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Abstract

We consider a pure exchange economy under uncertainty in which the traders have
the non-partition structure of information. They willing to trade the amounts of state-
contingent commodities and they know their own expectations. Common knowledge
of these conditions among all the traders can preclude trade if the initial endowments
allocation is ex-ante Pareto optimal. Furthermore we introduce rational expectations
equilibrium under the non-partition information, and prove the existence theorem and
the fundamental theorems of welfare economics.

Keywords: Economy with knowledge, Rational expectations equilibrium, No
trade theorem, Ex-ante Pareto optimum, Common knowledge.
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1 Introduction

This paper investigates an exchange economy under uncertainty, in which the traders have
asymmetric information. In our analysis we suppose that the traders may be imperfect
rational; they may have non-partition information. Our purposes are two: The first is to
show No trade theorem by Milgrom and Stokey (1982) in our circumstance. The second
is to prove the existence theorem of rational expectations equilibrium under non-partition
information, and to characterize welfare under the equilibrium in the economy.

Milgrom and Stokey (1982) show so-called No trade theorem as follows: Let us consider
a pure exchange economy where traders face uncertain environment. Let € be a finite set
of states. It is assumed here that the contingent commodities are ex-ante Pareto-optimally
allocated, and that the traders receive information about the state of € representable by
an information partition. It is also assumed that the traders’ beliefs are concordant. Now,
a trading process takes place where traders try to maximize their expected utilities. We
assume that, in any equilibrium of this process, trades intended by traders are both jointly
feasible and common knowledge among them. In this set-up Milgrom and Stokey show
that if traders are strictly risk-averse, equilibrium trade is null.

The serious limitations of the analysis by Milgrom and Stokey are its use of the infor-
mation partition structure by which the traders receive information and of the common
prior assumption. From the epistemic point of view, the information partition structure
represents the traders’ knowledge: Precisely, the structure is equivalent to the standard
model of knowledge that includes ‘Truth’ property Axiom T (what is known is true), the
‘positive introspection’ property Axiom 4 (that we know what we do) and the ‘negative
introspection’ property Axiom 5 (that we know what we do not know). The postulate 5 is
indeed so strong that describes the hyper-rationality of traders, and thus it is particularly
objectionable. Also is the common knowledge assumption because the common knowledge
operator is defined by an infinite recursion of the knowledge operators. The recent idea of
‘bounded rationality’ suggests dropping such assumptions since real people are not com-
plete reasoners. As has already been pointed out in the literature,' this relaxation can
potentially yield important results in a world with imperfectly Bayesian agents.

This raises the question to what extent results as No trade theorem depend on both

'E.g. Geanakoplos (1989).



common knowledge and the information partition structure (or the equivalent postulates
of knowledge). The answer is that results which strengthen the Milgrom and Stokey’s
theorem have been obtained: Among other things Geanakoplos (1989) shows No trade
theorem under the assumption that the information structure is reflexive, transitive and
nested. Tanaka (2000) investigates the theorem on the information partition by iterated
elimination reasoning instead of common knowledge.

This paper is in the same line of Geanakoplos (1989). We extend No trade theorem
to the reflexive and transitive information structure. Without the ‘nested’ condition we
show the results as follows: In a pure exchange economy under reflexive and transitive
information structure, if the traders are assumed to have the subjective priors which are

not concordant and to have strictly increasing preferences, then

Main Theorem 1. Any price system for which the initial endowments allocation is a
rational expectations equiltbrium allocation can preclude trade of all the traders commonly
know that they are willing to trade the amounts of state-contingent commodities and if

they know thewr expectations everywhere with respect to the price system.

To prove it we extend the notion of rational expectations equilibrium for an economy
under uncertainty to that for an economy under reflexive and transitive information struc-
ture, and we establish the existence theorem for the equilibrium: The traders are further

assumed to be strictly risk-averse.

Main Theorem 2. There exists a rational expectations equilibrium allocation relative to

a price system with respect to which the traders know their expectations everywhere.

Moreover, we show a generalized version of fundamental theorem of welfare economics,

a part of which plays an essential role in proving Main Theorem 1:

Main Theorem 3. The initial endowments allocation 1s ex-ante Pareto optimal if and
only if 1t 1s a rational expectations equilibrium allocation relative to a price system with

respect to which the traders know their expectations everywhere.

This paper is organized as follows: In Section 2 we first recall the reflexive and tran-
sitive information structure; the RT-information structure, and the knowledge operator
model corresponding to it. Secondly we introduce the economy under RT-information

structure, called an economy with knowledge, which is a generalization of an economy



under uncertainty. In Section 3 we introduce the notion of rational expectations equi-
librium for an economy with knowledge, and we establish the existence theorem and the
fundamental theorem of welfare economics for the equilibrium. Main Theorem 3 is proved
as a consequence of a part of the fundamental theorem. In Section 4 we show the extended
No trade theorem and remark that the notion ‘rationality about expectations’ plays an
essential role in No trade theorem. Finally Section 5 gives some remarks about our version

of No trade theorem, and we shall compare it with the Geanakoplos’s investigation.

2 The Model

Let © be a non-empty finite set called a state space, N = {1,2,--- ,n} a set of finitely
many traders, and let 2% denote the field of all subsets of . Each member of 2% is called

an event and each element of € called a state.

2.1 Information and Knowledge?

An wnformation structure (P;)ien is a class of mappings P; of © into 29 Tt is said to be

reflezive if the following property is true:

Ref we€ Pj(w) forevery we Q,

and it is said to be transitive if the following property is true:
Trn ¢ € Pj(w) implies P;(§) € P;(w) for all {,w € Q.

Information structure (F;);en is called RT-information structure if it is reflexive and

transitive.?

Given our interpretation, a trader i for whom Pj(w) € E knows, when the
state w occurs, that some state in the event E has occurred. In this case we say that at

the state w the trader i knows E. i’s knowledge operator K; on 2% is defined by

KE={weQ

P(w)CE}. (1)

The set P;(w) will be interpreted as the set of all the states of nature that ¢ knows to be
possible at w, and K;FE will be interpreted as the set of states of nature for which ¢ knows
E to be possible. We will therefore call P; ¢’s possibility operator on Q and also will call

Pi(w) i’s possibility set at w.

?See Bacharach (1985), Binmore (1992).

3 RT-information structure stands for reflexive and transitive information structure.



It is noted that ¢’s knowledge operator satisfies the following properties: For every

E.F of 22,

N KQ=Q and K0=0;

K K/(ENF)=KEnNK,F;

T K;(E)CE forevery E € 2%

4 K;,(E)C K,(K;(E)) forevery E € 2.

It is also noted that the possibility operator P; is uniquely determined by the knowledge
operator K; such as Pi(w) = ﬂKian E.

The mutual knowledge operator Kg on 24 i defined by KpF =) ien Wi F. The event
KgF is interpreted as that ‘every trader knows F.” The common knowledge operator K¢
is defined by the infinite recursion of knowledge operators:

KcE:= () N K K;,---K; E.
k=12 {i1 iz, iz }CN

All traders commonly know E at w if w € K¢ FE; that is, when w occurs then for all
E and for all traders iy,4s,...,4, it is true that ‘4; knows that [iy knows that [ ...ip_1
knows that [ 7 knows X ]] ... ].” This is the #terated notion of common-knowledge.

The communal possibility operator is the mapping M : Q — 2% defined by M(w) =
Nk.pse E- 1t is noted that w € KcE if and only if M(w) € E.

Remark 2.1. It can be observed from K that every knowledge operator K,(x =i, E,C)

appeared as above satisfies the monotone property below:

M K.,ECK,F whenever E CF.

2.2 Economy with knowledge

A pure exchange economy under uncertainty & is a tuple (N, €, (e;)ien, (U;)ien, (fti)ien)
consisting of the following structure and interpretations: There are [ commodities at each
state of the state space €2, and it is assumed that € is finite and that the consumption set

of trader 7 is Rz_;

e N ={1,2,--- ,n} is the set of n traders;

=1



o ¢ : Q) — Rg_ is i’s endowment;
o U;: RL x £ = R is ¢’s von Neumann-Morgenstern utility function;

® 1i; is a subjective prior on §? for i.

For simplicity it is assumed that (€, ;) is a finite probability space with p; full support?

5

for every ¢« € N. When all the traders have a same prior,” we refer it as a common prior.

Definition 2.2. An economy with knowledge X is a structure (£, (P;);en), in which €
is a pure exchange economy under uncertainty with reflexive and transitive information

structure (P;) on €.

We denote by F; the field generated by {P;(w)| w € 2} and by {A;(w)| w € 2} the set of
all atoms A;(w) containing w. Let F denote the join of all ;(i € N);i.e. F = VienF;. We
denote by {A(w)| w € Q} the set of all atoms A(w) containing w of the field F = Ve nFi.

Here we should note the following property:

Lemma 2.3. Let Q be a mapping from Q to 2 satisfying the conditions Ref and Trn.
For each w € ) the atom II(w) containing w of the field generated by Q) coincides with the

component containing w of the partition induced by Q; i.e.
I{w) = {§ € 9] Q(§) = Q(w)}
Proof: It can be shown that

{¢eq

Q&) = Qw)} = N{Q(w) \ Q(E)] € € Q(w), Q(§) & Q(w)}

which also belongs to the field generated by (). It follows that the field generated by @)
is generated by all components of the partition induced by ). Thus we can observe that
the component containing w is the atom II(w) of the field generated by @ for each w, from
which Lemma 2.3 immediately follows. [l

By an allocation we mean a profile @ = (a;)icy of F-measurable functions a; from
into R{i- such that for every w € €2,

> aiw) £ ei(w).

1EN 1EN

e., pi(w) ; 0 for every w € Q.

®L.e.. there is a some prior g such that pu; = u for every ¢ € N.



We denote by A the set of all allocations and denote by A; the set of all the ¢’th compo-
nents: A = X;enA;. A trade t = (t;)icn is a profile of Fj-measurable functions ¢; from

into R’ It is said to be feasible if for all i € N and for all w € Q.

eilw) +Hi(@) 2 0 and Y hiw) 0.
1EN

It is natural that each allocation is realized by some feasible trade; a; = ¢; + ¢; for each 1.

We shall often refer to the following conditions: For every ¢ € IV,
A-1  The function e;(-) is Fi-measurable with .y ei(w) 2 0 for all w € €.
A-2  For each x € R, , the function Uj(z,-) is Fj-measurable.
A-3  For each w € Q, the function U;(-,w) is strictly increasing on Rﬂ_.

A-4 For each w € Q, the function U;(-,w) is continuous, increasing, strictly quasi-

concave and non-saturated®on RL.

Here it is noted that A-4 implies A-3.

2.3 Pareto optimality and Acceptability

We set by E;[U;(a;)] i’s ez-ante expectation defined by
Ei[Ui(a:)] := ) Uslai(w),w)pi(w)
weR
for each a; € A;.

The endowments (e;);en are said to be ez-ante Pareto-optimal if there is no allocation

(a;)ien such that for all i € N,
Ei[Ui(ai)] 2 Ei[Ui(e;)];

and that for some j € N,

E;[Uj(a;)] 2 E;[Uj(e;)]-

Let E;[U;(a;)|P;](w) denote i’s interim expectation defined by

Ei[Ui(a;)|P)(w) := Y Ui(ai(€), i(€|Pi(w)).

£EQ

®That is, for any « € R} there exists an 2’ € R, such that Ui (¢/,w) Z Ui(z,w).



Definition 2.4. Let & be an economy with knowledge and t = (¢;);en a feasible trade.

We say that t; is acceptable for i at state w provided that
Ei[Ui(ei + ti)| Pi](w) 2 Eq[Ui(es) | Pi](w).-
Denote by Acp(t;) the set of all the states in which ¢; is acceptable for i, and by Acp(t)

the intersection ();cy Acp(t;).

2.4 Rationality about expectation

We set the event:
[Ei[Ui(e: + )| Pi](w)] :== {€ € Q| Ei[Uile; + )| P](€) = Ei[Ui(e; + )| P](w)},
and the event

[Ei[Ui()|P](w)] == () {£ € Q| BilUi(ei + )| P)(&) = BilUi(e; + )| Pi)(w)}
tET;

where 7; is the subset of feasible trades assigned to ¢. This is interpreted as the event %’s

expectation at w’. We denote R; = {w € Q | Pj(w) € [E;[U;(-)|P;}(w)] } and R = ;o Ri.

Definition 2.5. A trader i is rational about his/her expectation at w if w belongs to R;;
that is, w € K;([E;[U;(-)|P;](w)), which means that ¢ knows his/her own expectation at w.

He/she is rational everywhere about his expectation if R; = €.

Remark 2.6. The standard information structure involves what can be characterized
as a ‘partitional’ framework. This structure is an information structure (P;) with the

additional condition: For each ¢ € N and every w € €,

Sym ¢ € P;(w) implies P;(§) 5 w.

Each knowledge operator K; induced by F; satisfies the property:
5 Q\K;(FE)C K;(Q\K;(E)).

In this case it is plainly observed that every player ¢ is rational everywhere; i.e., R; = €.

10



2.5 Fundamental Lemma

We show the result needed: The Fundamental lemma below plays an essential role in this

paper.

Definition 2.7. Let Z be a set of decisions. A decision function is a mapping f of 2%
into Z. It is said to satisty the sure thing principle if it is preserved under disjoint union;
that is, for every pair of disjoint events S and T such that if f(S) = f(T) = d then
f(SUT) = d. The function f is said to be preserved under difference provided that if
f(S) = f(T)=d then f(T\ S)=d for all events S and T with S € T.

Remark 2.8. For each a; € A;, the decision function f;(a;) : 2 — [0, 1] defined by

filai)(X) = Bi[Ui(ai) | X] = Y Uiai(€), )pa(€]X).

£eEN

is preserved under difference and it satisfies the sure thing principle.

Lemma 2.9 (Fundamental lemma’). Let Q be a reflexive and transitive information

structure on Q and I1: Q = 2 the partition induced by Q defined by
I(w) :={{ € 2] Q) =Qw) }.

Suppose that f 1s a decision function which satisfies the sure thing principle and s pre-
served under difference. If Q(w) us contained in {£ € Q| f(Q(E)) = f(Q(w)) } for a state
w € Q then we obtain that for every £ € Q(w),

Proof: See Matsuhisa and Kamiyama (1997). U

3 Rational Expectations Equilibrium

In this section we introduce the notion of rational expectations equilibrium for an economy
with knowledge. We show the existence theorem of the equilibrium and fundamental
theorem of welfare economics concerning the relationship between ex-ante Pareto optimal

allocations and rational expectations equilibria.

" A similar result implicitly appeared in the proof of Theorem 7 of D. Samet (1990), and also it explicitly

appeared in T. Matsuhisa and K. Kamiyama (1997, Fundamental lemma).
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3.1 Price system and rational expectations equilibrium

Let &8 = (N, Q,(e:)ien, (Ui)ien, (1ti)iens (Pi)ien) be an economy with knowledge. A
price system is a non-zero JF-measurable function p : Q — Rﬁ_. We denote by a(p) the
smallest field that p is measurable and by A(p) the set of all atoms of o(p) with A(p)(w)
the component containing w. The budget set of a trader ¢ at a state w for a price system
p is defined by

Bi(w,p) ={ a € RY | p(w) -a S p(w) - ei(w) }.

Let A(p) N P;: Q — 2 be defined by (A(p) N P;)(w) := A(p)(w) N Py(w); it is plainly
observed that A(p) N P; is reflexive and transitive information structure of trader i. We
denote by o(p) V F; the field generated by {(A(p) N P;)(w)| w € 2} and by A;(p)(w) the
atom containing w. On noting that P; satisfies Ref and Trn, it can be plainly observed

that
Ai(p)() = (Alp) 1 A1),

Definition 3.1. A rational expectations equilibrium for an economy £X with knowledge
is a pair (p, ), in which p is a price system and & = (x;)ien is an allocation satisfying

the following conditions:
RE 1 Forevery i € N, z; is o(p) V Fij-measurable.
RE 2 For every i € N and for every w € Q, ;(w) € B;(w,p).

RE 3 Foralli€ N,ify, : Q@ = R is o(p) V Fi-measurable with y;(w) € B;(w,p) for

all w € Q, then
Ei[Ui(z:)|A(p) 0 P(w) 2 Ei[Ui(yi)|A(p) N Pil(w)
pointwise on £2.
RE 4 For every w € Q, > .oy 2i(w) =D ey €ilw).

The profile & = (2;);en is called a rational ezpectations equilibrium allocation. We
permit ¢’s trades to be o(p) V Fij-measurable under a price system.
We denote by R;(p) the event that i is rational about his/her expectation with respect

to a price system; i.e.,
Ri(p) = {w € Q[ (Alp) N Pi)(w) & [EiUi()]A(p) 0 B](w)]}

12



and denote by R(p) the event that all traders are rational with respect to a price system:
i.e., R(p) = Nieny Ri(p)- The set R;i(p) is interpreted as the event that ¢ knows his/her
interim expectation when he/she receives the information of the price system p, and R(p)

interpreted as everyone knows their expectation under the information of p.

Definition 3.2. A trader 7 is said to be rational about his expectation with respect to a
price system p at w if w belongs to R;(p). And all traders are rational everywhere about

their expectations with respect to p it R(p) = Q.

3.2 Existence Theorem

In this section we shall prove the existence theorem of rational expectations equilibrium

for an economy with knowledge.

Theorem 3.3. Suppose a pure exchange economy with knowledge satisfies the conditions
A-1, A-2 and A-4. If the initial endowments allocation e = (e;);en satisfies the additional
condition that e;(w) = 0 for all w € Q and for each i € N then there exists a rational
expectations equilibrium for the economy such that all traders are rational everywhere about

their expectations with respect to the price system.

Proof: Let £® be the economy with knowledge and €% (w) the economy with complete
information for each w € ). In view of the conditions A-1, A-2 and A-4. it follows
from the existence theorem of a competitive equilibrium for an economy with complete
information (c.f.: Theorem 5 in Debreu (1982)) that there exists a competitive equilibrium
(p*(w), (v} (w))ien) for EX(w). We take a sequence of strictly positive numbers {k,}ueq
such that k p*(w) # kep™(€) for any w # €. We define the pair (p,x) with & = (2;);en
such that for each w € Q and for all £ € A(w), p(¢) 1= kop*(w) and x;(§) := xf(w). We
shall verify that (p, ) is a rational expectations equilibrium for £ with A(p)(w) = A(w):
In fact, it is easily seen that p is F-measurable with A(p)(w) = A(w) and that z; is
o(p) V Fi-measurable and so RE 1 is valid. Because (A(p) N P;)(w) = A(w) for every
w € Q, it can be plainly observed that @ = (x;)ien satisfies RE 2, and it follows from

A-2 that for each 1 € N,
E;[Ui(x;)|(A(p) N P)](w) = Ui(zi(w),w) (2)

Therefore we can plainly verify that R;(p) = Q for all i € N. On noting that E¥(¢) =

ER(w) for any ¢ € A(w), it is plainly observed that (k,p*(w), (zf(w))ien) is also a com-

13



petitive equilibrium for E’A(u) for every w € €, and it can be observed by (2) that RE 3

is valid for (p, ), in completing the proof. O

3.3 Fundamental Theorem in Welfare Economics

We can prove not only the existence theorem, but also guarantee welfare of a rational

expectations equilibrium for an economy with knowledge as follows:

Theorem 3.4. Let EN be an economy with knowledge satisfying the conditions A-1, A-2
and A-4. The initial endowments allocation is ex-ante Pareto optimal if and only if it 1s a
rational expectations equilibrium allocation relative to a price system with respect to which

the traders are rational everywhere about their expectations.
Proof: Follows immediately from the following Propositions 3.5 and 3.7.

Proposition 3.5. Let X be an economy with knowledge satisfying the conditions A-1, A-
2 and A-83. Then the initial endowments allocation e = (e;)icn is ex-ante Pareto optimal
of 4t 1s a rational expectations equilibrium allocation relative to some price system p with

respect to which all traders are rational everywhere about thewr erpectations.

Proof: Let w be a state in ©. On noting that A(p) N P; is RT-information structure,

it can be plainly observed by Lemma 2.3 that

Ai(p)(w) = {€€ 0

(A(p) N F)(§) = (A(p) N P)(w) }-
It is first noted that for all £ € (A(p) N P;)(w) and all a; € A;,
Ei[Ui(ai)|(A(p) N B)I() = Ui(ai(£), ).

In fact, since w € R;(p) = Q, it follows from the Fundamental lemma (Lemma 2.9) that
for all £ € (A(p) N P;)(w)

Ei[Ui(ai)|(A(p) N P)I(§) = Ei[Ui(ai)|Ai (p)I(£)-
In view of A-2 it is observed that for every £ € €,
Ei[Ui(ai)|Ai(p)](§) = Ui(ai(§), ),

and thus the result follows as required.

14



Secondly it is noted that (p(w), (e;(w))ien) is a competitive equilibrium for the economy
ER(w) = (N, (ei(w))ien, (Ui(+,w))ien) with complete information at each w € €. In fact,
in view of RE 3 it follows that U;(e;(w),w) = U;(y;(w),w) for all y;(w) € B;(w,p) and for
all 2 € N, as required.

Therefore it can be observed that for all w € Q, (e;(w))ien is Pareto optimal in £5(w),
and it can be easily verified that (e;);en is ex-ante Pareto optimal. L]

The following remark has been already proved in the proof of Proposition 3.5:

Remark 3.6. Let £X be a pure exchange economy with knowledge satisfying the condi-
tions A-1, A-2 and A-3. If the allocation of initial endowments e = (¢;);en is a rational
expectations equilibrium allocation relative to some price system p with respect to which all
traders are rational every where about their expectations then the pair (p(w), (e;(w))ien)
constitutes an ez-post competitive equilibrium for the pure exchange economy &5 (w) with

complete information for each w € €.

The next proposition states that the converse in Proposition 3.5 is also valid under
the additional assumption that all the traders have continuous and strictly quasi-concave

utilities:

Proposition 3.7. Let £ be an economy with knowledge satisfying the conditions A-1,
A-2 and A-4. If the initial endowments allocation e = (e;)ien ts ex-ante Pareto optimal
then it 18 a rational expectations equilibrium allocation relative to some price system p with

respect to which all traders are rational every where about their expectations.

Proof: For each w € Q we denote by G(w) the set of all vectors Y,y ei(w) = > ey ¥i
such that y; € RY, and U;(y;,w) = Uj(ei(w),w) for all i € N.
First, in view of the conditions A-1, A-2 and A-4, we note that that G(w) is convex

and closed in RZ_. It can be shown that
Claim 1: For each w € € there exists p*(w) € RY such that p*(w)-v < 0 for all v € G(w).

Proof of Claim 1: By the separation theorem,® we can plainly observe that the assertion
immediately follows from that v £ 0 for all v € G(w): Suppose to the contrary that there

exist wg € Q and vy € G(wo) with vg Z 0. Take Yy’ = (y))ieny with y? € Rﬂr such that

¥See Lemma 8 of Chapter 4 in Arrow and Hahn (1971, p.92).



for each i, Ui(yi,wo) 2 Uilei(wo),wo) and vg = Y iy €ilwo) — X icn y?. Consider the

allocation z = (z;);en defined by

y? + 2 if £ € A(wo).

zi(€) =
ei(¢)  if not.

It follows that for each ¢ € N,

E:[Ui(%)] = Z UAy?—I—%f)/«%(f)

feA(w‘o)

> Z Ui(y?, €)pi(€)

§€A(wo)

+ Z Ui(ei(f)af)m(f) because of A-4
EEQ\A(wo)
2 Ei[Ui(ei)].

This is in contradiction to which e = (¢;);en is ex-ante Pareto optimal as required.

Secondly, let p be the price system defined as follows: We take a sequence of strictly
positive numbers {k,}oeq such that kop*(w) # kep™(€) for any w # (. We define the
price system p such that for each w € Q and for all £ € A(w), p(§) := kup*(w). It can be
observed that A(p)(w) = A(w). We shall show

Claim 2: The pair (p, (¢;)ien) is a rational expectations equilibrium for X,
Proof of Claim 2: We first note that

(Alp) N Pi)(w) = Alp)(w) & A(w) (3)
for every w € Q. Therefore it follows from A-2 that for every allocation & = (z;)ien,

Ei[Ui(zi)|[(A(p) 0 P))(w) = Ui(wi(w), w) (4)

To prove Claim 2 it suffices to show that e = (¢;);en satisfies RE 3. Suppose to
the contrary that there exist a trader j € N and an allocation y = (y;);en with the two

properties:
1. y;: Q— RL is o(p) V Fi-measurable and y;(w) € B;(w,p) for every i € N and w € ;
2. Ei[Ui(yj)|(Alp) 0 FPj)l(wo) 2 Ej[Uj(e;)|(A(p) N Pi)](wo) for some wy € Q.
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I

In view of (4) it immediately follows from Property 2 that U;(y;(wo), wo) = Uj(e;(wo),wo),

Z
and thus y;(wo) 2 ej(wo) by A-4. Therefore we obtain that p(wo) - y(wo) = p(wo) - €(wo)
in contradiction.

Finally in view of (3), we note that {(A(p) N P;)(w)| w € 2} makes a partition of £,
and thus we can easily observe that R;(p) =  for all i and so R(p) = Q. This means that

all traders are rational everywhere with respect to the price system p, in completing the

proof to Claim 2. [

3.4 Remarks

It will well end this section in giving two remarks: First the suppression of each of the
ancillary assumptions A-1, A-2, A-3 and A-4 renders Theorem 3.3 vulnerable. Secondly
we give a remark about a fully revealing rational expectations equilibrium.

First we note that Theorem 3.3 does not hold without A-3 and A-4. This is because
we can easily observe the two points: First that an exchange economy with complete
information coincides with an economy with knowledge admitting with the partitional
information structure (P;)ien defined by Pj(w) = {w} for each w € 2, and secondly
that there does not necessarily exist a competitive equilibrium for the economy Ex(w)
with perfect information when either A-3 or A-4 is not satisfied. The classical example
provided by Kreps (1977) shows that Theorem 3.3 is not true without the assumption
A-2.

The below example illustrates that A-1 also plays a crucial role in the theorem.

Example 3.8. There are two traders 1,2 with a common prior p and two commodities

(1 = (211, 212), 2 = (w21, 292)). The economy with knowledge
EN = (N9, (ei)ien. (Ui)ien, (i)ien (Pien)-
consists of as following structures:
o N=1{1,2)
o Q= {w,wl;

1.1) if w=w
. er(w) = esfw) = (11) !

(2,1) if w=uwy,



o U;: ]R%_ x 3 = R is defined by

Uiz, w) =logair + 212 and U(x,w) = log xo; + xa9;

o p(w) =g
o P;i:Q — 2% is defined by

Pi(w) = Py(w) :=Q for each w € Q.

There exists no rational expectations equilibrium for £X.

In fact, it is first noted that each initial endowment e; satisfies the condition e;(w) ; 0
for all w € € but e; is not F; measurable; so it does not fulfill A-1. The other conditions
A-2 and A-4 are true in the economy.

Suppose to the contrary that there is a rational expectations equilibrium (p,z) with
p=(p.Py) and & = ((x11,212), (v21, x22)). Without loss of generality we may assume here
that p = (py,1) (i.e;; po(w) = (1,1) for w = wy,wsy.) Denote p1 = p;(w1) and p2 = py(w2).
On noting that p is F-measurable it follows that p; = ps.

Each trader ¢ maximizes his/her expectation at w:

Ei[Ui((wi1, wia)|(Ap) 0 P)](w) = %{log wi(w1) + wi2(w1)} + %ﬂog i1 (w2) + wig (w2 )}
subject to
prei(wr) +2i2(wi) Spr+1 and  poxir(w2) + zi2(w2) £ 2p2 + 1.
It is observed that the demand functions of commodity 1 are
zip(wj) = 1 fori,j =1,2.
pj

In view of the condition RE 4: x11(w) + x21(w) = e11(w) + e21(w) for commodity 1 we
obtain that

]91_1+p1_1:2 for w = w3
+ =4 for w = wsy,

44 1
P2 P2

and thus p; # p2 in contradiction.

Finally we will extend the notion of fully revealing rational expectations equilibrium

into an economy with knowledge.
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Definition 3.9. A rational expectations equilibrium (p, ) for an economy with knowledge

EX is called fully revealing if o(p) = F = Vien Fi-

In view of the proof of Theorem 3.3 we have shown that the rational expectations

equilibrium (p, x) constructed in the proof of Theorem 3.3 is fully revealing, thus

Corollary 3.10. There exists a fully revealing rational expectations equilibrium for an

economy with knowledge under the same assumptions in Theorem 3.3.

4 No Trade Theorem

In this section we shall give two extensions of No trade theorem by Milgrom and Stokey
(1982): First we prove the below theorem that directly extends No trade theorem to
an economy with knowledge, and secondly we give the proof of Main Theorem 1 in our

introduction.

4.1 Theorem of Milgrom and Stokey

Theorem 4.1. Let EX be an economy with knowledge satisfying the conditions A-1, A-2
and A-3, and let t = (t;)ien be a feasible trade. Suppose that the initial endowments
allocation (e;)ien 1is ex-ante Pareto optimal. Then the traders can never agree to any non
null trade at each state where they commonly know both the acceptable trade t = (t;) and

rationality of their expectations; that is, t(w) = 0 at every w € Ko (Acp(t) N R).
The next lemma is a key in the proof of Theorem 4.1:
Lemma 4.2. Let E8, t = (ti)ien and (ei)ien be the same as in Theorem 4.1. If w €
Ko (Acp(ti) N R;) for each i € N then the equality is true:
Ei[Ui(t; + ei)|P](w) = Ei[Ui(es)| Pi)(w), (5)

where the trade t* = (t7);en 1s defined by

* HE) e M), |
£ (§) = (6)
0 iof not.
Proof: Tt is noted by Lemma 2.3 that A; coincides with the partition induced by P;.

We can observe the two points: First that t* = (¢});en is feasible because so is ¢, and
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secondly that M (w) is decomposed into the disjoint union of the components A;({) for
£ € M(w); ie.:
M(w) = Ai(&) U Ai(&) U -~ U Ai(&n)-

It follows that

E,[Ui(ti +e;)] = Z Us(t5 (&) + ei(&), O pi(€)

£EQNM (w)

=3 ST U + il €), Opil€)

+

> Uileil€), Oma(€) (7)

LEQM(w)
Let f be the decision function defined by f(E) := E;[U;(a;)|E] for each a; € A;. It can be
plainly observed that f satisfies the sure thing principle and is preserved under difference.
Because w € Ko (Acp(t;) N R;) it follows that M(w) € R;. Therefore Pi(¢) € M(w) C R;

for every £ € M(w). By the Fundamental lemma (Lemma 2.9), we obtain that
E;[Ui(a:)|P(€) = E;[Ui(a;)|Ai](€)  for all € € M(w).? (8)

Therefore, in view of (7), it follows that

E[U(t] +¢:)] zul (Ai(&)) ci)| Ai] (&)
+ D Uilesl€), Omi(é) (9)
€€Q\M( )
—Zu ilUi(t] + ei) | Pi](&r)

Y Uled©). Oulo

£EN\M (w)

On noting that &, € M(w) € Acp(t;) for all k =1,2,...,m, it immediately follows that

EUi(t! +e)] 2 Zul VEi[Ui(e:) | P (&k)
+ Y Uiei€),O)mil€) (10)
EEQ\M (w)

"Where E;[U; (a;)|A:](w) is defined by

E;[Ui(a;)| Ail(w) ==Y Ui{as i (€] Ai ().

£eQ
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In view of (8) it can be obtained that
E;[Ui(t: +¢;)] 2 Z,Uz Ui(ei)|Ai] (&)
+ > Uieil€), ©pi(é)

EEQ\M (w)

= 5 U 1i(€)
EEM (w)

Y U0 Ol
£EQ\M (w)

2 Ei[Ui(e;)]

Therefore, if the equation (5) does not hold, the inequality (10) holds strictly. This yields
that E;[U;(t] +¢;)] 2 Ei[Ui(e;)], which contradicts the assumption that (e;)ien is ex-ante
Pareto optimal. O

Proof of Theorem 4.1. Now suppose to the contrary that ¢;(w) is not zero at some
w € Kc(Acep(t)). Let t* = (t!);en be the feasible trade defined by (6). On noting by M
that Kc(Acp(t) N R) € Ko (Acp(t;) N R;), it immediately follows from A-3 together with
(8) that

Ei[Ui(tf 4+ e;)|P](w) = Ui(t; (w) + ei(w))
# Ui(ei(w)) = E;[Ui(e;)| P](w),

in contradiction to Lemma 4.2. O

4.2 Rational expectations equilibrium and No trade theorem

It is interesting to consider what can be said if we drop the hypothesis that the endow-
ments are ex-ante Pareto optimal in Theorem 4.1. Is No trade theorem still true if the
endowments allocation is a rational expectations equilibrium allocation? We shall give an
affirmative answer.

(p)

To state it explicitly we introduce the knowledge operator K" associated with a price

-(p)

system p of an economy with knowledge €. The knowledge operator K ;7 1s induced by

the information structure A(p) N P;; that is,
K"(E) = {we Q] (A(p) N P)(w) S B}

Let Kg) be the common-knowledge operator defined by the infinite recursion of the op-

erators {Ix }167\7 that is,
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KPE = N Kff) Kg’ ). K}If 'E.
k=12,... {i1 ,d2,...,it JCN

We can now explicitly state Main Theorem 1 in our introduction as follows:

Theorem 4.3. Let EN be an economy with knowledge satisfying the conditions A-1, A-
2 and A-3. If e = (e;)ien is a rational expectations equilibrium allocation relative to
some price system p with respect to which all traders are rational everywhere about their
expectations, then the traders can never agree to any non null trade at each state where
they commonly know the acceptable feasible trade t = (t;)ien; that is, t(w) = 0 at every
wE Ix’g))(Acp(t)).

Proof: Consider now the economy with knowledge
ERW = (N, Q, (ei)iens (Us)ien (i)ien (A(p) N P;)ien)-

It is noted that R(p) = . By the similar argument in the proof of Theorem 4.1 it can be
plainly observed that (w) = 0 at every w € Kg))(f’kcp(t) NR(p)) = Kg?)(f’kcp(t)) if e is
ex-ante Pareto optimal, and thus Theorem 4.3 follows from Proposition 3.5. O

The following corollary is another extended version of No trade theorem by Milgrom

and Stokey.

Corollary 4.4. Let EX be an economy with knowledge satisfying the conditions A-1, A-2
and A-4 instead of A-3, and let t = (t;)ien be a feasible trade. If the initial endowments
are ex-ante Pareto optimal then there exists a price system p with respect to which the
traders can never agree to any non null trade at each state where they commonly know the

acceptable feasible trade t = (t;)ien. That is, t(w) = 0 at every w € Kg))(Acp(t)).

Proof: Immediately follows from the combination of Theorems 3.4 and 4.3. [l

4.3 Remarks

Could we prove the theorem under the generalized information structure jettisoning the
reflexivity or the transitivity? The answer is no. The following two examples show that
the reflexivity Ref and the transitivity Trn of the information structure (or the equivalent

postulates Axioms 4 and T) do play an essential role.
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Example 4.5. Let &8 = (N, Q, (¢;)ien, (Ui)iens it, (P;)ien) the economy with knowledge

in which
[ ] 17\7 = {1. 2}
o Q= {w,w};

o p(w) = % for each w € §;
o ¢1(w) = ez(w) =2 for every w € ;
o U;: Rl x Q = R is defined by, for each w € Q,
Ul(z,w) =Vr+2 and Us(z,w) = Va;
o P is defined by
Pi(w) :={wz} and Py(w):= {w1}
for each w € Q.

It is plainly observed the two points: First that both P; (¢ = 1,2) are not reflexive but
transitive, and second that the endowments (e;);=1 2 are ex-ante Pareto optimal. Let

t = (t;)i=12 be the feasible trade defined by

ti(w) = and ty(w):=
0 if w=ws 0 if w=uws.

Then it can be verified that Acp(t) = R = Q and thus K¢ (Acp(t) N R) = Q. However the
trade ¢ is not null at w; € Ko (Acp(t) N R).

Example 4.6. Let &8 = (N, Q, (¢;)ien, (Ui )iens it, (P;)ien’) the economy with knowledge

in which
o N=1{1,2};
o Q= {w,wy,ws};
o ci(w) =ez(w) =2 for every w €

o p(w)=13 for each w €



o U;: ]Ri_ x 3 = R is defined by
Ui(z,w) = (z+1)? and Us(z,w) = Vo + 3;
e P; is defined by

w1 if w=uw , wi,wg b if w = wy
Pi(w) := e and Py(w):= { J

{wo, w3} if w=wy or w3 {wa, w3} if w=wy or ws.

It is plainly observed first that P, are reflexive and not transitive, and second that the

endowments (e;);=; 2 are ex-ante Pareto optimal. Let ¢ = (¢;);=1 2 be the feasible non-zero

trade defined by

1 if w=wj or wy —1 if w=wj or wy
ti(w):= and ty(w):=
—1.5 ifw=uw;s 1.5 if w=ws.
Then it follows that Acp(t) = Q, R = {w2,ws}, and thus Kc(Acp(t) N R) = {wa,ws}.

However the trade ¢ is not null at any w € Ko (Acp(t) N R).

Nevertheless, common-knowledge of the acceptance of feasible trades seems a rather
strong assumption. Could not we get away with less, say with mutual knowledge? The

answer is no again: For the counter example see Fudenberg and Tirole (1991, p.552).

5 Concluding remarks

5.1 Extended notion of rational expectations equilibrium

We focus on the relaxation of the usual information structure involving what can be
characterized as a ‘partitional’” framework in this article. One of the purposes is to show the
existence theorem of the rational expectations equilibrium for an economy with knowledge
and also to characterize welfare under the extended notion of equilibrium.

The main assumptions are A-1, A-2 and A-3 (occasionally replaced by A-4) as well as
reflexivity and transitivity of the information structure. The almost all results in Section
4 crucially depend on these assumptions. Indeed the suppression of any conditions A-1,
A-2, A-3 and A-4 renders Propositions 3.7 and Theorems 3.4 and 3.3 vulnerable to the

discussion and the examples provided in Remarks 3.4.
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5.2 Further relaxing the RT-information structure

Our real concern is to what extent No trade theorem of Milgrom and Stokey (1982) depends
on the information partition and on the hypothesis that the initial endowments are ex-
ante Pareto optimal. As we have observed, the reflexivity and transitivity of information
structure can preclude trade if the traders commonly know that they are willing to trade
the amounts of state-contingent commodities. Both the information partition and the
strictly risk-aversion for the traders play no role in No trade theorem. If these assumptions
(Reflexivity and Transitivity) fails then our No trade theorem (Theorem 4.1) is not true

in viewing the above examples (Examples 4.5 and 4.6).

5.3 No trade theorem of Geanakoplos

The impact analysis of weakening the partition formulation on the usual No trade theorem
of Milgrom and Stokey is done in different settings by Geanakoplos (1989), Morris (1994)
and others. We will compare Geanakoplos’s version of No trade theorem with ours.

In contrast to Theorem 4.1, Geanakoplos needs to impose the requirement that the

information structure in an economy with knowledge is nested:

Definition 5.1. An information structure (P;);en in an economy with knowledge is said

to be nested if for each i € N and for all states w and £ in €, either P;(w) N P;i(§) =0, or
else P;(w) € F(§) or Pi(w) 2 Pi(§).

Under the circumstance that the information structure is nested he showed that: If
the initial endowments allocation (e;)ien is ex-ante Pareto optimal then the traders can
never agree to any non null trade at each state where they commonly know the acceptable
trade t = (t;); i.e., t(w) = 0 at every w € Kc(Acp(t)).!?

The assumption ‘nestedness’ would appear to allow the modification of Theorem 4.1
such as in terms of states in the larger set K¢ (Acp(t)) instead of K (Acp(t) N R): Could
we prove that under the same circumstances in Theorem 4.1; if the information structure is
nested in addition then the feasible trades vanish on K¢ (Acp(t))? The following example
shows that the hope is no vein under the assumption that the initial endowments are

Pareto-optimal.

1°This statement is a modified version of Corollary 5.2 in Geanakoplos (1989).

[N]
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Example 5.2. There are one commodity and two traders with the common prior pi. The

economy with knowledge

EX = (N Q, (ei)ien, Ui)ien, (i)iens (P)ien).
consists of:
o N ={1.2}:
o O ={w,wyws};
o ¢i(w) =ez(w) =1 for every w €

o Let t = (t;)i=1,2 be the trade defined by

—% if w= w1 15—0 if w= w1
fw)i=¢ 1 if w=wy and H(w):i=4 -1 if w=uw,
0 if w=uws 0 if w=uws,

o U;: Rl x Q = R is defined by U;(z,w) = a7 for every i = 1,2;

% for w = wy

for w = wa, ws,

=

o P;i:Q = 2% is defined by

{wi,wa}  for w = wy {wi} for w = wq
Pi(w) := { {wy) for v =wy and DP(w):=q {w,ws} forw =wy

{ws} for w = ws {ws} for w = ws.

It is observed that the endowments (ei)i:LQ are ex-ante Pareto optimal and that EX
is an economy under reflexive, transitive and nested information structure. It can be seen
that the feasible trade ¢ is not null at both states wy and wy in Kc(Aep(t)) = Q, but it
vanishes on K¢ (Acp(t) N R) = {ws}.

Nonetheless, such modification of No trade theorem in our version can be obtained by
Theorem 4.3 and its corollary when the initial endowments allocation is assumed to be a
rational expectations equilibrium allocation relative to some price system with respect to

which all traders are rational everywhere about their expectations.
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This observation together with the following Example 5.3 shows the essential role of

the notion ‘rationality about expectations’, which has not been appeared in the partitional

formulation.

Example 5.3. There are one commodity and two traders with the common prior u. The

economy with knowledge
EX = (N, Q, (e;)ien, (Ui)ien. (ui)ien, (Pi)ien).
consists of:
o N={1.2}
o Q= {w,wr,ws}:
o ¢1(w) = ez(w) =1 for every w € ;

o Let t = (t;)i=1,2 be the trade defined by

—% if w=uw 13—0 it w=uwp
t(w) == 0 if w=w, and ty(w) = 0 if w=uws
1 if w=ws -1 if w=uws,

~J|wo
=1
&
I
&
&
w

==

o P;i:Q — 2% is defined by

{wi} for w = wy {wi,we} for w=wy
Py(w) = {wa} for w = w, and Py(w) = {wa} for w = wsy
{wz,w;;} for w = w3 {:uQ,w3} for w = w3.

It is observed that the endowments (e;);=1 2 are ex-ante Pareto optimal and that ek
is an economy under RT-information structure. Note that P is not nested. Acp(t) = R =

{wa}, and the feasible trade ¢ is indeed null on {we} = K (Acp(t) N R).

[\
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