition W* when the production
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technology is represented by a differentiable production function. Yoshibara (1994)
concretely constructed, in differentiable production economies, two demand quantity-
announcing mechanisms each of which implements EB or PR both in Nash and strong
equilibria. As showing in section 3, the axiom PI is equivalent to the axiom SPI in
differentiable production economies where production technology is fixed. Moreover,
any solution satisfying Pareto Optimality and either PI or SPI satisfies Condition W* in
those economies. Thus, the axioms PI and SPI imply Nash implementability of Pareto

efficient solutions satisfying these axioms by a natural demand-quantity mechanism.

We show that in convex technology production economies with one input and
one output, PR is a unique solution satisfying PO, FAUB and SPI even if preferences
are weakly (not strictly) convex. Also, we show that £ B is a unique solution satisfying
PO, LBE and SPI. PO is related to allocational efficiency. Each of FAUB and LBE
represents a desirability from a viewpoint of equity in the context of cooperative
production with convex technology. Thus, the implication of these results is that both
E B and PR not only meet some welfare criteria on desirable allocations from some
viewpoints of allocational efficiency and equity in the context of cooperative production
but also have a desirable property in the sense of informational efficiency and natural
implementablity. Moreover, as corollaries of these results, we show that PRisa
unique solution satisfying PO, PI and Individual Rationality (IR) even if preferences
are weakly (not strictly) convex, and that £ B is a unique solution satisfying PO, SP1

and No Envy (NE) (Foley (1967)).

Next, we discuss on the case of convex technology production economies with
multi-input and multi-output. In such economies, PR no longer satisfies FAUB. So
we define a new axiom, “Upper Bound by Stand Alone Income (UBSAI)”, thatis a
weaker version of FAUB in multi-input and multi-output economies. We show, in
addition, that PR no longer is a unique solution satisfying PO, UBSAI and SPI when

the economy has a positive commodity vector of publicly owned initial endowments.



In contrast, £ B is shown to be a unique solution satisfying PO, LBE and SPI even

when there exists a positive commodity vector of publicly owned initial endowments.

We also discuss on the Walrasian solution (W) in private ownership
production economies with multi-input and multi-output. By adopting the axioms of
Full Individual Rationality (FIR) (Gevers (1986)), PO and SPI, we show that W is
fully characterized. Some axiomatic characterizations of W were argued by Gevers
(1986) and Nagahisa (1991, 1994). Nagahisa (1991) fully characterized Win the case
of differentiable pure exchange economies. In contrast, with respect to the case of Win
production economies, although Gevers (1986) and Nagahisa (1994) argued, their
axiomatic characterizations were not complete. A difference between our result and
their results is that we succeed in fully characterizing W by adopting SPI while they did

not by adopting other axioms2).

In the following, section 2 defines the basic model and two solutions in public
ownership production economies, and section 3 introduces some axioms. Section 4
gives some results. Section 5 discusses on some generalization of the results in section
4. Furthermore, section 5 discusses on axiomatic characterization of the Walrasian

solution in private ownership production economies.

2. The model

There are two goods, one privately owned and utilized as an input to produce

the other. Letx denote the privately owned input and y output produced. The initial

endowment of x is denoted by Q € R__3). The production function f: R — R, is such
that f{x) =y, and is assumed to be continuous, concave and non-increasing over R_.
We denote by F' the set of such functions. From fe F, we induce one publicly

owned production possibility set, Y( f):={(x, y)e R_XR, | f(x)=v}.



There are n members (rn > 2). The set of members is denoted by [ =
{1,2,...,n} with generic element i{. Fach member is endowed with a negative amount
@, of input x and no output. The aggregation of @, is Q. Each memberi has Z; =
[w;, OIx R, as his attainable consumption set. Each member i's preference is
represented by a utility function «;: R X R, — R where u; is continuous, quasi-

concave and strictly increasing. We denote by U the set of such functions.

A feasible allocation for the economy € =(u, f)eU" X F is an nx 2-tuple 7 =
(Z; )ir suchthatforall i e I, z;€ Z;, and Ezi e Y(f). Let A(¢) denote the set of all

4
iel

feasible allocations for the economy &.

A public ownership solution (POS) is a mapping § associating with every

economy€ =(u, f)eU" X F anon-empty subset S(& ) of feasible allocations A(€).

Let A:= {p € R|p,+ p, =1} be the unit simplex. Let H(p, w):= { w' €
R_ xR, Ipw' < pw}and dH(p,w):={w'e R xR, Ipw'=pw }for pc Aandw €
R_x R, . A production point w € Y( f) isefficientat pe A if Y(f)c H(p,w).
Agent i's demand correspondence at u, when he faces the budget constraint, pz; =a,
for some p e A and amount g € R, of share of surplus, is denoted by d,(p, a, u) =
argmax {u; (z;)1 ;€ Z; and pz,=a}. Afeasible allocation g is Pareto efficient at
e=(u, f)eU" xXF if there does not exist another feasible allocation z* at € such
that u; (z7)>u;(z;)foralliel . We denote by P(¢ ) the set of Pareto efficient

allocationat € .

Definition (Moulin (1990a)): Forany € =(u, f)eU" xF, EB(¢ ) is the set of equal

benefit solutions if for any z € EB(¢ ), thereexists p€ A and ae R, suchthat
forall ie I, z,€ di(p, a u) and 2.z, € Y(f) S H(p, .z,).
iel iel

Definition (Moulin (1990a)): Forany € =(u, f)eU" XF, PR(¢ ) isthe set of

proportional solutions if for any z € PR(g ), 2 isaPareto efficient allocation and for
xi

any i€ I, y = S f(z.xj)-

jel

Jjel



3. Axioms

In this section, we take several axioms each of which represents some welfare
criterion on desirability of the solutions. The welfare criteria we focus on are classified
into three viewpoints. The first viewpoint of the welfare criteria is related to
allocational efficiency of the solutions. A representative criterion of allocational
efficiency is Pareto Optimality. In the following, Axiom 1 and 2 represent welfare
criteria of allocational efficiency. The second viewpoint of the welfare criteriais related
to equity concepts. A representative equity concept is No Envy (Foley (1967)). Each
of Axiom 3~5 represents what is the equitable allocation in the context of public
ownership economies with convex technology. The third viewpoint of the welfare
criteria is related to informational efficiency of the solutions. When for some economic
environment, some solution is attained, one would be concerned with how much costly
information transmission is involved. Informational efficiency is related to some
criteria on what allocations are attainable through as costless information transmission

as possible. Axiom 6~8 represent such criteria.

First, we adopt two criteria of allocational efficiency. The first criterion is total

rationality. The second criterion is individual rationality.
Axiom 1: Pareto Optimality (PO): Ve=(u, f)eU" xF, S(e¢) c P(e).

Axiom 2: Individual Rationality (IR):
Ve=(, feU" xF,[(z),4€ S(e)= u(z,)2u(0) (Vie)].

Second, we discuss on equity criteria which public ownership solutions should
satisfy in the context of convex production economies. In commonly owned convex
production economies, each member has free access to the production technology.
However, in such a case, if all members behave to pursue their individually maximal
welfares, it is well-known that “the tragedy of the common” is consequential, since
joint utilization of convex technology brings a negative externality. This implies that to

avoid such a socially inefficient state, each member should bear some share of this
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negative externality instead of pursuing his individually maximal welfare. In public
ownership economies, it is natural that such a requirement is imposed. Thus, Axiom 3

is taken.

Axiom 3: Free Access Upper Bound (FAUB) (Moulin (1990a,b)):
Ve=(u, feU" xF,[(z,),y€ S(e )= u(z,)< éna_xo] u(x,, f(x;)) VieD].

iel

The next axiom is well-known as a representative equity criterion with respect

to fair division problems.

Axiom 4: No Envy (NE) (Foley (1967)):
Ve=(u, fHeU"xF,[(z,)

iel

eS(e)= Vijel, ulz)2ulz)]

Axiom 5 is also related to fair division problems. In public ownership
economies, identical members should be treated equally, and differences of the surplus
opportunities should be caused only by the differences in preferences due to personal
responsibility. In other words, all members should be guaranteed at least some
minimal equality of welfare level whenever all members have identical preferences.
Then, such a minimal equality of welfare imposes a lower bound on all members’
welfare. Such a lower bound is constituted by the welfare that each agent is reachable
by utilizing an equal share of the production set. Thus, Axiom 5 represents a
requirement on equal guaranteeing of the lower bound welfare in public ownership

solutions.

Axiom 5: Lower Bound Egalitarian (LBE) (Moulin (1990a,b)):
Ve=(u, )eU" xF,[(z,)

iel

eS(e)= u(z,)= éna_xm ulx, %f(nxi)) (Viel)].

Next, we discuss on criteria of informational efficiency. The first axiom is

adopted by Moulin (1990a) to characterize public ownership solutions.



Axiom 6: Independence of [rrelevant Alternatives (IIA) (Moulin (1990a)):
Ve=(u, feU"xF, VYge F such that dx)< f(x) (VxeR.),
()i €S(e)and (2,),,€ A(e™) = (T,),,€ S(e” ywhere " = (u, g)].

The next two axioms are introduced first in this paper. They are Axiom 7
(Pareto Independence) and Axiom 8 (Support Price Independence). Axiom 7 says that
if some economy is changed such that the current allocation assigned as the solution
becomes Pareto efficient in the changed economy, then this allocation remains in the
solution set of the changed economy. Such an axiom represents a criterion of
informational efficiency. The reason is as follows: If some current feasible allocation
is equitable solution in some economic environment, whether the current allocation is
also equitable solution or not in the other economic environment is verified by only
checking whether or not this allocation is Pareto efficient in the other economic
environment. Checking whether or not some allocation is Pareto efficient is very easy
in convex economic environments, since it is enough to collect only local information
on members’ indifference curves at this allocation. In other words, it is sufficient to
check whether or not all members weakly prefer this allocation to the other feasiblé
allocation in some neighborhood of this allocation whenever all possible economies

have convex properties.

Axiom 7: Pareto Independence (PI): Ve=(u, f)eU" xF, (2,),,€ 5(e)and
Wi, g elU" XF, [(z;),,€ P(¢ ) where €” = (i, g) = (2,),, € S(e” )]

The output distribution rule that fully divides total output independent of
preferences satisfies Pl. For example, the egalitarian distribution rule, which assigns
equal dividend of total output to every member, and the average surplus sharing rule
satisfy PI. Obviously, the Pareto solution satisfies PI. However, the Walrasian

solution does not satisfy PI.

Axiom 8 (Support Price Independence) says that if some economy is changed

such that some current price which supports the current allocation in the solution set



becomes an efficiency price in the changed economy, then this allocation remains in the
solution set of the changed economy. As well as Axiom 7, this axiom also represents a
criterion of informational efficiency. The reason is that checking whether some price
which supports the current allocation in the solution set becomes an efficiency price or
not in some new economy is enough to collect members’ preference information on

some feasible allocations in some neighborhood of the current allocation.

Let X f, wy={peA| IweY(f),Y(f)cH(p, w)}. Foriel, u,el,,
and z;€ Z; ,let L(z;, u)={z; € Z u(z,) Zu z])} be the weak lower contour set

for member i with u, at z, .

Definition : Forsome (z,),, € S(u, f) for (v, f) €eU" XF ,aprice pe A supports

(@), at (u, f)if pe Asatisfies the following conditions:
Dpe pf. (Zx, f(Xx,)),and 2)if S P, then Kz, u)2 H(p, 7, XViel).

iel ief

Denote for some (z,),., € S(u, f) for (u, f) eU" X F , the set of prices supporting

iel

(:i),'g at (Ll, f) by Kf’ u, (:i)ie[)‘

Definition : Forsome (z,),_, € P(u, f) for (u, f) €U" xXF ,aprice pe A supports

iel

(2,)iq at (u, f) as a Pareto efficient allocation if p € A satisfies the following

conditions: 1)pe ( f, (zxi, f(in))), and 2) I(z,, u,)D H(p, ;,(Viel).
iel

ief

Denote for some (2,),., € P(u, f) for (u, f) eU" X F , the set of prices supporting

ief

(z,),o; at (u, f) asa Pareto efficient allocation by p’( f, u, (z,),,). Notice thatif §

does not satisfy PO, then p( f, u, (z,),,)= P f>(Xx,, f(2x,))), whileif Sc P,
iel iel

then p(f, u, (3)ie) = pp(f’ u, (Z;)ier)-

Axiom 8: Support Price Independence (SPI): Ve=(u, f)eU" xF, (2,),., € S(¢e ),

iel

Ipe K f, u,(2)), Wi, @ elU" xF,[pep(g. i,(z),) = ()€ S, 91

Notice that SPI requires less information than Pl when attaining a new
allocation as the solution in the changed economy. The reason is that checking whether

some current supporting price becomes an efficient price or not requires only

9



information of preferences on the allocations in a subset of some neighborhood of the
current allocation whenever all possible economies have convex properties. Sucha
subset is the intersection of the neighborhood set and the half space which is defined by
the current allocation and the supporting price. This fact also implies that the PI-
satisfying solutions are more allocational-invariant with respect to environmental
changing than SPI-satisfying solutions, since there exist many cases such that the
allocation remains to be Pareto efficient while the corresponding efficiency price is

changed.

As well as PI, SP1 is also satisfied by any output distribution rule that fully
divides total output independent of preferences. It is easy to show that the Walrasian
solution satisfies SPI. On the other hand, the Pareto and Individual Rational solution

and the No envy solution do not satisfy SPI.
We examine the relations of the above three axioms on informational efficiency.
Lemma 1 : Plimplies SPL

Proof: Lettakee =(u, f)eU" xXF, (z,),,€ S(e)andany pe X f, u,(,),.)- Itis
clear that forany (i, g)e U" X F such that pe p'(g, #,(z,)), )€ Ki, 8.
Since § satisfies PI, (z,),_, € Xu, g). QE.D.

LetDF={feF | f is differentiable }. We denote by U" x DF the class of

differentiable production economies.
Lemma 2 : Forany fixed production technology in DF,, PI coincides with SPI.

Proof: Lettake € =(u, f)eU" xDF and (z,),, € S(¢ ). Since f isdifferentiable,
~f, (zxi, f(Zx,. ))) is singleton, so that & f, u,(z,),.) is singleton. Then, if for
iel

ief
some ite U", (z,),u€ Kit, f), K f. u,(2).)=p (f, i, (z,),,) is obtained. Since
S satisfies SPI, (z,),, € Su, f). QE.D.

Lemma 3 : PO and SPl imply [IA.

10



Proof: Let S satisfies PO and SPI. Lettakee =(u, f)eU" xF, (2,),,,€ S(¢ ) and

iel
any pe X f, u,(3;),,). Then pe p(f, u,(z,),.)- Next, take a function ge F
such that gx) < f(x) (VxeR ) and (g,),,, € Alu, g). Then, Y(g) c H(p, Z:i).

ief

Thus, pe p'(g, u,(z,),.,). Thisimplies (z,),, € Xu, g). Q.E.D.
Lemma4 : PO and Pl imply [1A.
Proof: ltis clear that by Lemma 1 and 3. Q.E.D.

We next examine the relationship between our new axioms and Nash
implementability. A social choice solution § is Nash-implementable if there exists a
game form such that for any possible economic environment, the set of § - solutions
coincides with the set of Nash equilibrium allocations of the non-cooperative game
which is defined by a pair of that game form and a profile of preferences. It is well-
known that the necessary and sufficient condition for Nash implementability of § is
Maskin Monotonicity (Maskin (1977)), if n > 3 and all possible preferences in the class

of economic environments are strictly monotone-increasing.

Maskin Monotonicity (Maskin (1977)): Yu, u” eU", (2,),,€5u, f),

(L, u) Lz, ) (Viel) = (2)qeS8u”, Ol
Lemma 5: SPI and PO imply Maskin Monotonicity.

Proof: Let S satisfies PO and SPI. Lettakee =(u, f)eU”" xXF, (z,),,€ S(¢ ) and

iel
any pe K f, u,(z,),). Then pe p"(f, u,(2,),,)- Thisimplies that forall ie I,
ZeH(p, z)0Z, =ulz)2u(Z, ). Next, take a profile &ie U" such that for all

ieland z;€Z;, u(z)=u(z) = i,(z,)26,(z]). Then pe p(f, @,(2)y). By

SPL, (2)),, € Xu, f). QED.
Lemma 6 : Pl and PO imply Maskin Monotonicity.

Proof: Itis clear that by Lemma 1 and 5. Q.E.D.

11



By Lemma 5 and 6, the constant returns equivalent solution (CRE) satisfies
neither PI nor SPI, because CRE is Pareto optimal but does not satisfy Maskin

Monotonicity.

Next, we introduce Condition W* (Saijo, Tatamitani and Yamato (1993)) which

characterize the solutions implemented in Nash equilibria by a natural demand-quantity

mechanism. Let fe Fisfixed. For (z,),,€ XZ, ,let
iel
Nz, f)= A~ L, u).
ueS ™ (@ )ar . 1)

Condition W* (Saijo, Tatamitani and Yamato (1993)): Ve=(u, f)elU" xF, (,),, €
S(e)and Yu' e U", [Nz, f)el(z, ) (Viel) = (z,),4€ 5", NI

Lemma 7: Forany fixed production technology f in DF, SPI and PO imply

Condition W*.

Proof: Let S satisfies PO and SPI. Lettakee =(u, f)eU" xDF, (2,),,€ S(¢ ) and

iel
pe X f, u,(z,),,) Then {p} =pP(f, u,(z,),,). Thisimplies thatforall ie [,
Z,eH(p, z)NZ, >ulz)=u(Z, ). Thisfactistrueforall u” e Sy D
because {p} = p( f, (2x,, f(2x))). Thus, H(p, z)NZ, c Az, f) (Viel).

el iefl
Next, take a profile it e U" such thatforall ie I, ASi(zi, fYc L(z,, &;). Then, for all
iel, H(p, z)nZ,c Kz,, &). Hence, pe p'(f, &,(z,),.,)- By SPL (z,),, €

(i, ). QE.D.

Lemma 8: For any fixed production technology f in DF, Pl and PO imply Condition

WH*,
Proof: Itis clear from Lemma 2 and 8. Q.E.D.

Lemma 7 and 8 implies that the solutions satisfying Pl or SPI is Nash-implementable

by a natural demend-quantity mechanism.

12



4. Some Results

This section states our main results. First, we refer to the preceding results

proven by Moulin (1990a,b).

Proposition 1 (Moulin (1990a)): The proportional solution PR satisfies axioms PO,
A, FAUB and Maskin Monotonicity. Other solutions satisfying these four axioms are

welfare indistinguishable from the PR solution.

Proposition 2 (Moulin (1990a)): The equal benefit solution E B satisfies PO, UBE and
[TA.

Proposition 3 (Moulin (1990b)): The equal benefit solution E B satisfies PO, UBE and
NE.

While Moulin (1990a,b) showed only the necessary part of characterizing PR
and EB, I completely characterize these solutions by adopting PI and SPI instead of IIA

and Maskin Monotonicity.

Theorem 1: The proportional solution PR satisfies axioms PO, FAUB and SPL

Conversely, no other solutions satisfy together these three axioms.

Proof: i) Suppose a solution § satisfying the three axioms is not PR. Take an

economy £ =(u, f)elU" xF. Suppose that for some allocation (z,),_, € S(¢ ), (z,)

iel
is not PR. Then, there exists a supporting price pe X f, u,(Z,),.) such that for any

(u, g)eU" X F satisfying pe pP(g, u,(2,)4)s (2,),q € S(u, g), and there exist at

>y, f(2x)

iel iel Ve

. Without loss of

least two agents j, k€[ such that Ly =
N / x; 299 in X,
il iel
y S
generality, =~ < ——— < =£ is assumed. In the following, we denote by
x; zxi x,

iel

z2=(x, y) E(le., J( Exi )) the aggregate production plan. Consider another economy
iel iel »

(t, 6.)e U" x F in the following:

13



P 1Y .
5.()= X [rj if x<xX<0
v if x¥<x

px’%i + p_v.\;i I’f ‘%i E[xi’ 0]

- - . Then, clearly,
Vi~ if & eltoo, x,] y

andforall ie ], u(x, i—)z{

V. oy
pep(g. @,(z),,). Thus, by SPL (z,),, €. 5.). By the way, 'x-’< - implies
J
u(x;, v;)>0. However, maxOJ #(x;, 8.(x;))=0, so that FAUB of Sis violated.

A xjew ;.
1) It is sufficient to show that PR satisfies PI. That is trivial because the P R allocation

is the Pareto efficient proportional allocation. Thus, by Lemma 1, PR satisfies SPI.

Q.E.D.

Corollary 1: The proportional solution PR satisfies axioms PO, IR and PI.

Conversely, no other solutions satisfy together these three axioms.

Proof: Suppose a solution S satisfying the three axioms is not PR. Take an economy

e=(u, f)eU" xF. Suppose that for some allocation (z,),_, € S(€ ), there exist at

AZx)
least two agents j, k € I such that = < —-f[— < =% We consider the same another
xi
iel

% X

production technology &_ e F as in proof of Theorem 1. Moreover, consider the
following preferences: forall ie I, ¥V (x,, )€ R XR,, u(x,, v,) = yx, —xy, .
Clearly, (z,),,€Ru, 8,). Thus, by PI, (g,),,€8u, 6.). However, then,

iel iel

u(x,, y,)<0=1i,(0, 0), so that IR of Sis violated. Q.E.D.

Theorem 2: The equal benefit solution £ B satisfies PO, UBE and SP1. Conversely,

no other solution satisfies together these three axioms.

Proof: 1) Suppose a solution S satisfying the three axioms is not £B. Take an
economy € =(u, f)eU" X F. Suppose that for some allocation (2, ), € S(g ),
(2,); € EB (€ ). Then, there exists a supporting price pe X f, u, (2;),.) such that
forany (&, g)e U" x F satisfying pe p(g, 4,(2).)» (Z)i € S, g), and

moreover, 2, =(x,, v.)ed(p, a,, u;)(Viel) where 262,» = Zp:i and for some

iel iel

14



Xa,

k, jel, a #a;, . Without loss of generality, a, > e a; isassumed. Notice that
n
1o - 1
forall iel, z; ¢ ;Y(f) by UBE, where —Y( f):={(x, y)e R_XR, l ¥ <;f(nx)}.
n
Next consider forall /e [, a utility function %, € Usuch that V (x,, ¥,)e R_XR_,

uflx,, y,) =px + p,v, ,and a production function ge F such that

ief

gx) :—%—x+ 2.a, . Then, clearly, pe p'(g, @, (2 )ier)- Thus, by SPL, (z,), €

_ _ _ 1 L
Xu, g). However, for member j, uj.(:j)<xlg[rz)a{<0] uj(x., ;g(nxj)), since uj(:j):aj

J
.,

iel

1
= max u(x;, —gnx)). ltisa contradiction.
n x;dw;. 0] T n /

<

1) Itis clear that E B satisfies PO and UBE. Let us show that E B satisfies SPI. For
any €=(u, f)eU" xF, (z,),,€ EB (&), thereexist ) f, u,(z,),.,) such that
EPZ,- = na = max {p-(x, _V)lyg f(x)}and z,ed(p, a, u,)(Viel). Consider

ief

another economy (i, g)eU" X F suchthat pe pP(g, i,(z;),,)- Then, since

@) geRu, g, z,ed(p, a, 4,)(Viel). Thisimplies (z,),_,€EB (@, g).

iel

Q.E.D.

Corollary 2: The equal benefit solution E B satisfies PO, NE and SPI. Conversely, no

other solution satisfies together these three axioms.

Proof: We follow the process of proof i) in Theorem 2, and then for member j,

ﬁj(zj)< ii,-(Zk), since ﬁj(zj)=aj < a, :'ﬁj(zk). Thus, NE of Sis violated. Q.E.D.

5. A further discussion —Some Generalization —

In this section, some generalization of the above discussion is considered. Ina
general model, there are one type of labor input and m commodities partitioned into
two groups: the privately owned commodities, indexed 1 to &, and the publicly owned

commodities, indexed £+ 1 to m. There is a publicly owned firm with a production set



Y € R xR*xR"™. Vector 2 Y will be written as (m+1) vectors, as follows:
Z=(x, y;, ) where x is the labor input, y, is the non-positive £ vector of
commodity inputs supplied by members, y. is the (m-k) vector of commodities the
negative components of which are inputs supplied by the publicly owned firm, and the
positive components of which are outputs produced by the publicly owned firm. Itis

assumed that:

Al. OeY.

A2. Yisclosed and convex.

A3,V ZI=(x, Yi» Yo )€Y suchthat (x, _yf)e R xR,

(3 jetk+l, -, m} st y,; >0=x<0].

A4. Y is comprehensive:

(G, yp, YOIEY, (07, ¥, )S(x, yp) and y. " <y [= (7, ¥, 7, v el

AS5. Laboris productive: [(x, Vi Yo)€Y and X7 < x |

=[3 (¥, y.)suchthat (x", y,’, y.")e¥ and (y;”, v ) = (y;, ¥o)l-
We denote by Y the class of production possibilities sets satisfying A1~AS5. We
denote by d Y the efficiency frontier of ¥:
fed Yo eV and[{Z7eY, (", y, )= (x, y,), v 2y} = "=} The
aggregate initial endowmentof y; is denoted by Q’ € R*. Each member {’s initial
endowment of commodities is denoted by o/ € Ri. The publicly owned initial

endowment of commodity inputs is denoted by @, € R -,

There are n members (n > 2). The set of members is denoted by [ =
{1,2,...,n} with generic element . Each member / is endowed with a negative amount
a)io of labor endowment. The aggregation of labor endowments is Q’. Each member i
has Z, = @’ 0]x R” as his attainable consumption set. The generic element of i’s

consumption vector is denoted by 7, =(x;, y,). Each member i’s preference is
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represented by a utility function u,: Z, - R where u; is continuous, quasi-concave

and strictly increasing. We denote by U, the set of such functions.

Let Z=(Z),, u=(u,),, and ®=®,),, where o, =(@; , 0/ )e R_xR..
An economy is specified alist (Z, u, ®, @., Y). In the following, we {fix @ and @,

so that Z is also fixed. Then the class of possible economies is denoted by

E = X U, xY with generic element € =(u, Y). An n-tuple consumption bundle (z,)

iel iel

and an input-output combination Z =(x, v s Vo) constitute a feasible aliocation if: 1)

foreachi, z,€Z,,2) Z€Y ,and 3) Z:i —Ewif -0 <(x, Y,y v.). Let A(e) denote

iel iel
the set of all feasible allocations for the economy € with generic element

gzz((:i)iel’ 2.

A public ownership solution (POS) is a mapping S associating with every
economy € =(u, ¥Y)€E anon-empty subset (&) of feasible allocations A€). A
feasible allocation = ((z,),_,, I) is Pareto efficient at € =(u, Y ) €E if there does
not exist another feasible allocation (" =((z,"),_,, I ) at € suchthat u;(z})>u,;(Z;)

forall ief . We denote by P(¢) the set of Pareto efficient allocations ate .

Let Ai= {peR""

p. + p, =1} be the unit simplex. Let H(p, w) =
w'=(x", ¥}, v)e R xR" XRT_kI p-w2pwifor pe Aandw € R xR xR ™.

A production point we Y isefficientat pe Aif Y < H(p, w).

Definition: The nonzero vector p € Ais a vector of efficiency prices for the Pareto
efficientallocation § =((z,),,, 2) at e=(u, Y)eE if
(@) p-z,<p-z forall " e Z, suchthat u(z,)<u(z") (Viel);

(b) Y < H(p, 7), and
(©) p-(é:i —wa —w, ~3)=0.

Definition (Roemer and Silvestre (1989)): An allocation { =((z,),.,, Z) is an equal

benefit solution for € =(u, Y)eEif:

(i) Ce Re );

17



(it) There exists a vector of efficiency prices p € A for { such that , for any pair of

members i, A, p-:i—p-a)fzp-zh -p-ol.

Definition (Roemer and Silvestre (1989)): An allocation { =((2,),,, Z) isa
proportional solution for € =(u, Y)<E if:
(i) e Ae );
(ii) There exists a vector of efficiency prices p € A for { such that
p(x+v,)
Vi i By f . .
L =peo) + (L —2w)) (Viel)if (x, + <0,
hel
1
p-i=p ol +—p(Lz-2ol) if Xp-(x +y)=0.
n iel iel hel

Now we define, in the general economic environment defined above, an
extended version of the axiom 3. Let (Y, 2)={peA | FZeY, Y c H(p, 2)}. At
a given economy € =(u, Y'), for each (x;, y, )€ [w;, 0} x[—a)if, 0] of agent i, there
exists pe (Y, (x,, Vg, Ye)) such that
max u,(x;, y,) where (x;, y,)eZ, N FI(p, (X5 Yu +a){, Vo +w,)). Let denote that
max u,(x;, y,) =w/(x, Var Ui Y). Then, there exists (xf, y;)e (], O]X[—a){, 0]
such that (x;, y;)=arg max w/x,, y;, 4;, ¥). Notice that
p-(x;, v, +0!, v +@.) where (x], y}, vo)e d Y isthe “agent i’s Stand Alone
income” realizable when he utitizes alone the technology. We then call

w(x;, Yz, 4, Y) “agent i’s welfare of Stand Alone income”, and denote by

wsdu,, Y).

Axiom 3’: Upper Bound by Stand Alone Income (UBSAI):
Ve=(u,Y)e E, [ =((2)iy, DeSE)>ulz)Swsdu,, Y) (Vie D].

Notice that in the one-input and one-output economy, UBSAI is reduced to FAUB. In
such a sense, UBSAI is a extended version of FAUB in the multi-input and multi-

oufput economy.
Next, we define the axiom of (L.LBE) in economic environments with multi-input

and multi-output. Ata given economy € =(u, Y), agent i’s “Lower Bound welfare”
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[ (u,,Y) is defined as follows:

® .Y
[ (u,, YY=max{u(x,, v) |(x,, v)eZ,, v, =(a)[.f+yﬁ, Ve + =) st (x,, Vi .VC)E‘;, -y, <
n

Then the axiom of (LBE) is represented as follows:

Axiom 5': Lower Bound Egalitarian (LBE) (Moulin (1992)):
Ve=(u, Y)e E, [ =((5),y, DeSE)=>ulz)21(u, Y)(Vie D]

Let XY, 5)={peA | FeY, Y H(p, 3)} and
FI(P, z,)={teR xR" [ p-z<p}.

Definition : Forsome { =((z,),,, 2)€ S(u, Y) for (u, Y)€E, a price p<€ A supports
¢ at (u, Y)if pe A satisties the following conditions: 1) pe XY, 2), and 2) if
Sc P, then Lz, u)2 H(p, z,)\Viel).

Let (Y, u, {) be the set of prices supporting { at (u, ¥). Let denote the set of
efficiency prices for € Ru, Y) by pP(Y, u, ). Then the axiom of (SPI) is

represented as follows:

Axiom 8’ : Support Price Independence (SPI):
Ve=(u,Y)e E, {=(z,), D)eSE€), Ipe pY, u,§), VE=(@, Y)e E,
[pep’(Y, i, 0)=eS@)

In the case of multi-input and multi-output economy, the proportional solution
PR does not satisfy the axiom of Pareto Independence. However, PR satisfies SPIL.

Thus, Theorem 1 on PR in section 4 is changed as follows:

Theorem 3: The proportional solution PR satisfies axioms PO, UBSAI and SPI.

Conversely, if @.=0, no other solutions satisfy together these three axioms.

Proof of Theorem 3: See Appendix.

Remark: If @, 2(#)0, PR is not a unique solution which satisties PO, UBSAI and

SPI.
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Example: Let I = {1, 2}, Y(f)={(x, y)eR_ xR,

fix)2y& f(0)=0} and
w. €R, .. Suppose that the production function fis differentiable and strictly concave.
Each member i’s initial endowment is his labor endowment ®;(€ R__) only. Such an

economy belongs to E whenever each member i’s preference belongs to U, .

. ' Xy x y
Let Z=(x, y)ed Y(f)and (2, 5:):(('2" '£+coc),(5, E—wc)) where

z,€Z (i=1,2). Then {=((z,, 2,), 2) isafeasible allocation. Let

{p} =p(Y(f), 2). Let u, (i=1, 2) be a utility function satisfying

Uz, u,)m FI(p, 2,)={z,} where U(z,, u,)={z €eR XR" | u ()= u(z)}-
Then, by this construction, { is a Pareto efficient allocation at (1, Y( f)). We show
that ¢ is an allocation having the property of FAUB at (u, Y(f)), since this example is
an one-inpit and one-output economy. It is sufficient to show that

z,€(Y-0 Y)+{w.}. Note that z, —~@,. =(§, ‘\21). Since fis strictly concave,

y

x
(5 , 3) (Y —d Y). Next we show that { is an allocation having the property of SPI

at (u, Y(f)). Since this example is an one-inpit and one-output economy, it is
sufficient to show that for any economy (u”, Y~ ) such that p supports { as a Pareto

efficient allocation, { has the property of FAUB. Let

« Y "
x ; if x elx, 0]
gx')y= D, B . and foreach i=1, 2,
—=ExX"+p-I if X e(—oo, x]
¥
- ~ P X
pxx£+pyyi lf xie[—7 O]

ul(x, y)= 2 . Then, in (i, Y(g)), p supports {

(y+c)-F =53, if % elo], 5]
as a Pareto efficient allocation. { is also an allocation having the property of FAUB in
(i, Y(g)),since for i=1, 2, z,€Y(g)+{w.} . Itis easy to show that for any other
Y e Ysuchthat Y  c H(p, Z)and ZeY", z,e Y +{w.}. Thus, { isanallocation

having the property of SPI. Define a POS § satisfying PO, FAUB and SPI, which
assigns the allocation { at (u, Y(f)). This S does not PR. Q.E.D.
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[n contrast, it is easy to see that the characterization of EB in section 4 is

extended to the case of multi-input and multi-output economy:

Theorem 4: The equal benefit solution £ B satisfies PO, LBE and SPI. Conversely, no

other solution satisfies together these three axioms.
Proof of Theorem 4: See Appendix.

By adopting the axiom SPI, we can also fully characterize the Walrasian

solution in private ownership production economies. Consider the following private

ownership production economies: foreach i€ I, @, € R is i’s privately owned initial

endowment of commodity inputs, and 8, is {’s share of Y. Following the above

argument, we assume that {@,, 8.}, is fixed, so that a couple (u, Y') €E specifies one

private ownership production economy. Then the Walrasian solution is defined as

follows.

Definition: Anallocation { =((z,),_,, Z) isa Walrasian solution (W) for e =(u, Y)€E

if { € A(e) such that there exists a price vector p € A such that:

i) YcH(p, I)

[T

(i) forevery iel, 7, =arg max u(z/)over z; € Z and p-z/ < p-@, +6,p-

(iii) p-[zl(:i —%)«5):0.

For characterizing the Walrasian solution, we introduce the following axiom:

Axiom 9: Full Individual Rationality (FIR) (Gevers (1986)):
Ve=(u, Y)e E, {=(z),,, D)eS). Viel,

u(z;) 2 max{u,(x;, @ +y) l(xia @, +yeZ, (x; .\-7)Eei'Y}-

—] -1

Theorem 5: The Walrasian solution W satisfies PO, FIR and SPI. Conversely, no

other solution satisfies together these three axioms.

Proof of Theorem 5: See Appendix.
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Footnote

1). In Roemer and Silvestre (1989, 1993), the existence of £B and PR is also proven

in convex economic environments with multi-input and multi-output.

2). Gevers (1986) ( and Nagahisa (1994)) attempted to characterize Walrasian solution
by adopting the axioms of Non-discrimination (ND) and Monotonicity (M)
(Generalized Monotonicity (GM)), instead of our SPI axiom. ND is a neutrality axiom
on utility levels: if all members” utility levels of a feasible allocation are equal to those
of the current S-solution, then this feasible allocation is also S-solution. M (GM) isa

slight weaker version of Maskin Monotonicity (Maskin (1977)).

3). Notation: Throughout this paper we shall employ the symbol R to indicate the set
of real numbers. The set of non-negative real numbers is denoted by R,. The set of
non-positive real numbers is denoted by R_. The set of negative real numbers is

denoted by R__. Givenz, 7 € R_ xR, vector inequalities are defined as follows:

727 ifz, 2z foralli=x,y; z>z if z, > z; foralli=x, y.
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APPENDIX:

Proof of Theorem 3: First, we show that PR satisfies UBSAI. Suppose

C=((x;, ¥ )ies» 2)E€PRu, Y). Let y, beagenti’s supply of privately owned
commodity inputat { € PRu, Y). Then for (x,, yﬁ), there exists (x;, Vas ve)yed Y
such that for some pe (Y, (x,, Vas ve)), wix,, Vi Uy, Y)isrealized. By
definition, u,(x;, y;) Sw/x, , y5. u,;, Y). Hence, u(x;, y,) Swsdy,, Y) foreach

ie . Itis easy to show that PR satisfies axioms PO and SPI.

Next, prove the inverse relation when @, =0. Suppose a solution § satisfying
the three axioms is not PR. Take an economy € =(u, Y)e x U, xY. Suppose
$=((z,)iy> 2)e 8(e). Since { is Pareto efficient, forsome p € A, Y < H(p®, 2).
Hence, (Y, I)is non-empty. This implies that XY, u, {) is also non-empty.
Suppose pe p’(Y, u, {) is a price such that for any (i, ¥) satisfying
pep(Y, i, $), {e Xu, Y). Suppose that for { =((z,)._,, Z)e S(¢), there existat

lp-(z,—a!)| 2p "“’{)f lp-(z, —o])|

IP'(xj +yﬁ)i< %P'(x,. +,.Vﬁ)|<lp-(xh +_Vﬂ,)l'

least two agents J, # €/ such that

Consider another economic environment. Note that Z =(x, Vs vo). Let

T(p, 2, yo)={(x", y))e R xR p-(x", y;, y.) =p-7} and

H,(p, 5)={(x", y;, v )e R XREXR"™|(x", y)eT(p. Z, y.), p- (X", y;, ye )< p- 3}
Also, let fora givena € [0, + o0),

o-H, (p, D)=fo-(x", ¥}, ye)e R xREXR"™|(x", y;, yo)eH, (p, ©)}. Then,

v a-H (p, f)}mH(p, Z)e Y. Denote

0, +o)

U a-HyC(p, Z)}mH(p, Z2)eY by Y(p, 2). Note that by SPL, { isa §-

g0, +w)

allocationin (u, Y(p, 2)). Foreach iel, z;€(8,-d Y(p, E)+{a)if}]mZi where 6,
P TIR) o share of total profit if ¢ isa PR-allocationin (u, Y(p, 7))

=< is {’s share of total profits i is a PR-allocationin (u, ¥Y(p, 2)).

glp'(xl'*"yﬂ)

However, since { is not a P R-allocation, by the above supposition,

z, 10, - Y(p, D)+ {wl}]"Z, . Then, by the construction of ¥(p, 2),

L elY(p, D+ NZ, . Let Uz, u)={z e R xR" | u(z)2 u,(z])} and
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H(p, z))={z€R xR"

p-z< p<z,}. Consider the following preference profile i:
for hel, {,}=U(z,, i) (H(p, ,)VUl¥(p, H+{w/}1nZ,), and

for any other i# A, {,}=U(z,, Z{i)ml:l(p, Z,). Clearly, pe pP(Y(p, 3, 4,8), s0
that { e S(ii, Y(p, 2)) by SPI. However, since z, ¢ [Y(p, )+ {0/} 1nZ,,
{Za3=U(z,, ﬂh)m(ﬁ(p, )VlY(p, 5)+{co,{}]mz,,) implies that { does not
satisfy UBSAl of Sin (&, Y(p, 2)). Q.E.D.

Proof of Theorem 4: It is easy to show that E B satisfies axioms PO, LBE and SPIL.
Prove the inverse relation. Suppose a solution § satisfying thé three axioms is not £B.
Take an economy € =(u, Y)e i>e<[Ui XY . Suppose { =((2,),,» Z)e S(€). Suppose
pe XY, u, {)is a price such that for any (i, Y) satisfying pe p"(¥, @, ),

e Xa, Y). Suppose that for § =((z,),, )€ S(€),there exist at least two agents

p-(Xz. - o)

iel iel

J» hel suchthat p-(z; —a)f.f)< < p-(z, —@}). Consider another
economic environment. Note that Z =(x, Vs ve)- Let

Fn> )= arg max {p-(x; + yp) by - Let Wp, &, (x5 vp))=

{9c€Rm’kl P %> Y. Ve)=p-2 3 TV p, 2.(x,, Yp))=

{(%,9,)e R xR $.€ V(p, 2. (x,, yu)), p-(%. §,. 5. )=p-% } and

HIV(p, <, (x,, yp))=

(&, ¥y, v e RXREXR"((x°, y))eTV(p, Z,(x,, yu))» p- (X", ¥;, o)< p- T}
Also, let fora givena € [0, + o0),

a-HTV(p, Z,(x,, yp)={0-(x", y;, yo)e R XREXR"™|(x", v}, yo)e HTV(p, ,(x,, ¥,
Then, L40§J+m)a-HTV(p, . (x,, yﬂl))}mH(p, 2)eY. Denote

qug+w)a-HTV(p, 2, (x,, yﬂl))}r\H(p, 2)eY by Y(p, T, (x,, yu)). Note that
by SPI, ¢ isa S-allocationin (u, Y(p, Z,(x,, ¥,))). For each ie I,

:ie[%-(a Y(p, Z,(x,, yﬂl))+{wc})+{a}if}]mzi if { isa EB-allocationin

(u, Y(p, 2,(x,, Ya))). However, since { is not a E B-allocation, by the above

1
supposition, I, & [;-(8 Y(p, 2. (%, yan+{oH+ {cof}} NZ;. Since

24



Z:,‘ - ZCO,/
ief

S (0 Y(p, Z. (5. 3))+ {0, }), by the above supposition,
. . : =
:,f{;-um Y(p, %, (%, yﬂl>>+{wc}>+{w{}}“zj where int ¥(p, 2, (x,, y)) =

Y(p, 2, yp =0 Y(p, 2, (x,, Vs ). Consider the following preference profile
i:forevery iel, @ x;, y,)=p,-x, +p,-y . Clearly,

pep (XY (p, Z.(x,, yu)). it, §), so that {e &, Y(p, Z,(x,, y,)) by SPL
However, z e&-(int Y(p, 2, (x5, ya D+ )+ ! }] N Z, implies

sz(:j)< [ (ﬁj, Y(p, 2.(x,, yﬂl))). Thus, § does not satisfy LBE of Sin

@, Y(p, Z,(x,, yo)))- QED.

Proof of Theorem 5: It is easy to show that W satisfies PO, FIR and SPI. Prove the
inverse relation. Suppose a solution § satisfying the three axioms is not W. Take an
economy € =(u, Y)e i):IUi xY. Suppose {=((z,),,, 2)e S(€). Suppose

pe XY, u, {)is a price such that for any (i, Y) satisfying pe p'(¥, 4, ),

¢ e i, ¥). Notice that if S(¢)=W(e), then for every i€ [,

z,€d H(p, ®, +62)N Z, because utility functions of all members are strictly
increasing. However, since § is not W, there exist j, / €/ such that

L eH(p, @ +8)NZ and z e it H(p, @, +6,2) " Z,. We take another economy
(u, Y(p, 2,(x,, Vi ))) which is defined in proof of Theorem 4. Then,

7, € [6, (ot Y(p, 2, (x5, yu)+ {6_!_),}] M Z, . This implies { does not satisfy FIR of

Sin (@, Y(p, Z,(x,, v QED.
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CHAPTER III

Natural and Double Implementation of
Public Ownership Solutions
in Differentiable Production Economies

Abstract: This paper examines the implementation of various solutions in
differentiable concave production economies with one privately owned input, one
output, and publicly owned production technology. The public ownership solutions
we focus on are the Proportional Solution (PR) and the Equal Benefit Solution (EB).
Two “natural” mechanisms which doubly implement PR and EB respectively in Nash
and strong Nash equilibria are proposed without assuming free disposal of the

production set or the boundary condition on preferences of members.
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1. Introduction

In production economies with commonly owned technology such as
“commons”, it is well-known that market equilibrium allocations are Pareto inefficient.
A method to resolve this problem of Pareto inefficiency is to institute public ownership
of the technology (Roemer [12]) in those economies. Then, there are two fundamental
questions. The first one is what allocation rules are desirable in those economies. It
was with regard to this problem that Roemer and Silvestre [13] proposed several
solutions as desirable rules. The second question is that when a desirable rule is
decided, whether there exists a way of implementing this rule in a decentralized
manner. This problem is important because the public ownership of the means of
production has been viewed by many as inseparable from central planning, and so the
failures of central planning in the socialist countries seem to be viewed as proof of the
ineffectiveness of the public ownership. In this paper, we shall be concerned with this

second problem.

This problem can be studied using the theory of Nash implementation, due to
Maskin {6]. Among the public ownership solutions Roemer and Silvestre [13] have
proposed, the Proportional Solution (PR) and the Equal Benefit Solution (EB) are
Nash-implementable by the Maskin-type mechanism (Maskin [6]) D (see Roemer {12]
and Moulin [10] ). However, these results are not satisfactory for the second problem
to be resolved in practice, because the Maskin-type mechanism seems to be an
unnatural mechanism for implementing PR or EB in a decentralized manner in the

following sense.

First, the Maskin-type mechanism requires each member to announce the
preferences of all the members. This implies that each member usually has an infinite
dimensional strategy space and which includes the space of other member’s possible
preferences. Thus, in this mechanism, information transmission is extremely hard, and

a social planner has the authority to compel each member to announce the traits of



others, which is usually objectionable in actual democratic societies. Natural
decentralized mechanisms should not only have the finite dimensional strategy space
but also satisfy the informational decentralization (Schmeidler [17]) property that
each member announces information only about himself. Second, in the Maskin-type
mechanism, the strategy profile composed of truthful announcements does not
necessarily constitute an equilibriumz), and for every strategy combination of the other
members, each member does not necessarily have the best response3). These facts
reveal that calculating a member’s optimal strategy is quite complex. Sucha
mechanism is not practical in the context of an actual economy. Third, the Maskin-type
mechanism can be used only in the environment where the social planneris convinced
that members will never take any cooperative strategies. However, it seems to be usual
in actual economic contexts that the planner cannot know whether members will

cooperate or not.

Thus, to check whether the public ownership solution is implementable in a
decentralized way, we must examine whether there exists a mechanism which at least
overcomes the above unnatural features the Maskin-type mechanism has. By
constructing such mechanisms, this paper presents a more plausible answer to this
problem. In the following, we propose two feasible® (i.e., individually feasible and
balanced) mechanisms each of which doubly implements PR or EB in both Nash and
strong Nash equilibria>). Our mechanisms are of quantity-announcing type (Q-
mechanism)®) which was originally developed by Sjostrom [18], and Saijo, Tatamitani

and Yamato [16].

The paper is organized as follows. Section 2 sets out the basic model. In
sections 3 and 4, two Q-mechanisms, one of which doubly implements PR and the

other EB, are proposed. Section 5 offers some concluding remarks.



2. The basic model

There are two goods, one privately owned and utilized as an input to produce
the other. Let x denote the privately owned input and y output produced. The initial
endowment of x is denoted by Q € R__7). There is one publicly owned firm with
production set, Y, which is defined as follows: YV :={(x, y) e R XR,| Ax)=y }.
Notice that we do not assume free disposal. The production function f: R — R, is

such that fix) =y and f{0) =0. We assume f is continuous, concave, decreasing over

R _and differentiable.

There are n members (r > 3). The set of members is denoted by [ =
{1,2,...,n} with generic element ;. Each member is endowed with a negative amount
@, of input x and no output. The aggregation of w, is Q. Each memberi has Z, =
[w;, 0% [0, f(£2)] as his attainable consumption set. Define 2,- =[w,, 0]x (0, f(L2)).
Each member i's preference is represented by a utility function u; : Z,— R where u; is

continuous, quasi-concave and strictly increasing.

An economy is specified by alist { I, Y, (@, ), (4; ), }- However, since in
the following we assume that I, Yand (@, ),_,, are fixed and known to everyone, we
denote one economy by u:=(u; ),, € U:= U; X---xU, where U; denotes the class

of utility functions fori . A feasible allocation is a nx 2-tuple z = (z; ), such that for
all iel, z;€Z;,and gzi € Y. Let A denote the set of all feasible allocations. Let
12; ={z=(z; )y Alforallie [ z;e 2,-}. A feasible allocation z is Pareto
efficient at uif there does not exist another feasible allocation z* such that u,(z*)
>u;(z;)forall iel . We denote by P(u ) the set of Pareto efficient allocation at u .
As Dutta, Sen and Vohra [3] did, we also assume that the class of admissible

economies is restricted to the one satisfying the condition that forany u € U,

AnPWzD.



A public ownership solution (POS) is a correspondence § associating with
every economy u € U a non-empty subset S(u ) of feasible allocations satisfying for

any uel, S(u)c ;\mP(u ).

Let A= {p € R:|p, + p, =1} be the unit simplex. Let H(p, w):={ w'e
R xR, Ipw' < pw}and dH(p,w):={w'e R X R, Ipw'=pw}for pe Aandw e
R_X R, . A production point w € Y isefficientat pe A if Y < H(p,w). Agent
i's demand correspondence at u, when he faces the budget constraint, pz, = a, for
some p e A and amount a € R, of share of surplus, is denoted by d(p, a, u) :=

argmax {u;(z;,)1 ;€ Z; and pz;=a}.

Definition (Moulin [10]): Forany u € U, EB(u) is the set of equal benefit solutions
if forany z € EB(u), thereexists pe A and a€ R, suchthat forall ie /, z;€
d(p, a, u) and Zzi € YgH(p,Zz,.).

iel iel

Definition (Roemer and Silvestre [14]): Forany u € U, PR(u) is the set of
proportional solutions if for any z € PR(u), z isaPareto efficient allocation and

there exists a supporting price p € Afor z such thatforany i € [,

S DX [2 q}
P prxi ie[pl .

iel

A feasible mechanism (or game form) is a pair ['= (M, g) where M
=M; x---xM,, M, isthe strategy space of agent i,and g: M —A isthe
individual feasible and balanced outcome function assigning to every me M a

unique element of A. Denote the i-th component of gm) by g (m).

Givenm e M and m e M;, (m;,m_;) isobtained by the replacement of

m; by m;, and g( M;, m_;) is the set of feasible allocations that agent i can induce when

the other members select m_;. Let M_;:= x, M ;.



Denote forany coalition T < I, my= (m; ),y and m_y = (m; );<;_7 - Hence
(myp , m_g ) is the list obtained by the replacement of m; by my, and g( M7, m_7)is

the set of feasible allocations that the coalition T can induce when [ — T select m_g.

Forie I, uy;eU;,and ;e Z;, let L(z;,u;) :={z;€Z; | u;(z;)=u;(z;)} be
the lower contour set for u; at z;. Given a feasible mechanism I'= (M, g) and a
profile of utility functions u € U, the strategy profile m € M is a Nash equilibrium of
I'at u ifforalliel, g(M; m_;)c L(g(m),u;). Let NE(T', u) be the set of
Nash equilibriaof T" at u. Let g(NE(I", u)) be the set of Nash equilibrium
allocationsof I at u. Given I'=(M, g) and u € U, the strategy profilem € M isa
strong Nash equilibrium of T at u ifforall Tc [, forall my e My, there exists i €
T suchthat g (mp,m_r)e L(g(m),u;). Let SNE(T', u) be the set of strong Nash
equilibriaof " at u. Let gSNE(T", u)) be the set of strong Nash equilibrium

allocationsof T™ at « .

The feasible mechanism I'= (M, g) implements the public ownership solution
(POS) S in Nash equilibria ifforallue U, S(u)=gNE(T, u)). The POS Sis
Nash-implementable by a feasible mechanism if there exists a feasible mechanism
Nash-implementing S. The feasible mechanism I'= (M, g) implements the POS § in
strong Nash equilibria if for allu € U, S(u ) = g(SNE(T", u)). The POS § is strongly
Nash-implementable by a feasible mechanism if there exists a feasible mechanism
strong Nash-implementing §. The feasible mechanism I'= (M, g) doubly implements
the POS § in Nash and strong Nash equilibria ifforallue U, S(u ) = gSNE(T", u))
= gSNE(T", u)). The POS § is doubly implementable by a feasible mechanism if there

exists a feasible mechanism doubly implementing S.



3. A feasible quantity mechanism doubly implementing PR

LetB(w;) ={z;=(x;,¥,) e RXR, |y, < ¢;,f{x;/¢;) where ¢, =w;/Q and
x;€[w;, 01}, and dB(w;):={z,=(x;,y,) € R XR, | yy=¢;f(x;/¢;) where
¢, =w;/Q and x;e {w;,0]}. Let Y(f, Q) :={(x, ) e R xR, | fix)=ywherex e
[Q,0]} and IY(f, Q) :={(x, y)e R_XR,| fix)=ywherex € [Q,0]}. Let
{pw, N} ={pe Alforw edY(f, Q), Y < Hp,w)}.

Letfor x*, x"e R_suchthat x" > x", Y(f, x*, x°) =
{x, yelx', x'IxR,| f(x)2y}. Foreachie I, z,€ Z, and w € dY(f, Q), let
Z(z,, f, w) be the subset of Z, defined as follows: 1) if there exist x*, x e[w,, 0]
such that Y(f, 0, x"Yc H(p(w, Y), z,)NZ,,
Y(f, x", x Yo H(p(w, ¥), z,)n{[x", x"]xR,} and
Y(f, x*, ) H(p(w, Y), 2,)" Z,, then
Z(z;, [, wy={lx", 0Ix[0, fEDI} VY ([, x7, ),
2) otherwise, Z{z,, f, w):=Z, .

We consider a PR-implementing mechanism 'R = (M, gR) such that forall i

€1, M;=Z,and ¢'R: M—A defined as follows:

Rule 1: Ifforallie I, z;=(x;,y;) € Z; suchthat y,/x; = zy,./Exi and Zz,- €
iel iel iel
IY(f, Q), then gfR (m) =z where m = (z; )

iel*

Rule 2: Ifforallie [, z; =(x;,y;) € Z; suchthat y;/x; = Zyi/in but
iel iel
Zzi g dY(f, ), and moreover for each i € I, there exists z; = (x;, y;) € Z; such
iel
that y;/x; = y;/x; and z; + sz € IY(f, Q), then g (m) = Z8) where m =

J#

(Z; ),» such that

2-1)if foreachi e [, Zzi >z + zzj,thenforeachie I,

iel ji

Z e Hp(zj+ 2.5, 1), 2)NIB(w) N Z;,

Jj#i



andforanyj, ke l, y,/X = y,/X,, where m =(z;)

iel?

2-2)if foreachie I, 2:,- <z ¥+ E:j,then 2 =(z.20)-

iel i

Rule3: Ifforallie !, z; =(x;,y;) € Z; suchthat y,/x; = Zyi/Exi but 2;. 2
iel el

iel
JIY(f, Q),and 1 <#{je [ Iforall z; € Z;suchthat y;/x;, = y;/x;, 2} + Z:i &
l#j
JY(f, Q)} <n- 1, thenfor j=min{je [ Iforall z; e Z; such that yilx; =
Vi/x;, 2+ 2z € Y Q)), gF (m)=(x,, flx;+ 2w, ), andforalli # j,

i e
g% (m) = (@,,0).
Rule 4: if there exists some member i € [ such thatforall j, &k #1i, z; € Z;, €

]

Zyand y;/x; = y,/x;, and for some € Zi, vilx = yj/x; = v/ x and i+

>z, €Y, Q), then
J#

4-lyifforall z'; € Z_;, PR™'((z;,2;)) = &, then

4-1-1)if z; € H(p(z,’-+22j, Y, z;) "N Z,

J#

gRmy=zt =(x, 3 +7) € d Hp(z)+ 25, 1), ) N Z(z,, f. 5+ 2z,) (for

J#i J#
[+ 20)=(7+)
some Y =0), and forall j # i, ng(m):(an, X; - = ),
>
Ji

4-1-2) otherwise, gR(m)=(z;,7_;),

4-2) if there exists z_; € Z_;, PR'(( 7,2 ) = D, then
gR(my=(x;, fix,+ Y0,)), where j =min {k € [ - {i}}, and gf* (m) = (@}.,0)
kj

forallk # j.

Rule 5: For any other case, the following modulo game is played and some member i*
will win the game: Let Z(xf./a)i) = k. Since (xj/(ui)e [0,1], clearly O<k<n. Let r

iel



+ t =k where r is the largest integer less than or equal to k. Then ¢ € {0, 1) and there

is a unique i*e [ such that ¢t € [(i*~I)/n, i*/n). Then i* isable to receive ng (m)=
(F'O0*) - 2@, y*) where y* = max { AQ.@,), y-}andforall j #i* g% (m)=

Jj#i ji

(@, 0)9).

In the above mechanism,ARule 2 implies that if a strategy combination is such
that all members are potential deviators, then the outcome is the feasible allocation that
all members are punished. Rule 3 implies that if a strategy combination is such that at
most n— 1 members are potential deviators, then the outcome is the feasible allocation
that all members except only one of non-deviators are punished. Rule 4 corresponds to
cases that either there may be a unique deviator or a coalition composed of n — 1

deviators.

Next, we show that the above feasible mechanism is well-defined. Itis

sufficient to check that the outcome attained 1n Rule 2 is well-defined.

Let O(x/Q) := {(z; ),,, € Z!foreachi € I, z;€ dB(w;) such that x; =
(x/Q)w; }, and qug{O]C(x/Q) =C.

Lemmal: Cc A.

Proof of Lemma 1: We show that for each x € [Q, 0], ((x/Q) < A. Suppose x*e
[Q, 0]. Then, by definition of C(x/Q), foreachi € I, x* = (x"[/Q)w; and
vi=e; f(x'/e;). Then,itis easy tocheck that (x*, y*),,€ A. QE.D.

Lemma 2: The outcome attained in Rule 2 of ['"/R = (M, g/R) is well-defined.

Proof of Lemma 2: Supposeforalli e [, my=z,=(x;,y;) € Z; suchthat y;/x; =
2)’[/ in but 2:,— g dY(f, Q), and, moreover, for each i € I, there exists z; =

iel iel iel

(x;,v;)€ Z; suchthat y;/x; = y;/x; and z; + sz € d ¥(f, Q). Notice that such a

J#l
case is not generated if f has constant returns. We show that in Rule 2-1), there exists a

feasible proportional allocation Z € A such thatforeachi e I,



Z e Hp(z+ 2.2,,0),2) N IB(o) 0 Zi.

J#i

By decreasing returns of f, forall ie I, z; + Z:j isuniquely determined
JEi

and has the same value, z" = (x", Ax")). By differentiability of £, p(z",Y)is uniquely
determined: p(z",Y) = p”. Since, by definition, dB(w;) = ¢, IY(f, Q) foreachi € [,

there exists z;*€ d B(w; ) suchthat p”z* > p“z, forall z; € dB(®;). Notice that

2z =20, 50(zf ), € Cx ,/Q)c A. Consider the following two cases:
iel

Case 1: f{ Zx )< Zy, In this case, Zyl < zy Since foreachi € 1, Z
iel iel iel iel

1

7+ sz, it follows that for at least one member &, y; — yi <0. Define {k € I'| y;
JE

— y¥ <0}. Amongall je {ke Il y; — yf <0}, we select one member [ such that

Yj

min —- = yl— Since Bw,;) is convex, z; € Bw,). This implies that there exists I
yj J {

1

€ dBw;) VIH(p(z",Y),z;) N Z; such that X, > x; . Notice that
B w,) NOH(p(z",),z;) (# D) has non-zero values.10) Define a function 4'(x) = y

such that &' (x)/x = y,/%, foranyx € R_. Sinceforeachie I, dB(w;) = %— oBw,),
i

there exists Z, = (X,,¥,) € d B(w; )M Zl such that A (x )= y,. We show that for all i

el, 7, € Hp(z", Y),z}). Notice that by definition of dB(w;) and dBw,), v/v, =

yilyf = w;/@;. Since p’Z, = p z} yi Z’, p*z; =pzf yl* yfk and y: z—*—for

iy yi i Yoo
alli € I,itfollows that p’Z, < p”z; foralli € I. Thisimplies 7, € H(p(z',Y),z}).
By Lemma 1,(Z, ), € A

Case 2: f{ Ex )> 2 ¥, . This case corresponds to Rule 2-2). Clearly Rule 2-2) is

iel

well-defined. Q.E.D.

Theorem 1: The proportional solution P R(u«) is doubly implementable by the feasible

quantity mechanism 'R = (M, g/R).

Proof of Theorem 1: See Appendix.



4. A feasible quantity mechanism doubly implementing EB

Letforany (z; ), € }E<]Zi, PU(EB, (z),.) ={X:'Y) e Alforsome z'
€dY(, Q), EB™ (=25, =) #DYand I°°(5 ) ) = {i € I| p'(EB, (5),)

J#E
#D}. We can interpret 1°%((z, ),_,) as the set of potential deviators when a strategy

combination m = ( Z; ), is not consistent with any EB-optimal allocation.

We consider a EB-implementing mechanism '8 = (M, ¢ ) such that forall i

€l, M,=2Z, and gB:M—>A defined as follows:

Rule 1: Ifforalli e [, z; =(x;,y;) € Z; such that Zz‘. € dY(f, Q) and for any j,

iel

kel, p(2,z, Nzj = p(X2;, Ny, then ¢ (m) =z where m = (2 ),

iel iel

Rule 2: Ifforalli e [, z; =(x;,y) € Z; suchthat [°%(z;),.,) =1, but >z, &
iel
f(n(a)*+8)))

IY(f, Q), then for some ®" = max {,} and & > 0, £ (m)= (0 +¢, .

forallie [.

Rule3: Ifforallie I, z =(xl-,yl-)eé,- but Zz,. €Y, Q), and 2 <#1°%(3; ),o)
< n-1, then g (m) = (x;, flx;+ Xw; ) for jli min {j € [ ~1"%((z; ),))}» and
i#j
&2 (m) = (w; ,0)forall i ;.
Rule4: If I"°%(z; ),) = {i}, then

4-1)ifforall z'; € Z_;, EB'((z;,z.;)) =D, then

“1HYif 7. - 7i._ - YN TZ.
4lDifze oo HEEY), 2 Zm) Z;,
gBmy=zi=(x.v+7) e A d (H(H' Y, 2= 2,5)0

('Y )ep(EB(z):g) i

Z,.(zi —sz, f, ) (for some ¥ =0), and forall j # 1,

J#i

Q
J(x; +(n-1)max(@_, ,;))—(y,- +7)

Q
gj’ (m) = (max@_,~), )

n—1

10



4-1-2) otherwise, gesm) = (:i - Ezj , Z_;) where Zi= arg min {,Vi ¥s

VE]

4-2)if thereexists ', € Z_;, EB™'((z;,2;)) = &, then

giB (m)y=(x;, Ax;+ Za)k)), where j =min {k € [ — {i}}, and giji (m) = (0;,0)

k#f

forall k # j.

Rule 5: For any other case, the following modulo game is played and some member i *
will win the game: Let E(Jci/a)i) =k. Since (xi/a),.)e [0,1], clearly O<k <n. Let r

ief
+ t =k where r is the largest integer less than or equal to k. Then ¢ € [0, 1) and there

isaunique i*e [such that r € [(i*~{)/n, i*/n). Then i* isabletoreceive
&2 (m)=(f(y*) ~2wj , y¥) where y* = max {f(Za)j), v, }and forall j # i¥*,

J#i j#i

g (m)=(w;,0).

In the above mechanism, each Rule has the same implication as in PR-

mechanism.
1
Let dB(Q/n):={ze R xR ly< ;f(nx) where x € [Q2/n,0]}.

Lemma 3: Forany u € U, for any z € EB(u), (Zzi /n)e dB(£2/n) and
iel

H(P(zzi ’Y),ZZi/ﬂ)QaB(Q/n). Moreover, forall i € /,
iel iel
iel il

1
Proof: It is easy to prove this lemma by the facts that - dY(f, Q) =dB(Q/n) and
Nz, € dY(f, Q) forany z € EBu). QED.

iel

Theorem 2: The equal benefit solution £ B(u) is doubly implementable by the feasible
quantity mechanism I'E8 = (M, ¢B).

Proof of Theorem 2: See Appendix.
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Saijo, Tatamitani and Yamato [16] showed, in pure exchange economies, that
Walrasian solutions from equal division (WED) are not Nash-implementable by any
feasible quantity mechanism even if there are only two commodities. Such a result

does not apply to differentiable production economies, according to Theorem 2.

As long as the smoothness of the production possibility set is assumed, our
result on EB can be generalized to economies, such as those discussed in Roemer and
Silvestre [ 14], with multiple commodities and publicly owned endowments. Saijo,
Tatamitani and Yamato [16] showed that Pareto efficient allocations are not Nash-
implementable by feasible quantity mechanisms in exchange economies with at least
three commodities. Such a result cannot be applied to the case of differentiable
production economies because the marginal rate of transformation on the efficient
production point gives us information on the price supporting some Pareto efficient

allocation.

5. Concluding Remarks.

We have examined the implementability of PR and EB in decentralized
procedures by constructing natural mechanisms implementing PR or EB. We
constructed two feasible quantity mechanisms, each of which doubly implements PR or
EB in Nash and strong Nash equilibria. Our mechanisms are more natural than the
previous ones in the following ways. First, in our mechanisms, every member
announces only his own demand. Hence, information transmission is as easy in our
mechanisms as in usual market-like procedures. Moreover, our mechanisms satisfy
informational decentralization. Second, in our mechanisms, calculating a member’s
optimal strategy is simpler than in the previous ones because our mechanisms satisfy
the forthrightness and best response properties. Third, since our mechanisms doubly
implement PR or EB, they are useful in cases in which the social planner cannot know

whether members will cooperate or not.

12



One of our main results, that PR and EB are implementable by quantity-type
mechanisms, depends on the differentiability of production function. In the case of
non-differentiable production economies, even if there are only two goods, neither PR
nor EB can be doubly implemented by any feasible quantity mechanism. In these
cases, it can be shown that PR and EB are implementable by feasible price-quantity

mechanisms as in Dutta, Sen and Vohra [3] or Saijo, Tatamitani and Yamato [16].

One undesirable feature of our “natural” mechanisms is that it lacks “continuity”
of mechanisms. Tian {20, 21] and Hong [4] constructed continuous mechanisms
which Nash-implement Walrasian (or Lindahl) solutions, although their strategy spaces
are larger than ours. It is an open question, in our setting, whether or not there exist

feasible and continuous quantity mechanisms doubly implementing PR or EB.

13



Footnotes

1). For complete proofs of Nash implementation, for example, see Repullo {11],

McKelvery [8], Saijo [15], Moore and Repullo [9] or Dutta and Sen {1].

2). The property that the strategy profile composed of truthful announcements

constitutes an equilibrium is called forthrightness by Saijo, Tatamitani and Y amato

[16].

3). The property that every member always has a best response is called the best

response property, proposed by Jackson, Palfrey and Srivastava [5].

4). A mechanism having either an individually infeasible or totally infeasible outcome
function is unnatural. The balanced outcome function is desirable because a mechanism

which has it is applicable in production economies with non-free disposal.

5). PR and EB in this paper are strongly Nash-implementable. See Dutta and Sen [2].

For arguments on double implementation, see Maskin [7} and Schmeidler [17].

6). Recently, Suh [19] constructed a mechanism doubly implementing PR in both
Nash and strong Nash equilibria. This mechanism makes each member announce not
only his demand but also the total output, which implies that this mechanism does not
satisfy the informational decentralization property. Moreover, the Suh-mechanism does
not overcome the complexity of the mechanisms we mentioned above. Also, Hong [4]
constructed a mechanism which Nash-implements Walrasian solutions in private
ownership production economies. It is easy to show that, in our setting, EB is Nash-
implementable by the Hong {4] -type mechanism. However, the strategy spaces of the
Hong-type mechanism are rather larger than ours, and these also include the space of

total output.

7). Notation: Throughout this paper we shall employ the symbol R to indicate the set
of real numbers. The set of non-negative real numbers is denoted by R,. The set of

non-positive real numbers is denoted by R . The set of negative real numbers is

14



*

denoted by R__. Given 7, 2 € R_XR_, vector inequalities are defined as follows:

127 if g, =g foralli=x, y;c>c"if 2, > 2 foralli=x, y.

8). In Rule2, we do not attain the zero allocation, since if we allow the zero allocation
in Rule 2, there exist some cases that the zero allocation is a Nash equilibrium outcome,
which means this mechanism does not implement PR (or E B). For example, consider

an economic environment as follows:

2
foralliel, uy=y+—x, 0, =-—.
T2 n
1
——Xx where xe[-1,0]

fx)= 2 1
—-‘/l—xl—?z- where x <—1

1 1 )
Then, (- s )ies € PR(u) (or EB(u)). Now, if every member announces (— o An

and then Rule 2 assigns (0, 0), , , such a strategy combination constitutes a Nash

equilibrium.
9). The modulo game in Rule 5 is due to Dutta, Sén and Vohra [3].

10). If fis strictly concave, clearly, T, is non-zero. If f has constant returns at least

over [x,+ 2. x ;- 01, then Z, = z; satisfies the condition.
J#
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Appendix
Proof of theorem 1.
(1) Foranyue U, PR(u)c g(SNE(T, u)) .
Pickany z =z;=(x;,y;) € PR(u) forany givenu € U.
Case 1: No individual can be made better off by deviation.

Consider a deviation of member i from m; = 7; to m* = 7 in the following.

Then by Rule 2,3 or 4, g/ (m*, m_,)e L(z;, u;) .
Case 2: No coalition can be made better off by deviation.

Consider a coalition Tc [, #T =2, deviating from my; =(z; )jer to mf =
Z; LeT'
Case 2-1: zzi* = Zzi andforallie T, y¥/x* =y /x.
el iel

2-1-1) Ifforall ie T, z e Z;,Rulelisapplied and then there exists [ € T such that

u, (zf) < u, (z,).

Qo

2-1-2) Ifforsome ie T, z e Z; —Z;,Rule4or 5Sis applied because this case means

forall 57 eZ;, if + Lzi+ 2z, €dY(f Q). Whenforall ie T, zfe Z,—Z;,
heT -{}y kel-T

Rule 5is applied. When there exists only one i € T such that, /e Z;~Z;, thenif f
is constant returns over [zxi +¢, 0] (¢ <0), Rule 4-1-1 is applied. Any other case

iel
corresponds to Rule 5. Thus, there exists at least one member [ T,

g R (ms m_p)e L(z, ).

Case 2-2: 22;" = 221- and there exists at least two i, j € T, such that y*/x* # y;/x;
ieT iel
and yj/xj# y;/x;. Thennotice that y'/x{ # yj/x7. Thus, Rule 5is applied and

there exists at least one member [e T such that g/¥ (m¥ m_r)=(w;,0).
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Case2-3: Xz} # 2.z; andforallie T, z7e Z; such that v/ x* = v,/ x;.
(el ieT

2-3-1) Ifforall i € 7, there exists ; € Z; such that j*/x= y;/x; and

e 2ii+ 2z, €dY(f, Q), andforall j e [ —T, there exists 2 € Z; such that
heT -} kel-T

Yi/x;=y;/x;and 2 + 2+ sz_ € dY(f, Q). Then Rule 2 is applied and'
hel  kel-T-{j}

R

forallie T, gR(ms m_;)e Hp(Z¥+ Xzi+ Xz, Y), Zr). Notice that

heT-§}  kel-T

p(Zf+ Zz}‘; + sz , Y)=p( Zzi ,Y). Since z € PR(u ) is Pareto efficient and
nel -§}y kel-T iel

supported by p( Z:i JY),if thereexistsi € T, u; () >u;(z;), then there exists /€

ief
T, u (zf)<u (z,). Whenforallie T, u;(z}) <u;(z;), there exists at least one A
e T, lzpl<lz, I. Then, by Rule 2-2), there exists at least one member /e T,

g;DR(m? Jn_r) =zf. This means g(PR(m?,m_T)e L(z;uy).

2-3-2) If forsome i € T,forall 77 € Z; suchthat y*/Xx= y,/x;

2 1

P+ Xzi+ 2z 2dY( Q), or, forsome je [ - T, forall z; € Zj such that
heT -}  kel-T

yilxy=ylx;, 2+ dzf+  Xzp £dY(f Q),then Rule 3 is applied if the
hel  kel-T—{j}

above statement is not true for every member in /, and otherwise, Rule 5 is applied.

Case2-4: 2,z* # 2.z, and T =1 —{j} suchthatforall i, he T, y*/x* = yi/xi#
ieT iel

y;/x;. ThenRule 4—2) or 51is applied.

Case 2-5: 2:;‘ * zzi and T=/-{;j} such thatforall i, h €T, y//x* # v;/x;,
ieT iel

Yil/ xp % yu/x, and y//xF # yj/x}. Then Rule 5 is applied.

Case 2-6: sz‘ * Zzi and n >4, 2 < #T < n-2, and there exists at least two
iel ieT

members i, he T, y/x*+# y;/x; and y;i/xj# y,/x,. Then Rule 5is applied.
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Case 2-7: 2:," # Z:t and there exists only i € TsuchthatforallA(# i) € T,
iel iel

Vil % =yl x4 = vi/x; # v/ xF,andforany z ;€ Z_;, PR™'((,z.;) =D.

2-7-1) Then if there exists I € Z; such that y*/x* = y;/x;,

Zre 2zi+ 2z edY(f Q) Rule4-1isapplied and
hel —§} kel-T

gR(ms m_p)ed (Hp(Zr+ 2ih+ Xz, Y).ZF)OX(f Q)N Z.. Notice that
heT -§{} kel-T

pEr+ 2+ Xz, V=p(D.z,Y). I Rule 4-1-2 is applied, then for all 4 ( #i)
hel -§}y kel-T iel

€T, g;}:R(m*T Jm_r)e H( p(Zzi ), zp)MZ,. Since z € PR(u ) is Pareto efficient

iel
and (I}, zf_gy, 2 7 ) is a proportional allocation, if forall 4 (#i) € T, u,(zj)
>uy,(zp), then u; () < u;(z;). Otherwise, for some h (# i) €T, w,(zf) <
u,(2). If Rule 4-1-1 is applied and g™ (m} mm_;) € L(z;,u,), then |Z] 1>z, land

Iz, I<lz, |forsome h € T. Define T":={heT —{i}| Iz, I <iz, | }. Letdenote
g R (mp m )=,y +7), D5 =(x, fx))and (p,,p,) =p( 2.z, 7). Notice

iel iel
that (<7, " +7) € L(z,,u,) implies (v +7) =—25x" + y, +i—x + A for some A > 0.
by y
By concavity of £, f(x +2co) (yl +y)+ (Zw )< fix)—y, +—(x X,).
J#i y JjE
:£x$ Elx%
Notice that hel_ < hel” This implies that for at least one
Zx, Zxk le + zxk P
leT~{i}  kel-T leT-{i}  kel-T
ber he T % a H
member , < . Hence,
dx+ x, dx, + 2x, nee
leT - g} kel-T IeT i}y  kel-T
x,
< { Ax] +Za) V. + )+ == Z,a) <
S X (A )0l e )
[eT—4i}y  kel-T

— {fix)-y +__Px (x—x,)}. This implies gPR(m* m ‘) =
4 A8 7 7-M_T) =
X, + ) i
zerz—{i} kg;;& Py

*

(wh,m{ﬂx +2w) (7 +Y)})€H(P(Z~l,Y) Z4)-

leT —{i} kel-T

2-7-2) If thereisno e Z; suchthat y/Xx*= y;/x

o 1
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ey D+ 2z, edY(f Q), then Rule 5 is applied.
heT ~§}  kel-T

Case 2-8: Z:i* # ZZ;’ and there exists only ie T such that forall 4 (# i) €T,
ielT iel

Vi/xf = v/ %, = v;/x; # yf/x*,and there exists 7 ;e Z_;, PR™'((z;,z., ) =D.
2-8-1) Then if there exists I/ € Z; such that y*/X* = v,/ x;, and

Zre Dzh+ Xz edY(f Q), Rule 4-2 is applied.
heT -{} kel-T

2-8-2) If thereisno /e Z; suchthat y//Xx*= y;/x;,and

e 2zi+ 2z, €dY(f, Q) Rule 5is applied.
hel -{} kel-T

Case 2-9: T =1.1tis clear because z € PR(u ) is Pareto efficient.
Thus, z € gR(SNE(T'R u)).
(2) Forany ue U, gPR(NE(TPR u))c PR(u).

Let me NE(TR u). Clearly, m cannot correspond to Rule 3, Rule 4 nor

Rule 5. Suppose m corresponds to Rule 2. Then g/ (m) =3I € Z. We will show
thatforalli e [, H(p(ZZ—j,Y),z—i)m Z, < L(Z,,u;). Suppose not so for some j € /.

jel

Then j can induce Rule 4-1 by announcing mj =(x;,0) and get

:j €d H(p(EZj,Y),fj)ij such that :’j € argmax u;(z}) over

7 € J H(p(g,z'j Y),Z)nZ, . Thisis a contradiction. Suppose m corresponds to
Rule 1. Then gi’R(m)=z ¢ Z . We can show thatforalli € [,

H(p(jze;zj, Y)z,)NZ, < L(z,,u;) by applying the same argument for Rule 2. Thus

gPR(NE(TR  u))c PRu). QE.D.
Proof of theorem 2.

(1) Foranyue U, EB(u)c g(SNE(T", u)) .
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Pickany 2 =z;=(x;,y;)e EB(u ) forany givenu € U. Foreachi € [, let

m;=Z;. Then, by Rule 1, g8 (m)=z.
Case 1: No individual can be made better off by deviation.

Consider a deviation of member i from m; = z; to m* = z*. Then i can

induce Rule 2,3 or 4. In all these cases, g ( mi,m_;)e L(z;,u;).

Case 2: No coalition can be made better off by deviation.

Consider acoalition 7 I, #T =2, deviating from my = (z; )jer to mj =
2 )ier- T caninduce Rule 1,2,3,4 0orS. If T induces Rule 3, 4-2 or 5, there
exists at least one member (€ T, gﬁﬂ% (m3 . m_g)e L{z;,u;). If i e T suchthat
I°%(z;)..,) ={i}, T caninduce Rule 4-1. If T induces Rule 4-1-1 and
& P(my m)e L(z,u,), then forany j e T - {i},
¢E (ms m_p)e Hp(X.2,,Y)2,)NZ, €Lz u;). If Tinduces Rule 4-1-2, then

kel

g@(m? _p) = (zi— 2:;"; - E:k » I —giy» Z-7)- Since any memberke [ -T
heT —{i}y kel-T

receives z, and £ € EB(u ) is Pareto efficient, there exists le T, u,(zf) <u,(z). If

T induces Rule 1, z € EB(u ) is Pareto efficient, there exists [ e T, u,(z/) <u,(z,). If

T induces Rule 2, then by Lemma 3, for émy jeT, g‘?}(m? ST ) C_;L(Zj ,uj).

Consider T = 1. Itis clear because 7 € E B(u ) is Pareto efficient.

Thus, ze g2 (SNE(T'B ,u)).

(2) Foranyue U, g2 (NE(TE u)) < EBu) .

Letm =(z; ), € NE(T'H |u). Clearly, m cannot correspond to Rule 3, Rule
4 nor Rule 5. Suppose m corresponds to Rule 1 or 2. Then there exists p € A and «

€ R, suchthat forallie /, p glm = a. By the same argument in the proof of
Theorem 1, we can show that gEB (m) is a Pareto efficient allocation. Thus, gHg (m)

e EBu). QUE.D.
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CHAPTER IV

A Characterization of Natural and Double
Implementation in Production Economies

Abstract: Succeeding to Dutta, Sen and Vohra (1995) and Saijo, Tatamitani and
Yamato (1995), define several conditions of natural mechanisms in production
economies, and proposed two types of natural mechanisms, that is, the quantity and
price-quantity types. First, in differentiable convex production economies, characterize
the class of Pareto efficient-social choice solutions doubly implementable in Nash and
strong Nash equilibria by a natural quantity mechanism. Second, in convex production
economies, characterize the class of Pareto efficient-social choice solutions doubly
implementable in Nash and strong Nash equilibria by a natural price-quantity
mechanism. Third, examine the double implementability of the Walrasian solution in
private ownership economies, and the Equal Benefit and Proportional Solutions in

public ownership economies by the two natural mechanisms.



1. Introduction

In this paper, we consider production economies with convex technology.
Some resource is privately owned, while the other resource or production technology is
either publicly owned or privately owned. For example, the labor input is privately
owned, while other resources are publicly owned in public ownership economies, or
those are privately owned in private ownership economies. For each given economy, a
desirable social goal on resource allocations is specified according to whether the
economy is under public ownership or private ownership. The social goal on resource
allocations is expressed by a social choice solution (SCS) which is a correspondence
assigning to every economy some feasible allocations. In this paper, we consider the
class of social choice solutions assigning at least Pareto efficient allocations. When a
social choice solution is given, the succeeding problem is how to assign allocations
consistent with true characteristics of the current economy. Itis a difficult problem
when true characteristics of the current economy are under members’ private
information, because each member does not necessarily reveal his true private
information if he can gain by misrepresenting his information. When such a
misrepresentation is beneficial to some member, the current social choice solution is
said to be “manipulable”. Thatis an important problem because many social choice

solutions which have some desirable properties are manipulable (Hurwicz (1972)).

The implementation theory tries to resolve this manipulation problem by
designing mechanisms which can achieve the social goal consistent with members’
incentives. Under a noncooperative game defined by a mechanism, each member takes
some strategic behavior, and so an outcome is assigned by the rule of the mechanism
and the combination of members’ strategic behavior. If the equilibrium outcomes of a
mechanism coincide with the outcome of the SCS under a given equilibrium concept,
then the mechanism implements the SCS. After the seminal work of Maskin (1977) on
Nash implementation, that identified the class of Nash-implementable solutions in

social choice environments, and that constructed mechanisms implementing them,



many mechanisms were designed in different equilibrium concepts; for example,
subgame perfect implementation in Moore and Repullo (1988) and Abreu and Sen
(1990), undominated Nash implementation in Palfrey and Srivastava (1988}, and
strong Nash implementation in Dutta and Sen (1991). Since these works have sought
to characterize the class of SCS’s implementable in various equilibrium concepts, they
have not paid attention to “desirability” of constructed mechanisms. Thus, these
constructed mechanisms have many unnatural properties: the typical unnatural
property of the mechanisms is their strategy space— each member’s strategy contains at

least the announcement of a preference profile.

In contrast to the above works, there was the other works in implementation
theory, which tried to construct a desirable mechanism implementing a specific SCS 1n
economic environments. For example, there are several desirable mechanisms which
implement the Walrasian solution or the Lindahl solution in Nash equilibria (Schmeidler
(1980), Hurwicz (1979), Walker (1981), Postlewaite and Wettstein (1989), Tian
(1989) (1992), and Hong (1995)). Since these mechanisms only apply to a specific
SCS, it must be checked for different SCS’s whether there exists a desirable

mechanism implementing them.

Recently, there is a new approach in Nash implementation theory that is to
explore the ground between the above two approaches. This approach is to impose
several conditions that a desirable mechanism should satisfy, and then characterize the
class of SCS’s implementable by such a mechanism in pure exchange economies. This
approach is promoted by Sjostrom (1991), Dutta, Sen and Vohra (1995), and Saijo,

Tatamitani and Yamato (1995).

This paper also belongs to the above new approach of implementation theory.
Here, our interest is in production economies. We impose some conditions on natural
mechanisms, and characterize the class of SCS’s Nash-implementable by the natural

mechanism in production economies.



The first condition is that the dimension of the strategy space should be finite
and low enough. The strategy space of the canonical Maskin-type mechanism are of
infinite dimension. This implies that information transmission in playing the game

defined by the mechanism is costly and very complicated.

The informational decentralization (Schmeidler (1980)) property is the
second requirement we impose. This property implies that each member announces
information only about himself. On the contrary, since the Maskin-type mechanism
requires each member to announce the preferences of all the members, in that
mechanism, each member’s strategy space includes the space of other member’s
possible preferences. Thus, in the Maskin-type mechanism, the planner has the
authority to compel each member to annouhce the traits of others, which is usually

objectionable in actual democratic societies.

We can propose two types of mechanisms as satisfing the above two
requirements: the first one is a quantity mechanism where each member is required to
announce his own demand quantity, while the second one is a price-quantity where

each member is required to announce his own demand quantity and a price.

Third, we also impose that the natural mechanism should implemént solutions
not only in Nash, but also in strong Nash equilibria. The Maskin-type mechanism can
be used only in the environment where the social planner is convinced that members
will never take any cooperative strategies. However, it seems to be usual in actual
economic contexts that the planner cannot know whether members will cooperate or
not. So, it is more desirable to construct a mechanism doubly implementing solutions
in Nash and in strong Nash equilibria. Double implementation in Nash and strong
Nash equilibria is originally discussed by Maskin (1979). The Schmeidler (1980)
mechanism is an example of doubly implementing mechanisms. There are also several
works on double implementation in Nash and undominated Nash equilibria — Jackson
(1992), Yamato (1993), Tatamitani (1993), and Jackson, Palfrey and Srivastava
(1994).



As well as Dutta, Sen and Vohra (1995), and Saijo, Tatamitani and Yamato
(1995), the mechanisms we consider are required to be individually feasible and
balanced (Hurwicz, Maskin and Postlewaite (1984)). The mechanisms are also
required to satisfy the best response property (Jackson, Palfrey, and Srivastava
(1994)). To avoid quite a complicated computation to obtain the equilibrium outcome,
the mechanisms are also required to satisfy the forthrightness (Saijo, Tatamitani and

Y amato (1995)).

Moreover, we require easiness of constructing the attainable set of each
member. The attainable set for one member at a given strategy combination of other
members is the set of allocation vectors she can obtain by her strategic behavior. Let
some SCS be implementable by some mechanism. When some allocation is a SCS-
optimal allocation for some true preference profile, there must be an equilibrium
strategy whose outcome under the mechanism becomes that allocation. This implies
that the attainable set of each member in equilibrium must be contained by the lower
contour set of each member with her preference at that allocation. If the social planner
knew the true preference profile, it would be possible to construct a mechanism
satisfying such a property about attainable sets. In fact, many mechanisms with
preference announcements possess the property that in equilibrium the attainable set of
each member is precisely the reported lower contour set. However, since in our
models the planner does not collect reports about lower contour sets, the problem is
how to construct attainable sets of members to successfully implement the SCS. In the
case of production economies where the production technology is fixed, one method to
resolve that problem is to construct the mechanism such that the attainable set of each
member in equilibrium be contained in the closed half space defined by announcing
quantities and some production-supporting price. The production-supporting price is
determined by the production possibility frontier and some efficient production point
inferred by quantity announcements. Since, by the property of the SCS, the
equilibrium outcomes should be Pareto efficient, it would be able to infer that the lower

contour set of each member contains such a closed half space.
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In this paper, we first characterize the class of Pareto efficient-SCS’s doubly
implementable in Nash and strong Nash equilibria by the natural quantity mechanism.
Sjostrom (1991), and Saijo, Tatamitani and Y amato (1995) have already clarified that
no natural quantity mechanism can implement Pareto efficient-SCS’s in pure exchange
economies. Itis generally true in the case of production economies, too. However, as
long as the production set has the smooth boundary (or the technology is representable
by a differentiable production function), several Pareto efficient social choice solutions
are doubly implementable by the natural quantity mechanism. The Walrasian solution
in private production economies is such an example. In public ownership economies,
the equal benefit solution (Roemer and Silvestre (1989)) is doubly implementable by a
natural quantity mechanism. In one input and one output differentiable production
economies, the proportional solution (Roemer and Silvestre (1989)) is also doubly
implementable (Y oshihara (1995a)). Notice that all these referred solutions satisfy the
axiom of Support Price Independence (SPI) (Yoshihara (1995a)). In this paper, |
show that SPI and some axiom, Condition QP, which gives a feasible punishment
condition in the case that all members be potential deviators, are necessary and
sufficient for Pareto efficient-SCS’s in differentiable convex production economies to

be doubly implementable by a natural quantity mechanism.

Second, in general convex production economies, we characterize the class of
Pareto efficient-SCS’s doubly implementable in Nash and strong Nash equilibria by a
natural price-quantity mechanism. The above three solutions are doubly implementable
by a price-quantity mechanism. It is also shown that SPI and some axiom, Condition
PQP, are necessary and sufficient for a Pareto efficient-SCS in convex production
economies to be doubly implementable by a natural price-quantity mechanism.
Condition PQP also gives a feasible punishment condition in the case that all members

be potential deviators.

In the following, section 2 presents our basic models. In section 3, we state

some conditions about natural mechanisms, and define the natural quantity mechanism
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and the price-quantity mechanism, each of which satisfies those conditions. Moreover,
we discuss about necessary and sufficient conditions for SCS’s to be doubly
implementable by each of the two type mechanisms. Finally, in section 4, we check
that whether each of the Walrasian solution, the equal benefit solution and the

proportional solution satisfies the necessary and sufficient conditions or not.

2. The basic model

We consider production economies in the following: There are one type of

labor input and m commodities. There is a firm with a productionset ¥ € R xR™.

Vector Ze€ Y will be written as (m+1) vectors, as follows: Z =(x, y) where x is the

labor input, y is the m vector of commodities. It is assumed that:

Al. OeY.

A2. Yisclosed and convex.

A3. V I=(x, yeY,[Fjed, -, m} st ¥ >0=x<0].

A4. Laboris productive: [(x, y)€Y and x" < x |={3y" > y suchthat (x°, ¥’ )eY].

We denote by Y the class of production possibilities sets satisfying A1~A4. We
denote by d Y the efficiency frontier of ¥t

fed Yo ZeYand[{I"eY, (x", y')2(x, y)} = I° = I]. The aggregate initial
endowment of y is denoted by Qe R? . The distribution of commodity endowments is

supposed to be known and fixed.

There are n members (n > 3). The set of members is denoted by [ =
{1,2,...,n} with generic element /. Each member i is endowed with a negative amount
! of labor endowment. The aggregation of labor endowments is Q°. Each member i
has Z, = [, O] x R” as his attainable consumption set. The generic element of i’s

consumption vector is denoted by 2, =(x;, y,). Let denote that Z, =(@’, 0)xR”,. In



the following, we also fix (@} ),_, , so that Z = (Z,),_, is also fixed. Each member i’s

iel

preference is represented by a utility function u, : Z, = R where u, is continuous,

quasi-concave and strictly increasing. We denote by U, the set of such functions.

Suppose that Y is known and fixed. Then an economy is specified by a list u
=(u,;),gyel= X U, . An n-tuple consumption bundle £ =(z,),_, constitutes a feasible

allocation if: 1) foreach i, z;€ Z,, and 2) ZZ,- -Qe Y. Let A denote the set of all

iel
feasible allocations with generic element z =(z,),_,. Let denote that
;{ ={z=(z,),,€A | Viel, 7. ¢ Zoi}. A feasible allocation z =(z,),, is Pareto
efficient at ue U if there does not exist another feasible allocation z" =(z}),, at u
such that u; (z})>u;(z;)forall iel . We denote by P(u) the set of Pareto efficient
allocations at u . As Dutta, Sen and Vohra (1995) did, we also assume that the class of
admissible economies is restricted to the one satisfying the condition that for any

uel, Hu)rm:h&@.

A social choice solution (SCS) is a mapping S associating with every economy
u € U a non-empty subset S( u) of feasible allocations satisfying forany ue U,
Su) ¢ P(u)n A. Note that by the definition, forany ue U and z =(z,),_, € S(u), for

eachi, x; <0 and there exists je {1, ---, m} such that yf > 0.

A mechanism (or game form) is a pair ['= (M, g) where M =M, X---xXM,,

M, is the strategy space of agent i, and the outcome function, g: M— R"" ",

n(m +1)

assigns to every m € M aunique element of R . Denote the i-th component of

&m) by g (m). The mechanism ['= (M, g) is individually feasible if gm)eZ for

allm € M. The mechanism I'= (M, g) is weakly balanced if forall m € M, for some
fed Y, Zgi(m) —Q<Z. The mechanism ['= (M, g) is balanced if forall m € M,
iel

forsome €9 Y, 2, g&(m)—Q=Z. Thus, an individually feasible and balanced

iel
mechanism is a pair ['= (M, g) where gassignsto every m € M aunique element of

A. In this paper, we focus on individually feasible and balanced mechanisms.



The list m € M will be written as (m,, m_; ), where m_;=(m,, -, m,_,, m

i+1°

o, m)eM =XM, . Givenme M and m;e M;, (m;,m_;) isobtained by the
J#i

replacement of m, by m;. Let g(M;, m_;) isthe attainable set of memberi at m_, ,

1.e., the set of consumption bundles that member i can induce when the other members

select m_; .

Denote forany coalition 7 < [, my= (m; ),y and m_p= (m;);c;_7. Hence
(myp , m_y ) is the list obtained by the replacement of m; by my, and g My, m_g)is
the attainable set of the coalition 7" at m_r, i.e., the set of consumption bundles that

the coalition T caninduce when I -7 select m_r.

Forie I, uy;eU;,and z;€ Z;, let L(z;,u;):={z;€Z; | u;(z;)=zu;(7;)} be
the lower contour set for u; at 7;. Given afeasible mechanism I'= (M, g) and a
profile of utility functions u € U, the strategy profile m € M is a Nash equilibrium of
I'ar u ifforallie !, g(M; m ;)< L(g(m),u;). Let NE(T', u) be the set of
Nash equilibriaof T" at . Let gNE(I', 1)) be the set of Nash equilibrium
allocationsof I at u. Given TI'=(M, g)and u € U, the strategy profilem € M isa
strong Nash equilibrium of T at u if forall Tc [, forall mp e My, there exists i €
T suchthat g (myp,m_p) e L(g (m),u;). Let SNE(T', u) be the set of strong Nash
equilibriaof T at u. Let g(SNE(T", u)) be the set of strong Nash equilibrium

allocationsof I" at u .

The mechanism "= (M, g) implements the SCS S in Nash equilibria if for all
ue U, S(u)=gNE(T, u)). The SCS S is Nash-implementable if there exists a
mechanism which implements S in Nash equilibria. The mechanism I'= (M, g)
implements the SCS § in strong Nash equilibria if for allu e U, S(u ) = g SNE(T",
u)). The SCS §is strongly Nash-implementable if there exists a mechanism which
implements § in strong Nash equilibria. The mechanism I'= (M, g) doubly

implements the SCS S in Nash and strong Nash equilibria ifforallue U, S(u ) =



LASNE(T, u)) = g(SNE(T", u)). The SCS § is doubly implementable if there exists a

mechanism which doubly implements § in Nash and strong Nash equilibria.

3. Natural mechanisms

First, we discuss on the conditions that mechanisms should satisfy if they are
natural. The first and second conditions are related to characteristics of the strategy

spaces.

Condition 1: The strategy spaces of natural mechanisms must be of enough low or at

least finite dimensional.

This condition is a plausible requirement, since the mechanism with low dimensional
strategy spaces simplifies information transimission between the planner and members.
As such mechanisms, Saijo, Tatamitani and Yamato (1995 consider six types of
mechanisms: quantity, quantity >, allocation, price-quantity, price-quantity °, and price-
allocation mechanisms. In the case of general social choice environment, Saijo (1988)

and McKelvey (1989) address this issue.

While the first conditon is related to quantitative characteristics of strategy

spaces, the next condition is related to their qualitative characteristics.

Condition 2: All members’ strategy spaces are composed of their own admissible

characteristics (Informationally decentralization property (Schmeidler (1980)).

It is unnatural to give the planner the authority to compel each member to announce the
traits of others, because the traits of others be private information of others. Among the
six type mechanisms Saijo, Tatamitani and Yamato (1995) proposed, only two types,

— quantity, and price-quantity, seem to be regarded as passing the Condition 2.

The next condition we require is the best response property of the mechanism:



Definition 1 (Jackson, Palfrey, and Srivastava (1994)) : The mechanism I'= (M, g)
satisfies the best response propertyifforalli e [,all u,e U,,andall m_;eM _,,

there exists m, € M, such that u,(g(m,, m,)) = u(g(m , m )) forall m e M,.

Condition 3: Natural mechanisms should satisfy the best response property.

This condition is necessary to justify the use of Nash equilibrium as an equilibrium

concept.

The next condition is related to easiness of constructing the attainable set of each

member.

Condition 4: Itis no information about preferences to construct each agent’s attainable

strategy space in equilibrium.

This condition represents a requirement of simple punishments. The canonical Maskin-
type mechanism must collect reports about lower contour sets to punish the member
deviating from a desirable solution. It implies that the planner must check whether or
not be the announced preferences of the deviator consistent with that solution. Such
calculation is costly for the planner. Thus, if there is a mechanism meeting the
Condition 4, it is simplified the process of assigning punishing outcomes. Notice that
quantity and price-quantity mechanisms in both Sjostrom (1991) and Saijo, Tatamitani
and Yamato (1995) do not satisfy this condition, because in their mechanisms, each
member’s attainable set in equilibrium is composed of the intersection of his possible

lower contour sets.

The next condition represents a requirement of easiness for each member to

calculate allocations induced from equilibrium strategies.

Condition 5: Natural mechanisms should be simple in the sense that it is easy to

compute the outcome of an equilibrium strategy.
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Saijo, Tatamitani and Yamato (1995) formalized this condition concretely as
forthrightness. The forthrightness requires that in equilibrinm, each member receives
what he has announced as his own consumption bundle. This seems to meet the

requirement of Condition 5.
The last condition is the feasibility of mechanisms:

Condition 6: Natural mechanisms should be individually feasible and balanced.

In the case of production economies, it is difficult to construct individually feasible and
balanced mechanisms, because the total supply will not be known to the committee ex
ante, even if the distribution of initial endowment and production technology are

known.

In the following, we consider two types of natural mechanisms satisfying the
above six conditions. First, we consider a natural quantity mechanism where each
member announce his own consumption only, and implementation by one. Second,
consider a natural price-quantity mechanism where each member announce his own

consumption and a price, and implementation by one.
3.1. Double Implementation by a Natural Quantity Mechanism
Now, we define implementation by a natural quantity mechanism:

Definition 2 : The SCS § is doubly implementable by a natural quantity mechanism if

there exists a mechanism I'= (M, g) such that
(i) I doubly implements S ;
(inforall iel, M,=Z7,;
(iii)forallue Uand all z=(z,)

€ S(u),if m =z, forall i€/, then

iel

gm)=z e ANET, u))=gSNKT, u));

(iv) T isindividually feasible and balanced; and

11



(v) T has the following property: if me NET', u) forallu € U, then for
some pe A, forall iel, g(M,, m,)c H(p, z,)N Z, where (2,),,, = &m) and
pepY, 2z, —Q):and

iel
(vi) I" satisfies the best response property.

The above Definition 2 (iii), which is introduced and named “forthrightness” by Saijo,
Tatamitani and Yamato (1995), represents a characteristic of mechanisms satisfying
Condition 5. Notice that Definition 2 (ii) implies that the mechanism I" satisfies
Condition 1 and 2. Also, notice that Definition 2 (v) implies that the mechanism T’
satisfies Condition 4, because the half space can be constructed without information

about preferences.

Next step of ours is to find necessary and sufficient conditions for a SCS to be

doubly implementable by a natural quantity mechanism.

Let A:= {peRT™

p. + p, =1} be the unit simplex. Let H(p, w)=

{w' =(x", y*)eR_mel p-w=pwlfor pe Aandw € R_XR"™. A production
point we Y isefficientat pe Aif Y ¢ H(p, w). Let (Y, 2)=

{peA|3ZeY, Y H(p, 7)} and H(p, z,)={z€R_XR! } p-zS p-z,} for
some z; € Z;. The nonzero vector p € Ais a vector of efficiency prices for the Pareto

efficientallocation z =(z,),, atue U if pe (Y, 7) where Z= 7. -Qed Y,and

iefl

Lz, u)2 H(p, I NViel).

Definition 3 : Forsome z=(z,),_, € S(u) forue U, aprice pe A supports zatuas

iel
an allocation of the § solution if p € A satisfies the following conditions:
1) pe )Y, ) where 2=22i -Qed Y, and

iel

2)if SC P, then Lz, u)2 H(p, z,)(Viel),

Let (Y, u, z) be the set of prices supporting 7 at (1, Y). Let denote the set of

efficiency prices for z € Ru) by pP(Y, u, z). By definition, if § does not require

12



Pareto optimality, pP(Y, u, 2)c p(Y, u, 7). But, in this paper, since S C P,

pP(Y’ u’ :):p(Y7 M7 \7 .

Axiom of Support Price Independence (SPI) (Y oshihara (1995b)):
Forall u, z=(z,),., € S(u), there exists pe Y, u, 7) such thatforall u” € U,

[pep (Y, u", 2)=zeSuM].

This condition was introduced and studied by Y oshihara (1995b) in the context of
characterizing public ownership solutions. Yoshihara (1995b) showed that any Pareto

efficient-SCS satisfying SPI satisfies Maskin Monotonicity (Maskin (1977)).

Letfor any (; ), € X Z,, (S, (2 )) = {XZ', Y) e Alfor some 7'
€0 Y, ST((E+Q-D 7, ) =Drand I°((5;),) :={i € Il p'(S, (£; )i)

J#i
#D}. We can interpret I°((z; ),_,) as the set of potential deviators when a strategy

combination m = ( z; ),_, s not consistent with any S-optimal allocation.

Condition QP (QP): Forevery (z; ), € _>€<IZ,. such that I°((z; )..;) = [, there exists
W(2,),) € A such that (i) 2v,((z,),,,)-Q€d Y;

iel
() v,((z,),) € A H(p', Y), 2 +Q-23:)NZ, forallie [;and

PG Yyep(S. @) ji
(iil) if there exists u~ € Usuch that foralli e [,

N H(p(F', Y), 2 +Q-22)NZ, € L(v{(z,),0,)- 4; ), then

P Yyepi(S. (2)ig) j#i

W(Z i) ST

Condition QP gives a feasible punishment condition in the case that all members be
potential deviators. This condition is a generalization of Condition Q (Saijo, Tatamitani

and Yamato (1995)) in the context of production economies.

We show that Axiom SPI and Condition QP are necessary and sufficient for
natural quantity implementation of a Pareto efficient-SCS in differentiable production

economies.
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Theorem 1: Suppose that the production possibility set ¥ has the smooth boundary.
Then, a SCS § is doubly implementable by a natural quantity mechanism if and only if

it satisfies SPI and QP.
Proof of Theorem 1: See Appendix.

As a corollary of Theorem 1, it is easily shown that if free disposal of the production
set is assumed, any solution satisfying Pareto efficiency and SPI in differentiable
convex production economies are doubly implementable by a individually feasible and

weakly balanced quantity mechanism.

Notice that if the production set has nonsmooth boundary, solutions satisfying
Pareto efficiency and SPI are no longer implementable by any natural quantity
mechanism. The reason is that when the production point induced by aggregating all
members’ announcing quantities is on a kink boundary, it is no longer determined
uniquely the supporting price of that production, so that the planner does not induce
information about the common marginal rate of substitution. In such a case, the

planner cannot construct members’ attainable sets.
3.2. Double Implementation by a Natural Price-Quantity Mechanism
Next, we define implementation by a natural price-quantity mechanism:

Definition 4: The SCS § is doubly implementable by a natural price-quantity

mechanism if there exists a mechanism I'= (M, g) such that
(1) T doubly implements S ;
(iyforall iel, M,=AXZ,;

(i) forallue Uand all £ =(z,),, € S(u), there exists pe (Y, u, z) such

that[ m, =(p, z,) (Viel) = gm)=7c g NET, u))= gSNET, u)1;

(iv) T isindividually feasible and balanced; and

14



(v) T has the following property: if forallu e U, m=((m;, m: ))e NET, u)

such that p:miI forall i e I,thenforall ie /I, g(M,, m_i)c_:ﬁ(p, 2, )N Z; where
Z)ig=gm) and pe Y, 2:,- —-£2) ;and
iel

(vi) I satisfies the best response property.

The above Definition 4 (iii), which is “forthrightness” for a price-quantity mechanism,
represents a characteristic of mechanisms satisfying Condition 5. Notice that Definition

4 (11) implies that the mechanism I" satisfies Condition 1 and 2.

In the following, we find necessary and sufficient conditions for a SCS to be

doubly implementable by a natural price-quantity mechanism.

Foreach(z; ), € XIZ,- and pe A, let p'(S, (z;).)={pe (', Y)Ifor
some 7' €d Y,S'I((Zi+£_2—zzj, 2 N=@yand I’(p, (z;),,):={iell pe

j#i
p'(S, (2 )ie) }. We can interpret 1°( p, (2 ):;) as the set of potential deviators when

a strategy combination m = ( p, z; ), 1S not consistent with any S-optimal allocation.

Condition PQP (PQP): Forevery (p, (z,),,) €AXZ suchthat I°(p, (z; )i, ) =1,
there exists W p, (z,),.,;) €A such that (i) Zvi(p, (2,),0)—Qed Y;
iel

ivip, (2 )a)e N H(p, F+Q-2z)NZ forallie;and

pep(ELY) j#i
(iii) if there exists u~ € Usuchthatforalli e I,

N H(p, T +Q-22)NZ, L3P, (2)ie)s ), then W(z,); )€ S(u”).

pep(zt, ¥ jei

Condition PQP gives a feasible punishment condition in the case that all members be
potential deviators. This condition is a generalization of Condition PQ (Saijo,
Tatamitani and Yamato (1995)) or Condition B (Dutta, Sen and Vohra (1995)) in the

context of production economies.

Theorem 2 : A SCS § is doubly implementable by a natural quantity mechanism if and

only if it satisfies SPI and PQP.

Proof of Theorem 2: See Appendix.



As a corollary of Theorem 2, it is easily shown that if free disposal of the production
set is assumed, any solution satisfying Pareto efficiency and SPI in convex production
economies are doubly implementable by a individually feasible and weakly balanced

price-quantity mechanism.

4. Characterization Results

In this section, we define three solutions, and investigate whether or not each of
three solutions is implementable respectively by the two types of natural mechanism

discussed in the above section.

Consider the following private ownership production economies: for each

ie I, @, € R? is i’sprivately owned initial endowment of commodity inputs such that

) ; =8, and OiW is i’s share of Y. Then the Walrasian solution is defined as
iel

follows.

Definition 5: Anallocation 7 =(z,),., is a Walrasian solution (W) for ue U if z€ A

such that there exists a price vector p € A such that:

(i) Y < H(p, £) where 7= 2(z, -@,) ;

. baad
iel

. . ° o o it -~
(ii) forevery ie I, 7, =arg max u,(z/)over z; € Z,and p-z, < p-@,+6, p-I.

Consider the following public ownership solutions: the initial endowment of
commodity inputs £ is publicly owned. The production technology Y is also publicly

owned. Then:

Definition 6 (Roemer and Silvestre (1989)) : An allocation z =(z,),_, is a Proportional
solution (PR) for ue U if z € A such that:
() z€ Ru);

(i1) There exists a vector of efficiency prices p € A for £ such that
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iel hel

P X . .
cg, = -z | (Vie)if -x, <0,
Pz Zp.xh(Zp ,]m Vif 2pox,

hel

N\ ies hel

1
p-:i=“(2p-zl} Viel)if Zp-xh =0.

Definition 7 (Roemer and Silvestre (1989)) : An allocation £ =(z,),_, is a Equal

ief
Benefit solution (EB) for ue U if z € A such that:
(1) ze Ru);

(i1) There exists a vector of efficiency prices p € A for z such that

1
p-:i=—(2p-:,} (Viel).

AN}

Note that by the above definitions, if S=W, 8, =0 (Viel). If S=PR,

X . s 1
,and if S=EB, 6, :;.

X
7

6’ =
t he
First, we investigate the Walrasian solution. In the case of differentiable pure
exchange economies, both Dutta, Sen and Vohra (1995) and Saijo, Tatamitani and
Y amato (1995) showed that the Walrasian solution is Nash-implementable by
elementary and natural price-quantity mechanisms defined respectively by them. Saijo,
Tatamitani and Yamato (1995) also showed that the Walrasian solution in pure
exchange economies is not Nash-implementable by any natural quantity mechanism. In
the case of production economies, however, it is shown that the Walrasian solution is
double implementable by a natural quantity mechanism, as long as the production

technology is differentiable.
Lemma 1: The Walrasian solution satisfies SPI.
Proof of Lemma 1: See Yoshihara (1995b).

Lemma 2: The Walrasian solution satisfies QP when the production set Y has the

smooth boundary.

17



Proof of Lemma 2: Let (z,),_, € Z such that 1" ((z; ;) =1 be given. Then forall ;
e I, there existsZ' € 9 ¥ suchthat {p} = p(Z', ¥)and W'((Z+Q~-D 2, 2.;))

J#i
#D. Let @, = max{w | ie I} and @"=minfp, | ie I}foreachj=1, ..., m.

Then, let denote @™" = (@;‘i")je{lv my

Let take a vector ye {0 Y(n@, —€))+@™"} " R”, for some € > 0. Then,

min

each ie I, @, -¢,0, (5 -w )+@i)eZoi. It is clear that

min

@) —¢, 07 (F-a"+@)., €A and L) —¢, 07 -(F-@"+@)ed Y.
iel

iel

Notice thatforalli € I, forall 3 €d Y suchthat {p}= (3, ¥)and
WH(E+Q-5,, ) #2D, 6] 9 Y+{@WnZ cH(p, i +Q-2z)NZ, .

j# j#i
Since (@, —¢€, 8, -( —a™+@)e® -0 Y +{g.})Z, ,
@, —¢, 0 (y-a™+w,)eH(p, I +£_2—2zj)mZi for all

Ji
Kz, Y)e pi(W,(z,),,). Now let define W(z,),.,) =@}, —€, 8] (¥ -a™+a,),, -
Then W(z,),.,) satisfies QP (i) and (i1). Suppose that there exists u" € U such that for
alli e 1, A H(p(Z', ¥), £ +Q-27)NZ  LO(2),0)» 4])-

P(E Y)ep (W . (Z)w) i
Then, for Z=(n(@; —€), §-a™, K7, Y)e p(W, W(3,),,)) foralli e I. Thus,
forallie I, H(p(Z, Y), v{(z)ia) N Z, € L(v((2,),))> ;). This implies
W(z,)..)eW(u"). QE.D.

Corollary 1: The Walrasian solution is doubly implementable by a natural quantity

mechanism when the the production set has the smooth boundary.
Proof of Corollary 1: It is followed by Theorem 1, Lemma 1 and 2. Q.E.D.

The following lemma indicates that the Walrasian solution is doubly
implementable by a natural price-quantity mechanism even if the production technology

is not differentiable.

Lemma 3: The Walrasian solution satisfies PQP.
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Proof of Lemma 3: Let (p, (z,),_,) € AXZ such that 1Y (p, (z,)._,) =1 be given.
/i€l p 4 >

iel
Then forall i € I, there exists¥' € 9 Y such that pPE p(fi, Y)and
Wl (Z+Q- Ezj , 2_;)) #. Construct a feasible allocation

i
W p,(2).,) =@ —€, 8" (§—@™ +@,),, as the same manner as in the proof of
Lemma 2. Then itis clear that W p, (z,),.,) satisfies PQP (i) and (ii). Suppose that
there exists u” & U such thatforall i € I,

N H(p, 3 +Q-22)0Z, cLv{(p.(3),), #) where Z' € d Y such that

pep@. Y) J#

W (2+Q-D 7, 2;) #@. Then, for Z=(n(w; ~¢), -@™, pe Kz, Y).

J#i
Thus, foralli € I, H(p, v{(z,)..,) N Z, < L(v,((3,),)> 4 ). This implies

WP, (2)e)EW(u"). QED.

Corollary 2: The Walrasian solution is doubly implementable by a natural price-

quantity mechanism.
Proof of Corollary 2: It is followed by Theorem 2, Lemma 1 and 3. Q.E.D.

We next check the implementability of the equal benefit solution. Yoshihara
(1995a) has already shown that in one input and one output differentiable production
economies, there is a natural quantity mechanism doubly implementing the equal benefit

solution. This result is robust in general convex differentiable production economies.
Lemma 4: The equal benefit solution satisfies SPI.
Proof of Lemma 4: See Yoshihara (1995b).

Lemma 5: The equal benefit solution satisfies QP when the production set has the

smooth boundary.
Proof of Lemma 5: See Appendix.

Corollary 3: The equal benefit solution is doubly implementable by a natural quantity

mechanism whenever the production set has the smooth boundary.
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Proof of Corollary 3: It isfollowed by Theorem 1, Lemma 4 and 5. Q.E.D.

The following lemma indicates that the equal benefit solution is doubly
implementable by a natural price-quantity mechanism even if the production technology

is not differentiable.

Lemma 6: The equal benefit solution satisfies PQP.

Proof of Lemma 6: See Appendix.

Corollary 4: The equal benefit solution is doubly implementable by a natural price-

quantity mechanism.

Proof of Corollary 4: It is followed by Theorem 2, Lemma 4 and 6. Q.E.D.

With respect to the proportional solution, Y oshihara (1995a) has already shown
that in one input and one output differentiable production economies, there is a natural
quantity mechanism doubly implementing this solution. In general convex production
economies, the following lemma indicates that the proportional solution is doubly
implementable by a natural price-quantity mechanism even if the production technology

is not differentiable.

Lemma 7: The proportional solution satisfies SPI.

Proof of Lemma 7: See Yoshihara (1995b).

Lemma 8: The proportional solution satisfies PQP.

Proof of Lemma 8: See Appendix.

Corollary 5: The proportional solution is doubly implementable by a natural price-

quantity mechanism.

Proof of Corollary 5: It is followed by Theorem 2, Lemma 7 and 8. Q.E.D.
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Lemma 9: The proportional solution satisfies QP in one input and one output

economies when the production function is differentiable.
Proof of Lemma 9: See Yoshihara (1995a). Q.E.D.

Corollary 6: The proportional solution is doubly implementable by a natural quantity
mechanism in one input and one output economies when the production function is

differentiable.

Proof of Corollary 6: See Yoshihara (1995a). Q.E.D.

5. Concluding Remarks

In this paper, we defined several conditions that natural mechanisms should
satisfy, and proposed two types of natural mechanisms — that is, quantity, and price-
quantity. Moreover, first, we show that in differentiable convex production
economies, any Pareto efficient-SCS is doubly implementable by a natural quantity
mechanism if and only if it satisfies the axiom SPI and the Condition QP. Second, in
convex production economies, any Pareto efficient-SCS is doubly implementable by a
natural price-quantity mechanism if and only if it satisfies the axiom SPI and the
Condition PQP. Third, both the Walrasian and the equal benefit solutions satisfy SPI,
QP and PQP. The proportional solution satisfies SPI and PQP in multi input and multi

output economies, and moreover, QP in one input and one output economies.

Now, there are still several problems remained. As well as Dutta et al. (1995)
and Saijo et al. (1995), all of my constructed mechanisms in this paper do not have the
property of continuity of the outcome function. In contrast, the Hong (1995)
mechanism which implements the Walrasian solution in production economies is
individually feasible, balanced and continuous, and satisfies forthrightness and the best
response property, although the strategy spaces of her mechanism are rather larger than

ours, and her mechanism cannot doubly implement. It is interesting to explore the
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possibility of continuous natural mechanisms the strategy spaces of which are less than
the Hong (1995). Second, as well as Dutta et al. (1995) and Saijo et al. (1995), all of
my constructed mechanisms in this paper also contain “modulo game”, though they do
not contain “integer game”. Thus, although no pure Nash equilibrium existsin a
modulo game, if members have von Neumann-Morgenstern utility functions over
lotteries on the sets of feasible allocations, then there may exist mixed Nash equilibria
which lead to allocations out of the solution with positive probability. Saijo, Tatamitani
and Yamato (1995) conjectured some degree of trade-off between none of “modulo
game” and both of the best response property and balancedness. Third, we only
consider the case of more than three members economies. It remains to consider Nash
implementability of solutions in production economies with two persons by natural

mechanisms.
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APPENDIX

Proof of Theorem 1: First, show the necessity of SPI for double implementation by a
natural quantity mechanism. Suppose that § is doubly implementable by a natural
quantity mechanism I'= (M, g). Take a profile u € U and an allocation
2=(z2,);; € S(u). The corresponding S-support price of z at u is pe XY, u, 2

3~ )

Notice that by smoothness of Y, (Y, u, 2) is singleton so that {p} = Y, u, 2

Consider a strategy profile m such that m, = z, forail i € I . By forthrightness,
dm)y=ze g NET, u*)=gSNET, u*)) forall u” € S7(z). Then, by Definition
2(v), g(M,, m ) Hp, z,)NZ, forall i € I. Notice that forall #” e $7(z),

Hp, z)nZ < L(z,, u])foralli € I,because S P. Consider u" such that

{p} :pP(Y, u", z). Then, also, Fl(p, ,INZ < L(z, u;) foralli e I. This
implies that gm) =z e g NET', u")), since &M, m )< L(z,, u:) forallie . By

double implementability, z =(z,),,, € S(u").

Second, show the necessity of QP for double implementation by a natural

quantity mechanism. Suppose that §is doubly implementable by a natural quantity
mechanism I'= (M, g). Let(z; ), € ZZ[ such that I°(( Z; )iy =1 be given. Then for
allie Iandall u” e S™('+Q-2z;, z.,)) where '€ J Y suchthat p(3', ¥)e

JE
P8, (z)), m)=m' e A NET', u"))= g(SNET, u)) is established by
forthrightness where m’ = 7' + Q—zzj and m]' =z, forall j# i. Then, by Definition

J=i
2v), M, m)c = N ApGE, V), +Q-2z)nZ forall ie ! .
PG Y)ep (5. (z)e) j#
Let V(2,);o)= &(2;),,)- Thenforallie I,
vi(Z)h)E N ﬁ(p(ff, Y), ? +Q—Z:j)mZi . Since I is a balanced
P YYep (S, (2))g) J#

mechanism, QP(i) is also satisfied by W(z,),_,). Moreover, suppose that there exists
u” e Usuchthatforalli e I,
A H(p(E', ¥), 7' +Q-22)NZ c Lv((z)), #). Then,

Pz, Y)epi(S. 2ig) jE

W(2)ie) =82, ) EANET, u™)) =S(u").
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Next, we prove the sufficiency. Let S be an SCS satisfying SPI and QP.
Consider the following natural quantity mechanism. For eachi € 7, define the strategy

space by M, =Z,. A generic element of M, is denoted by m, = z,. The outcome

function is defined as follows:

Rule I: Ifforallie [, m =z, €Z, suchthat 2.z, ~Qe d ¥ and $7(2,),.)# @,

i
iel

then dm) =(z,), -

Rule 2: Ifforallie /I, m =z, eZoi such that 7°(( Z; siep) =1, and either
zz,- -Q¢d Y or S((z,),)= D, then gm) =w(z,),.,)-

ief

Rule 3: Ifforalli e I, m, =z, such that ZS#IS((zi )iy <n-1,thenfor j=min{ A
el - IS((zl» i)} g(m)= Ocyjea Y(xj + Za)?)+£_2 for someo 21, and for all

i#f

i#j, g(m)=(w., 0),where d Y(x)={yeR"|(x, v)ed Y}.

Rule 4: Ifforallie I, m =z, and I°((z; ),.,) = {i}, then

£

4Difforall 2° € Z,, S(z,, %)= D, then

41-Dif ;e N Ap(E,Y), 2 +Q-2z)nZ, ,
P Yyep'(S. ()q) j#i
gm=(x+7,3)e N I [H(p(E', ¥), 3 +Q-2)n (@), O1x{F(x, )+ 0}
Pz Yep'(S. @) j#i
S S

J

(for some Y€ R), and forall j#1i, gj(m)z('é%a),?, 5o (a —1)y,) where
{ h

h#i
o= mindx’ € RI(x', ¥y) =2, p(Z', Y)ep'(S,(5,))}, @ = maxfw’;} and

— 63
6, = max{@’.}, and for some a =1, oy, € 9 ¥(x, + >

55 w,)+Q, and 6; is S-
h=iUy

specific surplus sharing rate of member 4,
4-1-2) otherwise, gm) =(f: - Z:j, Z_;) where
FE

#! = arg max {x' eR_l F=(x, y)ed Y st p(Z, Ve p(S, @)}

42)if there exists =, € Z,, S7((z,, °.))# @, then for j=min { he I - {i}},
gj(m)z oy, € d Y(xj + 20)?)+£_2 for somea 21, and for all k# j, gk(m)-——(a),?, 0).

i#f
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Rule 5: For any other case, the following modulo game is played and some member i *

will win the game: Let Z(x,. Jo.) = k. Since (x,Jw,)e [0,1], clearly O<k <n. Let r
iel

+ t =k where r isthe largest integer less than or equal to k. Then ¢ € [0, 1) and there

isaunique i*e [suchthat r € [(i*-/)/n, i*/n). Then i*isabletoreceive

g(m)=(9 X(y' -Q -2o,, y),andforallj # i* g(m)=(@;, 0)%), where y'=

h#i

max {y,-, y;- } such that y. = By €9 ¥(QLw?)+Q forsome S >0, and
h#i

0 Y(y)={xeR](x, yyed Y}.

First, we prove that forall u € U, u) c dSNET', u)). Pick any
2=(2;),, € S(u) forany givenu € U. Foreachi e [ ,let m =z, Then, by Rule 1,

gm) =(2,);es -
Case 1: No individual can be made better off by deviation.

. . . - * * . .
Consider a deviation of member i from m; = z; to m; =z; . Then i caninduce

Rule 2,3 or4. Inall cases, g(m , m_)e L(z,, u,).
Case 2: No coalition can be made better off by deviation.

Consideracoalition T < I, #T=2, deviating from m, =(z;),; to

m; =(z, Y,.p - T caninduce Rule 1,2,3,4 or 5. If T induces Rule 3, 4-2 or 5, there
exists at least one member [e T, g(m;, m_,)e L(z,, u,). When ieT such that
I’ Zi )ie) = {i}, T caninduce Rule 4-1. If T induces Rule 4-1-1 and
g(mp, mp)e L(z;, u), thenforany jeT —{i}, g(m;, m)e6; (Y+ QNZ
where Y =9 Y ~¥, while z,€ 9 H((p(6° (T, 67-Y).6}(X3.0) N Z, . This
implies g(m,, m,)e L(z;, u,). If T induces Rule 4-1-2, then gm;, m ;)=
(Zi- Zz: - sz, Z;_{,-}, Z_r). Since 7 =(z,);, € S(u) is Pareto efficient

heT—{i}  kel-T
allocation and g(m; , m_ )=z, for ke I -T, there exists /e T such that
g(m;, m_)e L(z,, w). If T induces Rule 1, then there exists /e T such that
g(my, m_)e L(z,, u,) because 7 =(z,),., € S(u) is Pareto efficient allocation and

gk(m; , m )=z, for ke I -T. If T induces Rule 2, then there exists /e T such that
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g(m,., m.)e L(z,, u,) by QP. Consider T =I. Itis clear because z =(z,),., € S(u)
is Pareto efficient allocation. Thus, ze gSNET, u)).

Second, we prove that forallu € U, g NET', u)) cS(u). Let me NKT', u)
be given. Itis easy to see that m cannot correspond to Rule 3, 4 nor 5. Suppose that
m corresponds to Rule 1. Letforeachie I, m =z,. Then gm) =z =(2,),, €Su")

for some u” € U. Note that each member i can deviate to Rule 4-1 by announcing
some m =(w;, y;) andattain z; € d H(p(Xz,, Y), z,)NZ,. Hence, by quasi-
iel
concavityof u € U, FI(p(Zzi, Y),z,)nZ, < Iz, u, ) foralli e I, since if for
iel
some jel, ﬁ(p(Z:i, Y), zj)r\Zj c Lz, Z ) is not tree, me NKEI', u). Thus,

iel

p(Zzi, Y)e pP(Y, u, 7) sothat gm) =z =(zg,),,, € S(u) by SPL.

iel

Next, suppose that m corresponds to Rule 2. Letforeachie I, m =z,.

Then gm)=%(z,),,). By Ruled-1,foreachie [/,
A H(p(Z', V), 7' +Q-21)"Z cg(M,, m)S LOv,((z,)e)- ;)

P Y)ep (S, 2)) j#i

Thus, by QP, gm)=w(z,),.,) € S(u). QED.

Proof of Theorem 2: First, show the necessity of SPI for double implementation by a
natural price-quantity mechanism. Suppose that S is doubly implementable by a
natural price-quantity mechanism I'= (M, g). Take a profile ¥ € U and an allocation
2=(z,);, € S(u). Since Sc P, pY, u, ) is non-empty. Then, there exists

pe Y, u, z)suchthatif m =(p, z;) forall iel,then gm)=ze gNKI', u))
=g SNET', u)). Then, by Definition 5(v), g(M,, m_)c f[(p, INZ forallie .
Consider u” suchthat pe p™(Y, ", z). Then, H(p, z,)NZ,C L(z,, u) forall i
[ . Thisimplies that gm) =z e g NKT, u’)), since g(M,, m )< L(z,, u,.*) forall i

€ 1. By double implementability, z =(z,),_, € S(u’).

iel

Second, show the necessity of PQP for double implementation by a natural

price-quantity mechanism. Suppose that S is doubly implementable by a natural price-

quantity mechanism I'= (M, g). Let (p, (2,),.,) € AXZ such that Is(p, (2 )ig)=1

iel

be given. Then forall i € /, there existsZ € 9 Y suchthat pe p(Z°, ¥)and
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57 fi+§_2-Z:j, ;) =, and forall u” e S7(Z' +§_2-Z;/., 0,

j#i i
(g(mi) =m'e A NET, u”))y= g SNHET', u")) is established by forthrightness where
mf =(p, z +Q—Z:j) and m; =(p, zj) forall j#i. Then, by Definition 5(v),

J#
gM,,m)c N H(p, I+Q-2:)nZ forall iel. Let

pep(zt Y) j#

Up,(2))=&(p, 2),). Thenforallie I,
vip ()D€ M H(p, z +£_2—z:j)mZi . Since T' is a balanced mechanism,

pep(GL Y) J#

PQP(i) is also satisfied by W p, (z,),.,). Moreover, suppose that there exists uwel
suchthatforallie [, N H(p, ¥ +Q-22)NZ, cLv(p, (2)). 1))

pep(t. Y) J#

Then, A p,(2).4)=&(p, 2,)..,) e NET, u ) =Su").

Next, we prove the sufficiency. Let § be an SCS satisfying SPI and PQP.
Forall u, z=(z,),, € S(u), let Y, u, (2;):o;) be the set of price vectors satisfying
the following property : pe p*(Y, u,(z,),,) implies pe p(Y, u,(z,),,) and for all
u* e Usuchthat pe p™(Y, u’,(2,)..,)> (T,)ig€ S(u”). Since § is a SCS satisfying
SPI, forall u, z=(z,),, € S(u), p°(Y¥, u,(z,),,,) 2D . Letfor (p,(z,),.)EAXZ,
Sz p)={u €U | pep’ (Y, u',(2,)) & (2,),,€ S(u°)}. Consider the
following natural price-quantity mechanism. Foreach i € I, define the strategy space
by M,=AXZ,. A generic element of M, is denoted by m, =(p’, z,). The outcome

function is defined as follows:

Rule 1: Ifforallie I, m =(p, z,) suchthat 7, Zl 2:,- -Qed Y and

el

S_l((zi)iel’ p);&@, then ng(m):(zi)ie] .

Rule 2: Ifforallie I, m,=(p, z,) suchthat I°(p, (z; )., ) =1,and either
Y, -Qed Y or S,y p)=D, then gm)=wp, (2),0)-

iel

Rule 3: Ifforallie I, m, =(p, z,) such that ls#ls(p, Zi )iy ) < n-1, then for j
=min{hel- [S(p, (2 )i ) }s g(m)= ayjeﬁ ?(ch+za)?)+£_2 for somec 21,

i#

and forall i # j, g(m)=(w/, 0), where 9 Y(x)={yeR"|(x, y)€d Y}.

27



Rule 4: Ifforsomei e [andsome pe A, p’ = pforall j#i, p' # p,and

ieI°(p, (% )iy ), then

4-1)ifforall z° e Zl S“l((:i, =, pi):- &, then

4-1-Dif ;e N H(p, 3 +Q-22)NZ where 2 €9 Y such that

pep(Zt. Y) j#i
—beo i - -
S ((«- +9_§4’j, 4-_,')3 p);t@’
am=+7, e N 0 [Ap, ¥ +Q-2z) ([0’ 01x{F (&) +QN] (for
pep(z'.Y) j#i

6 s
some y€ R ),and forall j#i, g(m)=(FHw., <=5(a —1)y,) where
g o, * 26,
h#i
x;m= min{x’' € R | (x, yi)= Zis Pz, Y)epi(S, (Z)e) ) cof = max{a)fi} and
— 63
;) = max{g”.}, and for some o 21, oy, € 9 ¥ix + hZa%m,?%L_Q, and 6; is S-
*i !

specific surplus sharing rate of member £,

4-1-2) otherwise, gm)=(z}— Xz, 7)) where

J#L

~i

Z,=arg max {xi GR_I 7=, yi)EQ Y st p ep(fi, &
SHE +Q-2z, 2.,)# D},

j#

4-2) if there exists 7, € Zol., S—‘((z,., %), pi)¢ & ,thenfor j=min{hel-{i}},
g(m)= ay,ed ¥(x +Xw’)+Q forsomea 21, and forall k# j, g(m)=(w,, 0).

i#f

Rule 5: For any other case, the following modulo game is played and some member i *
will win the game: Let X.(x,/@.) = k. Since (x, /o )e [0,1], clearly O <k <n. Let r
iel

+ t = k where r is the largest integer less than or equal to k. Then ¢ € [0, 1) and there

isa unique i*e I'suchthat r € [(i*~1)/n, i*/n). Then i* isabletoreceive
g(m)=(d Xy -Q) -2, , y).andforallj #i*, g(m)=(@’, 0)9), where y'=

h#i

max { ¥, v} such that y.- = By €d ¥(2w))+Q forsome >0, and

h#i

J X(y)={xeR|(x, y)ed Y}.
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First, we prove that forall u € U, S(u) c g SNET", u)). Pick any
2=(2,); € S(u) forany givenu € U. Foreachie I, ,let m =(p, z;) where

pe p’(Y, u, z). Then, by Rule 1, gm)=(z,)

iel °
Case 1: Noindividual can be made better off by deviation.

“Consider a deviation of member i from m;, to m . Then i can induce Rule 2,3

or4. Inall cases, g(m , m_)e L(z,, u,).
Case 2: No coalition can be made better off by deviation.

Consider a coalition T < I, #T>2, deviating from m, =(p, 7,),c to m, . T
can induce Rule 1, 2,3, 4 or 5. If T induces Rule 3, 4-2 or 5, there exists at least one
member le T, g(my, m_,)e L(z,, u,). When ie T suchthat p' # p and
ie I’(p, (%; ), )» T caninduce Rule 4-1. If T induces Rule 4-1-1 and
g(m., mo)e L(z,, u,), then forany je T —{i}, g(m:, m,)ed’ -(Y+QNZ,
where Y =9 Y ~Y, while z,€d H(p, Of(%zk_))mzj . This implies
gj(m;, m_ )€ L(z;, u;), since pe p(@f '(’%zk -, Gf -Y). If T induces Rule 4-1-

* ~ * * . .
2,then gm;, m )= (I, ~ zzh = 234 Ir_gys S ) Since z=(2,),,, € S(u) is
heT-{i} kel-T

Pareto efficient allocation and g,(m;, m )=z, for ke I —T, there exists /e T such
that gl(m; , m)e L(z,, u,). If T induces Rule 1, then there exists /e T such that
g(my, m)e L(z,, u,) because z=(z,),,, € S(u) is Pareto efficient allocation and
g(my, m_ )=z, for ke I -T. If T induces Rule 2, then there exists /e T such that
g(m;, m)e L(z,, u,) by PQP. Consider T =I. Itis clear because

2=(z,),, € S(u) is Pareto efficient allocation. Thus, z€ gSNHET, u)).

Second, we prove that forall u e U, gNET, u)) < S(u). Let me NEKT', u)

be given. Itis easy to see that m cannot correspond to Rule 3, 4 nor 5. Suppose that

m corresponds to Rule 1. Letforeachie I, m =(p, z,) suchthat g, ZDL. ,
2.z, —Qed Y and S7(z,),» p)£D. Then gm) =z =(z,),,, € S(u") for some

iel

u” e U. Note that each member i can deviate to Rule 4-1 by announcing some



m =(p", (@], y])) andattain z; € d H(p, z,) Z,. Hence, by quasi-concavity of u
eU, Hp, z,)nZ < L(z;, u;, Yforalli e /I, since if for some je 1,

H(p, :j)ijgL(zj, uj) isnottree, m¢ NKI', u). Thus, pe pP(Y, u, 7) so that
dm)=z=(z,),, €S(u) by SPL

Next, suppose that m corresponds to Rule 2. Letforeachie [, m =(p, z,)
such that I°(p, (z; ),,,) =1, and either Y. -Qe¢d Y or 57z D)= .

iel

Then gm)=w(p,(z,),,). ByRule4-1,foreachie I,
N H(p, ' +Q“sz)mzi cgM,, m ) L(v(p,(2)i), u; ). Thus, by

pep(Zf. ¥) JE

PQP, gm)=w(z,),,) €S(u). QED.

Proof of Lemma 5: Let (z,),,, € Z such that / EE(( % )i ) =1 be given. Then forall i
e I, there existsZ' € @ Y such that {p} = p(£*, Y)and EB'((3'+Q —Z:j, D))

Jj#i

2. Let w) = max{w’ | ie I}.

Let take a vector je {3 Y(n@) —€))+Q} N R", for some £ > 0. Then, each

1 o 1 .
iel, (@, —¢, ;i)e Z,. Itis clear that (@) ~¢, ;)7),-51614 and

1
2@ —¢, -’;,\7)68 Y+Q.
iel
Notice that forall i € I, forall ' €d Y suchthat {p} = p(', Y)and
- ~i 1 ~i
EB™((2+Q-23;, 2,) =D, CHAIY+ONNZ cHp, 2 +Q-22)NZ, .

j#i J#

_ . 1.1 . 1. .
Since (@ —¢, ~y)e(— 40 Y+QNNZ , @, ~¢, ~¥)eH(p, 3 +Q-2z7)NZ

j#
. 1
forall p(Z,, Y)e p(EB, (z,),,). Now let define «(z,),.,)= (@, ~¢€, ;f);g . Then

W(z,),.,) satisfies QP (i) and (i1). Suppose that there exists u" € Usuchthatforall i e
1, N H(p(Z', V), 7 +Q-22)NZ < L(v((z,),), ). Then, for

P V)ep (BB (1)) i
f=(n(w, —¢€), 7-Q), Az, Y)e p(EB, W(z;);)) foralli e I. Thus, foralliel,
H(p(Z, 1), vz )N Z, < L(vi((2,),,)> 4 ). Thisimplies W(z,),.,)€ EBu’).
Q.E.D.
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Proof of Lemma 6: Let (p, (z,),.,) € AXZ such that IEE(p, (z; )iy ) =1 be given.

Thenforall i € I, there exists > € @ Y such that PE p(fi, Y)and
EBT'(F'+Q- Z:j , 2_;)) #QD. Construct a feasible allocation

J=i
1
WP, (2),) =0, —¢, ;l'ﬁ)ie, as the same manner as in the proof of Lemma 5. Then it

is clear that W p, (z,),.,) satisfies PQP (i) and (ii). Suppose that there exists u” € U
suchthatforallie I, N H(p, 3 +Q-22)NZ, CLv(p, (2)i)s )

pep(Z'. Y) j#i

where '€ d Y suchthatEB"((Z"+£_2—2zj, z_;) #D. Then, for

j#
F=(nw] ~€),57-Q), pe XZ,Y). Thus,forallic I,
H(p, Vg((z,')id) M Z,- c L(V,»((Z,-)iel), I/t:) ThlS lmphes "(p’ (Zi)iel)eEHu*)’
Q.E.D.

Proof of Lemma 8: Let (p, (z,),,,) € A XZ such that IPR(p, (z; ),y ) =1 be given.
When PR 1((: D) # D, itis trivial that PR satisfies PQP. Consider the case,
PR'((z,),,)= <. When the production set is convex-cone, it does not occurred such

a case. Hence, we only consider the case that the production set is not convex-cone.

: V.
By I*(p, (z).,)=1, ——";y‘ =»—I:—’ foralli, j (i# /). Then, for each i,
i J

i+ Q
P(yx _):Pyh for all

i xh

there exists 7' =(&', §')€d Y suchthat pe p(Z*, ¥) and

h# i. Suppose that there exist i, j ({# j)such that ' # 7 . Since # =3,
Ky +Q)  p(’+Q)
N 4

. Then ¥ =¥ =%, because the production set is not convex-

cone. Hence, 7' =¥ =7. Thus, there exists a unique £ =(%, y)€d Y such that

pe i, Y)and PRI(Z+Q-2z, z,)# @ forallie I.

J#i

Since zyje R?,, 7+Qe R, forallie [. Then,if x =J~c—2xj and

.. ++ 4 .
J#L J#L

x °
v = ;l'@ +Q), (x;, v;)eZ, forall i € I. By definition of PR, forall i € I,

P&, Y =p-(F+Q-2z).

Jj?i
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Suppose ¥ < th . Then, x; <x, forallie l. Let
hel

vi((z)i)=(x, 7+Q- ZV)and v((\l)ld) (x y)forallj;ﬁl Then W(z;),.,)

Jj#l

satisfies PQP (i), (i1) and (iii).
@?
Suppose ¥> 2.x,. Then, x > x, forallie I. Let y" =y, —53&_2 =
kel
0 .

x - X. . . ~ . X ~ =~ : 3 -
=y+|=-=F5 Q. Since x< th , E—fv <. Theneither y < 2.% or
X x Q hel het X hel

v> Zy},' y< Zy,, implies th >y +Q . This also implies Z

hel

so that th <x. Itis a contradiction. Thus, y> z v, - Then, there exists at least one

hel hel
[4]

w
member ke [ such that (x}, y; )€ Q—E(Y —d Y). Select amember [€ [ such that

- (00 P
min&-'“y—— where (x;, yk)_QO (X, y) and (xk, Y e —ko'(Y—a Y). Then there

Yo Y
0

a, . - ~
exists Z, = (%,, )7,)6515-8 Y nd H(p,(x, y)) suchthat §, =af (I (0, 1)).

Define a function A'(x) =y such that 4'(x)/x =3,/%, for any xe R_. There exists
0

0y
Z, =(x, ﬁ)eh—g-a Y suchthat A'(¥,)=5, forall i € I. Notice thatforall i € I,

- = o) o VY 5
Y./, =y !y, =w;/w;. Since pZ, = pz; ===, pz, = pz —:—ad > = for
l : v Yo Y Yy .Vi Y

alli € 1, itfollows that pZ, < pz; forallie I. Thus, Z, € H(p,(x;, y)) foralli e
0

. °
I. This implies Z, + g—;o-ge H(p,(x, y)NZ, forallie I. Let A(z,),,)=(I),.,-

Then W(z,),.,) satisfies PQP (i) and (ii). Since W((z,),_,) is a proportional allocation,

PQP (ii1) is also satisfied. Q.E.D.
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