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Abstract. In this paper, we will prove It6’s formula for Brownian motion in
the case of f € C?(R) , using a discrete It6’s formula.
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1 Introduction

Let {Zyt=0,1,---} be a Z-valued symmetric random walk, that is, Zy =
0,7y = & + & + -+ + & where &1,&, -+ are independently and identically
distributed with P[¢; = 1] = P[¢& = —1] = 1/2. We have the following.

Lemma ( Discrete 1t6’s Formula )

For any f: Z — R and any nonnegative integer ¢, it holds that

fZt1) ; A (Ziv1 — Zt)

+f(Zt+1)—2f(Zt)+f(Zt—1)
2

[(Ziy1) = f(Ze) =

(1)

This is called a discrete It6’s formula. It was discovered by the first author.
The proof is very easy. We only have to consider the difference between the
left-hand side(henceforth, abbreviated LHS) and the second term of the right-
hand side(henceforth, abbreviated RHS) of the above equation. For the details
of this discrete It6’s formula, see [1],]2],[3]. In the next section, we will give a
proof of It6’s formula for Brownian motion in the case of f € C?(R) using the
above discrete 1t0’s formula. It seems natural that It6 differential formula can
be approximated by the discrete Itd (It difference) formula. In the proof, it is
important that how we approximate Brownian motion by random walks. For
the approximation method, the reader is referred to It6 and Mckean [4] section
1.10.
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2 The proof

Let {Wy;s = 0} be a standard Brownian motion and f be in C?(R). In the
sequel, we are going to prove the following statement:

P[f(Wt)—f(O)Z/Otf'(Ws)dWe+%/Otf”(Ws)dS for "tz 0[=1. (2)

Let us begin the proof. As it is well-known to anyone who has proved It&’s
formula, it is sufficient that we show

Plrovo - o) = | o, L / s =1 @

where f € C%(R) has a compact support and ¢ > 0. So we suppose that f €
C?(R) has a compact support and fix ¢ > 0. We will introduce an approximation

to Brownian motion by random walks. For n = 1,2, .-, define that
Tno = 0,
t
Tp,i = inf {s > Tnyio13 (W =W 1| = 24} fori=1,2,---.

Then by the strong Markov property of Brownian motion, 7,; — 7,i—1 (i =
1,2,---) are independently and identically distributed. And so are W, , —
Wr, ..y (i=1,2,---). In addition to that, it holds that

E[WTH,I] = 0,
E[Tml] = 22%; (4)
E[T’ﬂ,lQ] = %sz .

Actually, {Wy;s = 0}, {W.2 — s;5 > 0} and {W,* — 6sW,% + 3525 > 0} are
martingales. And also, by Doob’s optional sampling theorem, {Wr-, ;5 =
0}7 {VVS/\TnJ2 - (8 A Tml)? S 2 0} and {WS/\T77/‘14 - 6(5 A 7-7L71)VVS/\7'77/‘12 + 3(5 A
Tn,1)%;8 = 0} are martingales. Thus, it follows that

E[Ws/\q—n,l] = 07
E[S A Tn71] = E[WS/\TNJQ] )
1
El(s Aa1)’] = =3EWonray "1+ 2B[(s A7) Wonr,, ]

Then if we let s — 0o, we can obtain (4). Furthermore, by the above-mentioned
facts, {Tn,; — 12%,@ =0,1,2,---} is a martingale. Thus, by (4) and the sub-
martingale inequality, it holds that

t

P| sup |7n;— i—22n| >e| < 672E[(Tn722n —1)?]
1§i§22n
2 2
-2
= f 3 )



So if we apply Borel-Cantelli lemma, we obtain that

P{ lim sup |7, — 22n| = 0} =1. (6)

N0 Li<o2n

Then by (6) and the uniform continuity of a continuous function defined on a
compact interval, it follows that

Pllm  sup [W(r.i) —~ Wligg)| = 0] =1. (7)

n— o0 1<i<o2n 22")‘

Here by the discrete 1t6 formula and appropriate scaling, we obtain that

22n

1 Viy v
FOW (1)) = F(0) = 3 fWr s + 52 )Jf(WTm Vi)

1=0 2 on

22" 1
+_ Z{f WT,LL+£)_2f( ‘r,”)'f'f( Tnl_ﬁ)}'

(WTW,,i+1 - WTW,,Z)

First, by (7), the LHS of (8) converges to f(W;) — f(0) almost surely as
n — oo. Next, we can show that the second term of the RHS of (8) converges

to —/ f"(Wy)ds a.s. as n — oo. In fact, we have that

‘;i:l{f WT,”+£)—2f( Wy, )+ f( Tm_2n} /f" ‘

2n
2°"—1 \/— ﬁ
2n

‘Z{fWT,”wL—)—?f( We, )+ (Wr, = 300}

22n 1 ‘
_ Z f// —

22" 1

H Wi / 7w,

The second term of the RHS of the above inequality converges to zero a.s. as
n — oo, because f”(Wy) is Riemann integrable on [0,¢]. As for the first term
of the RHS, when we put it as A, and represent second order remainder terms




of Taylor expansion in integral forms, we have the following.

22" 1 x Y
TR t 1., t

W

n,i

S

2" 1 W, - NG
Y t Loy t
+ 3| LT W - s = 5 W ) g

Tn,i

tsup {17 (0) = f/@ilu— ol € s [Wira) = Wligg)l}-

1<4<22n

Here it holds that for z,y € R,

[ 6= s s - 3@ -aP [ S22 s 1w - 10

lu—v|S]y—z|

So we obtain that

A5 2w {0 - F@fl—o < X

st sup {17 (0) = f/@ilu =l € s [Wira) = Wizl }-

1§i§22n

By the uniform continuity of f” and (7), the RHS of the above inequality con-
verges to zero a.s. as n — oo. Therefore, the second term of the RHS of (8)

converges to—/ f"(Ws)ds a.s. asn — oo.

t
Last, let us show that the first term of the RHS of (8) converges to / (W) dWs
0
in probability as n — co. We define that

2%n— Vit Vit
f(W‘rM + ’ﬂ)_f(WTni - T)
Hy(s) :== Z 2 N : 2 1(7'n,i;7'n,i+1](8)'
i=0 o7

T, 22n
Then the first term of the RHS of (8) can be written as / H,(s)dWs. Let
0



g, 9 be strictly positive. First, we have

A o 1o

DPn =
n,22n
< / (Ha(s) — 1'(W,)) 1 <e]
+2P[|7, 02 — t| > €]
n, z%
+P ‘ / —t < 5}
n, 22"
+P‘/ —€<Tn22n—t<0i|
, )
< Pl s | [ (o) - v aw| > )]
0<Sr<t+e 0
+2P[|’Tn g2n — t| > €]
)
sup / (W, > —}
t<7"<t+e 2
) )
P .
il >4} [ | >4l
Here, { [y (Hn(s) — f'(Ws)) dWg;r 2 0}, { [, f/(Ws) dWy;r 2 t} and
{ft (W dWS, r 2t — ¢} are continuous martlngales and these It6 integrals

have the Ito isometry because f’ is bounded. So by the submrtingale inequality,
Chebyshev’s inequality, Jensen’s inequality and Itd integral’s isometry, it holds
that

b < 2 /HE(Hn(S)—f'(Ws)) ]+ 2Bl —
—|—§E ‘/t+sf } EH t;f’(Wg)dWs}
< el HE(Hn(s) w2 as) Y Bl e — 02y
2
+5t

t f’(Wg)Q ds} }1/2 .

t—e

s [ ronral} ]

Furthemore, letting M be the maximum of |f’|, we have the following.

po = HE[ [t - rovgr e} s 2. - 0ny

10
+7M51/ 2, (9)
As for the first term of the RHS of (9), we have the following upper bound by
the mean value theorem(with 6 = 6(W,, ,) and |0| < 1), Holder’s inequality



and(4):

B[ [ o) - v
/t+€ 22n g \/—

Z (W, + 9 ) (Fasis i) (8) — fl(Wg))2 ds}

2 t+e
= Z E[/ (f'(Wr, . + ei) — W)L rs i) (5) ds}
+E / f (7',,‘2271,00)(3) ds

SE( e a0 ) (s - )

=0 Tn,i S85Tn i1

+M?E[|7, 920 —t — €]

A

22n_1
swp (F W, + 02— )]

=0 T7l‘i§3§7n‘i+1
1/2
X E|(ri1 = 700)°]}
+MP{E[(r 220 — 1)?]}Y/? + M
§ N PN < i 4741/2
\/;{E[(sup{v(u) F@llu=vl S _swp W, +65; A

Tn, iS85 Th it1

FMP{E| (70 — P} 4 M. (10)

[N
—
S|

A

Here by (6), it holds that with probability one,

sup (s = Thi) = sup  (Tn,it1 — Tny)
0<iL22m 1 0<ig22n 1
Tn,iS8S<Thit1
t
< 2 sup |mi(w) —

+
T 1gigan |

22n
— 0 (n— o).

From this fact, the uniform continuity of a continuous function defined on a
compact interval and the uniform continuity of f”, it holds that with probability



one,

. 4
ti sup {|£/(w) ~ £ fu—ol S sup [ Wy, +02 — 7w} =
n—oo 0§i§22n71 2
Tﬂ,,zéngw,,i+l

So, by dominated convergence theorem, the first term of the last RHS of (10)
converges to zero as n — oo. In addition, by (5), the second term of the last
RHS of (10) and the second term of the RHS of (9) converges to zero as n — oo.
Therefore, we have that

12
lim sup p, < ?Mel/Q —0 (e—0).

n—oo
t
This means that the first term of the RHS of (8) converges to / (W) dWs
0

in probability as n — co. So we obtain (3). (Q.E.D.)

Remark

O In [5], Szabados obtained another type of discrete It6 formula as the fol-

lowing.
t—1 t—1
f 7 Zi
=3 1) - 2+ 5 Y LB IE) )
i=0 i Zin

where ¢ is defined as

k-1

g(k) = sgn(k { nysgn + < f( )}

Furthermore, for f € C'(R), he derived a new representation of fot F(Wy) dWs,

using Ito’s formula, his discrete It6’s formula and the same approximation
method of Brownian motion by random walks. Even if we use his discrete
It6’s formula instead of (1), we can prove Itd’s formula. Therefore (1) and
(11) are not different in the limit case. But in the discrete case, they are
different in that though (1) gives Doob-Meyer decomposition, (11) does
not generally do so.

0 We can prove Ito’s formula for f € C12(R, x R), using discrete Itd’s
formula in the explicitly time-dependent case:
gt+1,Z;+1)—gt+1,Z; — 1)
2

gt +1,Z441) — g(t, Z4) = (Zis1 — Zy)

gt +1,Zi+1) = 29(t+1,Z,) + g(t + 1,2, — 1)

2
+g(t+17Zt) _g(taZt)7



where g : Z, x Z — R and t is a nonnegative integer. In fact, we have
the following from this discrete 1t6’s formula and appropriate scaling.

f(tv W(Tn,Zz")) - f(Oa 0)
1 f

2n
S Db Wo s+ 50 = [+ D g We = 31
247

=0
X (WTW,,1,+1 - Wﬂm‘,)

22n_1
Y G+ 0w+ L g 2w )
i=0

Vit Vi

(4 1) o5y, Wr, o — 57)}

22n’ 2_n
92n _1 y y
+ Z {f((Z + 1)22_n7W7—77/‘1‘,) - f(iﬁ7w7—n‘i)}7
=0

where f € CV2(R, x R) has a compact support and ¢ > 0 is fixed. Here
we only have to consider the limit of each terms when we let n — oco.
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