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Abstract

A dynamic economy with markets of equities and bonds is considered. The rational expectations
equilibrium is defined in an asset pricing model and a condition under which the Modigliani-Miller
theorem holds is shown. In an aggregate model the existence of a rational expectations equilibrium is

proved.
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I. Introduction

In this paper, a general model of a dynamic economy is presented and the equilibrium of
rational expectations for the economy is defined. In the model, we re-examine the
Modigliani-Miller theorem, which asserts that the value of a firm is independent of its
debt-equity ratio. In the context of a dynamic general equilibrium model, we will show that
the M-M theorem holds in a much more general framework. The validity of the theorem
depends heavily on the rationality of consumers’ expectations.

In the proof of the M-M theorem, which originates in the paper by Modigliani-Miller
(1958), it is usually assumed that the gross returns of a firm depend only on the state of the
economy, since the theorem is based on static equilibrium rather than dynamic analysis. Ina



dynamic economy, the profits of firms are determined depending on the behaviors of all
economic agents, especially their expectations.

The purpose of this paper is to show that M-M results are still valid in a dynamic
equilibrium of rational expectations. Also, in an aggregate model of the economy where all
consumers are identical, we prove the existence of rational expectations equilibria. Our
model is a generalization of the asset pricing model presented by Lucas (1978). Asset
pricing models have become established tools and have been applied to various analyses by
many authors, e.g., Constantinides and Duffie (1996), Brav et al. (2002), and Kocherlakota
and Pistaferri (2009).

The M-M theorem was originally proved in a static framework and was extended to the
general equilibrium model of Stiglitz (1969). Also, the theorem was considered by Diamond
(1967) and DeMarzo (1988) in dynamic economies in which expectations are not
incorporated. In this paper, the theorem will be reconsidered and proved in a general model
with rational expectations.

This paper is formulated in the following fashion. In section Il, a general model of a
dynamic economy is presented and in section 111, the equilibrium for the economy is defined.
In section 1V, a condition for the equilibrium under which the Modigliani-Miller theorem
holds is shown. In section V, an aggregate model in which all consumers are identical is
presented. In section VI, the existence of equilibria for an aggregate economy is proved and
the M-M theorem is shown to hold in the equilibrium.

Il. A General Model

In this section, we consider a general dynamic economy in which there are infinitely many
consumers and finitely many firms. The set of consumers is denoted by an atomless
measure space (4, .27 v), where 4 is the set of all consumers, .27is a o-field consisting of some
subsets of 4, and v is a measure defined on .27so that v(4)=1. On the other hand, we assume
that there are finitely many firms and the number of firms is J.

In an economy, there are » kinds of commaodities and the commaodity space is denoted by
n-dimensional Euclidian space R". We assume that all commodities can be used as
consumption goods as well as capital goods.

The consumption set of each consumer is the non-negative orthant of space R", which is
denoted by R”. The set of possible utility functions of consumers is denoted by “« The
utility function of each consumer is uncertain but is an element of % We assume that is a
set of some real-valued continuous functions defined on R” and is endowed with the topology
of uniform convergence. The family of possible production sets of firms is denoted by %/



The production set of each firm is also uncertain but is an element of 2. We assume that %~
is a set of some closed subsets of R” and is endowed with the topology of closed convergence.

Uncertainty in the economy can be described by a stochastic process. We assume that
time is discrete, and it is denoted by the set of non-negative integers, 7={0, 1, 2,---}. Let
(2, % P) be a probability space, i.e., Q is the set of all the states of nature, .#is the set of all
possible events and is a o-field consisting of some subsets of Q, and P is a probability
measure. Uncertainty in consumers’ utility functions and firms’ production sets is described
by a stochastic process {&; | t= T} defined on (2, %4 P). For each ¢, &; is a measurable
mapping denoted by

wEQ — U, Y)eX' X2
where 2" is the set of all measurable mappings from 4 to Zand 2 is a J-time product of %/
Ie.,
Z*={U | U is a measurable mapping denoted by a €4—U, <= %}
and
YI=GX oo XY,

When state  of nature occurs at period ¢, consumers’ utility functions and firms’
production sets are denoted by &/(w), say (U, Y). Then, U is a mapping, a€A4—U,E %
and value U, is the utility function of consumer a4. In addition, Y is an element of set 2
and the j-th coordinate Y; of Y is the production set of the j-th firm. We assume that
consumers’ utility functions and firms’ production sets at each period will be known at the
beginning of the period.

Suppose that a consumer has utility u, at each period =0, 1, 2,---. Let J be the discount
rate of utility, where 0<<0<<1. The sum of discounted utilities that the consumer would have

isZ&’ut . However, since his utility functions in future are uncertain, the consumer is not
t=0

able to know the levels of utilities that he will obtain in the future. Therefore, consumers
will guess future utilities and behave to maximize the sum of expected utilities. On the other
hand, firms are able to know their production sets at the beginning of each period and
production takes place within one period. Therefore, there is no uncertainty for firms and
they simply maximize their profits at each period in time.

Process {<&; | t=T} also describes a transition of uncertainty in the economy. We
assume that it is a Markov process. Let S=%* X 27 and Z(S) be the set of all Borel subsets
of S.  We denote by .ZS) the set of all measures defined on #(S), which is endowed with
weak topology.

Assumption 2.1:  There is a continuous mapping from S to.Z(S),
SES — uEH.9),



which has the following property: For each s&S, y; is a transition probability on S, i.e., for
each t<T,

us(B)=Prob{&1EB | &=s} forall BE Z(S).
More precisely, for each t=Tand s< S,

[ (BYA(P-&M)(s)=P(£(B) N €7(C))  forall B, CE ().

The existence of such a transition probability means that the uncertainty at each period does
not depend on time, but only on the state at the previous period. Therefore, if s=(U, Y)ES'is
realized at period ¢z, then the uncertainty in the economy after period ¢ depends only on s=(U,
Y). In addition, the transition of uncertainty is the same at all periods, and in this sense, the
economy is stationary. Because of this stationarity, when we describe the state of the
economy at each period, we do not have to show index “#” of time in the arguments.

IIl.  The Definition of Equilibrium

Let 2", be the set of all essentially bounded measurable functions from 4 to R!. We use
a functionin _£"_ to denote the initial holdings of commodities by consumers at each period.

Namely, for function k& 2"

o0 + 1

we denote by x(a) the amounts of commodities held by
consumer a. Let _~7 be the set of all integrable functions from 4 to R/. We use a
function in £ to denote the shares in firms owned by consumers at each period. Namely,

for function 6=(601,* - -, 6)) € £, we denote by 0;(a) the share of the j-th firm’s equity owned
1+ J

by consumer a.

Let_# be the set of all integrable functions from 4 to R. We use a function in 4 to
denote the numbers of bonds owned by consumers. Namely, for function f= 4 , p(a)
denotes the amount of bonds owned by consumer a. We denote numbers of bonds that firms

issue by vector D=(Dy, -+, D,)€ R’ , where D; is the amount of bonds that are issued by firm

j. All bonds are measured in terms of money, and the value of a unit of bond is therefore
equal to a unit of money.



The equilibrium of the economy is defined by pair {w, '}, where y is a correspondence

from 2", x £’ x £xR’ xS to R"XR’XR and V is a function from 4 X R" X R’ X RX
L x L x £xR xS tOR

Correspondence y: £ x. £ x A xR’xS — R"xR’xR is called a price

correspondence and it shows consumers’ expectations on equilibrium prices and interest rates.
Correspondence v is depicted in the following notation:

(x, 0, B, D; ) E £, x £ x £ xR xS— yl(k, 0,8 D;s)C R" xR’ xR.

Element (x, 0, B, D; s) in £, x £’ x £ xR’ xS describes a situation of the whole

economy at a period in time. Element (p, ¢, r) of set w(x, 6, B, D; s) is a vector in
R" xR! x R, where p is a vector of commodity prices, ¢ is a vector of equity prices, and  is
the interest rate of a bond. Price correspondence y describes how equilibrium prices and
interest rates depend on the situation of the economy.

Function V: AxR! x R! xR X /7' x £’ x £ xR’ xS —R is called a value function and

it shows consumers’ expectations on utilities. Function V' is depicted in the following
notation:

(a,z, e b;x, 0, B, D;s)E AfofoxR X{/;’erb/j_{ xbfijJxS

— Vilz, e, b;x, 0,5, D; s)=R.

Element (z, e, b) in R’ x R’ x R describes the state of consumer a. Value V,(z, e, b; x, 0,
B, D; s) is the expected value of utilities that consumer a can have. Value function V
describes how the expected utility of each consumer depends on his state (z, e, b) as well as
the situation (x, 6, B, D; s) of the whole economy. Since the measure space of consumers is
atomless, each consumer is negligible in the whole economy and he can therefore choose a
state (z, e, b) independently of the situation («, 6, 5, D; s) of the economy.

In order for {y, V'} to be an equilibrium of the economy, it is required in the following
definition that (p, ¢, r) in w(x, 6, B, D; s) is a vector of prices and an interest rate which
equilibrate all markets and that V,(z, e, b; x, 6, B, D; s) is the maximum expected utility that
consumer a can have when the situation of the economy is («, 6, 5, D; s).

Definition 3.1: Pair {w, V'} of a price correspondence and a value function is an equilibrium
of the economy, if {y, V} satisfies the following:



Let (x, 0, B, D, s)E £ x £ x £ xR xSand (p, q, ) Ew(k, 0, B, D; s) With
J
Lﬂdv:;Dj and L Odv =1,

where s=(U, Y)=Sand 1=(1,- -+, 1)€ R’. Then, thereexist ¢ € 2", (x, é, ,B 15) S

o+ !

L x A x AR xS, and ;€Y (=1, - -, J), which satisfy the following conditions:
(1) Firms maximize their profits, i.e., for each j=1,- -+, J,
pry; =py foraly<y,

(2) Consumers maximize their expected utilities subject to their budget constraints, i.e., for
almost all a= 4,

P (&) + (@) g+ Ola) + Bla) =prla)rg- Bay(Lrn)pla)* 36, a)(p- 5, D))
and a
Vul(a), 6(a). f(a); &, 6, . Di s)=U( é(a) J*6 [ V,(R(a), 6(a), la); &, 0. B, D )dp,
= U ()3 [ V,(z,e,b;%,0, B, D; )y,
forall (x, z, e, H)E R" X R" X R} X R with
p*(x+z2)+q-etb=p-K(a) +q* 0(a)+(1+r)p(a)+ i 0 (a)(p-y,—rD,).
(3)  All markets are in equilibrium, i.e., "

J R J . R
J.Aédv+L/2dv:LKdv+;)7j, Lﬂdv:;Dj, and J-Aé?dv:l.

IV. The Modigliani-Miller Theorem

In this section, we show a condition for value function 7 in the definition of equilibrium
under which the Modigliani-Miller theorem holds.

J
Condition 4.1: Let (x, 6, B, D, s)E 2" x £ x £xR’ xS WithL,de=ZDj and
j=1

L Odv=1. Then, foreacha<A,



Viz, e, b+e-AD; k, 0, p+60-4AD, D+AD;, $)=V,(z, e, b; k, 0, B, D; s)
forall (z,e, ))E R’ X R XRand ADE R’ .

The above condition means that consumers’ expected utilities are independent of any
change 4D of amounts of bonds issued by firms, as long as each consumer changes the
amount of bonds by e- 4D proportionally to amount e of equities he holds. The condition is
the essence of the Modigliani-Miller theorem asserting that the value of a firm is independent
of the amount of the firm’s debts. In fact, the following proposition shows how the
equilibrium prices of equities change but the prices of commodities are unchanged.

Proposition 4.1.  Let {y, V'} be an equilibrium of the economy and let us assume that value
function V satisfies Condition 4.1. If (p, ¢, r) Ew(x, 6, B, D; s), then
(p, q— 4D, r)Ey(k, 0, p+0-4D, D+4D; s) forany ADE R .

Proof: By Condition 4.1, (2) of Definition 3.1 can be rewritten in the following fashion.
For almost all a= 4,

p(&(a) +R(a) )+(g—A4D)- O(a)+ B(a) +6(a) - AD

=pK{@)+(q—AD) @)+ (L) (B(@)+0la) DY+ 3.0, (@)(p-y, ~r(D, + 4D,))

and
Vi(k(a), 6(a), p(a)+6(a)AD; k, 6, p+6+-4D, D+AD; s)
=V.(x(a), 6(a), p(a); x, 6, B, D; s)

=U(&(a))+3 [V, (R(a), 6(a). fla)ik, 0, . D; )du,
= a(x)+5J.S V (z,e,b—e-4D; &, 0, ,é D du,

:Ua(x)+5L V (z, e b; K, 0, B+ 6-4D, D + AD; Vdu,
forall (x, z, e, H)E R" X R" X R} X R with
p(x+z2)+(g—4D): etb

=p-w(a)t(q—A4D)- 6(a)+(1+r)(B(a)+0(a) - AD))+ i@,-(a)(p -y, =r(D; +4D)).

J=1

Moreover, we obviously have
~ J ~
L (B+6-AD)dv =;(Dj +4D,).

This implies that (p, g —4D, r)=Sw(k, 0, p+6-4D, D+AD; s). Q.E.D.



Let {w, V} be an equilibrium of the economy. If (p, q, r)Ewl(k, 6, B, D; s), the values of
firms are defined by ¢+D. Therefore, Proposition 4.1 implies that the prices of firms’
equities become ¢ — 4D if the amounts of firms’ debts change by 4D. After D changes, the
values of firms are (g —4D)+ (D+4D)=q+D. Thus, the values of firms are unchanged and
independent of the amounts of firms’ debts.

In addition, price p of commodities and interest rate » remain constant. Moreover, since
Valx(a), 0(a), p(a)+0(a)-AD; k, 0, f+6-AD, D+AD; s)=V,(x(a), 6(a), B(a); k, O, B, D; s) for
each a=4, all consumers can attain the same level of expected utility after D changes.
Hence, Proposition 4.1 implies that the equilibrium of the economy is not affected by change
of D, which is a theorem originally proved by Modigliani and Miller (1958) and extended to
the framework of general equilibrium by Stiglitz (1989).

V. An Aggregate Economy

In this section we consider a simplified economy where there are many, but identical
consumers and prove the existence of an equilibrium for the economy. In what follows,
since we assume that the consumers in the economy are all identical, we have only to consider
the behavior of a representative consumer. Such an aggregate model of the economy is
useful particularly for macroeconomic analyses.

The utility functions of consumers are denoted by a mapping U:4— %; which is an element
of set . We assume that the utility functions of all consumers are the same, and that
mapping U is constant, i.e., for some u& %, U(a)=u for all a= 4. Therefore, we can regard
%" as %. Thus, in this section we assume that S=%X %7, and Assumption 2.1 holds for set
S'in this case.

Moreover, we assume that consumers are all in the same situation, and that their holdings
of commodities, equities, and bonds are the same. The amounts of commodities held by

consumers are described by function x:4— R which is an element of set 2" . When

consumers have the same amounts of commodities, then function x is constant, i.e., for some

k€ R}, k(a)=k foralla=A4. Therefore, we canregard 2" asR!.

Equity holdings by consumers are denoted by a function 6:4— R’ which is an element of

set_# . Since the total equity of each firm is assumed to be unity, when all consumers have

the same amounts of equities, #(a)=1 for all a=4. Thus, function & can be regarded as



vector 1€ R/, and we can omit showing it.

The numbers of bonds held by consumers are described by a function g:4A—R, which is an
element of set_#7. When all consumers have the same amounts of bonds, then function f is
constant, i.e., for some BER, f(a)=B for all a=A. Therefore, we can regard_#] as R.

By the above simplification, a macro-state (x, 6, g, D; U, Y) of the economy can be
depicted in the aggregate economy by an element (k, B, D; u, Y)E R" XRX R’ X X %/,
By this procedure, we can define a price correspondence and a value function for a
representative consumer in the following fashion.

Define price correspondence y by

(k, B, D; s)€ R! xRxR’ xS — wy(k,B,D;s)C R" xR’ xR,
where s=(u, Y). Also, define a value function " by
(z, e, b;k,B,D; s)E R' xR x RxR' xRx R’ xS — Wz, e, b; k, B, D; s)ER.

We can now define an equilibrium for the aggregate economy. Definition 3.1 is reduced

to the following.

Definition 5.1: Pair {y, V} of a price correspondence and a value function is called an
equilibrium for the aggregate economy, if {y, V'} has the following property:

J
Let (k, B, D)E R xRxR’, s=(u, Y)ES, and (p, q, ¥) Ew(k, B, D; s) with B= ZDJ . Then,

=
there exist % € R’, (k, B,D) € R'xRxR’, and 3, €Y, (j=1,-+-, J), which satisfy the

following conditions:
(1) Firms maximize their profits, i.e., for each j=1,- -+, J,

pry; =py foralysy,
(2) Consumers maximize their expected utilities subject to their budget constraints, i.e.,
~ ~ J
pr(k+k)+tq-1+ B =p-k+q-1+(1+9B+) (p-y,—rD,),
=

and

V(k, 1, B: k, B, D; s)=u( %)+ L V(k,1, Bk, B,D;")dyu,

Zu(x)+5L V(z, e, b; k, B, D; )du,
forall (x,z, e, b))E R xR’ ><R+J x R with
J
p-(xtz)+q-etb=p-k+q-1+(1+r)B+ (p-3,—rD,).

J=1

(3) All markets are in equilibrium, i.e.,



£+l€:k+ijzj and E:i[)j .
=

J=1

J
From (2) in the above definition, since B:ZDJ. , We can easily see that interest rate » is
j=1

indeterminate and can be any number. The indeterminacy of interest rate is a peculiar
phenomenon of the aggregate economy, where each agent virtually borrows from himself.

In what follows, we state the assumptions that ensure the existence of an equilibrium for
the aggregate economy. For set % of utility functions and family £ of production sets, we
assume the following.

Assumption 5.1: Letue %. Then, u has the following properties.

(1) uisacontinuous and concave function.

(2) uis amonotone increasing function, i.e., if x>x" and x=x", then u(x)>u(x).
3) u(0Q)=0.

(4) There exists a number ¢, >0 suchthat xe R implies |u(x)|<g,.

Assumption 5.2:  LetY=(Y1, -++,Y)eZ”’. Then,Y has the following properties.
(1) Y;isaclosed and convex subset of R".

(2) Y, nRI={0}.

(3) There exists anumber & >0 suchthat y€Y; implies || y||<¢;.

Under the above assumptions, we have the following theorem on the existence of an
equilibrium for the aggregate economy, which includes a condition corresponding to
Condition 4.1.

Theorem 5.1: Under Assumptions 5.1 and 5.2, there exists an equilibrium {y, '} for the
aggregate economy that has the following properties.
(1) Value function ¥ is continuous and bounded and V{(z, e, b; k, B, D; s) is monotone
non-decreasing and concave in (z, e, b).
J
(2) Let(k B, D;s)eR! xRxR’ xS andB=)_D,. Then
=l
Wz, e, b+e-AD; k, B+1-AD, D+AD; s)=V(z, e, b; k, B, D; s)
forall (z,e, b)e R" xR/ xR and 4De R’ .

10



In the above theorem, value function ¥ satisfies condition (2), which corresponds to
Condition 4.1, and the M-M theorem therefore holds in the aggregate model.

V1. Proof of Theorem 5.1

In this section, we will prove Theorem 5.1. The proof of the theorem is a modification of
the arguments in Takekuma (1990).

Let <~ be the space of all bounded continuous functions defined on R” x R/ xS. For each
We ¢+, define function MW on R’ xR xS by

MWk, e; s)=sup {u(x) +5J.S W(z, e )du |xeR!,zeR], y, €Y, (j=1,---,J),

J
xtz=k+3 ;v },
=

where s=(u, Y)eS and Y=(11,* - -, ¥)).
The following two lemmas are the same as Lemmas 6.1 and 6.2 in Takekuma (1990), and
we will omit their proofs.

Lemma 6.1: For any We &~ MW is a function that has the following properties.

(1) MWe€+ i.e., MW is a continuous and bounded function.

(2) If W(z, e; s) is monotone non-decreasing and concave in (z, e), then so is MW(z, e; s) in
(z, e).

(3) 1t W(Q, e; s)=0 for all (e; s), then MW(Q, e; 5)=0 for all (e; s).

By (1) of the above lemma, we have a mapping,
We e — MWe £,
which is denoted by M:&~— <% This mapping has the following property.

Lemma 6.2: There exists a unique function ;e €~ that has the following properties.
(1) Wy is a fixed-point of mapping M, i.e., Wo=MW,.
(2) Foreach s, Wy(z, e; s) is monotone non-decreasing and concave in (z, e).
(3) Wou(0, e; 5)=0 for all e and s.
Let ke R’ and s=(u, Y)eS where Y=(Y1,- -+, Y)). Since Wo=MW,, by Assumptions 5.1

and 5.2, there exist xe R”, ke R!,and y, €Y, (=1, --,J)such that

11



~ ~ J
Wolk, L; s)=u(®) + 5[ Wy(k,1;)du, and f+k=k+>5,. (6.1)
=1

J
Next, let (B, D)e Rx R’ with B=) D, and define subset &(k, B, D; s) of R" xR’ by

j1

&k, B, D; 5)={(p, g) Rx R’ |
Wolk, 1; s)+B—1-D= u(x)+5jS W,(z, ;") +b—eD)dy,
forall (x,z, e, b))E R xR’ ><R+J x Rwith

J
pr(xt2)tqretb—1-D=p-k+q-1+ ) supp-Y,}. (6.2)
=1

Lemma 6.3.  ®(k, B, D; s)# ¢.

Proof: Define two subsets Fand G of R" xR’ xR by
F={(w, e, m)| w=x+z, m=b—e* D,

u(x) + 5]5 (W,(z, €;*) + b—e*D)du, > Wo(k, L; s)+B—1-D}

J
G={(w, e, m)| w=k+ Zyj forsome y. eY, (j=1, ---,J), e=1, m=0}.

=
By (6.1) and Assumption 5.1 (2), we can show that F= ¢. Also, Assumption 5.2 (2) implies
that G= ¢ . The convexity of F and G follows from Lemma 6.2 (2) and Assumptions 5.1 (1)

and 5.2 (1).

Suppose that F NG # ¢ . Then, there exist x', z', »', and y,eY, (j=1, -+, J) such

that

u(x’) +5L Wy(z',1,*) +b' =1 D)du, > Wo(k, 1; s)+B—1-D,
J

x'+z':k+2y; ,and »"—1-D=0.
=1

J
atis, u(x')+ 2, L )du, >Wok, 1; s) and x"+z'=k+ ) y'. Since Wo=MW,, we
That S| Wo(2 L )du, >Wolk, 1 d k ' Since Wo=MW,
=1

have a contradiction to the definition of mapping W,. Hence, FNG=4¢.

By a separation theorem, there exists a vector (p, g)e R" xR’ such that vector (p, g, 1)
separates sets F and G, that is,

J
p'w+q'e+m§p'(k+2yj )tq:1 forall(w,e,m)EFand y €Y, (j=1,--,J).
j=1

Since u is monotone increasing and W, is monotone non-decreasing, p >0, and g=0. Also,

12



the above inequality implies that
J
pwtqretm=p-k+q-1l+ ZSupp Y, forall (w, e, m)EF. (6.3)
Jj=1
Suppose that equality in (6.3) holds for some (w, e, m) €F. Then, there exist x', z', €',
and 5" so that

u(x')+o L W, (2, ¢;*)+b —e'*D)du, > Wolk, 1; s)+B—1-D
and
p (X' +z')+q ' +b' —1-D=p-k+q-1 +iSUDp-Y1 :
=]
However, by decreasing 5" slightly, we have a contradiction to (6.3). Therefore, we have

J
proved that p-w+q-et+m > p-k+q- 1+ Zsupp Y, forall (w, e, m) EF, that s,

j=1
Wolk, L; s)+B—L1-DZu()+3 [ (Wy(z, ;) +b—e*D)dy,
forall (x,z, e, b))E R xR’ ><R+J x Rwith
J
pr(ct2)+qre+b—1-D=p-k+q-1+y supp-Y,,
=1

which implies that (p, g) € @(k, B, D; s). Q.E.D.

By Lemma 6.3 we have a correspondence,
(k, B,D;s)E R' xRxR’ xS — @k, B,D;s)C R"xR’,
J
where B:ZDJ. . Thus, we can define correspondence y: R x Rx R’ xS —R" xR’ xR by

J=1

w(k, B, D; s)=®(k, B, D; s) XR,

J
where B=) D, . Also, let us define function V: R! x R} x Rx R} xR/ x Rx R’ xS —R by

j=

V(z, e, b; k, B, D; s)=Wy(z, e; s)*b—e"*D.
Then, obviously, 7 is continuous and bounded. Also, by Lemma 6.2 and the definition of 7,
we can easily check that function 7 has properties (1) and (2) in Theorem 5.1. It remains to
be shown that {w, 7'} is an equilibrium for the aggregate economy in the sense of Definition
5.1

Lemma 6.4: If (p, q, r)=Ew(k, B, D; s), then

Vk, 1, B, k, B, D; s)=u(%)+d | V(k,1 B;k,B, D;")du,
S S
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Zu(x)+5L V(z, e,b;lg,B,D; Vdu,
forall (x,z, e, b))E R xR’ ><R+J x Rwith

J
pr(x+2)+q-etb=p-k +q'l+(l+r)B+Z(Supp~Yj —rD,).

J=1

Proof:  Since (p, q) € @(k, B, D; s), from (6.2) it follows that
Wolk, L; s)+B—L1-DZu()+3 [ (Wy(z, ;) +b—e*D)du,
forall (x, z, e, b) € R" x R" x R/ x Rwith
pr(e2)rqretb—1DZpk+q L+ Y sup p-Y,.
=]

Since B=1:- D, the definition of function " and (6.1) and (6.2) imply that
V(k, 1, B; k, B, D; s)=Wy(k, 1; s) +B—1-D

=u(®)+ 5[ (kL) + B~LD)dp,
—u(3) + 5]5 V(k,1,B;k, B, D;")du,
= u(x) +5L W,(z, €;*) +b—e*D)du,

=u(x)+ é'J.S V(z, e,b;lg,B,D; Ydu,
forall (x, z, e, b)e R" x R x R! x Rwith

J
p(x+2)+q etb=p-k+q-1+(1+r)B+ z (supp-Y,—rD,). Q.E.D.

j=1

Put 3=Band D=D. Then, by (6.1) we have
n J J
p (X+2)+q-1+ B —1:-D=p-(k+ Y p;)*q-1=p-k+q-1+ supp-Y,.
j=1 -1

Suppose that strict inequality holds in the above. Then, by increasing x slightly,
Assumption 5.1 (2) immediately implies a contradiction to Lemma 6.4. Therefore, equality
holds in the above, and we have

J J
Y= sunp Y,
j=1 =1

which implies (1) of Definition 5.1. Thus, Lemma 6.4 implies (2) of Definition 5.1. (3) of
Definition 5.1 also follows from (6.1). This completes the proof of Theorem 5.1.
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