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Abstract

This paper proposes a test of the rank of the sub-matrix of 3, where (8 is a cointe-
grating matrix. In addition, the sub-matrix of ), an orthogonal complement to 3, is
investigated. We show that information on the rank of the sub-matrix of 5 and/or 5,
is useful in several situations. We construct the test statistic by using the eigenvalues of
the quadratic form of the sub-matrix. We show that the test statistic has a limiting chi-
squared distribution when the data is non-trending, and we propose a conservative test
when the data is trending. Finite sample simulations show that, although the simulation
settings are limited, the proposed test works well.
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1. Introduction

A vector autoregressive (VAR) process has often been used to model a multivariate economic
time series and, following the seminal work of Engle and Granger (1987), a cointegrating
relation has been incorporated into the VAR model. A typical n-dimensional VAR model
of order m is

vy =d+ Az + -+ AT, + &y, (1)

fort =1,---,T, where {¢;} is independently and identically distributed (i.i.d.) with mean
zero and a positive definite matrix ¥ and I, — A1z — - -+ — A, 2™ = 0 has roots outside the
unit circle or equal to 1. The model (1) can be written in the error correction (EC) format,

m—1
Axy=d+af w1+ Z UjAzej + e, (2)
j=1

where a and 3 are n X r matrices with rank », A =1 — L, and L denotes the lag operator.
We assume 0 < r < n and then there are r cointegrating relations. The exact condition
of the existence of cointegration is given by Johansen (1992). We also assume that the
cointegrating rank r is known or estimated by some testing procedure, such as the maximum
likelihood (ML) test proposed by Johansen (1988, 1991) or the Lagrange multiplier (LM)
test by Liitkepohl and Saikkonen (2000) and Saikkonen and Liitkepohl (2000). Other testing
procedures of the cointegrating rank are reviewed by Hubrich, Liitkepohl, and Saikkonen

(2001) and papers therein.

In this paper, we investigate the tests of the rank of (;, the sub-matrix of 8, and
the rank of 3, 1, the sub-matrix of 8, where 8 = [0}, 55]' and 31 = [B] ;,81 2], with
(1 being an orthogonal complement to 3. In practical analysis, we sometimes encounter
cases where we need to know the rank of 3; and/or 3| ;. For example, the cointegrating
matrix is sometimes normalized as $* = (3(a’8)~!, as proposed by Johansen (1988, 1991)
and Paruolo (1997), where a is an n x r matrix with full column rank, and the prototype
normalization is represented by a = [I.,0]’. However, there is no guarantee that o’/ has full
rank. In such a situation, we would like to know whether the first r rows of § have full rank.
Another example is the Granger non-causality test. As shown in Toda and Phillips (1993),

when there is a cointegrating relationship, in general the Wald statistic of the Granger non-



causality test from the last ng variables of x; to the first ny variables has a non-standard
limiting distribution, depending on nuisance parameters. However, if the last ng rows of
B have full row rank, the Wald statistic is asymptotically y? distributed. In Section 2, we
will illustrate these situations where information of the rank of $; and/or 3, ; is useful in

practical application.

Tests of the rank of a matrix have been investigated in the literature and recent econo-
metric developments can be seen in works by Cragg and Donald (1996, 1997) and Robin and
Smith (2000), among others. Although these papers proposed tests of the rank of a matrix,
they assume that the estimator of the matrix is 7'/2 consistent and has a limiting normal
distribution with a non-stochastic variance matrix. However, the estimator of the cointe-
grating matrix is 7' (or T°/2) consistent and has an asymptotic non-standard distribution.

As a result, we cannot apply existing testing procedures to the cointegrating matrix.

The paper is organized as follows. Section 2 illustrates situations in which we need to
know the rank of 51 and/or 3, ;. It is these situations that motivated us to investigate the
test of the rank. In Section 3, we propose tests of the rank of $; and 3, ; for non-trending
data. We will show that the proposed test statistics have limiting y? distributions. Section 4
considers the case of trending data. In this case, the test statistics do not necessarily converge
to x? distributions. To overcome this situation, we propose tests that are conservative.
Section 5 investigates the finite sample properties of the tests. Section 6 concludes the
paper.

In regard to notation, we use vec(A4) to stack the rows of a matrix A into a column
vector, [z] to denote the largest integer < x, @ = a(a’a)~! for a full column rank matrix a.
N i>, and = signify convergence in probability, convergence in distribution, and weak
convergence of the associated probability measures. We denote the rank of A by rk(A) and
the column space of A by sp(A). We write integrals like [ X (s)dY (s)’ simply as [ XdY” to

achieve notational economy, and all integrals are from 0 to 1 except where otherwise noted.

2. Examples of Situations where Information on the Rank is Useful

2.1. Identifying normalizations



From the cointegrating matrix, 3, we know directions that make the I(1) vector process
stationary, but, in general, 3 cannot be identified because any pair of ac and 3¢~ for a
non-singular matrix c is equivalent to the pair of o and f in the model (2). Johansen (1988,
1991) and Paruolo (1997) proposed the identifying normalization such that 3* = 3(a’3)~!
and 3* = B(a’ B)_l for the ML estimator (3, where a is an n x r matrix with full column
rank. This normalization is useful in practical analysis because the limiting distribution of
the normalized estimator has been derived by these authors and we can use it for statistical
inference. However, there is no guarantee that o’ has full rank. For example, the typical
normalization is represented by a = [I,0] and then 3 is normalized as 8(a’3)~! = 36, !
where (31 is the first r rows of 3. Although § has full column rank r, there is no guarantee
that (4 has full rank, and then, as discussed in Paruolo (1997), we have to carefully chose
the normalizing matrix a. In this case, the test of the rank of (31 is useful to confirm that
01 has full rank. If the rank of 3; is decided to be r by the statistical test, we will use the
normalizing matrix a. Otherwise, we have to choose another normalizing matrix. Since we
may encounter the same identifying problem for 3,, we will also consider the test of the

rank of the sub-matrix of 3, .

2.2. The Granger non-causality test

To test for Granger non-causality, we may use either the levels VAR model (1) or the EC
format (2). Suppose that we are interested in whether the last ng variables in x; are Granger-
caused by the first n; variables. We write x; = [2];, 2%, 25" and partition «,  and A; for
it = 1,---,m conformably with z;. First, we consider the test with the levels VAR model

(1). Then, the null hypothesis of non-causality is formulated as
AP =... = A =0,

where A?l is the ng x ni lower-left sub-matrix of A; for i = 1,---,m. If we estimate the
model (1) by the least squares method and construct the Wald statistic in a usual form,
the test statistic is shown by Toda and Phillips (1993) to have a non-standard limiting
distribution and to depend on nuisance parameters in general. However, Toda and Phillips

also showed that, if rk(81) = n1 where [y is the first n; rows of 3, the Wald statistic



converges in distribution to x2 ,,.,,. Then, if we pretest the rank of 3, and find that it has

full row rank nq, we can use the Wald statistic in a standard form.

On the other hand, if we estimate the model (2) by the ML method, the null hypothesis

of non-causality is formulated as
f'=...=1_ | =0 and A% =0,

where 1“?1 and A3! are the ng x ny lower-left matrices of I'; and A for i = 1,---,m — 1
with A = a#’. As in the case of the levels VAR, the Wald statistic for non-causality has
a non-standard limiting distribution in general but Toda and Phillips (1993, Theorem 3)
showed that if r&k(8,) = n1 or rk(as) = ng, then the Wald statistic has a limiting X2 ...,
distribution. Consequently, information on rk(f;) is useful in this case. Note that the
existing testing procedure may be available for the test of rk(as) because the ML estimator
of o has a limiting normal distribution with a variance matrix being a Kronecker product

structure. See, for example, Corollary 3.1. of Robin and Smith (2000).

Although other testing procedures for Granger non-causality are proposed in the liter-
ature, such as the fully modified (FM) method by Phillips (1995) and Phillips and Hansen
(1990), and the lag-augmented (LA) method by Dolado and Liitkepohl (1996), Toda and
Yamamoto (1995) and Kurozumi and Yamamoto (2000), they have some deficiencies. For
example, Yamada and Toda (1997, 1998) showed that the Granger non-causality test based
on the FM method suffers from a large size distortion, while the LA method estimates the
model with an artificially augmented lag that causes loss of power because of inefficiency.
On the other hand, Yamamoto (2002) showed that the finite sample properties of the stan-
dard Wald statistic are fairly good when (; has full row rank. As a result, before testing
for Granger non-causality, we recommend testing the rank of #; and, if it has full row rank,

the standard Wald statistic should be used.

2.3. The test for long-run non-causality

A test for long-run non-causality was proposed in Bruneau and Jondeau (1999) and was
developed into the test for block long-run non-causality by Yamamoto and Kurozumi (2001,

2002). The long-run causality is defined by considering the h-step ahead forecast with



h — oo. Let us consider the companion form of the model (1).
Xy = FXi 1 + Ex,

where X; = [z}, 2} 1, -, 2, 1), By = [g},0,---,0) and F is defined consistently with
the expression (1). The h-step ahead prediction of z¢; 5, given Xy, is expressed as x; Fhlt =
MF"X,;, where M = [I,,,0,---,0], and the coefficient matrix of the long-run prediction is
defined as

B = lim (MF").

h—o0
Let us partition z; in the same way as in the previous section. The hypothesis of the long-run

non-causality of xs; to x1; is given by
R;BRr =0,

where Ry, = [I,,,0] and Rr = I,,, ® R}, with R}, = [0, I,,,]’. Yamamoto and Kurozumi (2001,
2002) derived the limiting distribution of the ML estimator of B, B, which is asymptotically
normal. The natural way to test the above hypothesis seems to be to construct the Wald
statistic. However, the asymptotic variance matrix of B is singular and consequently the
Wald statistic might also have a singular variance matrix. If a variance matrix has full rank,
the usual Wald statistic is used to test the hypothesis, while we may construct the test
statistic using a generalized inverse of the matrix if it is singular and we know the rank of
the variance matrix. The important point is that singularity of the variance matrix depends
only on rk(/33) and k(51 1). In other words, we can identify the rank of the variance matrix
if we know the rank of 33 and 3, ;. Then, the tests of rk(33) and rk(3 1) play an important

role in the long-run non-causality test.

3. Test of the Rank of the Sub-Matrix for Non-Trending Data
3.1. The model with d =0

In this section we consider a test of rank for non-trending data with d = 0. The model

considered in this section is

m—1
Axy = off zi_1 + Z LjAz_; + & (3)
j=1



We estimate the model (3) by the ML method assuming that {s;} is Gaussian, although
asymptotic properties are preserved under more general assumptions. We denote the ML
estimator with “””. For example, the ML estimator of 3 is denoted by A. Using the result
that 71/ ﬂ et = W(r) for 0 < r < 1 by the functional central limit theorem, where
W (-) is an n-dimensional Brownian motion with a variance matrix 3, Johansen (1988, 1996)
showed that

g=a@n L ([ nchas) [ @
where Go(-) = B CW () with C = 8, (o/, T8 )1/, T = L, -7 I, V() = (¢/S71a) 7!
«'S7'W(-) and Go(-) and V(-) are independent. He also showed that & = a3, > and T;

(i =1,---,m — 1) are consistent estimators of «, ¥ and T';, respectively.

Let us partition 5 as 3 = [}, 05] where 81 and 33 are ny x r and (n —ny) X r matrices,
respectively. Similarly, we partition §) = [ ;,5 ,] conformably. Our interest lies in

finding the rank of 8 and thus, we consider the following testing problem.

H() : 7“/-6‘(,81) = f v.s. Hi: ’I”k‘(ﬁl) > f (5)

Note that the rank of (31 is at most p = min(nq,r).

To test the rank of 31, we follow the same strategy as Robin and Smith (2000), who test
the rank of a matrix and investigate its quadratic form. In our situation, we construct a
quadratic form of 3. The advantage of considering a quadratic form is that the eigenvalues
are non-negative real values, even if those of 3; are complex values. Then, the null hypothesis

Hy becomes equivalent to the existence of f positive real and ni — f zero eigenvalues.

Let ¥ and ® be r x r and n; X n; possibly stochastic matrices that are symmetric and
positive definite almost surely (a.s.). Since they are full rank matrices (a.s.), the rank of 3y
is equal to the rank of @13, ¥3] (a.s.). Therefore, the test of the rank of 3; is equivalent to
that of ®~ 13, U3}, and then we consider the rank of the latter matrix. Note that, although
this strategy is basically the same as that followed by Robin and Smith (2000), we cannot
directly use their result because they assume that the estimated matrix is asymptotically
normally distributed with a convergence rate T’ 12 while Bl is shown to be T' consistent and

the limiting distribution is mixed Gaussian.



For the test of the rank of 3;, we define ¥ = o/~ 'ov and

B )l ] (B8 0 &
$ = {ﬁlaﬁl,l(ﬂLﬁL) 1} l 0 ([ GoGhds)™" ] l (ﬁiﬂi)l_lﬂl,l ] . 2

Let Ay > Ay > .-+ > \,, be the ordered eigenvalues of o113 U3, which are the solution
of the determinant equation
|6196] — A®| = 0. (7)
Then, under Hy, Ay > --- > Ay >0and App; =--- =X\, =0 (as.).

We construct a sample analogue of (7) using the LM estimator and investigate the

limiting distributions of the eigenvalues. The sample analogue of (7) is given by
B8] — Ad| =0, (8)
where 3, is the first nq rows of 3, ¥ = &/> 14 and

8'8)7" 0 w
[( f ] (9)

o = [51,BL,1(515AL)_1} 0 (%élsnél) - Blﬁi)_lﬁl,l

A a1 R 1 . ~ N\ L
— BBTB + A (pASubL) B (10
where Sj; =T71 Zthl Ry R}, with Ry, being the regression residual of X;—1 on Azy_q,- -,
Az_m+1, and we denote the ordered eigenvalues of (9) as 5\1 > 5\2 > > S\nl. Note that
when ny > r, the smallest n; — r eigenvalues are obviously equal to 0, that is, 5\r+1 =...=

An, = 0. We can easily see from the expressions (6) and (9) that ® and ® are positive definite

(a.s.), while the expression (10) is simpler and may be used to construct & in practice.

To test the rank of 31, we consider the following test statistic.

P ni
Lr=T>> N=T>> X\,
i=f+1 i=f+1

which rejects the null hypothesis when L1 takes large values. The second equality is estab-

lished because p = min(ni,r) and 5\p+1 == 5\m =0 when n; > r.

Theorem 1 Let U = &S 'a and & be given by (10). If f < p, under Hy, Lr N

2
X(ni—f)(r— 1)



Remark 1: Since the determinant equation (8) converges to (7) in distribution, the esti-
mated ordered eigenvalues of (8) also converge in distribution to those of (7). Then, under
the alternative, 5\f+1 4, Ar+1 > 0 (a.s.), so that T25\f+1 goes to infinity. Therefore, the

test statistic L7 is consistent.

Next, we consider a test of the rank of the sub-matrix of 3, . The testing problem is

Hyy: rk(BLp) =g wv.s. Hyp: rk(Bi1) > g

For the same reason as in the test of (1, we investigate the rank of (i)ilﬁjﬂl\f[‘lﬁi’l, where &
and W are (n —r) x (n —r) and nq x n full rank matrices (a.s.). Similar to (7), we consider

the following determinant equation.
LB — pd| =0, (11)
where ¥ = [ GoGlds and
b = [B1.B1(88) ) [ AP ] [ AL ] ,
and the sample analogue of (11) is given by
BLa¥Bl, — bl =0, (12)

S =/ =
where ¥ = T-13, 5113, and

A . A ar 3 \—1 2
P = [ﬁi,laﬂl(ﬂ/ﬂ)il} [ (ﬂLﬁol) 0 ] [ P . ]

(&/2—1&)—1

Let gy > -+ > pp, and 13 > -+ > [in, be ordered eigenvalues of (11) and (12), respectively.
Under the null hypothesis, the smallest (n; — g) eigenvalues, pg41, -, fin,, are all zeros
(a.s.) and we then construct the following test statistic.
q ni
Lir=T">Y =T fui
1=g+1 i=g+1
which rejects the null hypothesis when it takes large values, where ¢ = min(ny,n —r). The
second equality is established because fi,—r4+1 = -+ fin, = 0 are obvious solutions when

ny > (n —r). The following theorem gives the limiting distribution of £ 7.



o =/ = S
Theorem 2 Let ¥ = T3, 5118, and ® be given by (138). If g < q, under Hy,, L7 4,
2
X(n1—g)(n—r—g)°

Note that the consistency of the test is shown in a similar way as in Remark 1.

Given the above two theorems, we can test the rank of 3; and 3, ;. In addition, we
may consider the procedure to decide the rank of the sub-matrix, as the cointegrating rank
is selected sequentially using the test of the cointegrating rank. For example, to decide the
rank of (1, we firstly test the null of f = 0. If the null hypothesis is accepted, the rank of
(1 is decided to be zero. Otherwise, we then test the hypothesis of f = 1. We sequentially
continue to test the rank of 3; until the null hypothesis is accepted. When the null of
f = p — 1is rejected, we consider that 3 has full rank. Similarly, the rank of 3, ; can be

decided by the same procedure.

3.2. The model with d # 0

In the previous section, we considered the model with d = 0 for non-trending data. However,
in practice, we sometimes consider the model (2) with d # 0 but the level of data has no
linear trend. In this case, the constant term can be expressed as d = apg where pgisar x1

coefficient vector, so that the model (2) becomes

m—1
Axy = aftaf |+ Z Uil j+ et (14)
j=1

where 8T = [#,po]’ and z;7 ; = [7}_,1]. See Johansen (1991, 1996). The maximum
likelihood estimator of 3 can be obtained by the reduced rank regression of Az; on z
corrected for Azy_q,- -, Axy_m11, and the estimator of the cointegrating matrix is the first

n rows of AT.

To test the rank of the sub-matrix of 5 for the model (14), we construct the test statistic
L1 with ® defined by

b = 51(8'8) 81 + BLa(BLA) L (YpSHTr) T L(BLAL) By (15)
where L and Y7 are (n — 7+ 1) x (n —r) and (n + 1) x (n — r + 1) matrices defined by

—1/24
L:lI”—T], TT:lT %50

)

0 0 1

9



and S} =T71 Ethl R}, R/, with R{, being the regression residual of x;7 ; on Axy_1, -+, AZ_mi1.

Theorem 3 Consider the model (14) and let U =&S & and & be given by (15). If f < p,

d
under Ho, L1 == X3, pyo—s)-

r—

For the test of the sub-matrix of 3, we construct the test statistic £, using U =

{L(YSHYr)~ L)L

Theorem 4 Consider the model (14) and let b= {L/(YhSH YY) L} and  be given

d, . 2
by (13). If g < q, under Hor, L17 == X{n,—g)(n—r—g)-

In practical analysis, we will obtain B by the reduced rank regression and we have to
calculate B | from B Ifd =0, B | can be easily obtained as explained in Johansen (1996,
p.95). When d = apg, one of the methods to calculate B, is as follows: first we calculate
the orthogonal projection matrix of 3, M = I,, — B(B’B)_lﬁ’. Then, by the singular value
decomposition, M is expressed as M;MyM, where M; and M, are n x (n — r) orthogonal
matrices and M) is an (n —r) x (n — r) diagonal matrix with positive diagonal elements.

Since sp(M) = sp(M;) and they are orthogonal to 3, we can use M; as 3, .

4. The Test of the Rank of the Sub-Matrix for Trending Data

When the data is trending, z; can be expressed as the sum of the stochastic trend, the
deterministic trend, and the I(0) component such that
t
2y =CY e+t +C1(L)(e + d) +af, (16)
i=1
where 7 = Cd, C1(L) = (C(L) — C(1))/(1 — L) with C(L) being a lag polynomial when
Ay is represented as the vector moving-average process like Az, = C(L)(d + &), and
is a stochastic component such that f'z§ = 0. See Johansen (1991, 1996) for more details.
In this case, (; is decomposed to 7, the coefficient of a linear trend in (16), and v, an
n X (n—r—1) matrix that is orthogonal to 7. As shown in Chapter 13.2 of Johansen (1996),

B can be expressed as
- 1
B=B+v0N)" Vi + Zy7(r'T) " Vo, (17)

10



where
U | 4 / o\ / R
T[ Usr 1 — < GGd8> GdV' = Uy | say,
where G(r) = [G(r), G5(r)]" with G1(r) = Go(r) — [ Gods and Ga(r) = r —1/2. We denote
Q = [ GG'ds and partition it into 2 x 2 blocks conformably with [U],US)’. We express the

(i,7) block element of ([ GG'ds)~! as QY for 4,5 = 1 and 2. In this section, we need the

estimator of Q!', which is given by
Qll — T,_A)/lsl—llpy’

and S7; is defined in the same way as in the previous section, with Ri; being the regression
residual of X;—; on a constant and Axy_q,- -, Axi_m+1. Convergence of O to QM s
proved in Lemma 2 (iii) in the appendix, while the consistency of other ML estimators, such

as &, 3, and I, is shown by Johansen (1991, 1996).

Let us consider the testing problem (5). Under the null hypothesis, we can find the
f linearly independent column vectors in (5 and we define G as an n; x f matrix whose
columns consist of those f vectors. We also define an 1y X (nq — f) matrix ¢* whose columns
span the space orthogonal to the columns of i so that 6*3f = 0. In the following, we
show that the direction of §* is important in deciding the convergence rate of B and it also

affects the limiting property of the test statistic.

Since 3, is the first ny rows of 3, it is expressed from (17) as

~ 1
B =B1+m(y) Uir + WTI(T/T)_IUQT.

Suppose that an ny; x 1 vector 71 exists that is orthogonal to v; (77791 = 0) and belongs
to the column space of §*. Here, note that, since the n x n matrix [3,~, 7] has full rank,
the first ny rows of this matrix, [1,71,71], must have full row rank, which implies that
a'[B1,v1,71] # 0 for any non-zero vector a. Then, because 71 is orthogonal to both ; and
v by the assumption, we have 71'[31,71,71] = [0,0,71'71] # 0, so that 71/ # 0. This
implies that

32573y = 7'm (7'7) " H(TUsr) -5 31 (7'7) Uy = X, say, (18)

11



while for an 7y x (n —r — 1) matrix d§ whose columns span the orthogonal complement to
71 in sp(8*),
= _ d _
To5' 51 = 85 n( ) (TUir) == §5'n(v'7) "0 = X7, say. (19)

On the other hand, if there exists no vector in sp(6*) that is orthogonal to 7;, we have

T56) = Sy (') HTUr) + 5*’7’1(7"7')_1(T1/2U2T) 4, Sy (v/7) UL = X7, say. (20)
Therefore, the convergence rate of Bl depends on whether a vector 71" orthogonal to 7; exists
in sp(0*).

The existence of 7{ indicates that the column space of [1,7y1] does not include 7{ because
717/61 = 0 and 77797 = 0. We also note that the rank of [, ;1] must be n; — 1 or ny because
[B1,71,71] has full rank nj. Then, from another point of view, we can say that the rank
of [B1,71] is n1 — 1 if a vector 77 exists, while the non-existence of 77 is equivalent to

rk([1,71]) = n1. Thus, we have to consider the asymptotic property separately according

to the two cases where the rank of [31,71] is 71 and ny — 1.

In the following theorem, the test statistic is constructed from the eigenvalues of (8)

using the same U as in the previous section and either
. A B/B -1 0 Al
o {51771(7,7) 1:| [ ( 0) Qll ( fllA/ (21)

= H@BB)7IB + A HTY S (A A) 4,

or

) @B~ 0 0 3
b = [BaEn Al oo ot oo || ) (22)
0 0 1
Theorem 5 (i-a) Let U = &S & and & be given by (21). If rk([B1,71]) = n1 and f < p,
d

under Ho, [,T — X%nlff)(rff)'

(i-b) Let O = &S and @ be given by (22). If rk([B1,71]) = n1 and f < p, under H,
L1 converges in distribution to a random variable that is bounded above by X%nrf)(rff)'

(ii) Let W = &'S~1a and ® be given by (22). If rk([B1,m1]) = n1 — 1 and f < p, under Hy,
2

d
LT == X(ny—f—1)(r—p)-

12



Remark 2: In the case of (i-b), the test statistic converges in distribution to X(2n1—f)(r—f)
if and only if §*“7 = 0, which is equivalent to the case where 71 € sp(87) = sp(f1).

See the proof in the appendix. In general, the test using (22) is a conservative test if

rk([B1,1]) = n1.

From Theorem 5, if we know the rank of [31,71], we can construct the test statistic that
converges to a x? distribution by appropriately using (21) or (22). However, such information
is not available in practice. Notice that if rk[81,v1] = ni—1, ® given by (21) may violate the
condition that it is a full rank matrix, and in that case, the test statistic converges, not to
the same x? distribution as given by Theorem 5 (ii), but to a random variable that depends
on a nuisance parameter. Then, the test using (21) is not available in practice. On the other
hand, if we use ® given by (22), we can test the hypothesis by referring to a x? distribution
irrespective of the rank of [31,71], although the test may be conservative and the degree of
freedom changes depending on the rank of [$1,7]. Then, noting that the critical value of
X(2n1—f)(r—f) in Theorem 5 (i-b) is larger than that of X(2n1—f—1)(r—f) in Theorem 5 (ii), we
propose to test the null of rk(5;) = f as follows:

1. We construct the test statistic L7 using (22).
2. If L7 is larger than the critical value of X(Qm_ Ho—f) We reject the null hypothesis.
3. If L1 is smaller than the critical value of X(Qm_ F-1)(r—f) We accept the null hypothesis.

In this procedure, we may encounter a case where the test statistic is larger than the crit-
ical value of X%m— Fo1)(r—f) but smaller than that of X%m— Fr—f) that is, the case where

Cm—f-1)(r—f) = LT = Cny—f)(r— ), Where Cn, —f-1)(r— ) ad €(n - y-1)(r— ) are correspond-

ing critical values. To cope with such a case, the following corollary is useful.

Corollary 1 Let U = &/S71@ and & be given by (22). Suppose that the rank of By is f

(<p)-
(i) If rk([B1, 1)) = n1, T?X, converges in distribution to a random variable that is bounded

*
man’

*

above by A where X} .. is the smallest non-zero eigenvalue of

| X*X* — XL, _f| =0,
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where X* is a (r — f) x (n1 — f) matriz with vec(X™) ~ N (0, I(;— )(n,—f))-
(it) If rk([B1,1]) = n1 — 1, T2\, converges in probability to zero.

Table 1 shows the percentage points of A\’ . for the case when (n; — f) > (r — f). Since
the non-zero eigenvalues of X*X* are the same as those of X* X* we can refer to the
percentage points of (r — f,n; — f) when (n1 — f) < (r — f).

Using the above corollary, we can cope with the situation where ¢(,, _r_1)—p) < L <

*
mn?

Co—f)r—p)- I T25\p is smaller than the (10, 5 or 1%) percentage point of A we reject
the hypothesis of 7k([31,71]) = n1. In that case, c(,,_f_1)—s) i3 an appropriate critical
value for L7, so that the null of k(1) = f is rejected. On the other hand, if T25\p is larger
than the critical point of X . . we accept the hypothesis of rk([31,71]) = ni, so that the

rank of 31 is decided to be f.

Next, we investigate a test of the rank of 3, ;. When the data is trending, 3, ; can
be decomposed into [y1,71] where v and 7 are the first ny rows of 7 and 7, respectively.
Then, testing the rank of 3, ; is equivalent to testing the rank of [y1, 7] and, therefore, we
construct a test statistic from [J1,71]. Note that B 1 is the first ny rows of B | and is not

necessarily numerically equal to [y1, 71], although they span the same column space.

Let us consider the same determinant equation as (12) with 3 11 replaced by [y1, 71] and

\'i} _ l (Qn)—l 0 1 | (23)

0 1
. o (¥4)~1 0 0 o
® = {171,060 0 (7'7)7 0 Aﬂ .
0 0 (¢S ta)? (B'8)716]
Al A~ / %

BB @S B8 AL

We construct the test statistic £, 7 in the same way as in the previous section.

Theorem 6 Let U and ® be given by (23) and (24). If g < q, under Hy,, L7 converges
in distribution to a random variable that is bounded above by X(Qm_g)

(n—g—r)’

In a similar way to the non-trending data case, we can use the results of Theorems 5

and 6 to decide the ranks of 81 and (3| ; sequentially.
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5. Simulation Results

In this section, we investigate the finite sample properties of the tests proposed in the
previous sections. We consider the following four-dimensional error-correction model as a

data generating process (DGP).
A.’L‘t = do + Oé,BICthl + &¢,

where {&;} ~i.i.d.N(0,1). The following three DGPs are considered.

[ —05 03] [ 1.0 0.0 ] (1.0 0.0 ] [ 0.5 ]
0.0 —0.3 ~1.0 00 1.0 1.0 1.0
DGPLa=1" s 05 |'P=] 10 10" ™= ]o00 10" ®=] o5
| 05 0.8 | | 00 0.5 | | 0.0 2.0 | 1.0 |
[ —05 0.3 ] 1.0 0.0 | 1.0 0.0 | [ —0.5 ]
0.0 —0.3 ~1.0 0.0 1.0 0.0 1.0
DGP2: a=1 3 g | F= 0.0 1.0 P= 00 05| %= 0.5
| 05 0.8 | | 00 0.5 | | 0.0 1.0 | 1.0 |
0.23 0.60 1.0 0.0 0 5 0.0
0.34 0.40 00 1.0 5 0 0.1
DGP3:a=1 199 082 |"P=| 05 —05 | =6 —a| D=| o7 |
0.30 0.50 ~15 —1.0 2 2 —0.2

where DGP3 is the same as the simulation example in Reinsel and Ahn (1992). We test the
rank of the first 2 x 2 matrices of # and 3. Then, for DGP1, DGP2, and DGP3, the true
rank of 31 is 1, 1, and 2 respectively, while that of 3, ; is 2, 1, and 2, respectively. We set
xo = 0 and discard the first 100 observations in all experiments. The number of replication

is 1,000, and the level of significance is set equal to 0.05.

Table 2 reports the simulation results of the tests for non-trending data with d = 0 and
d = apg, and the tests for trending data. For non-trending data, we set dy = 0. Notice
that the rank of 3; equals 1 for DGP1 and DGP2, and then the corresponding entries in the
table are rejection frequencies under the null hypothesis. For the test of non-trending data
with d = 0, although the null hypothesis is rejected slightly more often than the nominal
level, 0.05, the test seems to work well. On the other hand, the other entries for the test of
rk(B1) correspond to the power, which is close to 1. Similarly, the test of rk(3, 1) seems

to have good finite sample properties both under the null and the alternative hypotheses.
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It can be seen in the middle of Table 2 that the tests for non-trending data with d = apq

performs similarly to the case with d = 0.

The results of the tests for trending data are reported in the bottom of Table 2. We can
see that the test works well both under the null and the alternative hypotheses, although
the empirical size of L is slightly lower than the nominal level, 0.05. The reason may be

that the test is conservative in these cases.

To further investigate power properties of the tests, we use DGP2 with the (2,2) element
of 8 replaced by ¢; > 0 for the test of rk(f1) and DGP2 with the (2,2) element of 5,
replaced by ¢y > 0 for the tests of 7k(/3, 1). We test for the null hypothesis of rk(3;) =1 or
rk(B1,1) = 1 for each specification of a constant term d. The simulation results are reported
in Table 3. From the table, it seems difficult to detect the correct rank for ¢; < 0.01, even
when the sample size is 200. However, when ¢; becomes larger than 0.01, the power of the

test increases and it attains almost 1 when ¢; is 0.1 and T" = 200.

For the test of k(51 1), we have to use different 3 depending on 3, to generate a process.
In our simulation, we normalized [ so that the (1,1) and (3,2) elements of 5 become 1.
From the table, we can see that the power tends to increase when co becomes larger than
0.01. We also note that the power of the test for trending data is lower compared with other

tests.

We also conducted the simulation using DGP2 with the (1, 2) element of 5 or 3, replaced
by non-zero value, but the relative performances of the tests are very similar to the results

in Table 3 and we do not report to save the space.

6. Conclusion

In this paper, we proposed a test of the rank of the sub-matrix of cointegration. The test
statistic is constructed by using the eigenvalues of the quadratic form of the sub-matrix.
For non-trending data, the test statistic converges in distribution to a x? distribution under
the null hypothesis, while for trending data, the test is conservative in general. Finite
sample simulations reveal that, although the simulation settings are limited, the proposed

test works well both under the null and the alternative hypotheses with a moderate sample

16



size, T' = 100 and 200.
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Appendix

In this appendix, we use the notation H and J alternately for different definitions if there

is no confusion.

Proof of Theorem 1: First, note that we can replace Bl and B by Bl and B in (8), where
B, is the first n; rows of (3, because 34’ = Ba’ and Bl(ﬁ’ﬁ)_lﬁi = Bl(ﬁ’ﬁ)_lﬁi. The
latter relation is established because 3 is obtained by the non-singular transformation of the
columns of 3 (see (4)) and By (B’B)*lﬁi does not depend on the normalization of 3 and f;.
We also define

BL=08.—B(3B) BB (24)
Since 3’3, = 0 and 3, has full column rank, the columns of 3, span the orthogonal
complement to sp(@), so that 3, and 3, span the same column space. This implies that
B | can be obtained by the non-singular transformation of the columns of B . Then, we can
also replace (3, by 3, in (8).
Under the null hypothesis, rk(31) is f and then an ny x f matrix ] exists with rank f
such that sp(51) = sp(B7). We denote the orthogonal complement to 3} by 6*. That is, *
is an ny x (n; — f) matrix with rank (ny — f) such that 6* 57 = 0. Note that the ny x n;

square matrix [, 0*] has full rank n.

Lemma 1 : (i)BLﬁ,dLoz, » -2y

(ii) T6" By = T6* (Br — B1) % 6*8L1(8,BL) " (f GoGlhds)~) [ GodV' = X}, say.
(iii) T(BL = BL) == —B(B'8) " [ dVGy([ GoGids) .

(i) T3 S1up, —& [ GoGlhds.

Proof: (i) is proved by Johansen (1988, 1996).

(ii) As shown in Chapter 13.2 of Johansen (1996), 3 can be expressed as B =B+8, (ﬂ’lﬂL)_lUT
for non-trending data, where TUr converges in distribution to ([ GoGpds)™! [ GodV’. Since
3y is the first ny rows of 3, we have 3, = 31 + BLa(B). L) Ur, so that

T5"3 = T8 (61— B)
= §YBL1(8.8L)  (TUr)
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L 58, 1(BLBL)” </G0G0ds> /GodV’

where the first equation holds because §*/3; = 0.

(iii) This convergence holds because T(31 —6.) = —3(3'8) 1 (3—B) B.T = —B(3'8) " (TUr)
from (24).

(iv) Note that

%Blslléi = —5¢5115L + = (5L — B1)Sup,
1B = B+ (B~ ALY Su(BL - Ao

The first term converges in distribution to | GoG{ds from Johansen (1988, 1996), while the
remaining terms converge in probability to zero because (5 | — /1) and Si; are of order T~}

and T, respectively.O0

Now, let us consider the determinant equation (8). Since (8) is equivalent to
[H'|19 5, — A||H]| = 0, (25)

where H is any n x n non-singular matrix, we consider (25) with H = [}, T7'0*]. Then, using
Lemma 1, we have
o */ 3 \ijB/ﬂ* /Bl\Ij( )
Hl ‘I’ /H — ﬂl /31 ~1~ 1 \/
A l (T6"3) 3B (T 6*’&)@( o°T)
d BB B B1¥Xo
- [ XpUAS XpUXe | (26)
To investigate the asymptotic behavior of H' ®H, we consider ® with the same expression
as (9). Note that
*/ 3 */ 3 2l 2. \—1
Hl 500 a2 \—1 _ 51 ﬁ} 51 ﬁ},l(ﬁ}ﬁ})
{ﬂlyﬂi,l(ﬂLﬂL) } [ T(s*/ﬂl Ta*/ﬂi,l(ﬂlﬂL)_l
_ | O(D) Op(1)
Op(1) T6B1a(B1B1)~" + 0p(T)
because 8761 —= Bi'Br, BBy —— BYBL1, T8 B = Op(1) and T6¥B1 1 = T +

0p(T') by Lemma 1. Then, AH' ®H is asymptotically equivalent to

0 0

-
Ao 8 B1La(BLBL) ([ GoGhds) " (B BL) ) 16" ] '
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Then, the equation (25) is asymptotically equal to

PUBLBBT B W Xo | g | O 0
XoUppr  Xo¥Xo 0 0“BLa(BLBL) ([ GoGids) " (BLBL) B 16"

= 878195 7]
x| X6 {w — w81 (8 Brus B7) B e | Xo

R -1
~T?\6% B 1 (B BL) 7" </G0ngs> (B1L8L)7'BL 16" =0. (27)

Therefore, the eigenvalues A JEISERE 5\p converge in probability to zeros and are of order T°2.

Here, notice that, in the same way as Johansen (1988, p.246), we can find a r x (r — f)

matrix with rank (r — f) such that
JJ' = — W B (B BB BY) T B B, (28)
with J'(8{58;) = 0 and J'U~'J = I,_, implying that J'(o/S 'a)'J = I,_; because
U = o/Y . Then, since |3{/ 6193, 5;] # 0, (27) becomes
X070 Xo — T2A6" 511 (B5.) " ( / GOngs> - (#8078, =0, (29)
Since the variance matrix of X(J conditioned on Go(-) is
783,007 ([ Guchas)” BLo L oy,
we can see that T2\ converges in distribution to A*, which is a solution of
IX§/ X5~ X L] =0 (30)

where X§' is an (n1 — f) x (r — f) matrix with vec(Xg') ~ N(0,1,,—f ® I,_f). Then, L7
converges in distribution to the trace of X§'X{, which proves Theorem 1.0
Proof of Theorem 2: In the same way as the proof of Theorem 1, we replace B , B | and
Biaby B, B and BL;.

Under the null hypothesis, an ny X g matrix 4] ; exists such that sp(37 ;) = sp(81,1)
and rk(B7 1) = g. We can also find an ny x (n1 — g) matrix n* with rank (ny — g) that is

orthogonal to 37 ;. Here, we consider the following determinant equation.
[H||BLa B3y — pd||H]| =0, (31)
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where H =[] 1, Tn"]. Since Bl,l is the first ny rows of 3, we obtain, using Lemma 1 (iii),
1610 = T (B~ Bua) o B (38)™" [ v ([ GoGhds) =3, say.
and 37,811 — B B11. Then,

HlBLﬂi’Bi -4 [51’,15¢,1\'1'/6’l,1511 51’,15L,1(I}Yo]
) 1 1

YoUs 161, Yyby,

In addition, we can see that 51151 2, B 1B, TT]*IBJ_J = Op(1) and Tn* By = Tn* 1+
0p(T'). Then, similar to the previous proof, the determinant equation (31) is asymptotically

equivalent to

5115%,1‘1"5i71511 51’,15{,1(I}Y0 _ T2 0 0
Y¥s .67, Y{ Y, 1o nsu88) Y (a/S ) (' 8) " B

= ’51’,15L,1(I}ﬁi,151,1‘
x [Y(b — 03814 (7 181188, 810) 8T B 8) Yo
=Ty Bu(B'8) 7 (/3 ) TH(B'8) T B | = 0. (32)

Then, fig+1,- -, fiq are of order T~2. For a given Go(-), we can find an (n—7) x (n—r—g)

matrix with rank (n —r — g) such that

JJ = — B 81 (BT 1B VB) BT 1) T BT 1B

with J'(6 67 1) = 0 and J'([ GoGyds)™'J = I,y because U = [ GoGY)ds. Then, (32)
becomes

Y37.0"Yo — T 51(5'8) " (@57 ) T (88) 7 | = 0 (33)

Since the variance matrix of YjJ conditioned on Gy(-) is given by
77*/51 (ﬁ/ﬂ)fl(alzfla)fl (,8/5)715177* ® Infrfga
we can see that T2/i converges in distribution to p*, which is a solution of

Y5'Y5 — 1" Loy —g| = 0,
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where Y is an (n1 — g) x (n —r — g) matrix with vec(Yy") ~ N(0,1,—g ® In—r_g). This

proves Theorem 2.0

Proof of Theorems 3 and 4: Let 1+ = [#,p] and 6+ = [#, ). Exactly in the same

way as the proof of Lemma 13.2 in Johansen (1996), we can show that
[ o ] @ -6 2 ([atayas)” [atav,
where G = [G},1]’. Then, since (3 is the first n rows of 3T, we have
T8,.(5—B) - I/ ( / GaLGaL’ds)_l / Gav, (34)

71 - ~
whose conditional variance is given by L’ (f G({G({'ds) L. Since 8= B+ 6. (8.8.)7 18,8
as expressed in Johansen (1996, p. 179), we have

T§3 = 68188786 -0B)

d

-1
s 5B (BB L ( / Ggagfds> [Giav'
We also have
1,58 T - / GG ds,
which is proved as Lemma 1(iv), where Yp is Y with 3, replaced by 3, . Then, Theorems

3 and 4 is proved in the same way as Theorems 1 and 2.0
Proof of Theorem 5: First, we give the following lemma.
Lemma 2 (i) 5§ =~ and 31 — ~1, where

F=7 = Fv) AL

and A1 is the first ny rows of 4 with v, = |3, 7] and 7, = [B,ﬂ.
(i) TV?(# — 1) - CW(1).
(ii) QU 4, Q1 where QM is defined as Q' with 4 replaced by 7.

Proof: (i) Since 7, L5~ and v v =0, 4 converges in probability to 7.
(ii) This is proved by Johansen (1991, 1996).
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(iil) Letting K = [3,T~Y/25,T~'7], we can see that
T S35 = (T2 K)(K'SuK) (T2 K'5).

From Lemma 10.3 in Johansen (1996), T~'[F, T~Y27)'S11[5, T~/?7] converges in distri-
bution to £ while #'S115 converges in probability to a positive definite matrix, X3, and

(7, T~Y27])'S118 = Op(1). Then,

K1k - l (6’5)1205(05)1 0 ] (35)
In addition, we can see that
TEY = —TA7(ur) Ay
= —[FB0E™ [ oo ]
<y

because 3’7 = 0 and 7'y = O,(T"/?). Using this result, we have

R L 0
TPK'y =1 YNy | 5| I |- (36)
T-Y2(r'r)" 11’5 0

From (35) and (36), Q' converges in distribution to Q. O

For the same reason as the previous proofs, we replace B, Bl, 4 and 47 by B, Bl, 7 and
Y-
(i-a) We consider the same determinant equation as (25) with H = [}, T6*]. Using (20), we
can see that H'3 @B{H converges to the same limit as (26), replacing Xy by X. On the other
hand, because 831 —— BB, B —= Bi'm, T 31 = O,(1), T6*34 = Ty, + 0,(T)
and Q11 -4, o1 by Lemma 2, MH'®H is asymptotically equivalent to

A [ ) ) () g 1 |

Then, similar to (27), as far as the limiting distribution is concerned, it is sufficient to
consider,

|ﬂik/ﬂl‘l’ﬁiﬂﬂ X/JJ/X - T25\5*/’Yl(’y/’y)ilQH(ﬁ/’Y)il’Yi&k

=0,
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where J is the same r x (r — f) matrix as in (28). Since vec(X'J) conditioned on G(-) is
normally distributed with a variance matrix 6*'v1 (7/v) ~1QM (v/7) 14[6*®I,_ ¢, L1 converges
. . . . 2

in distribution to X(na—f)(r—f)*

(i-b) We consider the same determinant equation as in the proof of (i-a). We can easily
see that H'3, U3 H converges to the same limit as (i-a), while AH'®H is asymptotically

25 [ 0 0
0 (Y)Y ) TInd* + 6ot |

equivalent to

because 5§71 — Bi'm and T6*'# = T6*' 11 + 0,(T) by Lemma 2. Then, similar to (27), as

far as the limiting distribution is concerned, it is sufficient to consider,

|87 619 31 57|

XIJJIX o T25\ {5*171(7/7)—1911(717)—1715* + 5*/7_17_{5*}

where J is the same r x (r — f) matrix as (28). Here, note that, in general, for a given

symmetric and positive definite matrix A and a vector b,
(A4+bb) P =Aa"1 — A7 A /(1 + 6 A7), (37)
and then,
d(A+b0)te<dA™ e

for any non-zero vector c. By substituting §*'v; (7/7) "1Q1 (7/y)"1~{6* and §*'7; for A and

b, we obtain, for a given G(-),

tr (IX{5" (/)TN ()T 4 8T8} T X (38)
< tr (IX{ ()TN () T8ty X )
= (XX = X pym-p)»
where X* is a (r — f) x (n1 — f) matrix with vee(X™) ~ N(0, [(,_ )(n,—f)). The equality is
established if and only if 6*7 = 0.

(ii) Let us consider the determinant equation (25) with H =[5}, 170§, T'7y]. Using (18) and

(19), we have
| AUBEBST BTBYX: O
H'BUHH - | X{9p8 X{¥X; 0. (39)
0 0 0
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On the other hand, because ﬂf’@l 2, By B, B’ £, By, By 2, By, Té(*j’ﬁl =
0,(1), T3 = To§'y1 + 0,(T), To§# = T5' 1 + 0,(T), Ti'1 = Op(T~V?), T1i'31 =
O,(TV/?), Tr#'#1 = Tri'71 + 0p(T) and Q! -4 Q1! by Lemma 2, \H'®H is asymptotically

equivalent to

0 0 0
25| 0 () IR ) I + e e
0 T/ 1710 T

Then, after some algebra, we can see that (25) is asymptotically equal to

|81 51931 7

A(ri'm) HX1JJ/X1 T2 1 (7)1 (v ) "T85 | =

where J is the same 7 x (r — f) matrix as (28). This determinant equation implies that
there are f non-zero eigenvalues, p — f — 1 eigenvalues of order 72, and one eigenvalue of
order smaller than 772, In the same way as in the previous proofs of the theorems, we can

see that

p—1
2 y d 2
T2 Y N == X -1 1)-
i=f+1
Since T25\p 2, 0, we have
2 & — d 2
Lr=T" % A Z i +0p(1) == X(ay—f-1)(r—p)-

i=f+1 i=f+

We can also see that 5\p is of order T% if we choose H = [Bf,Td%, T%/?r].0

Proof of Corollary 1: (i) When rk[$1,v1] = ni, from (38) in the proof of Theorem 5,
T25\p converges in distribution to the p — f-th eigenvalue (the smallest non-zero eigenvalue)
of
TX {57 () QM ()T + 5*'717{5*}_1 X'J.
Here, note that, in general, for a given positive definite matrix A, a vector b and a matrix
D,
D'AT'D=D'(A+ W) "D+ D' AW A D/(1+ b A b),

where we used the relation (37). By Theorem 9 of Magnus and Neudecker (1988, p.208), we
can see that the p — f-th eigenvalue of D’A™1D is larger than that of D’(A+bb')~'D. Then,
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by substituting §*~1(7'y) " 1Q1 (y'y) 7144 6*%, 67 and X'J for A, b and D, respectively,

*

we can see that the limiting distribution of T25\p is bounded above by Ay . ., the smallest

non-zero eigenvalue of
-1
JX {5 ()TN ()Tt X = XX

where X* is an (r — f) x (n1 — f) matrix with vec(X™) ~ N(0, (;,_p)n,—s)). Note that
728, -& A%, if and only if 67, = 0.
(ii) This is proved in Theorem 5 (ii).O
Proof of Theorem 6: Similar to the proof of Theorem 2, under the null hypothesis there
exists an ny X g matrix 4] ; with rank g whose columns span the same space as sp(811),

and an ny x (n; — g) matrix n* with rank (n1 — g) that is orthogonal to 7 ;. For the same

reason as before, we replace B, 4 and 41 by 3, 7 and 1.

First, we give the convergence result of 41 and 71, where
=m—vLa@y) T (40)
Wlth 'YL,I = [,81,7’1].

Lemma 3 (i) Tn*¥; N ¥ B(BB) U] =Y, say.
(ii) Tn*' 7 - 0.

Proof: (i) Since v, = 0 and n*'1, = 0, we have, using (40),

' = Tn"(%—m)
e s 1 | (BT
= —[n"B,0[(LvL) [ (7 — 7Y T
d % _
= —n"Bu(#B)U,
where the last convergence is established because (7 —7) is O,(T~/2) and §'7 is O,(T~3/?).
i) First, note that, because 71 = 8, 1(&, [3,)~1&/, ii, 71 is invariant to each normalization
(ii) ; ) AN 1M
of & and B . Then, we can express 71 as
#o= (@ D) i
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From the expression (24), we can see that

T'Biy = Tn"(Bri—BL1)
= —0"Bu(FB) " [(B— BYAT, (B - BYrT]
L B8 B) U T2, 0]. (41)

Next, from the definition of 7, we can see that

1 =[In—r-1, 0](alfﬁl)_1alu.

Since the left-hand side is zero from the orthogonality between ~ and 7, the first n —r — 1

rows of (o/, '3 l)*lalu are zero. Then, because each estimator is consistent, we have
[In—r—1,0)(@", TBL) "6 o = 0. (42)
Combining (41) and (42), we obtain
Tn"'# = (Tn"B )@\ T6) " é a0, O

Similar to the proof of Theorem 2, we consider the same determinant equation as (31)

with H = [ﬁll, Tn*]. Using Lemma 3, we have
Ty, 3] = [Y7,0] = V'S,

where S1 = [I,,—r—1,0], and then, using [1, 71] 2, 1, 71) = B 1,

B o [ TP AT, STy Sy
’ ’ Y'SUB 81, Y'SiUSY

On the other hand, because 87151 —— B 1m, 87171 = B 1, B 161 - BY 1B,
T3 = O,(1), Tn*'#1 = o0,(1), and Tn* By = Tn*' By + 0,(T) by Lemma 3, iH'®H is
asymptotically equivalent to

0 0
0 0
0 n”Bu(B'B) " ('S ) H(B'8) B’

T2

o O O
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Then, for large values of T, the determinant equation (31) can be seen as

EnerIR 2R
x|VISIL - B8, 18T (8708 B8 T BB DS Y
=Ty B1(8'8) ('S ) T B) T o

x |Y'S1ITSIY = T2 (8 8) " (/'S ) TN (B'8) 7 B

= 0, (43)

where an (n—7) x (n—r—g) matrix J satisfies J'"U~J = I,,_,_,. Noting that the conditional

variance of Y’S1.J is given by

7 BB B) " o' )T (BB) T B @ TS S
the test statistic conditioned on G(-) converges in distribution to

tr(Y*J'S1QN S JY*) = tr(YY T QM1 Y, (44)
where vec(Y*) ~ N(0,1,,,—g ® In_r—g) and J = [J{, J5]". Since
JU T = Q" T+ Ty = Ly,

the limiting distribution (44) is bounded above by

tr(YY QU YY) < tr(YY(JQYN T 4+ T )Y

_ EAVES 2
= (YY) ~ X —g)(n-r-g)-

This proves the statement of Theorem 6.0
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Table 1. Critical values of the T25\p statistic

r—f
ny — f 1 2 3 4 9
1.54 x 104
1 0.00381
0.0156
0.0197 6.27 x 107°
2 0.103 0.00157
0.210 0.00638
0.114 0.0100 3.97 x 107°
3 0.348 0.0510 9.81 x 10~*
0.581 0.105 0.00396
0.294 0.0644 0.00669  2.81 x 1075
4 0.708 0.197 0.0342 7.09 x 1074
1.06 0.325 0.0704 0.00286
0.553 0.182 0.0455 0.00504  2.16 x 10~°
5 1.14 0.431 0.138 0.0254 5.47 x 10~*
1.60 0.641 0.230 0.0523 0.00222
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Table 2. Rejection frequencies of the tests

‘ rk(f1) =0 rk(f1) =1 ‘ rk(BL1)=0 rk(BfL,1)=1

Non-trending data with d =0

DGP1 T =100 1.000 0.088 1.000 1.000
T = 200 1.000 0.068 1.000 1.000
DGP2 T =100 1.000 0.092 1.000 0.077
T = 200 1.000 0.072 1.000 0.056
DGP3 T =100 1.000 0.998 1.000 0.994
T = 200 1.000 1.000 1.000 1.000
Non-trending data with d = apg
DGP1 T =100 1.000 0.098 1.000 1.000
T = 200 1.000 0.074 1.000 1.000
DGP2 T =100 1.000 0.097 1.000 0.083
T = 200 1.000 0.074 1.000 0.071
DGP3 T =100 1.000 0.983 1.000 0.981
T = 200 1.000 0.999 1.000 1.000
Trending data
DGP1 T =100 1.000 0.065 1.000 1.000
T = 200 1.000 0.047 1.000 1.000
DGP2 T =100 1.000 0.063 1.000 0.084
T = 200 1.000 0.041 1.000 0.061
GDP3 T =100 1.000 0.998 1.000 0.995
T = 200 1.000 1.000 1.000 1.000
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Table 3. Powers of the tests

rk(f) =1 rk(BL1) =1

T =1 100 200 100 200

c1 Or ¢y Non-trending data with d =0

0.001 | 0.090 0.071 | 0.077 0.055
0.0025 | 0.095 0.084 | 0.074 0.068
0.005 | 0.107 0.122 | 0.084 0.103
0.0075 | 0.130 0.186 | 0.110 0.163
0.01 0.151 0.253 | 0.145 0.241
0.025 | 0.333 0.626 | 0.351 0.631
0.05 0.615 0.885 | 0.672 0.916
0.075 | 0.798 0.973 | 0.849 0.986
0.1 0.898 0.994 | 0.927 1.000

c1 or ¢ | Non-trending data with d = apg

0.001 | 0.099 0.067 | 0.086 0.069
0.0025 | 0.109 0.074 | 0.085 0.067
0.005 | 0.111 0.088 | 0.093 0.073
0.0075 | 0.114 0.100 | 0.097 0.093
0.01 0.115 0.121 | 0.100 0.111
0.025 | 0.182 0.348 | 0.167 0.352
0.05 0.361 0.728 | 0.383 0.743
0.075 | 0.558 0.912 | 0.588 0.926
0.1 0.747 0.975 | 0.765 0.980

€1 Or Co Trending data

0.001 | 0.058 0.043 | 0.082 0.061
0.0025 | 0.061 0.044 | 0.082 0.060
0.005 | 0.062 0.053 | 0.087 0.058
0.0075 | 0.070 0.083 | 0.085 0.064
0.01 0.077 0.101 | 0.082 0.078
0.025 | 0.185 0.473 | 0.124 0.248
0.05 0.488 0.888 | 0.254 0.630
0.075 | 0.749 0.980 | 0.452 0.886
0.1 0.888 0.997 | 0.647 0.961
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