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Abstract. We consider the partial sum process of a bounded functional
of a linear process and the linear process has no finite mean. We assume
the innovations of the linear process are independent and identically dis-
tributed and that the distribution of the innovations belongs to the domain
of attraction of an a-stable law and satisfies some additional assumptions.
Then we establish the finite-dimensional convergence in distribution of the
partial sum process to a stable Lévy motion.
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1. INTRODUCTION

We consider a linear process defined in (1.1) below and establish the finite-
dimensional convergence in distribution of the partial sum process of a bounded
functional of the linear process. The linear process is given by

oo
(11) Xz: ijel-,j, i:1,2,...,
j=1
where b; ~ coj 7P (j > 1), ¢o > 0 and {¢;} are independent and identically dis-
tributed.
We assume that €; belongs to the domain of attraction of an a-stable law
(0 < <2).LetE{e1} = 0 when a > 1. In this paper a; ~ a’; means a;/a’; — 1
as j — oo. Then a sufficient condition for the existence of X; is that aF > 1.
We study the partial sum process defined by
[nt]
(1.2) n VOB S (K (X;) - B{K(X:)}), 0<t<]1,
i=1

* This reseach is partly supported by the Seimeikai Foundation.



338 T. Honda

where K (x) is any bounded function on R and |a] stands for the largest integer
less than or equal to a. When 0 < a@ < 1 and 1 < af < 2, we establish the con-
vergence in distribution of finite-dimensional distributions of (1.2) to those of an
a3-stable Lévy motion under a set of mild assumptions on ¢; in Theorem 2.1 be-
low. See Samorodnitsky and Taqqu [12] for details on stable laws and stable Lévy
motions. We can include the case of o = 1 if we deal with slowly varying func-
tions in Lemmas 4.1 and 4.2 below. However, we do not include the case of o = 1
to make this paper more readable and easier to understand.

A lot of researchers have been studying the asymptotic properties of partial
sum processes of K (X;) — E{K(X;)} when {X;} is a linear process with i.i.d.
innovations and have derived the asymptotic distributions in various cases. Con-
centrating on the cases where €; belongs to the domain of attraction of an c-stable
law (0 < ar < 2), we refer to the relevant results here. There are four cases of (a)
to (d) defined in Table 1 below.

TABLE 1
(a) (b) (©) (d)
0<a<? l<a<?2 0<a<l l<a<?2
B>2/a 1< p<2/a 1<p<2/a lja<pg<1
Hsing [8] Surgailis [13] none Koul and Surgailis [9]

Pipiras and Taqqu [11]

In the case of (a), the normalization constant is n'/2 and the limiting dis-
tribution is the Brownian motion. Our main result, Theorem 2.1, shows that the
asymptotic distribution in the case of (b) carries over to the case of (c). We need
some new techniques to tackle the case of (c), for example, equation (2.5), Propo-
sition 2.3 and Lemma 4.2 below. The normalization constant is n'/(®#) and the
limiting distribution is an «/(3-stable Lévy motion in both cases. In the case of (d),
the normalization constant is n' ~#*1/¢ and the limiting distribution is an a-stable
fractional motion. We owe the above exposition to Table 1 of Surgailis [13]. The-
orem 2 of [8] is about the cases of (b), (¢), and (d). However, the result contradicts
the above results and is known to be wrong.

There are some other relevant papers. Among them, Surgailis [14] investigate
the asymptotics of the partial sum processes of K (X;) — E{K(X;)} in some other
setups where E{|e1|?} < oo and Wu [16] deals with the partial sum processes of
unbounded K (x) in the cases of (a) and (d). For the partial sum process (1.2),
only convergence in distribution of finite-dimensional distributions is established
in Koul and Surgailis [9], Surgailis [13], [14], Pipiras and Taqqu [11], and Wu [16]
as in the present paper. Note that the functional central limit theorem is obtained
in Hsing [8] with an additional assumption on 3 and that the uniform invariance
principle of the empirical process of { X} is established in Koul and Surgailis [9].
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All the above papers crucially depend on Ho and Hsing [5], [6]. The authors
of the two papers applied the martingale decomposition approach and success-
fully studied the asymptotic properties of the partial sum processes of K (X;) —
E{K(X;)} and empirical processes of { X;} when { X} is a long-range dependent
linear process with E{|e1|*} < oco. Our result crucially depends on Ho and Hsing
[5], [6] through Surgailis [13], too. Koul and Surgailis [10] is an excellent expos-
itory paper on the martingale decomposition approach. Hannan [4] is an earlier
paper of martingale decomposition approaches. Some results in Pipiras and Taqqu
[11] are also important to the proofs of Lemmas 4.1 and 4.2 below.

The paper is organized as follows. We state the assumptions and the main
theorem in Section 2. The theorem is proved and the propositions for the proof are
also presented in the section. Those propositions are verified in Section 3. All the
technical lemmas and the proofs are confined to Section 4.

2. LIMIT THEOREM

We begin with the assumptions and the notation. Next we state Theorem 2.1.
Then we describe the propositions for the proof of Theorem 2.1 and present the
proof at the end of this section. Hereafter we assume 0 < a < land 1 < a8 < 2.
Recall that b; ~ ¢ 570 and let b; be nonnegative for simplicity of presentation.

In this paper, C, C'1, and C> stand for generic positive constants and their
values change from place to place and a V b and a A b are defined by max{a, b}
and min{a, b}, respectively. The range of integration is the whole real line when it
is omitted.

We denote the distribution function and the characteristic function of €; by
G(z) and ¢(0), respectively. Assumptions A1 and A2 below are on G(z) and ¢(6),
respectively. Assumption Al means that €; belongs to the domain of an a-stable
law. Assumptions Al and A2 ensure desirable properties of density functions.

Al. Thereis an o € (0, 1) satisfying

lim G(z)[z|* =c1, lim (1-G(x))z* =cz, and ¢+ ¢z >0.

A2. |p(0)] < C(1 + |8])~° for some positive d.

We always assume that Assumptions Al and A2 hold.
We introduce some more notation to define another assumption. We decom-
pose X; into

2.1 Xi = Xij+ Xij,

where

Jj—1 - o0
XZ'J' = Z blei,l and Xm‘ = Z blei,l.
=1 l=j
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Let Fj(z) and Fj(x) stand for the distribution functions of X;; and X, , re-
spectively. The proof of Lemma 1 in [3] and Assumption A2 imply that Fj(m),
Jj =1,2,..., are at least three times continuously differentiable and that Fj(x),
J = 50,5 + 1,..., are at least three times continuously differentiable for a suffi-
ciently large positive integer sq. Besides all the derivatives of F};(x) are bounded
up to the third order uniformly in x and j. We write f(x) and F'(x) for fo(x) and
F(z), respectively. Then f(z) is the density function of X;.
We state Assumption A3.

A3. We can choose a positive v € (0, «) such that

|F" ()| + |F] ()] < C(1+ |2])~ Y
and

[F"(y) = F" ()| + | F} (y) = F ()] < Ol = y|(1 + |a)~0F)

for |z — y| < 1, uniformly in = and j > sg

When ¢€; follows an a-stable law (0 < a < 1), Assumptions A1-A3 hold.
See Remark 2.1 below. We cannot apply the arguments in the proof of Lemma 4.2
of [9] and need the part of j > s¢ in Assumption A3 since 0 < a < 1 here.

REMARK 2.1. Let S, (0,7, ) stand for a-stable law. Then the characteristic
function of S, (o, n, 1) has the form

exp { — 0®0]*(1 — insign(0) tan(mar/2)) +ipf} foro # 1,

Salo,n, = . .
(0.1, 1) { exp { — o|0|(1 + (2/7)insign(d) log |6]) +ipf}  fora =1,

where 0 < a <2,0< 0, -1 <n <1, —o0 < pu < oo, and i stands for the imag-
inary unit. When €; follows an a-stable law (« # 1), the characteristic function
¢1(0) of X1 is given by

-1 -1
(2.2) ¢1(0) = exp{ — ( > b?)|9|0‘(1 — insign(6) tan(wa/?)) + i( > bj)uﬁ}
j=1 Jj=1
and fl(k) (x), k=1,2,...,is represented as
_\k o©
@3 fP@=0 2713 T e au(oye o + T f 0% 31(0)e 02 do.
0

By appealing to integration by parts as in the proof in Lemma 3 in [8], we can show
that Assumption A3 holds.
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We define S,,, by
2.4) Sm= Y (K(X;) — E{K(X))}).
i=1

We are ready to state the main theorem of this paper. We omit n — oo since it is
obvious from the context.

THEOREM 2.1. Suppose that Assumptions A1-A3 hold and that K(x) is a
bounded function. Then finite-dimensional distributions of n /(@) § lnt)s t € [0, 1],
converge in distribution to those of an a3-stable Lévy motion on [0, 1]. The distri-
bution at t of the a3-stable Lévy motion is given by

751/(043) (Cé/(aﬁ) C}F(L-F + C}/(aﬂ)C%L_)

)

where
k= Uofo (Koo(Fu) = Koo(0))u /D du,
0
_ B cg(af —1) s
Kool) = B{K(X1 +2)}, o= {r<2 - aﬂ(icosmﬂ/?)!ﬂ“ﬁ} ’

and L~ and L are mutually independent random variables whose distribution
are Sop5(1,1,0), respectively. See b; and Assumption Al for the definitions of co,
c1, and cs.

When K (x) is bounded and integrable, Assumption A3 is not necessary. See
[7] for the details and an application of Theorem 2.1 to kernel density estimation.

We introduce decompositions of \S;, before we state the propositions necessary
to prove the theorems. Similar kinds of decomposition appear in [8] and [13]. We
cannot replace K ;(x) with Ko (x) in W;, when we deal with the case of 0 <a < 1.
This may have been a technical problem in this case. We put

(2.5) Sn = (Sp = T) + (Tr, = W) + Wy,
where

26) T.= % f; (K (byei-) — BTG (bjei5)}),
(2.7) Kj(x) = BE{K(X1; +2)}, Jj = so,
(2.8) Wy, = iéjio (5 (bjei) — E{Kj(bjei)}),
Since
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it is easy to see from Assumption A3 that K;(x), j > so, and K (z) are con-
tinuously differentiable and that all the derivatives are uniformly bounded in j
and z.

We give some comments on the propositions before we state them. Proposi-
tions 2.1 and 2.2 are used to show that

0O (S gy = Tiry)  and O (T — W)

are asymptotically negligible for any fixed ¢. Propositions 2.1 and 2.2 correspond
to Lemmas 5.1 and 5.2 in [13], respectively. Proposition 2.3 implies the weak con-
vergence of n~1/ (aﬁ)WW | in DJ0,1] and it is an adapted version of Lemma 3.1
in [13]. See A2 of [2] for an exposition on D]0, 1]. We are not able to show that
n~ /@B (T int] — Wne)) is asymptotically negligible in D[0, 1] at present.

All the proofs are given in Section 3.

PROPOSITION 2.1. Suppose that Assumptions A1-A3 hold and that K (x) is
a bounded function. Then for any r satisfying af < r < 2 A (2a — 1) there is a
positive constant C such that

E{|S, — Tn|"} < C(n~2°P*24" 1n)  for any positive integer n.

PROPOSITION 2.2. Suppose that Assumptions A1-A3 hold and that K (x)
is a bounded function. Then for any r satisfying 1 < r < af there is a positive
constant C such that

E{|T, — W,|"} < Cn=®3*"* L for any positive integer n.

PROPOSITION 2.3. Suppose that Assumptions A1-A3 hold and that K (z) is
a bounded function. Then

[e.9]

Y. (Kj(bjer) — E{K;(bjer)})

J=so0
belongs to the domain of attraction of an a3-stable law. As a result,

n—l/(aﬁ) i i (Kj(bjei) — E{K](b]el)})

i=1j=s0
converges in distribution to c;/ () C;F(L+ + c}/ (af) ciL™. See Theorem 2.1 for the
definitions of ci and L*.

Now we are prepared to prove Theorem 2.1.

Proof of Theorem 2.1. Note that

Lnt)

2.9) n VDS (K(X;) - B{K(X;)})
=1

=0 OO (S gy = Tgy) + 07 PN (T = W) + 0 DWWy



Limit theorem for linear processes 343

Since Z;’ZSO (Kj(bjer) — E{Kj(bje1)}) belongs to the domain of attraction of
the aF-stable law in Proposition 2.3, the weak convergence of n~1/(@h) Wint),
0 <t < 1,in DJ0, 1] follows from Theorem 2.4.10 in [2].
Next we deal with the first and second terms on the right-hand side of (2.9).
Choose r; satisfying the condition of Proposition 2.1. Then we have

210) E{|n D (S| — Tj)I"}
< On~ Ot |) 720024 4 [t ]}
for any ¢ larger than 1/n. Note that
0< —2aB+2+r <ri/(af) and 1<ri/(af).
We choose 7 satisfying the condition of Proposition 2.3 and have
@10 E{n YOI = W2} < On /O ([nt]) el H
for any ¢ larger than 1/n. Note that
0<—af+1+ry<ry/(ap) <1

The desired result follows from the weak convergence of n~1/(@h) Wnt)» (2.10),
and (2.11). Hence the proof of the theorem is complete. m

3. PROOFS OF PROPOSITIONS

In this section we prove Propositions 2.1-2.3. An argument similar to the proof
of Proposition 2.2 can be found in [14], p. 337.
We write F; for the o-field generated by {¢; | j < i}.

Proof of Proposition 2.1. Write .S, and T}, as

G.1) S, = i i [ K@) (fi(€ = bjeij — Xija1) — fj41(€ — Xijy1))dE

i=1 j=s0
£y ; BAK (XD i)~ B{K(X0)\Fij 1)),
62 Tu=2 > [KEOUE - bie) - BUE - by )Dde
i=1 j=so

The right-hand side of (3.1) is typical of the martingale decomposition approach.
By using the von Bahr and Esseen inequality (see [15]) and the boundedness of
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K (z), we obtain

n so—1
(3.3) E{\Zl X [B{K (X0)| 7y} — K Xi)|Fij M|}
so—1
<C Z E{| Z [B{K (Xi)|Fi—j} — B{K(X3)|Fiej 1|}

so—1 n

<C Zl E;E{\E{K(Xi)!fi—j} ~ B{K(X;)|Fij-1}|"}
j=1 i=

< Chn.

We evaluate

n so—1
G4 S,—T, - ; ;0 [E{K(X;)|Fij} — E{K(Xi)|Fi-j-1}]
i :f J KU (€)de,

where
Uij(€) = fi(§ — bjeij — Xijt1)
— fi+1(& = Xij1) — f5(€ = bjeij) + B{f;(£ — bjei—j)}.

As in [13], the following expression is useful in evaluating (3.4):

3.5) [ K(§)Ui;(6)dg
—bjeij

=[[[{ [ (fi€+2—Xijp)— fj(€+2))dz} K (€)dE] G (du).

—bju

We consider seven cases to treat (3.5) and give upper bounds of (3.5) to each
case.

() [bjeij| > 1, [Xijaa] > 1, |bjul > 1
(i) |bjeij| =1, |Xij1] > 1, |bjul < 1,
(iti) |bjei—j| > 1, |X;j41] < 1,

(iv) |bjeij| < 1, Xiju1] > 1, [bjul > 1

W) [bjei—jl < 1 [ Xiga| > 1, [bjul < 1,
Vi) |bjeij] < 1, |Xijs1] < 1, |bjul > 1

(vii) [bjei—j| < 1,|X; 11 < 1, [bjul < 1.
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We present the upper bounds and the proofs.
@ (3:5)] < CI(|bjei—j| > DI(|Xigsal > 1los|"
P ro o f. We should deal with

[ [J{fi(€—bjeimj — Xiji1)

|bjul>1
— fi(€ = bjei_j) — fi(€ = bju— X jr1) + (€ — bju) LK (£)dE]dG (u)
x I(|bjei—j| > DI(|Xij41| > 1)

The expression inside | | is bounded since f fi(€)d§ = 1. Therefore Lemma 4.1
and I(|bju| > 1) yield |b;|“.

(ii) |(3.5)] < CI(|bjeijl > DI(|Xij1] > 1)

Proof. The proof is similar to that of (i). We have no [b;|* in (ii) since
I(|bju| > 1) is replaced with I(|bju| < 1).

(iii) (3.5)| < CI(|bjei—s| > 1) Xij1 1| Xij41] < 1).
P r o o f. We should deal with

JLS(fiE = bjeiy — Xijia) = (6 = bjeiy)]
+1£5(€ = bju— X; j1) — fi(& — bju)|)dE }dG(u)
< I(|bjei—j| > DI(|X; 11| < 1).

The bound follows from the expression and Assumption A3.
(iv) |(3:5)] < CI(1Xi 4| > 1) by

Pro o f. The proof is similar to that of (i). In (iv), I (|bje;—;| > 1) is replaced
with [(|bj6i_j’ < 1).

™) |(3.5)] < CI(| Xy 1] > 1)(Ibjei—j | I([bei—s| < 1) + [b;]%).

P r o o f. We should deal with

—bjeij ~
G6 [ [ [ {SIfE+2—Xign) = €+ 2)|dEdz]dG (u)
[bjul<l  —bju

X 1(|Xijaa| = DI(bjei—s] < 1).
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The expression inside the braces is bounded due to Assumption A3. Hence (3.6) is
bounded by

3.7 CI(’XZ‘,]'+1| > 1){‘bj6¢_j’1(’bj6i_j| < 1) + f \b]u]dG(u)}

|b]u\<1
The bound follows from (3.7) and Lemma 4.2.
(vi) 1(3.5)| < C|X; j 1| T(1Xs j41] < 1)]bs|*
P r o o f. We should deal with
—bjei—j
38 [ [ { f (S + 2= Xijr1) — fi(€+ 2)|dE)dz}dG (u)

|bjul>1

+ f {f ‘fJ 7]"!‘1) fj(f) - fj(f — bju — Xi,j—i—l)

[bjul>1
+ £5(€ = bju)|dE G (u) | I(| X j1] < 1D)I(|bjeij| < 1).

Assumption A3 implies that (3.8) is bounded by

ClXijrll(|Xijl<1) [ dG(u)
|bjul>1

Hence the bound follows from Lemma 4.2.
(vii)  [(3.5)] < C|Xi 1 [T(1Xi 1] < 1) (Jbjei—s [ T(1bjeijl < 1) + [b;|%).

P r o o f. This bound follows from Assumption A3, (3.5) and Lemma 4.2. Ac-
tually, in this case, we have
lbjei—j]

JUA { €+ 2= Xija1) = [{(E+2)|dz }dE] G(du) < C|Xi g |bjei—]

and

[bjul

JIH f F)(€+ 2 — Xiji1) — Fj(&+ 2)|dz}dE] I(|bjul < 1)G(du)
< C|Xijyallbs|*.

Here we used (4.11) in [13] to evaluate the expressions inside the brackets by
taking v = |bje;—;| and |bju|, z = —o0, and y = oo

The above bounds for (i)—(vii) and Lemmas 4.1 and 4.2 yield

(3.9) E{| [ K(&)U:;(©)d¢|"} < Cjt 2P
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We evaluate (3.4) by using (3.9). Notice that (3.4) is equal to the sum of the
following expressions A,, and B,,:

n n—i+l1

(3.10) Ay =3 > [K(E)Ui-12(8)dE,
=1 l=sp
(3.11) Ba=Y 3 [ KU (€)1 +1> so)dt.
1=1j=1

We can apply the von Bahr and Esseen inequality to A,, and B,, because U, ; is
Fi—j-measurable and E{U; ;|F;—;—1} = 0 almost everywhere. We will derive the
bounds for E{|A,|"} and E{|B,|"} by (3.9), the von Bahr and Esseen inequality,
and Minkowski’s inequality.

Noticing that —2a6 + 1 < —r, we have

n n—i+1

(3.12) E{l4a"} <23 E{| X [K(EUip-14(€)de]"}
=1

l=s0
n  n—i+l

<CY (Y (mHYN < on.
=1 I=1
As for B,,, we have
oo n—+l r
(3.13) E{B,"}<CY (Y (j 20
I=1 j=1+I
so 1 (/1 (~208+1)/r+1 [\ (F2eB+1)/r+1yr
< Cn—2a6+2+r Z { <> _ <1 + ) }
=" n n

o 1 (—2ap+1)/r+1y 7
0 n
< Cn—2a5+2+7“

The integration is bounded because of the assumption on 7.
The assertion of the proposition follows from (3.12) and (3.13). Hence the
proof is complete. =

Proof of Proposition 2.2. First we consider the properties of /().
Let K;(0) = 0 by redefining K ;(x) by K;(z) — K;(0). Then we have

(3.14) |Kj(z)] < C(1A|z)

by the Taylor expansion at 0 and the uniform boundedness of the derivatives. By
using (3.14) and Lemmas 4.1 and 4.2, we get

(3.15) E{|K;(bjer)["} < C(P(|bjer| > 1) + E{|bjer|" I(|bjer| < 1)})
< Clo;|* < C§7F.
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We write T,, — W, in the following form to apply the von Bahr and Esseen
inequality:

(3.16) Ty W= — 3 An(k)+ S Bo(k),
k=1 k=1
where
Ap(k) = kZ (5 (bjenti-1k) — E{E;(bjent1-1)}),
J=kVso
k+n—1
Bn(k) = %: (K(bjer—k) — B{K;(bje1&)})-
J=kVso

We evaluate the two terms on the right-hand side of (3.16) by using the von
Bahr and Esseen inequality, Minkowski’s inequality, and (3.15). Then we have

sin B A <0 f (S cowen
k=1 k=1 j=k
oo ” oo k+n—1 ,
3.18) E{| X B.k)| Y <X (X 5T
k=1 k=1 j=k
0o —afB/r+1 —af/r+1yr
=B 017
n n n

k=1
—af+r+1 7 —af/r+1 1 el
<Cn [Su |\t tu du
0

< Cnfaﬁ+r+l )

The relations (3.16)—(3.18) yield the assertion of the proposition. Hence the
proof is complete. =

Proof of Proposition 2.3. Set

(e 9]

ni(z) = > [Kj(bjz) — E{K;(bjer)}].

J=s0

We deal only with the case where ¢, < 0 < c;r(. The other cases can be treated in
the same way. If we establish

1/6 o0
(19) T ol () = U [ (Kao9) = Kac(0))s™ P,
200 0
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the proposition will follow from the argument of Lemma 3.1 in [13]. Note that the
argument implies that

B

Er}m |x|a”8P(77K(61) <z)= Clﬁcﬁﬁ(_of (Koo(—s) — KOO(O))sf(Hl/ﬁ)ds)a
0

T

and
(0% o0

[0
lim 2°PP (i (e1) > ) = 62;36<{ (Koo(s) — Koo(O))s_(Hl/ﬁ)ds) o
when we have (3.19). Consequently, the assertion of the proposition follows. We
will establish only (3.19) when z — co. We can proceed in the same way when
z — —o0. Let us consider K;(z) — K;(0) as in the proof of Proposition 2.2 and
recall (3.14). Then it is easy to see that 1y (z) is well defined.
As in [13], we represent i (2) as

(3.20) 2 VO (z) = 27V [ (Kpuy(buyz) = K|y (0))du + O(="17).
S0

By making a change of variables zcou™? = s, we obtain

1/8 zcosa’g
_ C
(3.21) 7P (2) = e { (K (zeo/sy177) (Bl zeosy179)2)

_ K\_(ZCO/S)l/BJ (0))5_(1+1//3)d5 + O(Z_l/ﬂ)'

The inequality (3.14) implies that

B22) 1K (oo /5)/8) (B (0780178 12) = K (2o /5)1/8) (O)]
<Cq ({(zco/s)_lz} A Co).

Now we see that (3.19) follows from (3.21), (3.22), Lemma 4.3, and the dominated
convergence theorem. Hence the proof of the proposition is complete. =

4. TECHNICAL LEMMAS

All the technical lemmas and the proofs are given in this section. First we state
the lemmas, and then we give their proofs.

LEMMA 4.1. Suppose that Assumptions Al and A2 hold. Then

P(|bjer| > 1) < C|b;|* and P(|X14>1) <Cj T foranyj > 1.
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LEMMA 4.2. Suppose that Assumptions Al and A2 hold. Then for any v > 1
there exists a positive constant C., such that
E{lbjer["I(bjer] < 1)} < Cylbj|* and E{| X157 1(|X1,] < 1)} < G5~
forany j > 1.

LEMMA 4.3. Suppose that Assumptions Al and A2 hold and that K (x) is a
bounded function. Then

lim sup |Kj(z) — Kxo(z)| = 0.

J—oo g

We prove the lemmas.

Proof of Lemma 4.1. The inequalities follow from (3.35) in [11] with
bj ~ Coj_ﬁ. [ ]

Proof of Lemma 4.2. We verify only the latter inequality with v = 1.
When j is sufficiently large, 2|b;| < 1 for any [ > j. Then, by using (3.41) in [11],
we get

- N oo 2|by 1
E{|X1J|](|X17]‘| < 1)} < Cz ( f dr + |bl|a f xiadl’)
=5 0 2|ty
<O [be] + 1ba|“{1 = 2lba)) Y]
I=j
<CY |hl* < ¢
I=j

Proof of Lemma 4.3. By using the differentiability and boundedness
of f;(x) and Lemmas 4.1 and 4.2, we have

1f(@) = f(@)] < [1fj(z—y) — f;()|dF;(y)
< [ Ufit—y) = fi@)|dF(y) + C [ dFj(y)

i<t ly|=1
<C( [ [ldF;(y) +P(| X1, > 1)) < Cj—*FH,
lyl<1
Then
4.1) jllrgosup f(z) = fi(z)| =0,

which and Scheffé’s theorem imply
lim [ |f(z) - fj()|dz = 0.
j—o0

Hence

|Kj(z) — Koo(@)| < [|K(z+9)||fi(y) = f(y)ldy =0 asj—oo. m
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