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Abstract

This paper develops a simple test for the null hypothesis of no unit root for panel data

with cross-sectional dependence in the form of a common factor in the disturbance. We do not

estimate the common factor but mop-up its effect by employing the same method as the one

proposed in Pesaran (2007) in the unit root testing context. We show that our test is

asymptotically locally optimal, although the optimality is not guaranteed under a wide range of

the alternative.
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1.  Introduction

Since the beginning of the 1990s, much theoretical and empirical econometrics literature
was devoted to testing unit root and stationarity in panel data with a large 7 (time dimension)
and a large N (cross-section dimension). The main motive for applying unit root and
stationarity tests to panel data is to improve the power of the tests relative to their univariate
counterparts. This was supported by the ensuing applications and simulations. The early
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theoretical contributions were made from the mid-1990s to the early 2000s under the
assumption that the cross-sectional units are independent or at least not cross-sectionally
correlated. Banerjee (1999), Baltagi and Kao (2000), and Baltagi (2001) provide comprehensive
surveys on the first generation panel tests.

However, in most empirical applications, this assumption is erroneous. O'Connell (1998)
was the first to show via simulation that the panel tests are considerably distorted when the
independence assumption is violated. Banerjee, Marcellino and Osbat (2001, 2004) argued
against the use of panel unit root tests due to this problem. Therefore, it became imperative to
develop panel tests that take the possibility of cross-sectional dependence into account. This
led, recently, to a flurry of papers accounting for cross-sectional dependence in different forms
or to the arrival of second generation panel unit root tests. The most noticeable proposals in
this area are by Chang (2004), Phillips and Sul (2003), Bai and Ng (2004), Moon and Perron
(2004), Choi and Chue (2007), and Pesaran (2007) for unit root panel tests. For panel
stationarity tests, the only contributions thus far are by Bai and Ng (2005) and Harris,
Leybourne and McCabe (2005), both of which corrected for cross-sectional dependence by
using the principal component analysis proposed by Bai and Ng (2004).

In this paper, we focus on a test for the null hypothesis that there is no unit root in cross-
sectionally dependent panel data against the alternative of the existence of unit roots. To deal
with cross-sectional dependence, we adapt the Pesaran (2007) approach to the panel stationarity
test of Hadri (2000) due to its conceptual simplicity. Our test is basically the same as the
Kwiatkowski et al. (1992) test (KPSS test), and therefore, we call it the augmented KPSS test.
We also derive a Lagrange multiplier (LM) test, which is known to be locally optimal under
the assumption of normality. We show that these two tests have the same asymptotic property
under the null of no unit root and under the local alternative. This implies that the augmented
KPSS test is asymptotically locally optimal. Since it is much easier to construct the augmented
KPSS test statistic than the LM test statistic while both tests have the same asymptotic
optimality, our test is useful in practical analysis.

The paper is organized as follows. Section 2 sets up the model and assumptions, and
defines the augmented test statistic. We also develop the LM test allowing for cross-sectional
dependence. Section 3 is devoted to the comparison of our augmented KPSS test under
restrictive assumptions with the LM test under the null of no unit root, under the local
alternative and under the fixed alternative. We show that the limiting null distribution of the
augmented KPSS test is the same as that of Hadri’s (2000) test. In Section 4, we examine
whether our theoretical result is valid in finite samples via simple Monte Carlo simulations.
Section 5 gives concluding remarks. All the proofs are relegated to the Appendix.

We now give a summary on the notations. We define M,=I1;—A4(A'A)™'A" for a full
column rank matrix 4. The symbols - and ELEY imply joint convergence in probability and
joint weak convergence, respectively, when both N and T approach infinity simultaneously,
while == and =% imply weak convergence when only T or N approaches infinity.
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II. Model and Test Statistics

1. Model and Assumptions

Let us consider the following model:
ya=zi0iFritus, ri=ro-i1tvie, ui=firites (1)

for i=1, **, N and t=1, ***, T, where z, is deterministic and r,=0 for all ;. The commonly

used specification of z, in the literature is either z,=z{=1 or z,=z/=[1, ¢]". In this paper, we

consider these two cases. Accordingly, we define d,=a; when z=1 and 0.=[a;, 8:]' when

z=[1, £]". In model (1), zid; is the individual effect while f; is the one-dimensional unobserved

common factor, 7; is the loading factor, and ¢, is the individual-specific (idiosyncratic) error.
By stacking y: with respect to z, model (1) can be expressed as

Vil zh ril fl Eil
y:fz _ Z’z 5.4 r:[2 + fz e €:i2 ,
Vir zr rir fT Eir
ri 1 0 Vil
i — 1 1 Viz
rir 1 1 1 Vir
or
y,=Z§,~+rl~+f7’,~+Ei (2)

225[+LV[+f')'i+3i,

where Z=[z7, d] with z=[1, 1, *=-, 1]" and d=[1, 2, *-, 7]’ being TX 1 vectors, L is a TXT
matrix with ones on the main diagonal and everywhere below it. Further, we have

Vi Z 0, L \2 7 e
vel= 2. U S VR L T
Vi " z] e ol v L] Le
or
y=(Ux®Z)0+r+(y®fH+e 3)

=(Iv®Z)0+(Ux®L)v+(r®f)+e.
In this paper, we make the following assumption.

Assumption 1. (i) The stochastic processes {eu}, {fi}, and {vi} are independent and
e~ 1.i.d.NQ, 03), fi~iidNQ, 67), vi~iid.N(0, c}) with known variances.

(i) There exist real numbers M, M, and M such that |y|<M, <o for all i and
0<M<|7|<M<co for all N, where 7=N""2._, 7.
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The assumption of normality with homoskedasticity in (i) is required to derive the LM test and
to discuss the optimal property of the tests. The variances o0z, 07, and o are assumed to be
known in order to make the theoretical investigation as simple as possible. The unknown case
will be discussed later. (ii) implies that each individual is possibly affected by the common
factor with the finite weight 7, and that the absolute value of the average of 7, is bounded away
from 0 and above both in finite samples and in asymptotics. The latter property is important in
order to eliminate the common factor effect from the regression. See also Pesaran (2007).

We consider a test for the null hypothesis of no unit root component against the alternative
of the existence of unit roots for model (1). Since all the innovations are homoskedastic, the
testing problem is given by

Ho:0=0 vs. H :0p>0 4)

where 0= 07/0% is the signal-to-noise ratio. Under H,, all r;s become equal to zero and thus do
not have unit root components, unlike under H.

2. A Simple Stationarity Test

Panel stationarity tests have already been proposed by Hadri (2000) and Shin and Snell
(2006) for cross-sectionally independent data, and we extend Hadri's test to the cross-
sectionally dependent case. Hadri (2000) showed that if there is no cross-sectional dependence
in a model, we can construct the LM test using the regression residuals of y; on z, in the same
way as KPSS (1992), and that the limiting distribution of the standardized LM test statistic is
standard normal under the null hypothesis. However, it can be shown that Hadri's (2000) test
depends on nuisance parameters even asymptotically if there exits cross-sectional dependence;
we then need to develop a stationarity test that takes into account cross-sectional dependence.

In order to eliminate the effect of the common factor from the test statistic, we make use
of the simple method proposed by Pesaran (2007), which develops panel unit root tests with
cross-sectional dependence. As in Pesaran (2007), we first take a cross-sectional average of the
model:

y=zi0+r +f7+e, ®)

where ;r:N_l Zfilym 0=N"" ZZV:I 0, r=N"' ZzV:l ru, 7=N"' ZZV:I 7i, and €, =N"" Z;V:ﬁit-
Since 7#0 by assumption, we can solve equation (5) with respect to f; as

1 _ - - _
fi==(yi—zi0—r.—¢).
7
By inserting this solution of f; into model (1), we obtain the following augmented regression
model:
yi1=Z;5i+?lj_/t+Eit, (6)
where 6,=0,—%0, 7=71/7, and €.=r,—Fir+e.—7F,. Based on (6), we propose to regress

vy on z, and y, for each i, and construct the test statistic in the same way as Hadri (2000). That
is,
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JNQGST—€
7, =N6I75) 7 ) (7)
where ST=N"' Y.L, ST, with ST,=(021%) "'y} M, L'LM.,y; and
=ti=p U=G=ps  whenz=zi=1
- tl_6; - 11_45 when z,—z; — 1,
— _L 2__ 2 —_ T — ’
E=¢&.= 15 == 6300 when z,=z;=[1, f]".

Note that ST’ can also be expressed as

1 t
ST,= UathZ:(S where Sx‘zglj@m

with €, obtained for each i by regressing y, on w,=[z!, y,]’ for =1,
From (7), we can see that ST is the average of the KPSS test statlstic across i and Z,4
corresponds to its normalized version. We call Z, the augmented KPSS test statistic.

3. An LM Test for Panel Stationarity

Although the augmented KPSS test is easy to implement, we do not know whether it has
an optimal property. Since the LM test is known to be a locally best invariant test under the
assumption of normality as shown by Tanaka (1996), we derive the LM test, and then, in the
later section, compare it with the augmented KPSS test.

Under Assumption 1, the log-likelihood function of y, denoted by /, is expressed as

1 1
l=const—510g|§2|—z{y—(1N®Z)5}’ Q7 Hy—(Iv®Z)0},

where Q="Var (y)=p(0: IN®LL")+A®I; with A=0;yy'+0:1y. The partial derivative of [
with respect to o is given by

S=econsi—yur(07 S+ L iy—0, 020 07 Tl y—0023). @®

Noting that

0Q
Q|HO=A ®1T and ——

3o, O¢ IN®LL, ©)

Hy

the maximum likelihood estimator (MLE) of 0 under H, is given by
A =1
6=|(1v®Z)Q 7|, Iv®2)| 1v®Z)Q |y
=[1,®(Z2)"'Z'ly. (10)

Thus, the MLE of 0 under H, is the same as the OLS estimator. By evaluating (8) under the
null hypothesis using (9) and (10), the LM test statistic is given by
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W=#{y—(m®z)5} (AT ®I)(0: IN®LL")(A™! ®1T){y—(1N®Z)5}

1
Ny (R AT M. LL'M.)y.

Then, the normalized version of the LM test statistic is given by

ZLMz“/]v(Lél_g), (1)

where & and ( are the same as in Z..

II. Limiting Distributions of the Test Statistics

In this section, we compare the augmented KPSS test with the LM test. Note that the LM
test is known to be a locally best invariant test under Assumption 1. Because there is no one-
to-one transformation between Z, and Z.y, the augmented KPSS test does not have local
optimality in finite samples. As such, we now focus on whether the KPSS test is asymptotically
locally optimal or not.

In order to investigate the asymptotic local optimality of the augmented KPSS test, we
compare it with the LM test statistic under the null hypothesis, under the local alternative and
under the fixed alternative. We first give the limiting distributions of the two test statistics
under the null hypothesis.

Theorem 1. Suppose that Assumption 1 holds. Under H,, as N and T approach infinity
simultaneously with N/T — 0, the augmented KPSS and LM test statistics have a limiting
standard normal distribution for both cases of z,=1 and z,=[1, t]'. That is, Z., Ziu &0 N(O,

).

Note that the rejection regions of both Z, and Z.y are the right-hand tails as in Hadri's
(2000) test. Theorem 1 shows that Pesaran’s (2007) method works well to eliminate cross-
sectional dependence for testing the null hypothesis of stationarity. We also note that the
condition that N/T — 0 as N and T approach infinity, means that the tests are suitable for
panels where T is larger than N.

We now investigate the asymptotic property of the test statistics under the local alternative,
which is expressed as

2

c .
H: =N where ¢ is some constant.

Note that for a single time series analysis, the local alternative is given by o=c*/T". Since the
sum of ST: is normalized by /N as in Z, the local alternative for panel stationarity tests
becomes o=c*/(/NT?).

Theorem 2. Suppose that Assumption 1 holds. Under H'\, as N and T approach infinity
simultaneously with N/T — 0, the augmented KPSS and LM test statistics have the same
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limiting distribution given by
( ¢’ :
N, v
Zi, Ziw Z8 N0, 1)+ 7k [ fo F,-(r)zdr],

where F}(r)=JoBi(s)ds— foz(s)'ds (folz(s)z(s) ’ds> ]folz(s)B”(s)ds with Bi(r) being independent
Brownian motions, z(r)=1 and E[folF,V(r)zdr]/C J1/180 when z,=1, and z(r)=[1, r]’ and
E [Jo Fi(r)’dr)/{=J/11/25200 when z,=[1, ]"

This result implies that both the augmented KPSS and extended LM test statistics have the
same asymptotic local distribution. Since the LM test is locally best invariant, we can see that
the augmented KPSS test has the same asymptotic local optimality.

We can also deduce from Theorem 2 that both tests are more powerful when only a
constant is included in the regression than in the trending case, much like the univariate KPSS
test, because 1/90>11/12600.

We finally investigate the asymptotic property of the test statistics under the fixed
alternative H,. The following theorem gives the difference in the powers of the two tests when
the alternative is not local but far away from p=0.

Theorem 3. Suppose that Assumption 1 holds. Under Hi, as N and T approach infinity
simultaneously with N/T — 0,

1 0 0
rTZZAN:?—E‘,[ f G!(r)dr|, and /NTZZML” E[ f F(r)2dr]
where  G(r)=JoB(s)ds— Joz5(s)ds(Jozo(s)z4(s)ds) " Joza(s)BUs)ds  with z:(P)=[z'(r), B'(")]’,
B'(r) is a standard Brownian motion independent of Bi(r), and E. denotes the expectation
operator with respect to Bi(r).

Note that since Gi(r) depends on Bi(r) and B'(r), which are independent, we can see that
E‘,,-[folGF(r)zdr] still depends on B'(-) and is thus stochastic, while £ [folF /(r)’dr] is determin-
istic. This is an interesting result because when the asymptotic local powers are the same for
the two tests, it is often the case that they also have the same limiting distribution under the
fixed alternative. In our situation, the two tests have the same local asymptotic power from
Theorem 2 but the powers are different under the fixed alternative from Theorem 3. This
implies that although the two tests are locally optimal, they are not equivalent in a wide range
under the alternative.

Finally, we discuss the case where the variances are unknown. In this case, we can
estimate o2 consistently under Ho, by (NT)™' 2.1~ .- 82 where &} is the residual from the
augmented regression. Then, we can still construct Z, in practical analysis. However, the
construction of the LM test requires the knowledge of not only gz but also o777’ as in the
definition of A, which can be obtained by the method in Bai (2003). However, since Z, is much
simpler than Z.u, and Z, is asymptotically locally optimal, the augmented KPSS test would be
convenient and useful in practical analysis.
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TaBLE 1. SizE oF THE TESTS

constant case trend case
N T SCC WwCC SCC WCC
ZA ZLM ZA ZLM ZA ZLM ZA ZLM

50 0.049 0.033 0.026 0.061 0.040 0.022 0.018 0.062
10 100 0.053 0.034 0.033 0.067 0.045 0.026 0.024 0.063
200 0.057 0.036 0.036 0.066 0.048 0.026 0.026 0.063
50 0.052 0.041 0.032 0.065 0.040 0.029 0.023 0.060
20 100 0.057 0.042 0.040 0.067 0.043 0.030 0.023 0.058
200 0.058 0.045 0.041 0.067 0.047 0.031 0.029 0.060
50 0.053 0.041 0.034 0.060 0.041 0.031 0.021 0.056
30 100 0.056 0.043 0.037 0.060 0.047 0.032 0.027 0.057
200 0.054 0.040 0.037 0.059 0.046 0.032 0.029 0.057
50 0.051 0.046 0.034 0.060 0.041 0.036 0.022 0.058
50 100 0.055 0.044 0.036 0.058 0.049 0.039 0.032 0.061
200 0.056 0.046 0.042 0.063 0.048 0.036 0.033 0.055
50 0.061 0.047 0.030 0.058 0.046 0.038 0.019 0.052
100 100 0.064 0.046 0.036 0.056 0.060 0.040 0.029 0.056
200 0.060 0.040 0.038 0.052 0.064 0.040 0.033 0.055

IV. Finite Sample Property

In this section, we investigate how accurately does the asymptotic theory approximate the
finite sample behavior of the augmented KPSS and LM tests. We consider the following data
generating process for finite sample simulations:

yn:Z§51+rn+f,7’,-+8,-,, ﬁNZIdN(O, 1), 5,;~lldN(0, 1),

_ .. H,: ,0:0,

I"n—l’n—1+Vit, Vit~l.l.d.N(0, p), H. : p=0.0001, 0.001, 0.01.

where 0,=a; for the constant case while 6;=[a;, 8]’ for the trend case with «; and (8 being
drawn from independent U(0, 0.02), 7; are drawn from —1+U(0, 4) for the strong cross-
sectional correlation case (SCC) and from U(0, 0.02) for the weak cross-sectional correlation
case (WCC), and «,, 8., and 7; are fixed throughout the iterations. Since our purpose is to see if
the asymptotic theory obtained in the previous section can approximate the finite sample
behavior, we assume that the variances are known throughout the simulations. We consider all
the pairs of N=10, 20, 30, 50, and 100, and 7=50, 100, and 200. The level of significance is
0.05 and the number of replications is 10,000 in all experiments.

Table 1 shows the sizes of the tests. We can observe that the empirical size of the
augmented KPSS test is close to the nominal one for any value of 7 for the SCC case while it
is slightly undersized for the WCC case. On the other hand, the size of the LM test is close to
the nominal one irrespective of N and 7 but it is slightly undersized for the SCC case while it
is slightly oversized for the WCC case. Overall, the null distributions of the two tests seem to
be well approximated by a standard normal distribution as suggested by Theorem 1 in view of
the size of the tests.

Table 2 reports the powers of the tests. For given N and 7, the upper, middle, and lower
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TaBLE 2. POWER OF THE TESTS
constant case trend case
N T SCC wCC SCC WCC
ZA ZL:’M ZA ZLM ZA ZLM ZA ZLM
0.055 0.038 0.034 0.069 0.045 0.025 0.019 0.066
50 0.145 0.109 0.092 0.181 0.061 0.037 0.030 0.088
0.882 0.862 0.796 0.923 0.356 0.297 0.243 0.453
0.087 0.059 0.055 0.106 0.049 0.028 0.025 0.070
10 100 0.520 0.462 0.434 0.588 0.143 0.097 0.086 0.193
1.000 1.000 0.997 1.000 0.948 0.929 0.904 0.973
0.224 0.178 0.171 0.270 0.073 0.044 0.043 0.103
200 0.970 0.962 0.955 0.985 0.582 0.506 0.488 0.670
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.062 0.049 0.039 0.077 0.042 0.032 0.025 0.063
50 0.202 0.178 0.148 0.238 0.066 0.053 0.039 0.096
0.989 0.988 0.963 0.994 0.559 0.526 0.447 0.646
0.102 0.081 0.072 0.118 0.053 0.037 0.032 0.069
20 100 0.759 0.729 0.695 0.800 0.204 0.164 0.145 0.255
1.000 1.000 1.000 1.000 0.999 0.999 0.996 1.000
0.341 0.303 0.291 0.388 0.097 0.071 0.063 0.122
200 1.000 0.999 0.999 1.000 0.834 0.801 0.781 0.876
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.067 0.054 0.041 0.076 0.041 0.033 0.021 0.057
50 0.254 0.226 0.181 0.287 0.071 0.059 0.039 0.099
0.999 0.999 0.988 0.999 0.713 0.692 0.589 0.779
0.126 0.099 0.088 0.135 0.062 0.045 0.038 0.075
30 100 0.888 0.870 0.841 0.908 0.276 0.231 0.201 0.321
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.434 0.392 0.376 0.462 0.122 0.087 0.079 0.140
200 1.000 1.000 1.000 1.000 0.943 0.926 0912 0.957
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.066 0.056 0.044 0.075 0.044 0.041 0.026 0.063
50 0.342 0.318 0.253 0.373 0.084 0.081 0.051 0.114
1.000 1.000 0.998 1.000 0.878 0.877 0.787 0913
0.141 0.121 0.105 0.151 0.066 0.054 0.044 0.081
50 100 0.975 0.971 0.958 0.980 0.373 0.343 0.292 0.419
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.582 0.554 0.530 0.609 0.143 0.118 0.108 0.164
200 1.000 1.000 1.000 1.000 0.992 0.991 0.989 0.994
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.085 0.066 0.044 0.080 0.054 0.042 0.023 0.057
50 0.539 0.499 0.391 0.541 0.124 0.108 0.061 0.138
1.000 1.000 1.000 1.000 0.991 0.991 0.960 0.994
0.218 0.174 0.146 0.200 0.090 0.066 0.050 0.085
100 100 1.000 1.000 0.999 1.000 0.629 0.573 0.501 0.626
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.832 0.803 0.780 0.827 0.237 0.179 0.158 0.223
200 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Fic. 1. FINITE SAMPLE POWER UNDER RESTRICTIVE ASSUMPTIONS

1

0.8
0.6
0.4
0.2
0 . . . . 0 : : :
0 0.002 0.004 0.006 0.008 0.01 0 0.0005 0.001 0.0015 0.002
(i-a) N =50, 7=50, constant, SCC (i-b) N =50, 7=100, constant, SCC

0 0.002  0.004 0.006 0.008 001 0 0.0005 0.001 0.0015 0.002
(i-¢) N =50, T=50, trend, SCC (i-d) N =50, T=100, trend, SCC

entries are the powers of the tests for 0=0.0001, 0.001, and 0.01, respectively. From the table,
the powers of the tests become higher for larger p and 7, although the tests have low power
when 7 is small. We can also observe that the powers become higher for larger N. For
example, the size of the augmented KPSS test for 7=50, SCC, and the constant case is
relatively close to 0.05 for all the values of N while the empirical power when 0=0.001 is
0.145, 0.202, 0.254, 0.342, and 0.539 for N=10, 20, 30, 50, and 100, respectively. Table 2
implies that the tests are consistent as proved by Theorem 3.

In order to see if the augmented KPSS test can be seen as the asymptotically locally best
test indicated by Theorem 2, we calculated the size adjusted power of the tests. Figure 1 draws
the power curves for selected cases. From the figure, we observe that the power of the
augmented KPSS test is almost the same as that of the LM test for the constant case. When a
linear trend is included, the augmented KPSS test is as powerful as the LM test when o is
small while the former is slightly less powerful than the latter for the trend case.

As a whole, the finite sample behavior of the augmented KPSS and LM tests is well
approximated by the asymptotic theory established in the previous section when N and 7 are of
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moderate size.

V. Conclusion

In this paper we extended Hadri's (2000) test to correct for cross-sectional dependence a la
Pesaran (2007). We showed that the limiting null distribution of the augmented KPSS test is
the same as that of Hadri's test that assumes cross-sectional dependence. We also derived the
LM test under the assumption of cross-sectional dependence. Then, we compared these two
tests and found that the augmented KPSS test is asymptotically locally optimal but it is not
asymptotically equivalent to the LM test underthe fixed alternative.

Although the augmented KPSS test has a local optimal property, we do not know the
theoretical and finite sample property of the test when the idiosyncratic errors are serially
correlated. In addition, we assumed a one-dimensional common factor in this paper but it would
be worth considering multi-dimensional common factors. The modification of our test to such a
general case is our ongoing research.

APPENDIX

In this appendix, we denote some constants independent of N, 7, and the subscripts i and ¢ as C, C\,
C,, *++. To save space, we give the outline of the proof of the theorems only for the case where z,=[1, ¢].
Details are available upon request. The proof for the level case with z,=1 proceeds in exactly the same
way, and is thus omitted. We also assume that o:=1 in this appendix without loss of generality because
we know 0% under Assumption 1(i).

We first express y, in matrix form. Since y,=z/0+7,+/;7+¢, we have

y=Z0+r+17+5, (12)

where, for example, y=[yi, y5 ***, y7]’ and the other vectors and matrices are defined similarly. Since

7#0, we have f=(y—Z0—r—¢)/ 7. By inserting this into (2), the model becomes
Vi=Z(0—T70)+Ty+@®—T7r)+(@E—Ta), (13)

where 7.=71./ 7.
Let W=z, d, y1=[Z, y] and W =WQ=[Z,y], where y' =y—Zo=r+fr+e,
pa —5] _[DT 0} _[ﬁ 0 }
Q[o T B A e I

Because M,=M,~, ST; in the augmented KPSS test statistic can be expressed in matrix form as
—_— 1 r r
STi—Fy,' Mw* L'LM« Y.

Before proceeding with the proof of the theorems, we state two lemmas, which will be used in the
proof repeatedly.

Lemma A.l. Let v,~i.id.N(0, o) for i=1, **, N and t=1, ***, T, ri= ' i, and ¥/ =N"" z:Llr,v,.
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Then,

E[rsrs] = o5 min(s, ), (14)
E[(Zrm>2] = %gt(t'f‘l)(Zt‘f'l), (15)
E[(Zt;sris)z] = %ét(t+l)(2t+l)(2t2+2t+l), (16)

E[Fr] = ngin(s, ), (17)
EK:?)z = g]i,t(H—l)(zt-l-l), (18)
E[( : s75>2] = 3g§vt(t+1)(2t+1)(2t2+2t+1), (19)

E[(Zr)<ir>] = %st(t+l)(3T—t+l), (20)
EKZNMZT:W")} = %t(t+1)(6T2+6T—tz—t+2), 21
E[(ir)(itr)] = g—jT(T+1)(5T2+5T+2), (22)

E[rsrarurs] = 01Qsttsu) for s<t<u<y, (23)

The next lemma gives the sufficient conditions on the equivalence of the sequential limit to the joint
limit. Notice that when the statistic S weakly converges to S as 7 — ©°, we can construct the
probability space on which both Sir and Si- exist, as discussed in Phillips and Moon (1999).

Lemma A.2. Let Sir and S be i.i.d. sequences across i (i=1, >, N) on the same probability space.
Assume that Si» does not depend on N, Sir is independent of Sj for i#j, and Sir == S as T — 0.
(i) If (a) E[Siz] — (1 =E[Si=]< as both N and T approach infinity, and (b) supy, r E[Si#] <o, then,

1 N ,
NZS;‘T ALY .
i=1

(ii) If (@ N™"* 22 Sieo =Ly Sas N— o, (b) Sir does not depend on N and sup; E[Si*']< o0 for some
>0 or E[Sh] — (t:=E[Sk]< as T — 0, (c) supr E[SH] < and E[Sie*]<0 for some >0,
then,

W, D S

1<
W;Sﬂ':

Proof of Lemma A.2: (i) Since Sir is an i.i.d. sequence, we have for any arbitrary ¢ >0,

1 1
2€>S 7 E(Sa—E[Sa])"]< 5 sup E[S7] — 0
e'N T

1 N
P(’N;SJ_E[S:T] N
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by condition (b) as both N and T approach infinity. Because E[Siz] — g by condition (a), we can see that
N™ z; 19T P .

(ii) Since Sir and S are i.i.d. sequences, we have for any arbitrary >0,

1 N
P(‘W;(Sir S'ice) >e>_ —(E[SH] T E[Ske]—2E[SizSi]). 24)
If sup; E[S;"*]<co, then we can replace the limit and the expectation by Theorem 4.5.2. of Chung
(1974), and thus, lim, E[S7#]=E[Sw] under condition (b). On the other hand, by Hélder's inequality, we
have for any arbitrary 0<5<1,

E [|SiTS1°°| l+5]$(E[S§T])(1+6)/2 <E [|Sim|2(1+6)/(1—5)]>(l—6)’2.

The right-hand side of the above inequality with 0=k,/(4+ k) is bounded above uniformly over 7 by
condition (c). This implies that supr E[|Si Sie|'*?“**?]< 0o and again, we can replace the limit and the
expectation, so that limy E[Sir Sie]=E[S%]. As a result, the right-hand side of (24) approaches zero as
both N and T approach infinity. Combining this result with condition (a), we obtain (ii). O

Proof of Theorem 1

Because r; and r disappear under the null hypothesis, S7: can be expressed in matrix form under H,
as

1
ST, = Fy: M, L'L M, y:

~ 2
LM, s,+%5/ My L'L M, &

w¥

= ST1,~—27’,<ST2,~+7’,ZST3,~, say.

1
= st M« L'LM,~&e;—

Let STY,=T ¢} M. L'L M.¢.. Since Shin and Snell (2006) showed that

2 Li(STS,
W, 7)
% =2 Mo, 1),
it is sufficient for us to prove that
1 N
WZ(ST“_ST’?I) p(ip 0, (25)
=1
1 N
Ty 28T Do, (26)
1 N
—NZSTz,- D, @7
i=1

Let Jo=T 'Le;, [J\, JL]=T'LWD™'=[T7'LZD7', T""Ly"], [J Jul'=D~'W"'e, = [(D7'Z'¢)’,
(T~'"?y""e)'l, K=[[K;]]=D~'W"' W'D, and K~'=[[K"]] for i, j=1, 2. Then, we have
1

i —_— l _l * -1 -1 *yp =11 =1 ’
FLMee. = S Le——LWDTOW' WD) DW e
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= (JOI_JIK“JSi)_{J2K21J3i+(J]K12+J2K22)J4i}- (28)

Similarly, by letting Jo=N" Y Jo Ts=N"' 2 Jy, and J,=N"' 2., J., we can see that

1 _ - _ _
T LM, e=Jo— (I K"+ LK — (K" +J,K?) J.. (29)

We first prove (25). Using expression (28), S71; can be decomposed into

ST = (JO:'_JIK“J}i)’(JOI_JIK“Jh')
—2(./0,_./1K”J;i)'{J2K21J3,-+(J1K12+J2K22)J4,-}
+{JzKZIJgi‘f‘(JlK12+J2K22)J4‘}'{J2K21J3;+(J1K12+J2K22)J4,-}

= ST{+ST,+ST5, say. (30)

In order to evaluate each term, we use the following lemma.
Lemma A.3. Under the null hypothesis, as both N and T approach infinity simultaneously, (i) E|Jo|*<C,

T ZLAAP= 0,0, and 170 =04 7 ) i VlI=00; iy ELLF < ana |rl=0,(7r): @

1 1 1
Kiu=0(01), Kn=K5%=0 <ﬁ> K»=0,1), K"=K7' +0< > KleK'm:Op(ﬁ), and Kzz:Op(l); W)

R _ K
HWKaﬁimmewmmmmk(f)mmm«cfzwmewmmm
_ JT 1
-]4:Op<7>; and (vii) WZ?LIHJ()[”||J1[||:0p(/ﬁ)f0r l,m=3, 4 and W z,}'\;anai” ”JM”:Op(«/ﬁ)
Since ST = (Jo—JiK1'J3) (Jo—J1K11'J3), we have using Lemma A.3,
1 N 1 N
‘WZ(ST7i_Sﬂf)‘ = fZHJI(K”—Kﬁ‘)J},.HZ
i=1

fZII(Jo, JKG ) (K" =K T
oo ()

J+o,

s

which converges to 0 in probability when both N and T approach infinity because N/T — 0 by
Assumption 1(iii).
In exactly the same manner, we have

%2” STT,'||=O,,<@> and % Z 173l (W )

oA\
Therefore, we obtained (25).
To prove (26) and (27), note that

/N _

<CT28MW*LLM -& and

f

< CT o

‘ rZsrz, ZST:,

LM P2 0, which can be proved by noting that
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1 _ 1
”?LMuy*s”:Op(W), using expression (29) and Lemma A.3. We thus obtain the result for the

augmented KPSS test statistic.
To derive the limiting distribution of the LM test statistic, we first note that under H.,

Iv®MYy = (7OML)+(UyOM.)e
~ NO, AOM.)=(A" @M.\,

where 7=[n", -+, 4]’ ~ N(0, Iy®I;). Then, LM can be expressed as
J— 1
LM= 5 (v ®M-L)(A™ @ LIy @ L'M)T. 31)
We first investigate the matrix 4. Note that 4~' can be expressed as
“'=(ojrr'+I ')"=<1 — 0277’)
! ! Y oatayr )
Since rk(y7)=1 and (y7)7r=(7'7)7, the (N—1) eigenvalues of 7y’ are 0 and the non-zero eigenvalue is

1'7, for which the corresponding eigenvector is 7. Then, there exists an N X N orthonormal matrix P such
that P’P=PP'=Iy and P'yy'P=diag{7'7, 0, ***, 0} = /\;. This implies that

_ 1 . [ ] _
! Ip— [—— = _ “ee = 1
P'A™ P=1Iy 1_’_0_/27’,7'0-[/\7 diag I +oiry Lo 1= A5 32)
By inserting (32) into (31), we obtain
— 1
M = Wﬁ']'(]N®M;L)(PP'U§A_'PP’®IT)(1N®L'MZ)7]

. _ .
= " UOM-LY(AT @)1 ®L My

1
iToir7 NO

"M.LL'M.m}+ Z 0" M.LL'M.7);,

NT2

where 0°=[n}, -, 0\ ]'=(P®I;)N ~ N, Iy®I;). Note that the first term converges to zero in
probability as both N and T approach infinity, while the second term has the same structure as ST1,. We
then obtain the result for the LM test statistic.ll

Proof of Theorem 2
We first note that Lemma A.3 still holds under H' using the fact that y,=r,+7fi+¢,. Let

Jo=T"'Lr,, [J5% Ji1=D"'"W v =[D:'Z'v), (T""Y"'r)' ], Jo=N"'"20L, Jo, J5=N"'"> 1 J5 and
Ji=N~ z, , Ja. Under Hi, we have the following lemma.

Lemma A4 Under the local alternative Hi, as both N and T approach inﬁnily simultaneously, (i)

7  E O i EILAIP <. - S
_0p<W>; (i) E||J2i||2£%, S ZLI=0,(F). ana ||fz||=op<NTﬁ); and (iv) % o

1 1 | 1
=0,y SEL =0/ 7). and 7 S sl ll=0, 7).

>
04}

||2< N

Ox(1), and

76
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Note that, under the local alternative,

1 1 7i _ 1 7 _
TLMwy, LM, e— TLMw»«E-i- TLMw*ri TLMw*r.
Using Lemmas A.3 and A.4, it can be shown that
1 | _ 1 1
?LMW*E _OP<W> and TLMM*I‘ O,;(W),

and thus, since |7/ <C, we can see that both

H INT? < ZTS M,»L'L M+ rH and H /*TzZT:l‘xMM*LLMz*

are O,(N~**). Therefore, the cross products between the terms related with ¢; and r, r; and €, and & and r
converge to zero inprobability as both N and T approach infinity.

In addition, using expression (28) and Lemmas A.3 and A.4, it is observed that both
LMri—(Jo—JKn'J%)

LM e—(Ju—JKi'J3)|| and

b I

are O,(T~ "), which implies that we only have to consider (Jo—J,:K1'J3) and (Jo—JiK1'J%) in the limit.
Moreover, the cross product between these two terms can be seen to be negligible. Therefore, we have

N
Z, = Z{(Jo, JKTL) (Jo—J K J) — &)
i=1

N

TN 2 Z INUs—J iK' J3) (Jo—J iK' Ja) Fo,(1).
The first term weakly converges to a standard normal distribution as proved in Theorem 1, whereas the
probability limit of the second term is obtained by applying Lemma A.2 (i). To see this, we first note that,
using Lemma A.1,

11, < )
12600¢ cto Ty

while the second moment is bounded above uniformly over N and T using (23). On the other hand, since
N"Trim == cB!(r), we can sece that

E[/NUa— KT8 (Jo—J K T)|=

1
INU= DK U= 1K) =L ¢ [ Fieyar,
whose moment is 11¢*/12600 by direct calculation. Then, by Lemma A.2 (i), we have
1
CFZ(JOI JKIIIJ?A) (JOA JK111J31)p(N DE [f F(l’)zdi’] 12600 C

When z,= 1, the above probability limit can be shown to be ¢*(90() in exactly the same manner.
In order to derive the limiting distribution of the LM test statistic, note that (Iy ® M.)y=(Iy®M:)r+
(4" ®M.)1. Then, the denominator of the LM test statistic can be expressed as
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JNIM—§&) = ﬁ{n'({? OM.LL'M)N— &} (33)

—l—# "(A7?®M.LL'M)r+ 2 N'(AT®M.LL'M.)e
/]VTzr z r /]\7T2 ( z 2)e.
The first term on the right-hand side of (33) converges in distribution to a standard normal distribution as

proved in Theorem 1.
Since 47*=P A7P’, the second term on the right-hand side of (33) is expressed as

1 1
Wr,(A -2 ®MZLL'MZ)I‘=WI"(P RINANTOM.LL'M.)(P®Ir.

Note that (P®INr=(P®I)Ixn®L)W=Uy®L)W =r", where v'=(P®I)v~N(0, o(Ix®I;)) and r" =
(Iv®L)v". Using this expression, we have

1 | .
szr’(A 2QM.LL'M)r= NTT "(ATP®M.LL'M.)r

1 1 .
mrTzrlMLLMrH'/— 22 ri'M.LL'M.r;.

It is not difficult to see that the first term on the right-hand side converges to zero as both N and T
approach infinity, while

N
sz Zr, "M.LL'M.xi= Z(Jg?—JIK;‘J;)' (T —J K0T, (34)
i=2

where Ji and J5 are defined in the same way as Ji; and J5 with r; being replaced by r;. Since r" has the
same distribution as r, (34) converges in probabilityto 11¢*/12600 as proved for the case of Z,.

Similarly, we can see that the third term on the right-hand side of (33) converges to zero in
probability as proved for the case of Z..H

Proof of Theorem 3

Lemma A.5. Under the fixed alternative H,, as both N and T approach infinity simultaneously, (i)
1 N - 1 . T
ElnlP<¢, -5 Xl =0,/N), and ||Jn||=0p<f>; i) |7ll=00); (i E||Jz||2£CN and | 7=

op(/“/z) (K =0(1), Ka=Kn=0,( - ﬁ) and K==0,(x ) (v ElLIP<c, f S L= 0,(/N),
and | J3|=0 (/*) (vi) E||J4,||2<C /— SV dllP= <f>, and j4=Op<%>; and (vii) % >,

Il 1731= 0,(/N), W 2= lsllvd=0,T), ana W 2 lndlld=o,/1).

Lemma A.6. Under the fixed alternative H,, as both N and T approach infinity simultaneously, (i)
1 N i T T .. T 1 N T

ElnlP<cr, & 3L alP=0(/NT), and ”"(’”:0"<W>; (@) ElslP<cr, & 3L =0

/T

(/ﬁTz), and | T5l=0 <f) (iii) E||J4,||2<CN rZ\ ||J2i||2:0p(\/ﬁT3), and ||j§||=0p<T>; and
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1 3 1 ! o r N T T
(z‘v)WZLIIIJs,-II ||J31v||=0p(WTz),WZL]IIJU,H |J5ll=0(1%/T) and fZ‘ Nl lsll=o,r2/T).

Using Lemmas A.5 and A.6, it can be shown that

1 1 1 _ 1 1 _ 1
[aareel=of8) [umeef=o( A7) [ewr| =0l k)
which implies that
1 1 '
TN CNZFr ML'LM,or+0,(1).
We decompose the first term on the right-hand side such that
1
, K :?K]Z - ?J;
Lo R |, /N |
N & LMt =g S| T IN N N LT
ﬁ 21 T Tﬁ 4
Using this expression and letting K=D5 'KD7"', where D.=diag{1, /T//N}, we have
iﬁji M L'LM.
N& 7,41'1' W wil' i
1
, ?Jn
s L s kLS [IJ"'J TL J] 35
_N,=1 g2JoJo r| K N& /ﬁj /o Tﬁ 0 J2 (35)
T/7 4i
N 1
JiJ F JiJ> —J5i
T 1 T 1 /N
+or| K7 K™+ [— i sz]
LS WJ,J NJ*NFI«/NJ, Tl
/T 2J1 T 2J2 Tﬁ 4i

By applying Lemmas A.1 and A.2, it can be shown that the joint limits of the three terms on the right-
hand side of (36) are the same as the sequential limits, which are given by

%ZV:% o Ty P D afEV,[ fo 1( j; 'B;’(s)dc>2dr], (36)
1
L& ?JSI’ ) /7
2| K ‘ﬁ; N [ Jidv U,Jz] (37)
Tﬁ 4i
&0 9262E [(f z:(1)'B (t)dt> (j(: 1Zz(l,‘)Zz(t)'dl‘) f f z (s)dsf B (t)dtdr]
JN 1
JI'JI ﬁ]{]z ) ?sz

1L 1 /N
-1 -1 2 rr ry
& N Ny e RO 7 [T YT “’]
/T 2J1 T 2J2 T/T 4i
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&3 O'%Ew’[ fu () Bl(0)dt ( fo IZZ(t)Zz(Z)'dt>_l

Xﬁlﬁrzz(s)dsﬁ’ZZ(s)'dsdr (ﬂlzz(t)Zz(t)'dt>_lﬁ]Zz(t)'B,'V(t)dt], (38)

Using these results, we obtain the joint weak limit of Z, under H, because .= 0: 0=p.
For the LM test statistic, we can see using expression (33) and Lemmas A.5 and A.6 that

1 1 _
WZLM = Wr'(fl @M.LL'M)r+o,(1)

1 &, . . R
= WZ(J’O,»—JK”IJS,-)'(J&—J1K1|‘J§;)+o,,(l)
i=2

2 1
oD OCE[ [ Freral

Because F}'(r) has the same distribution as F}(r), we obtain the theorem.H
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