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Abstract. We study centroaffine minimal surfaces with non-semisimple cen-
troaffine T'chebychev operator and classify such surfaces with constant cen-
troaffine curvature. We also study the center map of such surfaces and show
that it becomes a centroaffine surface if and only if the centroaffine curvature
is not equal to 1.
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1. Introduction

Centroaffine minimal surfaces are an interesting class of surfaces in centroaffine dif-
ferential geometry, which was originally defined for centroaffine hypersurfaces by
Wang [16] as extremals for the area integral of the centroaffine metric. In particu-
lar, such surfaces include proper affine spheres centered at the origin. Centroaffine
minimal surfaces are also characterized by centroaffine surfaces whose trace of
the centroaffine Tchebychev operator vanishes. Liu and Wang [7] classified cen-
troaffine surfaces with vanishing centroaffine Tchebychev operator, so that they
gave fundamental examples of centroaffine minimal surfaces.

On the other hand, there seems to be only a few examples of centroaffine mini-
mal surfaces with non-vanishing centroaffine T'chebychev operator. The first exam-
ples of such surfaces were obtained by Vrancken [15], who investigated centroaffine
minimal surfaces whose centroaffine T'chebychev vector field is an eigenvector of the
centroaffine Tchebychev operator. The author [2] classified centroaffine minimal
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surfaces with constant centroaffine curvature under some condition on cubic dif-
ferentials and gave other examples. Liu and Jung [6] showed that the centroaffine
curvature of indefinite centroaffine minimal surfaces with vanishing generalized
Pick function is equal to 0 or 1. Following their result, the author [3] classified
centroaffine minimal surfaces whose centroaffine curvature and Pick function are
constants, which also gave classification of centroaffine minimal surfaces whose
centroaffine curvature and generalized Pick function are constants. In particular,
some of the surfaces obtained there gave also other examples.

In this paper, we study centroaffine minimal surfaces with non-semisimple
centroaffine Tchebychev operator, called non-semisimple centroaffine minimal sur-
faces, and classify such surfaces with constant centroaffine curvature. In particular,
we show that if the centroaffine curvature of non-semisimple centroaffine minimal
surfaces is a constant then it is equal to 0 or 1. Note that the centroaffine Tcheby-
chev operator is symmetric with respect to the centroaffine metric so that the
condition that the surface is non-semisimple implies that the centroaffine metric
is indefinite. As an application of our classification result, we also study the cen-
ter map of non-semisimple centroaffine minimal surfaces, which was introduced for
affine hypersurfaces by Furuhata and Vrancken [4] as a generalization of the center
of proper affine hyperspheres. In particular, we show that the center map of such
surfaces becomes a centroaffine surface if and only if the centroaffine curvature is
not equal to 1.

In [4] they studied affine hypersurfaces whose center map is centroaffine con-
gruent with the original hypersurfaces, called to be self congruent. In particular,
they showed that the center map of a definite centroaffine surface in the Euclidean
3-space which is not a proper affine sphere centered at the origin is self congru-
ent if and only if the centroaffine Tchebychev operator vanishes. In the Appendix
we consider the indefinite case and determine indefinite centroaffine surfaces with
vanishing centroaffine Tchebychev operator whose center map is self congruent.
In contrast to the definite case, we have examples whose center map is not self
congruent.

2. Affine surfaces and the center map

Any affine surface f is given locally by a smooth immersion from a 2-dimensional
domain to the Euclidean 3-space R? equipped with a transversal vector field £ on
f. We denote the standard inner product on R? by (-, -). Then taking coordinates
(z1,22) on f, we have the following Gauss equations:

foiz; = F}jfml +P?jfm2 + (fziz;smn (i,5 =1,2), (2.1)

where 7 is the unit normal to f and Ffj (4,4, k = 1,2) are the Christoffel symbols
defined by

2
1 i _
I = 3 > 9" (g + gjvi — 9ija)s 9ij = Fao Fay)s (97) = (95) " (2.2)
=1
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On the other hand, f;,.; (i,j = 1,2) are also expressed by a linear combination
of fz,, fz, and &:

Foiwy =Tijfor + T3 oy + 1(0n,, 00)) (i, =1,2). (2:3)

Hence ¢ induces the torsion free affine connection V, the symmetric (0, 2)-tensor
field h, and the volume form 6 defined by

fa
0(0y,,0s,) = det [ fu, | - (2.4)
3

Note that from (2.3) we have

and (£, n) does not vanish since ¢ is transversal to f. Hence h becomes a definite or
indefinite metric, called the affine metric, if and only if f has positive or negative
Euclidean Gaussian curvature, respectively. Moreover, h induces the volume form
w defined by

w(X1, Xa) = |det(h(X,, X;))['/?, (2.6)

where X; and X, are vector fields on f such that (X, X5) = 1.
From now on and throughout the rest of the paper, we assume that the surface
has negative Euclidean Gaussian curvature, which is equivalent to saying that the

centroaffine metric, and hence also the Blaschke metric are indefinite. Then we
can take asymptotic line coordinates (u,v) for (z1,x2), so that (2.1) becomes

fuu = F%lfu + F%Lfva fuv = F%qu + F%2fv + an fvv = F%qu + F%va, (27)
where M = (fuy,n). Moreover we have the following Weingarten equations:

__FM, EM ., _GM . FM
T EG—P*T  EG—"T T EG— 2 T BEG—F

where £ = <fu7fu>7 F= <fmfv> and G = <fv7fv>'

Ny

2fv’ (2'8)

Proposition 2.1. There exists a unique & up to sign such that VO =0 and 0 = w.
Choosing the orientation of f such that

fu
det | £, | = VEG - F2, (2.9)
n
we have
>\v )\u 1/4
gz_ﬁfufﬁfv*')‘na )‘:i(iK) s (210)

where K is the Fuclidean Gaussian curvature of f.
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Proof. We choose the orientation of f as above and put £ = (fu + nfy + An for
some functions ¢,n and A on f. Assume that V0 = 0 and 6 = w. Then from (2.4)
and (2.9), we have

fu
0(0y,0,) = Adet | f, | = \WEG — F2. (2.11)
n

Since (u,v) are asymptotic coordinates, from (2.5) we have

M
B0y ) = h(D0,0,) = 0, h(0u,0,) = -, (2.12)

so that from (2.6) we have

A
where ¢ = 1 or ¢ = =1 if (9, 0y) > 0 or (0, 0y) < 0 respectively. Since § = w,
if we combine (2.11) and (2.13), A is given by the second equation of (2.10).

On the other hand, from (2.3), (2.7), (2.8) and (2.11), we have

W(Oy,0y) =€ ) (2.13)

(Voub) (0, 0,) = a 0(0u,0) — 0(Vo,04,0,) — 0(0u, Vo, ) (2.14)
X X fu
{ AL, 412, 71— r@)} det | £, | . (2.15)
Since V6 = 0, we have
A+ AT + T2, —T1, - T%,) =0. (2.16)
Note that from (2.3), (2.7) and (2.12), we have
. . M
If, =T1, I+ Tﬂ =T, (2.17)
Hence from (2.16) and (2.17), 7 is given by the coefficient of f,, of the first equation
of (2.10). We can carry out a similar computation for (. (]

Let £ be as in Proposition 2.1. The line through each point of f in the
direction of ¢ is called the equiaffine normal line, which is independent of the sign
of £. From (2.7), (2.8) and (2.10), it is easy to see that &, and &, are expressed by

a linear combination of f, and f,:
fu)
2.18
s(7 218)

©)--
&o

where S is a 2 X 2 matrix-valued function on f, called the equiaffine shape operator.
If S is a zero matrix, f is called an improper affine sphere. If S = ul for some
€ R\ {0}, where I is the identity matrix, f is called a proper affine sphere. In
particular, affine spheres with flat Blaschke metric were classified by Magid and

Ryan [8]. Affine spheres with constant curvature Blaschke metric were classified
by Simon [11]. See [9] for more about affine spheres as well as affine differential
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geometry. It is obvious to see that f is an improper affine sphere if and only if £
is a constant vector, i.e., the equiaffine normals are parallel. On the other hand,
we have the following:

Proposition 2.2. The affine surface f is a proper affine sphere if and only if the
equiaffine normals meet at one point.

Proof. Let f be a proper affine sphere, i.e., S = ul for some p € R\ {0}. We
define a map Z by

Z=f+ lg. (2.19)
7

Then it is easy to see that from (2.18) we have Z, = Z, = 0. Hence Z is a
constant vector and the equiaffine normals meet at Z. We can also prove the

converse easily. O

The point where the equiaffine normals of proper affine spheres meet is called
the center, which can be generalized to a map for affine surfaces as follows. We
decompose f as

f=sfuttfo+rE=2Z+7E, (2.20)
where s,t and r are functions on f and Z is an R3-valued function tangent to f.
In particular, r is called the equiaffine support function from the origin.

Proposition 2.3. The affine surface f is a proper affine sphere centered at the
origin if and only if v is a non-zero constant.

Proof. From (2.3) and (2.12), differentiating (2.20) by u and v, and taking the
coefficient of £, we have

tM M
e =0, ST+7~U:0. (2.21)
If r is a non-zero constant, from (2.21) we have s = t = 0. Hence from (2.20) we

have

f—-réE=2=0, (2.22)
that is, f is a proper affine sphere centered at the origin. We can also prove the
converse easily. (I

After Furuhata and Vrancken [4], we call Z the center map. See also [5, 12, 13]
for more about related topics.

3. The fundamental equations for centroaffine surfaces

We assume that the surface f as in Section 2 is a centroaffine surface, i.e., the
position vector f is transversal to the tangent plane at each point. We take — f
as a transversal vector field on f. Then we have the centroaffine metric h, which

satisfies M
h(Dy, Oy) = h(Dy,8,) = 0, h(Dy,0y) = ——. 3.1
( ) = h( ) ( ) Fo (3.1)
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The absolute value of (f,n) is the distance from the origin of R? to the tangent
plane, called the Euclidean support function, which we denote by d. In the follow-
ing, we choose n such that d = (f,n). If we compute fyu, and fyy, using (2.7)
and (2.8) and compare the coefficient of n, we have
'yM =T,M + M,. (3.2)
Then from (2.2) it is straightforward to see that
GE, - 2FF, +2FFE, — EG,

M, = 3(EG — F?) M (3.3)
and hence v )
24, M
< > + 12 =0, (3.4)
VEG—-F?), VEG— F?

which gives I'?, in terms of the Gaussian curvature K. We can carry out a similar
computation as above for I'l, and obtain
1K, 1K,
F§2:—va F%zz—if- (3.5)
Therefore if we put ¢ = h(dy,d,), from the second equations of (2.7) and (3.1),
and (3.5), we have
1K, 1K,

fu = =3 fu g 1o~ i (36)
On the other hand, from (2.8) we have
EM? FM? GM?>
) = g (et = —pg_po el =ge_m G7)
and hence
2 Mt
<nuvnu><nv7nv> - (nmnv) = BG _F2 (3.8)

which shows that n,,n, and n are linearly independent. Then from (2.8), the
second equation of (3.1), (3.7) and (3.8), it is straightforward to see that

Gd, + Fd, Fd, + Ed,

== ™t aE

Note that we have the same equation as (3.9) even if we choose n such that

d = —(f,n). Combining (3.6) and (3.9), we have one of the Gauss equations for
the centroaffine surface f:

d'l) du
ny +dn = @fu + @fu + dn. (3.9)

fuv = =@ f + pofu + pufo, (310)
where . .
P=-7 log (_d4> . (3.11)
It is easy to see that
2 4
X fu f
—oa = det | fo det | fu | . (3.12)
f’U/U fv



Non-semisimple centroaffine minimal surfaces 7

so that p is an equicentroaffine invariant, i.e., an invariant under equiaffine trans-
formations fixing the origin. Moreover, centroaffine transformations, i.e., affine
transformations fixing the origin, preserve the property that p is a constant, which
was discovered by Tzitzéica [14].

Proposition 3.1. The center map Z and the equiaffine support function r is given

by
Ay Ry R — (3.13)
4 P
Proof. Tt is straightforward to see from (2.10), (2.20), the second equation of (3.1),
(3.9) and (3.11). 0

Corollary 3.2. The centroaffine surface f is a proper affine sphere centered at the
origin if and only if p is a constant.

Proof. Tt is obvious by Propositions 2.3 and 3.1. O

In order to obtain the remaining Gauss equations, we write the first and the
third equations of (2.7) as

b
Fuu=Thifu+ %fv, foo =Thafo + _fu (3.14)
where
f f f f
a=pdet | fu /det ful, b=¢det | fo /det fol- (3.15)
fuu f'U fU'U fu

Then the cubic differentials adu® and bdv® are centroaffine invariants. If we com-
pute fuvus fuuv OF fuvw, fovu using (3.10) and (3.14) and compare the coefficient
of f, we have

Now the integrability conditions for (3.10) and (3.14) with (3.16) are easy to
compute. Therefore as can be seen in [10], we can summarize as follows.

Proposition 3.3. The Gauss equations for the centroaffine surface f are

. b
uu — ( +pu> fu‘i’gfv, fuv = *¢f+pvfu+pufv; Jov = (SD +,0v) Jot—fu

(3.17)
with the integrability conditions:

ab
(10g “PDuv = —¥ - E + PupPv, Ay + PuPu = Puutp, by + PoPv = PovP- (318)
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4. Non-semisimple centroaffine minimal surfaces with constant
centroaffine curvature

The surface f is called to be centroaffine minimal if it extremizes the area integral of
iL, which is known to be equivalent to the condition that the trace of the centroaffine
Tchebychev operator vanishes. Let V be the connection induced by the immersion
f and V the Levi-Civita connection of h. It is easy to see that the Christoffel
symbols ffj (i,7,k = 1,2) for V with respect to (u,v) vanish except

[l o= %u p2 _Pv 41
S (4.1)
We denote V — V by C, which defines a (1, 2)-tensor field. From (3.17) and (4.1),

it is obvious to see that
b
C(azuau) = puau+%av; O(aluav) = pvau+puava C(av;av) = ;au‘i“pvav (42)
Then the centroaffine Tchebychev vector field T' is computed as

1 Pu Pu
T =—tr,C = —0, + —9, = grad,,p. 4.3)
5 ” ” h (
From the second and the third equations of (3.18) and (4.1), the centroaffine

Tchebychev operator VT is computed as
= Puv ay = by, Puv
VT (0y) =—0, +—50y, VI'(0y) = —50u + —0y. 4.4
(0u) " 2 (0v) 2 " (4.4)

Hence f is centroaffine minimal if and only if p,, = 0. Centroaffine surfaces such
that VT is proportional to the identity are called to be centroaffine Tchebychev.
In particular, f is centroaffine minimal and centroaffine Tchebychev if and only if
VT =0, i.e., puy = ay = by = 0. Such surfaces were classified by Liu and Wang
[7], and include proper affine spheres centered at the origin by Corollary 3.2 and
the second and the third equations of (3.18). The centroaffine scalar curvature x
is given by

_ (log [#[)uv

2

Centroaffine Tchebychev surfaces with constant x were classified by Binder [1].
In the previous paper, the author [2] classified centroaffine minimal surfaces with
constant k, a = b and p = cyu + cov + ¢3 for ¢1,co,c3 € R.

(4.5)

Definition 4.1. A centroaffine surface is called to be semisimple if and only if the
centroaffine Tchebychev operator is semisimple.

Assume that f is a non-semisimple centroaffine minimal surface. Then chang-
ing the asymptotic line coordinates (u,v), if necessary, we may assume that p =
c1u + cov + ¢3 for some ¢q, ca,c35 € R, a,, # 0 and b, = 0. In particular, b = b(v).
Then from (3.18) and (4.5), we have

ab
(k=1)p— E +c1ca =0, a, +c10, =0, cap0, = 0. (4.6)
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Lemma 4.2. If k is a constant, then k = 0, 1; for k = 0 we say that f is centroaffine

flat.

Proof. From the third equation of (4.6), we have ¢, =0 or ¢y = 0.

In the case of ¢, = 0, from (4.5) we have k = 0.

In the case of co = 0, if kK # 0, (4.5) becomes the Liouville equation, whose
solution is given by

2 p?LqU
p=———— 4.7
% () + ()7 7
such that p,, g, # 0. Then the second equation of (4.6) becomes
2 2p2¢,
£ Lp+9? (p+9)

which can be integrated as
2c; { Puu pi }
a=—9— + + w(u). 4.9
£ L pta (p+a)? ) 19)

Assume that x # 1. Since co = 0, from the first equation of (4.6), we have b # 0.
Then from the first equation of (4.6), (4.7) and (4.9), we have

8(1—r)pdgd 2c
%T = 1{ —puu(p+q)° +pa(p+9)*} + wp+q)°. (4.10)

Since b = b(v), p = p(u), ¢ = q(v) and w = w(u), we have

6
8(1 - k) g3
——— = Z (4.11)
for some ay, . ..,as € R. Substituting (4.11) into (4.10) and comparing the coef-
ficients of ¢%, ¢° and ¢*, we have
2c 10c

agp;, = w, asp, = —fpuu +6pw, aup, = —7119 P+ pu +15p°w. (4.12)

Then we have 9
c
(ay — Basp 4 15a6p°)py = —. (4.13)

Since a,, # 0, from the second equation of (4.6), we ﬁave c1 # 0. Hence we have
ay — 5asp + 15a6p? # 0. Then from (4.13) it is easy to see that
200% —as + 6agp

k2 (o — Basp + 15a6p?)3
From the second equation of (4.12), (4.13) and (4.14), it is straightforward to see
that

288ap — 48a5 = 0. (4.15)

Since p is not a constant, we have as = ag = 0. Hence from (4.10), the first
equation of (4.12), (4.13) and (4.14), we have

8(1— k) g3

pove i il s )", (4.16)
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which is a contradiction. Therefore we have xk = 1. O

Theorem 4.3. Let f be a flat non-semisimple centroaffine minimal surface. Then
changing the coordinates, if necessary, we have ¢ =1, b= a/v and

v 1, caf? s B 1
S ot oty 4.17
(a, p) ( = o +02> ,( 2 vestae +5U+6U+CQ , ( )

where a, 3,¢1 € R\ {0} and ¢z € R.
Proof. Since k = 0 and f is non-semisimple, changing the coordinates, if necessary,
we may assume that ¢ = 1, a,, # 0 and b = b(v). Moreover, since p,, = 0, we have
p = p(u) + q(v). Then (3.18) becomes

—-1—ab + PuGv = 0, ay = Puus Qoo = 0. (418)
From the third equation of (4.18), we have ¢, = [ for some 3 € R. Then the first
equation of (4.18) becomes

—1—ab+ Bp, = 0. (4.19)

If b= 0, from (4.19) we have p, = 1/5 # 0, which contradicts the second equation
of (4.18) since a, # 0. Hence we have b # 0.
From the second equation of (4.18), we have

a = Pyt + w(u), (4.20)
so that (4.19) becomes
—1 — pyuubv — wb + Bp, = 0. (4.21)
Since b = b(v), differentiating (4.21) by u, we have
— PV — Wy b 4+ Bpyyw = 0. (4.22)

Note that (4.21) and (4.22) are equivalent to

(e ) (0)= (5 ) o

If Py Wy # Puunw, from (4.23) both bv and b are constants. Hence we have b = 0,
which is a contradiction. Therefore we have p,,w, = puuwww, which can be solved
as W = Py, for some é € R. Then (4.20) becomes

a = puu(v + ¢). (4.24)

Using translation of the coordinate v, if necessary, we may assume that ¢ = 0.
Then (4.21) becomes

—1 — puubv + Bp, = 0. (4.25)
Note that py,, # 0 since a, # 0. Moreover since b # 0, from (4.25) we have b = /v
for some o € R\ {0}. Hence (4.25) becomes

APy — Bpu +1 =0, (4.26)
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which can be solved as

1
él—l—égu—%uz if 5 =0,
p= . 1 (4.27)
61+6263“+Bu if 6#£0

for some ¢1, ¢ € R. Note that é; # 0 if § # 0, since py, # 0. Using translation of
the coordinate u, if necessary, we have (4.17). O

Remark 4.4. The author [3] classified centroaffine minimal surfaces whose cen-
troaffine curvature and Pick function are constants. The Pick function J is com-
puted as
J= o) = 2t & (429
2 @ @
In the case of Theorem 4.3, we have

1
(_/U7_u2 +027_1> )
a 2«
40152 B8

2 1
(C1ﬁ2 vegu,cwg“—i—fu-i-ﬁv-i-cza e“u+3> :
o B @

(a,p,J) = (4.29)

In particular, the former case was also obtained in [3].

Remark 4.5. Liu and Jung [6] studied indefinite centroaffine minimal surfaces with
constant centroaffine curvature and vanishing generalized Pick function. If we de-
note the traceless part of the (1, 2)-tensor field C' by C, we have

C(X,Y)=C(X,Y) - %(E(T, X)Y + (T, Y)X + h(X,Y)T) (4.30)
for vector fields X and Y on f. From (4.2) and (4.3), we have
C(Dy,0y) = gav, C(04,8y) = 0, C(By,8y) = gau. (4.31)

Then from (4.3), (4.29) and (4.31), the generalized Pick function .J in [6] is com-
puted as

ab
e
In the case of Theorem 4.3, we have

1
(_,Ua 771/'2 + C2, 1) )
- a2«

(avp?‘]) =

T L~ 3Pqu 3 2
J==|C)? = R — g — 2T 4.32
SlCl S STl (4.32)

, , (4.33)
af’ s, s, 1 ap® s,
sveat,crea + —u+ v+ cg, ——ea" ).
« I6] «

It was proved in [3] that if f is a centroaffine minimal surfaces with constant &,
then J is a constant if and only if J is a constant.
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Theorem 4.6. Let f be a non-semisimple centroaffine minimal surface with k = 1.
Then f is given by a ruled surface:

[ =4 +yA, (4.34)
where A is an R3-valued function of x such that
A d A
det | A, | #0, d—det A | #0. (4.35)
Aza v Az

Proof. As in the proof of Lemma 4.2, we may assume that p = c;u + c3 for some
1 € R\ {0} and ¢3 € R. Moreover, by a similar argument as in the proof of
Lemma 4.2, we have b = 0. Then (3.17) becomes

u a v
Juuw = (<p+cl> Jut+ —fo, fuv = —f +c1fv, fvvzﬂ v (4.36)
¥ P 14
Moreover, from (4.7) and (4.9), we have
2pugo { Puu Pﬁ }
=— , a=2c114— + +w(u). 4.37
(p+4q)? U RN CEE v (437
From the third equation of (4.36) and the first equation of (4.37), we have
~ N qu ~
fo=Au)p, f=A(u + B(u), 4.38
(e, § = A2 + B(w) (1.39)

where A and B are R3-valued functions of u. Then the second equation of (4.36)
becomes

" . C Wy - .
App+ Ap, = —¢ (A Pu_ B> +c1Ap (4.39)
p+q
and hence
B=—A,+ <p““ + cl) A. (4.40)
Pu
From the second equation of (4.38) and (4.40), we have
Q 2py, Duu 1
fAu+( —+c>A, 4.41
p+a  pu (441

which implies that f is given in the form of (4.34).
Conversely, if f is given by (4.34), we have

fy=A, fo=Aw +yAs. (4.42)

Hence if the first equation of (4.35) is satisified, f becomes a centroaffine surface.
Then from (4.34) and (4.42), we have

fyy =0, f:cy = _yfy +f (4-43)
and hence
h(0y,0y) =0, h(0z,0y) = —1, (4.44)
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which implies that f is indefinite. Moreover, from (4.34) and (4.42), we have

. Jaz f A A
h(Oy,0y) = —det | fa /det fo | =det | Aue /det Ay | +ya+ 92,

(4.45)
where
A A d A
a=det | A, /det Ay | = —logl|det | A, || (4.46)
Aves Ap) W Avs

Note that if the second equation of (4.35) is satisfied, o # 0. From (4.44) and
(4.45), we have

W(Va,dy,0y) = h(Va,0y,0,) = h(Va,0y,0:) =0, h(Va,d,0,) = %oz +y (4.47)
and hence
Va,0y =0, Vo,0, = — (;a + y) - (4.48)
If we denote the curvature operator of V by R, from (4.44) and (4.48), we have
hW(R(8z,0,)0y,02) = WDy, 0:)1(Dy, 0y) — (D, 8,)* = 1 (4.49)
which implies that £ = 1. Moreover, from (4.43) and (4.48), we have

C(0,,0,) =0, C(2,,,) = 00, (4.50)
Hence from (4.44) and (4.50), we have
T =0, (4.51)
Therefore from (4.48) and (4.51), we have
%yT:O, @&ET: {—;am—kéa (;a—ky)}ay, (4.52)

which implies that f is a non-semisimple centroaffine minimal surface if « # 0. O

Remark 4.7. Any non-semisimple centroaffine minimal surface with k = 1 satisfies
J=J=0.

If f is a centroaffine surface given by (4.43) with o = 0, then f is a proper
affine sphere centered at the origin with k = 1.

5. The center map of non-semisimple centroaffine minimal surfaces

As an application of our classification result in Section 4, we study the center map
of non-semisimple centroaffine minimal surfaces. Let f be an indefinite centroaffine
surface. We use the same notations as in the previous sections.
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Lemma 5.1. The center map Z of f becomes a centroaffine surface if and only if

2(pupvpuv + Pop)e # pialaw + apy) + pi (by + bpy). (5.1)

Proof. From the first equation of (3.13), (3.17) and the second and the third equa-
tions of (3.18), it is straightforward to see that

Puv + 2pupo ay +apy, | py
Zy=—puf+————fu+t (2 + ) Jo
@ @ @

Puv + 2pup by +bpu | P (52
Zy=—pf+—————fut (“ 7+ ) fu-
¥ ¥ P

Then from the first equation of (3.13) and (5.2), it is straightforward to see that
Z 2pupopuv | 200py  Palaw +apy)  pi(bu +bpu) /
det | Z, { 5 + =5 - = 3 - 3 }det fu
Zy ¥ ¥ 14 P fo

(5.3)

O

Theorem 5.2. Let f be a non-semisimple centroaffine minimal surface. Then Z
becomes a centroaffine surface if and only if k # 1.

Proof. As in Section 4, changing the coordinates, if necessary, we may assume that
p = ciu + cov + c3 for some c¢1,¢9,¢5 € R, a, # 0 and b = b(v). Assume that Z
does not become a centroaffine surface. Then from (5.1) we have

2c2c2p = ca(a, + caa) + c3b. (5.4)

Note that from the third equation of (4.6), we have ¢, =0 or co = 0.

In the case of ¢, = 0, from (4.5) we have k = 0. Then changing the coor-
dinates, if necessary, we may assume that ¢, a,b and p are given as in Theorem
4.3. In the former case in (4.17), the left hand side of (5.1) vanishes, while the
right hand side is equal to —u?/(a?v). Hence Z becomes a centroaffine surface,
which contradicts the assumption. In the latter case in (4.17), we have also a
contradiction since (5.1) becomes

2 2 4 3
1
2 (Clﬁeﬁu + 1) # le (Bv+ e + 2 (Clﬂei" + ) . (5.5)
« Q@ v\ « I}
In the case of ca = 0, from (5.4) we have b = 0. Note that ¢; # 0 since f

is non-semisimple. Hence we have b = 0, which corresponds to the surface with
k =1 given by Theorem 4.6. ([l

Remark 5.3. If f is a non-semisimple centroaffine minimal surface with k = 1 given
by Theorem 4.6, then from the first equation of (3.13) and (4.3), we have

1
Z=[T=—zaA (5.6)
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Appendix A. The center map of centroaffine surfaces with
vanishing centroaffine Tchebychev operator

In this Appendix, we consider indefinite centroaffine surfaces and use the same
notations as in the previous sections. The following fact can be seen in [7].

Lemma A.1. Let f be a centroaffine minimal surface with VT = 0 which is not a
proper affine sphere centered at the origin. Then x = 0.

Proposition A.2. Let f be a centroaffine surface with VT = 0 which is not a proper

affine sphere centered at the origin. Changing the coordinates, if necessary, we have

p = cru + cov + ¢3 for some ¢1,co,c3 € R and one of the following (i) and (ii).
(1) o=c1=ca=1,a=au) and b=0. (A1)

(ii) ¢ is a non-zero constant, ¢c1 #0 or ca #0, and a =b=1. (A.2)

Proof. Note that a = a(u) and b = b(v) since a, = b, = 0, and x = 0 by Lemma
A.1. From (4.5) changing the coordinates, if necessary, we may assume that ¢ = 1.
Then from the second and the third equations of (3.18), we have pyy, = ppy = 0
and hence
p = couv + c1u + cov + ¢3 (A.3)
for some ¢y, ¢1, c2,c3 € R. Moreover, from the first equation of (3.18) and (A.3),
we have
0=—1—ab+ (cov + c1)(cou + ¢2). (A.4)
In case of ab =0, i.e.,a =0o0r b= 0, from (A.4) we have ¢g = 0 and cico = 1.
Changing the coordinates, if necessary, we have (i).
In case of ab # 0, since a = a(u) and b = b(v), from (A.4) we have

a=aju+as, b=">bv+by (A.5)
for some a1, as,b1,bs € R, so that
Cg = albl, CpC1 = albg, CoCo = agbl, C1Co — a2b2 =1. (A6)

If ¢g # 0, from the first, the second and the third equations of (A.6), it is easy
to see that cico = agbe, which contradicts the fourth equation of (A.6). Hence
we have ¢y = 0. Then from the first equation of (A.6), changing the coordinate u
and v, if necessary, we may assume that by = 0. Since ab # 0, we have by # 0.
Then from the second equation of (A.6), we have a; = 0 and hence az # 0 as
above. Since f is not a proper affine sphere centered at the origin, rescaling the
coordinates, if necessary, we have (ii). O

In the case of (i) in Proposition A.2, (3.17) becomes
fuu:fu+afv7 fuv:_f+fu+fvv fvv:fvv (A7)

which can be integrated explicitely and up to centroaffine congruence

f= (", Ar(u)e”, Az(u)e”), (A.8)
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where A; and As are linearly independent solutions of the linear differential equa-
tion:

Ayy — Ay —aA =0. (A.9)
If @ is a constant, we have up to centroaffine congruence
1+IF4a 1—T+4a
(e“,e 7wtV e “*”) ifa>—z,
1 1 .
f= (e",eiu*'“,uef""’“) ifa=—1, (A.10)

1 v—=1— 1 - N —=1—= .
(e“,eEUJ“’ cos Y510y, e3%FV sin %u) ifa<—1.

In particular, if @ = 0, we have a piece of the hyperbolic paraboloid, which is
known as an improper affine sphere.
In the case of (ii) in Proposition A.2, (3.17) becomes

Fuw = c1fut éfv, Fuo = —0f + Cofut CLfor Fou = cofo + éfu. (A.11)

From the first equation of (3.18), we have

¢° —crep® +1=0. (A.12)
We define C > 0, o, 3,7,D € R by
C3 + copC? — c1pC — 1 =0, (A.13)
20(C ~C? .
o= ( ;CQW),ﬁ: :Cl(p,vzcl—CQC,D:yQ—ﬁQ—i—aﬁ. (A.14)

Note that a, 8 # 0 since a8 = 2pC # 0. Then as can be seen in [2, Proposition

2.2], if we put u =2 + y, v = C(z — y), we have

¢or Ba+(+VD)y eﬁw+(7—\/5)y> if o #£ B, D >0,
(ea$,eﬁ$+7y,yeﬂw+7y) ifa#p8, D=0,
jo ) (e P cos =Dy, e* W sin =Dy) ifa# 5, D<0, (55
(x + ;y) e, e, e"‘”z”’y) ifa=p,v#0,
v
((z+y?)e ", e 2" ye ") ifa=p,v=0.

Remark A.3. The classification result due to Liu and Wang and [2, Proposition
2.2] dropped the case a = 3, v =0 in (A.15). See also [4].

We call a centroaffine surface whose center map is centroaffine congruent with
the original surface to be self congruent. The following was obtained by Furuhata
and Vrancken [4] in more general cases.

Proposition A.4. Let f be a self congruent centroaffine surface. Then VT = 0.

Considering the converse of Proposition A.4, we have the following theorem.
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Theorem A.5. Let f be a centroaffine surface with VT = 0 which is not a proper
affine sphere centered at the origin. Then f is self congruent if and only if f is
centroaffine congruent to one of the surfaces given by (A.10) with a # 2, and
(A.15) with
(¢ +¢3)° # 2¢ie3 (] — ¢3)°. (A.16)
Proof. In the case of (i) in Proposition A.2, by Lemma 5.1, Z becomes a cen-
troaffine surface if and only if a # 2. From the first equation of (3.13) and (A.8),
we have up to centroaffine congruence
Z = (e“, (ALu + A1)€U7 (A27u + Ag)e”). (Al?)
Then from (A.9) we have
Zu = (e“, (2A1,U+CLA1)€U, (2A27u—|—aA2)e”), ZU = (0, (A1,U+A1)€v, (A27u—|—A2)€v),
(A.18)
Zyw = (", {(24+ a)A14 + (ay +2a)A1}e?, {(2+ a) Az + (ay + 2a)Az}e?),
Zuv = (07 (2A17u =+ aAl)e”, (2A27u =+ CLAQ)CU),
Ly = (07 (Al,u + Al)eva (AQ,u + AQ)QU)-
(A.19)
If f is self congruent, Z satisfies the following Gauss equations:

14 14
Ly = _()OZ —+ vau + Pqu, (AQO)
Z’UU = <% + pv) Z’U + EZU
14 14
From (A.17) and (A.18), the right hand sides of (A.20) become
Zy+aZ, = (" {(24+ a)A14 +2aA;1}e’, {(2+ a)Azy + 2aAs}e?),
—Z+Z,+ Zy, = (0,(241,4 + aAr)e?, (242, + aAz)e?), (A.21)
ZU = (07 (Al,u + Al)eva (A2,u + AQ)ev)
respectively. If we compare (A.19) and (A.21), f is self congruent if and only if
a, =0 and a # 2.

In the case of (ii) in Proposition A.2, by Lemma 5.1, Z becomes a centroaffine
surface if and only if
2c3cip # ¢ + ¢, (A.22)
which is equivalent to (A.16) from (A.12). From the first equation of (3.13), we
have B c
Z="2f+=>f (A.23)
2 2

Then from (A.11) and (A.12), we have

C2

2¢ic c? 2cic c c2

Zy = —c1f + 12fu+<2+1>fu, Zy = —caf + 12fv+<12+2)fu;
2 % ¥ ¥ 4 %

(A.24)
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2 2 3

c c c 2cic 3cic c

Zuu=—<2+c§>f+<§+22+ 12>fu+< 122+1>fv,
2 2 ® 2 ® 2

c? 3cqc2 2 3¢
—2c1c2f + (12+ -2 —62> fut (22+ 12 —01) fo-
2 2 ® ®

Zuv

(A.25)
From (A.23), (A.24) and (A.25), it is straightforward to see that the first and the
second equations of (A.20) are satisfied. We can carry out a similar computation
for the third equation of (A.20). Therefore f is self congruent if and only if (A.16)
is satisfied. d
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