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Abstract

We shallinvestigatetheinteraction betweentheStockMarketand the Stock
OptionMarket.Whenthepredictionofthefuturedistributionofthestock
prices is different between these markets,thereisachancethattheoption
pricingmethodof Black andScholeswithitsapplicationtoanarbitragetrading
strategy may leadustoabigmarketturmoil.Weshallinvestigatethecondi-

tions of marketstability.



§ 1 Introduction,

Ever sincethepioneeringworkbyBlackandSholes (1973), the price of European type
optionhasbeencalculatedfrom the price andvolatility of underlyingasset andtheriskfree
interestrateundertheassumptionofnoarbitrageopportunitiesinthemarket.Foreaseof
presentation,wewillassumethroughoutthepaperthattheunderlyingassetiscommonstock.
Alsoforthesakeofsimplicity,wewillassumeonlythestockandoptionmarketscomprisethe

whole economy.

The word'derivative' comes fromthefactthatoptionvaluesdependssolelyonthe
underlying asset. Nearlyallresultsfromarbitragepricing theoryforderivative securities
implicitly assume that pricesofthederivativesarefunctionsofpricesoftheunderlyingassets
and their future volatilities. Forexample,seeBlackandScholes (1973),Merton (1973),

HarrisonandKreps (1979), andHarrisonandPliska (1981).

Intheearlyhistoryofderivativesecurities,thetotal tradingvolumeof the derivativeswas
very much smaller thanthatofstocks.Thus,theinfluenceoftheoptionmarkettothestock
market might have been overlooked. However,sincethemid1980'sthetradingvolumeof
derivatives hasexperienceda tremendous increase andthederivativemarketshavebegunto
significantly influence stock markets. Atheoretical investigationintothisfacthasbecome
necessary. Wewillconsiderasymmetricrelationbetweenmarketswheretheeffectofthe
present ""theoretical™ stock pricedeterminedintheoptionmarketon the stockmarket is
investigated,similartotheinfluenceofthetheoreticaloptionpriceontherealoption price.
Inlatersectionsofthispaperwewillshowthatifbothmarketspossessthesameinformation
concerningthe distributionsofthefuturestockpriceprocesses, then the arbitrage trading
strategy willlead to a stablestate inbothmarkets. Tobemoreexplicit,wewilldefinewhatis
meant bythe"”completeinformation® below anddeferthedefinitionof*'stablestate’to a later

section.

Definition 1. If bothstockandoptionmarketspossessthesameprospectofthefuturedistribu-



tionofthestockpriceprocesses,wesaythatthesemarketspossess complete information in the
strongsense. Inthiscase,thesemarketsaresaidtobe in the state ofcompleteinformationin
the strongsense.Otherwisetheyaresaidtobeinthestateof the incomplete information in the

strongsense. //

Remarks. Inthenextsectionweareinterestedindeterminingthetheoreticalpricesofoptions
and stocks intheabsenceofarbitrageopportunitiesinthemarkets.Herewewill assume
binomial models for stock movements andhence, havingsetthebinomialmodel,wecan
disregard the probabilitiesofeachstateoccurringatstagel.Theroleofreal”probabilitiesare
foundwhenwerelatethevolatilitiesinthebinomialmodelsto the general continuous time state
models.Inthissituationwemaydisregardtheprobabilitiesattachedtoeachstatefrom
definitionlandtheconditionofthecompleteinformationinthestrongsensemaybeslightly
weakenedinthebinomialmodels.However,wewillassumethestrongcompletenessinthenext
sectioninorder tomaintainthepointthatthebinomialmodelisanapproximationtothemore
general continuoustime model. We shall discuss a weakerversioninSection3wherewebriefly

discuss a continuous time model.//

InthestandardBlack-Sholesoption pricingtheory,thevolatilityoftheunderlyingassets
plays a centralrole.Herethevolatilitywhichwillbeusedtopricetheoptionisnotthepastnor
the present volatility; it is the volatilitybetweenthepresentand the maturityday of the options.
Therefore,thevolatilitiesto beused must somehow bepredictedbythetradersinthemarket.
(Theycanbeestimatedfrompastdata onlyiftheassumptionofconstantvolatilityholds). In
addition,theperspectivesofthetradersstronglyinfluencethedeterminationsofthepredicted

volatilities in the real markets.

Inthefollowing sections we will providea heuristicdiscussionabout the conditions under
whichtheincompleteinformation will create market instability. Theuseoftheso-called
"Computer Trading"™ mayamplifytheproblemscreatedbythearbitragetradingstrategywith

incomplete information.



Many papers discussedthe asymmetry oftheinformationwithinasinglemarket;for
example MilgromandStokey (1982) consider theeffectofprivateinformationontheParato
optimal market.However,inthispaper,wewill considertheasymmetric informationbetween
markets. Thesimplebinomial modelisdiscussedinSection2andabriefdiscussionoftheBlack-

Scholes modelfollowsinSection 3.



§ 2BinomialModel.

Inthissection,weshall considerasimplebinomial with two period modelforboth the stock
and the optionmarkets,wheretimeOandtimelarethepresentdayandthefutureday
respectively. And inthestockmarket,weareinterestedindeterminingthetimeOtheoretical
price@ of theEuropeancalloptionofthestockmaturingatt=1withexercisepriceK

(K> 0). Wealsoassumethattheriskfreeinterestrateisr ( 0).

Inthestockmarket,wewillletS bethetimet=0actualstock price. Atthedatet=1,
wewillassumethatthestockpricebecomeseither S with probability 0 < p < 1, 0or
S with probability 1-p (S > S ).Andatt=1,itfollowsthatthevalueofthe

optioniseitherC = max{S -K, 0}, ifthestockpricegoesuptoS orC

max{S - K, 0}, otherwise. The riskfreeinterestraterisassumedtosatisfythefollowing

inequality so astoavoidthearbitrageopportunity;

(D d=S /S 1+r S /S =u (Say)
The possible values of the randomvariable S also reflectthemarket'spredictionofthe
future volatilityof thestockprice. Forexample,thelargerthedifference S -S ,the

largerthemarket’spredictedvolatility. Thepresentstockpriceisdetermined bythetradersin
the stock market.Andthepredictedfutureoptionvaluesinthismarketmaybedeterminedby
the predicted future stockpricesatthestockmarket.Thetheoreticaloptionprice will be

obtainedfromthesepredictedfuturestockprices (See (2) below).

On the other hand,thetimet=0actualoptionpricesC are determinedbythetraders
in the optionmarket.These traders intheoptionmarketwilldeterminethepriceoftheoptions

fromtheirpredictedfuturestockprices,ortheirfuturevolatilities.Theirpredictionmaybethe

following:Atthefuturedatet=1, the predicted stock price becomeseitherS with
probability 0< p < 1,0rS withprobability 1-p . It follows thattimet=1valueof
the optioniseitherC =max{S - K, 0}, when the stockprice goes uptoS ,



orC =max{S - K, 0}, otherwise. Then, giventhisinformation,justlikeinthe
stock market, the theoreticalvalueofthepresentstockprice 8 will be determinedinthis

market.Andthiskindofsymmetryisthekeytoouranalysis.

Now, ifthetradingofstocksandoptionsaretakenplaceinthedifferentmarkets,thereis
no guaranteethat theysharethesameinformation.Andthustheydon'thavethesame

perspectives toward future stock prices.Oritwilltakeatleastfewmicrosecondtoexchangethe

information. So,ingeneral,weareunabletoassumethatS = S ;S =
S ,andp=p . Itfollows that the predictedfuturevolatilitiesinthesemarketsmaybe
different.

Inthestockmarket,thetheoreticaloptionprice (arbitrage freeoptionprice) is obtained

byconsidering theequivalent portfolioanditisgivenby:

(2) & = (1/1+r){qC + (1-g)C }

where g = [(1+r)S -S 1/1S -S 1 = [(1+r)- d]J/ Ju - d] is the Martingale

measure (See [Picture 1]). Bythesameargumentleadingto (2),thetheoreticalstockprice

in the optionmarketwillbegivenby

(3) = (/1+r){g S + (1-q )S }

where,qg =[(1+r)C -C 1/[C -C 1 is the Martingale measure at

the optionmarket (See [Picture 2]).
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If, inthestockmarket,thetheoreticaloptionprice is higher thanthemarketprice
C then the investor may create the arbitrage opportunity by takingthefollowingtrading
strategy:BuyoneunitofoptionatthepriceC .AndformtheportfolioP :Short a unitof

stock andrentByenattherater,where

4 a =[C -C 1/[s -S 1.

(5) B=[C S -C S 1/[(1+r) (S -s )]

ThenthetimeOvalueofthisportfolioP is@ , andgivesthetradertheimmediatepositive
profit of @ -C Andatdayt=1,thevalueoftheportfolioP isexactlyequaltothe
optionvalue, so that the payoff forthetraderiszero.Thusthereisanarbitrageopportunity.
Now,thistradingstrategyconsistsofbuying the optionandsellingthestock,andthismay

result inpushingthepriceoftheoptionhigherand lower the stockprice.

Next, we turntotheoptionmarket.GiventhetimeOoptionpriceC ,thearbitragefree
stock price intheoptionmarketwillbe .Andasbefore, we shallsupposethat @ >C in
the stock market.If & issmallerthantherealstockprice,thenthetradingstrategyinthis
market will be thatofselling the stock andbuyingtheoption,thusthepriceadjustingprocess
here will be inthesamedirectionasinthestockmarket. (Here, we may sellashareofstockand
buy a portfolio with o ~unitofoptionandB’ yen of savingattheriskfreeinterestrater,

where

(4" a ‘= [5*1(u) - S*l(d))]/[c*l(U)' C*1(d))]



* *

(5") B=[C ¢ S ¢ -C¢8s ¢ J/[A+r)(C ¢ -C “)1).

Thetrouble may occur if the theoreticalstockprice & becomes higherthanthereal
stock price. Inthiscase,thetradersintheoptionmarkettakethetradingstrategyofbuying
the stock andselling the option, thus gettinganarbitrageopportunitywithinthemarket.This
tradingstrategy may pushupthestockpriceandmaypushdowntheoptionpricewhichare
contradictory to the movementofthestockmarket.Ifthetradingvolumeofeithermarketis
smallenoughsothatthereisadominantmarket,wemayexpectthemovementinthedominant
markettomakethestockandoptionpricemovetowardtheequilibriumstate. But, if neither is
dominant,thetwomarketsmaycrashandthemovementofthestockpriceor its volatility

becomes wilder andwilder.Wearenowreadytointroducetheconceptofmarketstabilization:

Definition 2. If intheoptionmarketandthestockmarket, C  occursif andonlyif
S & , thenthemarketsaresaidtobeina stable state orsimply stable.

Wewillnowinvestigatetheconditionsunderwhichthemarketssatisfythestability

condition.Thefollowing lemma gives usthemoststringentconditions.

Lemmal. We willsupposethatthestockpriceprocessesaretwoperiodbinomialprocess.
Suppose that boththestockand the optionmarketareinthestateofcompleteinformation in
the strongsense.Then,themarketsarestable.Namely,thepriceadjustingprocessbymeansof

the arbitrage tradingstrategies inbothmarketsareconsistent.

Proof. If the assumption of complete informationissatisfied, we canassumethat$S =

S =uS ,S =S =dS .ltfollowsthatC =C , C =
C , and

(6) ={gq uS + (1-q )dS }/[1+r],

whereq =[(1+r)C -C 1/[C -C ].

If @ C , then



(7N q [A+N@ -C 17[C -C 1 =q.

Thus,wehave,

(8) {quS + (1-9)dS Y/ [1+r] =S .//

Theassumptionof thecompleteinformationisfartoo strong,wewillthereforeinvestigate
weakerconditionsunderwhichthemarketsarestable.Ofcourse,ifthereisnocomplete
information,theperspectiveofthefuturedistributionofthestockpriceinbothmarketsmaybe

different.Wewillconsiderseveral cases through numericalexamplesbelow.

Tofixtheidea,supposeintheoptionmarket 8 > S holds. Since theoptionpriceisan
increasingfunctionofthepresentstockprice,wemayexpectthatC" > . But atthesame
time the optionprice is an increasingfunction ofthevolatility.So,iftheexpectedvolatilityin
the stock market is muchbiggerthanthatofthestockmarket, the reverse relation

(C.< @) mayhold. We willillustratethesituationbythefollowing artificial example.

Example. Supposetheriskfreeinterestrateisr=0.1.Wewillconsider the call optiononthe
stock maturingat daylwithexercisepriceK=150yen.Inthestockmarket,wesupposethe
actualstockpriceis1l80yenpershare,andweexpectthenextdaystockpriceiseither270yen
or90yen.ItfollowsthattheMartingalemeasureisgivenbyq= (180x1.1-90)/(270-90) =

0.6.Hence@ = (1/1.1)(0.6x120) = 65.45 (yen) ([Picture 3]).

[Picture3]
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Next, we willconsiderthepricing problems intheoptionmarket. In case 1, wewillassume

the predicted volatility intheoptionmarketisslightlysmallerthanthatofstockmarket,where
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as incase2,thevolatilityisfarmuch smaller.

[Case 1] Suppose thatthetrader'santicipation ofthestockpriceofthedaylis 263.25yen
and 92.25yen. We alsosuppose thattheoptionpriceinthemarketis63yen,which is lessthan

the theoreticalvalueatthestockmarket@ = (EB4EP. Here,wehavetheMartingalemeasure
:q = (63x1.1-0)/(113.25-0) =0.612andthushave8 = (1/1.1){263.25x0.612

+ 92.25x0.388) =178.90 (this is lessthan180). Andinthiscasethepriceadjustingprocesses
may workproperly (See [Picture 4]).

[Picture 4]

S = 263.25 =113.25
S él"é&mi@ c = 63
S =92.25 =0

[Case 2] Ifintheoptionmarket,thetrader'santicipationofthenextdaystockpriceiseither
243yenor99yen,wherethevolatilityissubstantiallysmallerthanthecasel.Then the option
prices will beeither93yenorOyen.Ifthemarketpriceoftheoptionis63yenasabove,then
the Martingalemeasure is givenbyq = (63x1.1-0)/(93-0) = 0.745, andtherefore & =
(171.1){243x0.745+99x0.255}=187.54 (> 180). Andinthiscasethepriceadjustingprocesses

may not work properly ([Picture 5]).

[Picture5]
S =243 C = 93
8 <= WEFED C =63
S =99 C =0 //
It is easilyseenfrom (3) andbysomealgebrathatthearbitragefreestockprice 8 is

givenasthesolutionofthefollowing equation,

(9 C =@+r) {g C 2+ (@q)C %

whereq =[(+r)8 -S 1/[S -S 1.Namely,&  isan impliedstock
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pricegivenrandtheoption priceC .Andthisfactisthekeysteptoextendourresultstothe

continuoustimeandstatemodelsinthenextsection.

ItisnotdifficulttoseethatifS  -S  is muchbiggerthanS ¢’ -S ¢’ then
there isachancethat @& > C and S < B occurs. Toseethis, we shallsupposer=0

forsimplicity.Itfollowsfrom (2) and (9) that

(10) S :{[S (O] -S (d)] +S (d)C ) -S (“)C (d)}/{c O] -C (d)}, and
(IHYB ={[s <’-s <1C +S ‘c -5 ‘T OfCc “©-c »
Forsome ¢ >0and n >0, let ussuppose A=[S @ -S @] =[S ¢’ -5 ] -¢ ,
and a={C ® -C “}y={Cc >-C %} -n .,(say).Then,S < ifandonlyif

{AB +s “C “-s “C “}/a
(12)

<{(At)C +s Oc s Cc /)
Itisnotdifficulttoseethatevenif@ > C , withsufficientlylarge ¢ (andtherefore
large n ), [S °C “-S “C ] may be sufficiently smallerthan
[S ‘’Cc “’-s “’C 1 sothat theequation (12) holds. The magnitude of the €

corresponds to the differenceofthevolatilityforecast.

Wehaveprovedheuristicallythatthedifferenceof the volatilityforecast between markets
may cause the turmoil inthefinancialmarkets.Toobtainthequalitativeconditionsunderwhich

the marketstabilizationisdifficult andmessyeveninthissimplemodel.

Toclosethissection, we will answer to the possible criticism against our formulation.One
ofthecriticismisthatsincethestateofnaturesatthestockmarketandtheoptionmarketare
different inourformulation,therewillbenoequivalentmeasureappliedto both markets.
Thereforethese markets cannot havethesametransactiontotheseassetsandthemodelmay
notbereasonable. Inthispaper,wewillsimplymentionthefollowingreasonwhichanswersthe

question.Wewillclaimthatthebinomialmodelsaretheapproximationsto the general
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continuostime state modelswhicharediscussedin the next section. Andintheoriginalmodel,
the possible states areassumedtobethesubsetofthereallineandthebothmarketscanhave

the same transactions. Alsowestillbeabletoassumethedifferentvolatilitiesinthesemarkets.

-12-



§ 3.Continuoustimemodels.

InthissectionwewillassumeBlack-Scholesmodel forthestockpriceprocesses.Suppose
that (u ,0 ) and (p ,0 ) are the predicteddrift andvolatility at the stock and the option

market respectively. Thenthepredictedstockpriceprocessin each markets aregivenasfollows:

(13) dS =p S dt+0 S dw , S

S (Stock Market)
(14) ds =g S dt+0c S dw , S =s (Option Market)

WewillconsidertheEuropean call optiononthisstockwithmaturityT, andexercise price
K.Andweshallsupposetheriskfreeinterestrateisrandwewilluseacontinuously

compoundinginterest rate.

Inthestockmarket,giventhetimetstockpriceS ,thetimettheoreticaloptionprice @&

is givenbythefamousBlack-Scholesformula,

(15) @ =S o (h) -e K® (h-o (T-t) ),

where ® denotesthestandardnormal distribution function, and

(16) h = {log(S /Ke ) + (o /72)(T-t)}/{o (T-t) T
As intheprevioussection, iftheactualoptionpriceC is differentfrom ,thereisan

arbitrageopportunity.Forexample,if > C , then the strategy of sellingthestockand

buyingtheoptionwillgivesusanarbitrageopportunity.

Intheoptionmarketwearegiventhemarketpriceoftheoption C . Then,thetimet

theoreticalstockprice 8 may be obtainedimplicitlybysolving the followingequations with

respectto &

(17) C =8 o ) -e Ko (h -0 (T-t) ),

where

(18) h ={log(8 /Ke ) + (o 72)(Tt)¥{o (T-t) }.
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Inthismarket,thetradersmaybeinterestedin observing the differencebetweenthe
theoreticalstockprice 8 andtheactual stock price S .And,ifS > & ,then the strategy

ofselling the stockandbuyingtheoptionwillgiveusanarbitrageprofit.Here,ifwehave
s >8 and < C ,asintheprevioussection,wemayfacewiththeproblemofthe

market instability (See Definition2).

Of course,iftheinformationiscompletein the strongsense of Definition 1,then the both
market share thesamefuturedistributionofthestockprice. ThereforeS =8 and
& =C musthold and the markets are inthestablestate.Wewillseethatthestablestate
may be achieved even undertheweakerassumption.Andfor this purpose we will state the

following,

Definition 3. Ifbothstockandoptionmarketspossessthesameprospectofthefuture
volatilities ofthestockpriceprocesses,wesaythatthesemarketspossessthe complete
information intheweaksense.Inthiscase,thesemarketsaresaidtobe in the stateofcomplete

information intheweaksense.//

If the marketare inthestateofcompleteinformationintheweaksense,thenbothmarket
use the samevolatility value to calculate the Black-Scholes'formula; ¢ = o . Since the
optionpriceistheincreasing function of the stock price for fixedvolatilityvalues, C
holdsifandonlyifS 8 .Andthesemarketsareinthestablestate.Wehavethustrivially

provedthefollowing,

Lemma2. Supposethestockpriceprocessesaregivenby (13) and (14). Suppose also that the
stock andoptionmarketareinthestateofcompleteinformationintheweaksense.Then,the

markets arestable.//

If the assumption ofthecompleteinformationintheweaksensedoesnothold,thetrouble
may occur if @ > C and ¢ >0 or@ <C ando < o . Intheformer

case,thereisachancetohaveS < B (and@ > C ), andinthelattercase,wemay
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have S > B (and < C ).Inbothcases,themarketswillbeintheunstablestateand
the noarbitrage pricingmechanismwillbreakdown.Analyticallyobtainingtheareaof
(S .8 , 0 ,0 ) wherewe have stable state may bedifficult,butitmaybeobtained

numerically ineachcase.
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§ 4.ConcludingRemarks.

Thispaperisinconclusiveatleastintworespects.Thefirstoneisthatwehavenot
obtainedthe analyticalconditionsunder whichthemarketsarestable. Thesecondproblemis
that we didnotconductanyempiricaljustification.For the empiricalstudyofthisproblem,we
needtocollectthetrader'sperspectiveofthefuturevolatilityvalueswhichmayhavebeenused
tosetupthebasicparametersinthecomputertrading.Ortheuseoftheimpliedvolatilities
may give ussomehint.Wewillcontinuetoworkontheseissuesandwillpresenttheresult

elsewhere.
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