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EXACT LOCAL WHITTLE
ESTIMATION OF FRACTIONAL
INTEGRATION WITH UNKNOWN
MEAN AND TIME TREND

KATSUMI SHIMOTSU
Hitotsubashi University

Recently, Shimotsu and Phillips (2005, Annals of Statistics 33, 1890-1933) devel-
oped a new semiparametric estimator, the exact local Whittle (ELW) estimator, of the
memory parameter (d) in fractionally integrated processes. The ELW estimator has
been shown to be consistent, and it has the same N (0, %) asymptotic distribution for
all values of d, if the optimization covers an interval of width less than 9/2 and the
mean of the process is known. With the intent to provide a semiparametric estimator
suitable for economic data, we extend the ELW estimator so that it accommodates
an unknown mean and a polynomial time trend. We show that the two-step ELW
estimator, which is based on a modified ELW objective function using a tapered
local Whittle estimator in the first stage, has an N (0, %) asymptotic distribution for
de (-1, 2) (ord e (— % R %) when the data have a polynomial trend). Our simulation
study illustrates that the two-step ELW estimator inherits the desirable properties of
the ELW estimator.

1. INTRODUCTION

Fractionally integrated (I (d)) processes have attracted growing attention among
empirical researchers in economics and finance. In part this is because I(d)
processes provide an extension to the classical dichotomy of 7(0) and (1)
time series and equip us with more general alternatives for modeling long-range
dependence. Empirical research continues to find evidence that / (d) processes can
provide a suitable description of certain long-range characteristics of economic
and financial data (for a survey, see Henry and Zaffaroni, 2003). Because of their
flexibility in modeling temporal dependence, I (d) processes can also help to
reconcile implications from economic models with observed data. Indeed, their
use has provided solutions for many empirical “puzzles” in economics and finance,
e.g., consumption (Diebold and Rudebusch, 1991; Haubrich, 1993), term structure
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(Backus and Zin, 1993), international finance (Maynard and Phillips, 2001), and
economic growth (Michelacci and Zaffaroni, 2000).

The memory parameter, d, plays a central role in the definition of fractional
integration and is often the focus of empirical interest. Semiparametric estima-
tion of d is appealing in empirical work because it is agnostic about the short-run
dynamics of the process and hence is robust to its misspecification. Two com-
mon statistical procedures in this class are log periodogram regression and local
Whittle estimation (Robinson, 1995a, 1995b). Although these estimators are con-
sistent for d € (1, 1) and asymptotically normally distributed for d € (3, 3), they

are also known to exhibit nonstandard behavior when d > %. For instance, they

have a nonnormal limit distribution for d € [%, 1] , and they converge to unity in
probability and are inconsistent for d > 1 (Kim and Phillips, 2006; Phillips, 2007;
Phillips and Shimotsu, 2004). To avoid inconsistency and an unreliable basis for
inference when d may be larger than 3/4, a simple and commonly used proce-
dure is to estimate d by taking first differences of the data, estimating d — 1,
and adding one to the estimate d/—\l However, if the data are trend station-
ary, i.e., I(d) with d € [0, 1) around a linear time trend, taking a first differ-
ence of a time series reduces it to /(d) with d € [— 1, —%) In this case, the
local Whittle estimator converges either to the true parameter value or to 0 de-
pending on the number of frequencies used in estimation (Shimotsu and Phillips,
2006).

Data tapering has been suggested (Velasco, 1999 [hereafter Vel]; Hurvich and
Chen, 2000 [hereafter HC]) as a solution to extend the range of consistent estima-
tion of d. Tapered estimators are invariant to a linear (and possibly higher order)
time trend and asymptotically normal for d € (— %, %) (and for larger values of
d if higher order tapers are used), but they have a larger variance (1.5 times or
more) than the untapered estimator. As a result, there is currently no general pur-
pose efficient estimation procedure when the value of d may take on values in the
nonstationary zone beyond 3/4, except for Abadir, Distaso, and Giraitis (2007).

Many economists and econometricians took part in the debate on whether
economic time series are trend stationary or difference stationary. This debate
remains inconclusive partly because of the low power and discontinuity in the
data-generating model of the unit root tests. In the context of / (d) processes, these
questions are translated into whether d > % ord < %, because I (d) processes
become nonstationary when d > % Gil-Alafa and Robinson (1997) applied the
Robinson (1994) Lagrange multiplier (LM) test to macroeconomic data to test the
null hypothesis that d = dy for various values of dp, including d = %, and found
that the results depend on how the short-run dynamics of the data are specified.
Therefore, it is of great interest to investigate this issue using the semiparametric
approach, which is agnostic about short-run dynamics. However, neither using
the raw data or the differenced data or combining the two can answer whether
d> %, because these procedures must assume either d < % ord > % prior to
estimation.
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Recently Shimotsu and Phillips (2005) (hereafter SP) developed a new semi-
parametric estimator, the exact local Whittle (ELW) estimator, which seems to
offer a good general purpose estimation procedure for the memory parameter that
applies throughout the stationary and nonstationary regions of d. The ELW esti-
mator is consistent and has the same N (0, %) limit distribution for all values of d
if the optimization covers an interval of width less than 9/2 and the mean (initial
value) of the process is known. As such, it provides a basis for constructing valid
asymptotic confidence intervals for d that are valid regardless of the true value of
the memory parameter.

Economic time series are often modeled with an unknown mean and a polyno-
mial time trend. First, we examine the effect of an unknown mean (initial value)
on ELW estimation. It is shown that (a) if an unknown mean is replaced by the

sample average, then the ELW estimator is consistent for d (— %, 1) and asymp-

totically normal for d € (— %, %), but simulations suggest that the estimator is

inconsistent for d > 1; and (b) if an unknown mean is replaced by the first obser-
vation, then the ELW estimator is consistent for d > 0 and asymptotically normal
for d € (0,2), but consistency and asymptotic normality for d € (0, %) require a
strong assumption on the number of periodogram ordinates used in estimation,
and simulations suggest that the estimator is inconsistent for d < 0. An unknown
mean needs to be estimated carefully in the ELW estimation.

In light of the preceding undesirable effect of unknown mean on the ELW esti-
mation, we extend the ELW estimator so that it accommodates an unknown mean
and a polynomial time trend. We modify the ELW objective function to estimate
the mean by combining two estimators: the sample average and the first obser-
vation, depending on the value of d. The presence of a linear and/or quadratic
time trend is dealt with by first detrending the data. We show that the two-step
ELW estimator, which is based on the modified ELW objective function and uses
a tapered estimator in the first stage, has the same N (O, %) limit distribution for

de (- %, 2)de (- %, 1) when the data are detrended). The finite-sample per-
formance of the two-step ELW estimator inherits the desirable properties of the
ELW estimator, apart from a small increase in bias and variance when the data
are detrended. We also investigate the properties of the estimator that minimizes
the modified objective function. The resulting feasible ELW estimator is shown
to be consistent for d > — %, provided we exclude arbitrary small intervals around
O and 1.

Abadir, Distaso, and Giraitis (2007) propose a fully extended local Whittle
(FELW) estimator that uses a fully extended discrete Fourier transform. They
show that the FELW estimator is consistent and has an N (0, %) limit distribution
ford e ( - %, oo) We view their estimator as being complementary to the one
proposed in this paper for a variety of reasons. The FELW estimator has an ad-
vantage over the two-step ELW estimator in that it covers a wider range of d and
it does not require estimating the mean.! However, the FELW estimator excludes
the values of d = %, %, ..., which results in holes in confidence intervals at these
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points, whereas our two-step approach does not. Furthermore, the two estimators
are based on different models of the 7(d) process. The FELW estimator is based
on Type I processes, whereas the two-step ELW estimator is based on Type II pro-
cesses. Type I and II processes have their relative advantages and disadvantages;
e.g., Type I processes are stationary for d < % and more amenable to standard
statistical analysis, whereas Type II processes can use a single model for all d and
do not impose model discontinuity at d = %, %, -

The remainder of the paper is organized as follows. Section 2 briefly reviews
ELW estimation. Section 3 analyzes the effect of an unknown mean and compares
two estimators of the mean. Section 4 demonstrates the asymptotic properties of
the two-step ELW estimator. Section 5 reports some simulation results and gives
an empirical application using the extended Nelson—Plosser data. Proofs and some
technical results are collected in Appendixes A and B.

2. A MODEL OF FRACTIONAL INTEGRATION AND ELW
ESTIMATION

First we briefly review the ELW estimation developed by SP as it serves as the
basis for the following analysis. Consider the fractionally integrated process X,
generated by the model

AX,=(1-0)Y7 X, =u;1{r > 1}, r=0,=+1,..., 1)

where 1{-} denotes the indicator function and u, is assumed to be stationary with
zero mean and spectral density f, (1) satisfying f,(1) ~ G for 1 ~ 0. Invert-
ing and expanding the binomial in (1) gives a representation of X; in terms of
ui,...,u,, which is valid for all values of d:

t—1
Xo=A"u 1> j=(1-0)“ullt> =Y (i)'k

k=0

Uy,  t=0,%1,...,

where (d)r =T'(d+k)/T'(d) and T" () is the gamma function.
Define the discrete Fourier transform (DFT) and the periodogram of a time
series a; evaluated at the fundamental frequencies as

n ) 2
wa (4) = Qen)y 2 Y ae, =L j=1,..n, 2)

=1 n

Lo (2j) = |wa (4;) I*
SP propose to estimate (d, G) by minimizing the objective function
m

1 1
0n(G.d)=— 3 [log (sz—zd) + =iy (/1,)} . 3)

j=1
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Concentrating Q,, (G, d) with respect to G, SP define the ELW estimator as

d= argmin R (d), 4
de[Ay,Ar]

where A1 and A are the lower and upper bounds of the admissible values of d and
R(d):logG(d)—Zd%ZIOgij, G(d):QZIAdx ().
j=1 j=l1

In what follows, we distinguish the true values of d and G by dp and Go. The ELW
estimator has been shown to be consistent and asymptotically normally distributed
for any dy € (A1, Ap) if Ay — A1 < % and under fairly mild assumptions on m
and the stationary component u;.

Assumption 1. f;, (1) ~Gp € (0,00) as 1 — 0+.

Assumption 2. In a neighborhood (0, d) of the origin, f, (1) is differentiable
and (d/dA) log f,(A) =0 as 1 — 0+.

Assumption 3. u; = C(L)e; = ¥;2,cje—; with Z‘/’iocjz < oo, where
E(e|F;—1) =0, E(et2|Ft_1) =1as.,t=0,%£l1, ..., in which F; is the o-field
generated by &, s < ¢, and there exists a random variable & such that Ee? < oo

and for all # > 0 and some K > 0, Pr(|e;| > ) < K Pr(le| > 7).
Assumption 4. m~' +m(logm)"?n=' +m~7" logn — 0 for any y > 0.
Assumption 5. A, — A < %

See SP for a comparison of the preceding assumptions with those in Robinson
(1995b).

LEMMA 1 (SP, Thm. 2.1). Suppose X; is generated by (1) with dy € [A1, A>]
and Assumptions 1-5 hold. Then d — ,, dy as n — oo.

Assumption 1’. Assumption 1 holds and also for some 8 € (0,2], f. (1) =
Go(14+0(#)), as 1 — 0+.

Assumption 2’. In a neighborhood (0, 8) of the origin, C(e™) is differentiable
and (d/d2)C(e*) = 02" as A — 0+.

Assumption 3’. Assumption 3 holds and also E(8[3|Ft—1) = us, E(efl F_1) =
4, almost surely (a.s.), t =0, =%1,..., for finite constants u3 and 4.

Assumption 4’. As n — oo, m~' +m' T2 (logm)*n=2 +m~7 logn — 0 for
any y > 0.

Assumption 5’. Assumption 5 holds.

LEMMA 2 (SP, Thm. 2.2). Suppose X, is generated by (1) with dy € (A1, Az)
and Assumptions 1'-5' hold. Then m'/?(d — do) =4 N(O, %) asn —> oo.



506 KATSUMI SHIMOTSU

3. ELW ESTIMATION WITH UNKNOWN MEAN

The asymptotic properties of the ELW estimator in Section 2 are derived under

the assumption that X, is generated by (1). However, when a researcher models

an economic time series, typically its mean/initial condition is assumed to be un-

known, and it is often accompanied by a linear time trend. In this section, we

analyze the effect of an unknown mean/initial condition on the ELW estimation.
We consider estimating d when the data X; are generated by

Xe=po+X7; X\ =(0-L)"%ul{r>1}, 6)

where ( is a nonrandom unknown finite number. Because Eu; = 0, the initial
condition u is also the mean of the process X; in the sense EX; = (. Consider
estimating o by 7i. One candidate for 7 is the sample average X =n~! > X
For dy > —%, the error in estimating zo by X is

E—po=X—po=n""(1=L)"" u,1{t > 1} = 0,(n*~"?). 6)

Because the magnitude of the error increases as dy increases, the sample average
is not a good estimate of uo for large dp. As shown by Adenstedt (1974), for
a stationary process whose spectral density behaves like 1724 around the origin

that includes a Type I 1 (d) process with d < %, the best linear unbiased estimator

(BLUE) of the mean is more efficient than the sample average.> When dy < —%,

the BLUE has a variance that is O (n2%~1). Samarov and Taqqu (1988) compare
the variance of the BLUE with that of the sample average.

Note that, when dy > %, the variance of X ? tends to infinity as + — oo and
the magnitude of X? dominates that of x(. Consequently, if dy > % the signal
on the value of d from X ? dominates the noise from ¢, and one can estimate d
consistently from X, without correcting for u¢. In other words, there is no need
to estimate ug. In a finite sample, however, it would be sensible to reduce the
adverse effect of large o (10,000, say) by using the first observation X as a
proxy of ug. This leads to 7 = X, whose error in estimating s is*

A—po=Xi—po=0—=L)"%uil{t > 1} =u; = 0, (1). o)

Therefore, X serves as another estimator of s for large dy and complements X.
We state the results formally. Estimate o by u and define the resulting estima-
tor as

-~

d = argmin R°(d), ®
de®

where O is the space of the admissible values of d and

. 1
R°(d) =1og G®(d) —2d —
m -

m ~ 1
loghj,  G'@)=—3 Inip (%)
j=1 =1
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and Ipa(,_g)(4;) is the periodogram of A4(X; —i). Define v, = 1{r > 1}; then

Wpd (x—jy (A)) = W (x— ) (A7) + (o — )W pay, (47).

The asymptotics of the estimator depend on the relative magnitude of wa(,_ )
(4;) and (po— [)w pd, (4j). The ELW estimator with i = X is consistent fordy e
( - %, 1) and asymptotically normally distributed for dy ( 2, 4) whereas the
ELW estimator with z = X is consistent and asymptotically normally distributed
for dy > 0. The following theorems establish these results. Assumptions 6a and
6b nest Assumption 5.

Assumption 6a. ® =[A, A,] with % <A <Ay <1,

THEOREM la. Suppose X is generated by (5) with dy € [A1, Az], Assump-
tions 1-4 and 6a hold, and i = X. Then d — , do as n — oo.

THEOREM 1b. Suppose X, is generated by (5) with dy € (A1, A2) and
Ay < 4, Assumptions 1'-4' and 6a hold, and u = X. Then ml/z(d do) >4

N(0,4) asn— .
Assumption 6b. ® =[A, A;] with0 < Aj < Ay <ocoand Ay — Ay < 3.

THEOREM 2a. Suppose X; is generated by (5) with dy € [A1, A3], Assump-
tions 1-4 and 6b hold, n'=2dom=1*110gm — 0 for some n > 0, and i = X 1. Then
d—pdyasn— oo.

THEOREM 2b. Suppose X; is generated by (5) with dy € (A1, min{A»,?2}),
Assumptions 1'-4' and 6b hold, n'=>%m=1/21ogn — 0, and 7 = X;. Then

ml/z(g—do) —a N(O, %) asn— oo.

Remark 1. We assume A > —% in Theorems 1a and 1b, because the order of
X — po is not given by (6) (indeed, it becomes 01,(n_1 logn)) if dp < —%. For
practical applications this assumption is innocuous because the ELW estimation
does not require prior differencing of the data and the cases with dy < 0 do not
occur in practice. It may be possible to relax the restriction Ay > —0.5 if we use
a BLUE in place of the sample average. The resulting estimator may suffer from
complications, however, because the derivatives of the objective function involve
the derivative of the BLUE with respect to d.

Remark 2. For Theorems 2a and 2b, any O, (1) variable will work as an es-
timator of uo. We choose X to avoid (possibly) large error in estimating uo in
the worst case. As shown in (7), using X as i gives it — no = u1, whose order
of magnitude will be smaller than that of X,, for moderately large n. On the other
hand, if we use a constant (or an O, (1) random variable) ¢ as j, then the error
associated with it is i — ug = ¢ — g, which may take a very large absolute value
if ¢ is chosen inappropriately. Then, the magnitude of ¢ — uo may become as
large as that of X, for moderately large n, which has an adverse effect on the
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finite-sample performance of the estimator. Further, X, — X is shift-invariant,
which would be desirable from an applied researcher’s point of view.’

Remark 3. Theorems la-2b hold even if x¢ is assumed to be an O, (1) ran-
dom variable. The irrelevance of the initial condition for large dyp can be high-
lighted through the unit root model. Suppose the data generating process (DGP)
is X, = ,uo+X?, t=1,...,n, with ug #0, (1 —pL)X? =g 1{t > 1}, and ¢; ~
iidN (0, 1). Consider estimating p by regressing X; on X,_; without an inter-
cept. When |p| < 1, the estimator p = (X", X> )7! 3", X,_1 X, converges to
[(A=p>)~'+ ,u%]_l[p(l —-pH T+ ,u(z)] # p and is not consistent for p. When
p = 1, however, p converges to 1 because X; dominates X¢ as t — oco. In our
context, when dy > %, the variance of X? tends to infinity as t — oo, and X?
dominates .

Remark 4. The additional assumptions on m in Theorems 2a and 2b are auto-
matically satisfied when dy > % When dj € (0, %), these conditions require m to
grow fast, and they become stronger for smaller dy. This phenomenon occurs be-
cause, when dj € [0, %), both X¥ and 7 — u are O, (1), but the leakage from the
DFT of A4 (7i — uuo) has a nonnegligible effect on the behavior of the periodogram
ordinates for extremely small 4;’s. Trimming the first £ = om periodogram ordi-
nates for arbitrary small § > 0 will relax the condition to n!=24;290=2 — ( for
consistency.

Shimotsu and Phillips (2006) report a similar phenomenon with untapered local
Whittle estimation; when the local Whittle estimator is applied to an I (dy) process
with dy € [— 1, —%), the consistency of the estimator requires m to grow fast.
They report that Monte Carlo simulation bias can be as large as 0.25 when dy =
—1, n =200, and m = 10. The magnitude of the bias of the ELW estimator for
do = 0in Table 1 is smaller, but the bias does manifest itself in some cases; e.g.,
the bias is 0.148 when dg = 0, n = 4,096, and m = 30 (not reported in Table 1).

Remark 5. In the model (5), the process is initialized at t = 0; however al-
ternate initializations may be considered. Both versions of the ELW estimator
are invariant to the initial condition when it does not depend on ¢, because both
demeaning and subtracting X annihilate it. When the initial condition depends
on ¢, it may affect the asymptotics of the estimator. One example of such an initial
condition is a distant past initialization (see Phillips and Lee, 1996; Canjels and
Watson, 1997) that initializes the process at [xn] for a positive constant x. This
gives

t+[nx] (d)k t (d)k [kn] (d)k
X = Z 7ut—k = 7ut—k+ Z ﬁut—k =X?+X;€.
k=0 : k=0 : k=t+1 :

When d € (— %, %) this initialization locates X; between Type I and Type II
processes. Through an analogy with a Type I process discussed in Section 4.3, we
conjecture that this initialization does not affect the asymptotic property of the
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TABLE 1. Monte Carlo simulation bias: n = 256, m = n%% = 36

dy —-0.4 0.0 04 0.8 1.2 1.6 2.0

#=X —0.0047 —0.0034 0.0000 0.0144 —0.0639 —0.3926 —0.8021
=X 0.3066 0.0048 —0.0064 —0.0001 —0.0025 —0.0029 0.0000

ELW estimator, but proving it rigorously is beyond the scope of this paper. When
d > 1/2, this type of initialization will affect the asymptotics, because X? and
X¥ have the same order of magnitude. Phillips and Lee (1996) and Canjels and
Watson (1997) derive its effect on the asymptotics of various estimators in the
context of unit root models.

Remark 6. Heuristically, the lack of consistency for dy = 0 in Theorem 2a is
explained as follows. When ug is estimated by X, it follows from (7) that we
estimate d of the series Xf) —u1. We can then view u as a persistent O, (1) noise
added to X?, because it is common for all . When dj € (0, %), XV is 0,(1), but
is a persistent process, and the estimator picks up the signal about dy from X?
correctly for some choices of m. When dy = 0, the persistence of u# prevents the

estimator from detecting the signal about dy from X ?.

Remark 7. The semiparametric estimators that use the DFT of the original
(not fractionally differenced) data are invariant to the initial condition, because
the DFT of a constant term is O at nonzero Fourier frequencies. Omitting a linear
trend in a stationary I (d) process affects these estimators, however, because peri-
odograms are not invariant to a linear trend. For example, Phillips and Shimotsu
(2004) show the inconsistency of the local Whittle estimator when the data have
a linear time trend.

Intriguingly, when dy € [%, 1), d with 2 = X is still consistent, although X is
not a consistent estimate of w¢. Table 1 shows the finite-sample performance of
the preceding two estimators. We generate the data according to (5) with u, ~
iidN (0,1) and pg = 0. The constants A| and A, are set to —1 and 3. Sample
size and m are chosen to be n = 256 and m = n%% = 36, and 10,000 replications
are used. The ELW estimator with 77 = X becomes negatively biased for large
dp, whereas the estimator with i = X appears to be inconsistent when dy is
negative. Consequently, the ELW estimator can become inconsistent if the error
in estimating Xy is not controlled properly.

4. TWO-STEP ELW ESTIMATION
4.1. Two-Step ELW Estimator
The results in Section 3 indicate that

1. Xisan acceptable estimator of x( for small d;
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2. X is an acceptable estimator of ¢ for large do;
3. fordy € [%, %] , both X and X are acceptable estimators of xg.

Therefore, to estimate d when it has a wide range, we propose to estimate u
with the following linear combination of X and X:

fi(d) = wd)X + (1 - w(d)X1,

where w(d) is a twice continuously differentiable weight function such that
w(d) =1ford < § and w(d) =0 for d > 3. With this estimate of 4, consider
the following modified ELW objective function:

~ 1 ~ 1
Rp(d) =1ogGr(d) —261% Y logij, Gr(d) = - D Ind—q@y ). 9)
j=1 Jj=1

One may consider estimating d by minimizing this objective function. Analyzing
the resulting estimator encounters, however, the difficulty in proving its global
consistency, as discussed in Section 4.4. We apply two-step estimation to circum-
vent this difficulty.®

Two-step estimation has a long history, dating back to the work by Fisher
(1925). It has been analyzed by many authors, including LeCam (1956), Pfanzagl
(1974), Janssen, Jureckova, and Veraverbeke (1985), and Robinson (1988). In the
context of long-memory processes, Lobato (1999) and Lobato and Velasco (2000)
use the two-step estimation method to simplify inference and avoid the problems
associated with proving the consistency of the considered estimators for certain
values of d.

Two-step estimation requires a /m-consistent first step estimator. We pro-
pose to use the tapered local Whittle estimators of Vel and HC in the first stage.
The asymptotic theory of these estimators is derived under Type I long-range
dependent processes that are defined as an infinite-order moving average of
short-memory innovations for d € [— %, %) and as its partial sums for larger
values of d. In Propositions B.1 and B.2 in Appendix B, we extend their the-
ory to the case where X, is generated by (11) from Section 4.2 (Type II pro-
cesses) using the results in Robinson (2005). This result may be of interest
itself because the asymptotic properties of these estimators have not been stud-
ied under Type II processes. Phillips and Shimotsu (2004) and Shimotsu and
Phillips (2006) analyze the untapered local Whittle estimator under Type II
processes.

To analyze the tapered estimators under Type II processes, we need to impose
an additional assumption on f;,(4).

Assumption 7’. f,,(1) is bounded for A € [0, 7 ].

Assumption 7’ is used by Robinson (2005), who derives the stochastic or-
der of the difference of the tapered DFTs of Type I and Type II processes. Not
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allowing f (1) to have poles outside the origin certainly restricts the class of the
spectral density. However, it imposes no additional restrictions with respect to
the smoothness of f, (1) beyond Assumptions 1’-5’. Propositions B.1 and B.2 in
Appendix B show that the tapered estimators are asymptotically normally dis-
tributed and /m-consistent.

With the /m-consistency of the tapered estimators in hand, we are now ready
to derive the limiting distribution of the two-step estimator. We focus on the ta-
pered estimator by Vel with a third-order taper as the first-stage estimator because
it allows for dy € ( — %, %), is invariant to a linear and quadratic time trend, and
requires a weaker assumption on f;, (1) than HC. Let ZZ\T denote this first-stage
estimator and define the two-step ELW estimator, d>grw, as

drgrw = dr — Ry (dr)/ R}-(dr), (10)

where Rr(d) is the modified objective function defined in (9). Iterating the pre-
ceding procedure and updating the estimator by dz(?LW = drpiw — Ry (doerw)/

R}, (EZELW) and similarly for Zi\z(?LW does not change the asymptotic distribution
of the estimator, but we find that iterating procedure can substantially improve its
finite-sample properties.

THEOREM 3. Suppose X, is generated by (5) with dy € (A1,Az) and
—% < Ay < Ay <2 and Assumptions 1'-5" and 7' hold. Then m'/*(drgrw —

do) =4 N(0, %) as n — oo.

Theorem 3 holds if the Hessian is replaced with 4 because R}f- (JT) —p4.In
the simulations reported subsequently, we replaced R (c/z’\T) with max{R% (ET), 2}
and found that it improves the finite-sample performance of the estimator. The
lower bound on R%(dr) prevents the occurrence of extremely large values of
drELw.

One can also determine the range of d in the first step using a tapered estimator
and then apply the nontapered estimator to properly differenced data. This pretest
approach is a viable option, but its practical applicability depends on the signif-
icance level at which one can reject d < % (or d > %) in the first step. The two
important factors in determining significance are the sample size and the distance
between 1/2 and d of the data. With economic data, a priori, it is unclear whether
these factors work favorably.

It might be possible to remove the restriction d # %, %, ... of the FELW estima-
tor by applying a similar strategy. For example, one may consider the following

FELW counterpart of our approach: use (a) the ordinary DFT when d < %, (b) the
extended DFT when d > %, and (c) their linear combination when d € [%, %} It
is not clear, however, what the asymptotic distribution of the resulting estimator

would be.
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4.2. Two-Step ELW Estimation with Unknown Mean
and Time Trend

In this section, we extend the two-step ELW estimation to cases where the data
have a polynomial time trend, in addition to an unknown mean:

X; = po+Prot+ faot> -+ frot* + X% X0=(1—L0) Ny, 1{t > 1}. (11)

We propose to estimate d by regressing X; on (1,1,..., 1) and then applying the
two-step estimation to the residuals X;. As shown in the proof of Theorem 4 in
Appendix A, the residuals can be expressed as

X, = X + Z0,(do) + E1,(do)t + - - -+ Epn(do) ¥,

where Zj,(do) are random variables. Because Y, X + = 0 by construction, the
estimate of u( from the residuals takes the form

p(d) = (1 — w(d))X.

The following theorem establishes the asymptotics. Note that asymptotic nor-
mality now requires dp to be smaller than 7/4, because the order of magnitude
of the initial condition of X;, Z¢,(dp), depends on dy. The terms Zy,(do)t, ...,
Zin(do)t* have the same order of magnitude as Eq, (dp).

THEOREM 4. Suppose X, is generated by (11) with dy € (A, Ay) and —% <
Al <Ay < %, Assumptions 1'=5' and 7' hold, and X, — ¢(d) is used in place
of Xy — u(d) in defining Rp(d) in (9). Then ml/z(ﬁmw—do) —q N(O, %) as
n— oo.

A simulation result (available upon request) indicates that the two-step ELW
estimator loses its consistency if one underspecifies the order of the polyno-
mial k. Overspecifying the order of the polynomial does not change the asymp-
totic properties of the estimator but increases its finite-sample mean square errors
(MSESs).

4.3. Two-Step ELW Estimation under Type | Processes

In this section, we discuss the effect of the specification of I (d) processes on the
asymptotics of the ELW estimators. Suppose Y; is generated by a Type I I (dp)
process plus an initial condition

Yi=Y'+um., ¥ =0-D7U14=z1, U =0-1)0y,

where u; satisfies Assumptions 1'-3’, dy > —%, and s = [do + %]

Consider the case where uo = O first. We conjecture that the two-step ELW esti-
mator has the same asymptotic properties under Type I processes, albeit a rigorous
proof is beyond the scope of this paper. First, it is known that Type I and Type II
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processes with |d| < % are asymptotically equivalent (Marinucci and Robinson,
1999) and that the effect of their difference in their initialization becomes negligi-
ble as t = oo. Second, the untapered local Whittle estimator has N (0, %) asymp-
totic distribution under both Type I (Robinson, 1995b) and Type II (Shimotsu and
Phillips, 2006) processes. Therefore, we conjecture that the asymptotic equiva-
lence between these processes will also apply to the asymptotic distribution of the
semiparametric estimators.

Note that the ELW estimator uses the periodograms of the dth difference of the
data with truncation at + = 0. In what follows, we show that the dth differences of
Type I and Type 11 I (dp) processes truncated at # = 0 are asymptotically equivalent
for d € [dy — ¢,dop + €] and small ¢ > 0. It suffices to consider this range of d
because we use a two-step method. For illustration, focus on the case when d €
(- %, %) and Y; = (1 — L)%y, . Taking the dth difference of ¥; with truncation
gives

t—1 (_ 00 (__ o0 (__
G-pivapz =y 0y o3 EDy S EDy )
= k! i—o ! = k!

The first term on the right is (1 — L)4(1 — L)~%u; = (1 — L)4~%y,, which is a
Type 1 1(dy — d) process and asymptotically equivalent to a Type II I(do — d)
process. For the second term, let y; denote the kth autocovariance of Y; and as-
sume that it satisfies yx = O (k*®©~1) for dy # 0 and ¥>°_ |yx| < oo for dy = 0.
Then, a tedious but routine calculation gives

< (—=d)k ’ L —d—1 X j—d—1 —2d—1, 2dg—2d—1
EY i Y| =0 Yk M1 Iyi—kl| =0 (¢ + 1240 ).

k=t k=t =t

Because dg € (— %, 3) and |d —dp| < &, thisis o(1) as # — oo, and the asymptotic
equivalence of the two dth differenced processes follows.

When p¢ # 0, the two-step ELW estimation estimates uo by a linear combi-
nation of the sample average and the first observation. Using Type I specification
does not affect the asymptotic behavior of the two-step ELW estimator, because
Type I and Type II processes have the same stochastic order and the basic in-
tuition used in Type II specification carries through. Specifically, if we estimate
o by the sample average of Y;, then the estimation error is n~! iy 0 which
is n~! times a Type I I(dop + 1) process and is 0, (n%~1/2) under weak regu-
larity conditions; see Marinucci and Robinson (1999) and the references therein.
Therefore, the order of the error is the same as in (6). If we estimate ¢ by Y,
then Y1 — uo = YP = Ul(s) = 0,(1), and the order of the error is the same as
in (7). Similarly, the effect of detrending polynomial trends is the same, because
the partial sums of Type I and Type II processes have the same stochastic order.
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4.4. Feasible ELW Estimator

We may consider estimating d by directly minimizing the objective function of
the two-step ELW estimator. Define the resulting feasible ELW estimator as

dr = argmin Rr(d), (13)
de®

where @ is the space of the admissible values of d. This estimator is consistent

and asymptotically normal for dy > —%, although we need to exclude a small

interval around O and 1.

Assumption 6c¢. For arbitrary small v > 0, @ = [A, A2]\((—v,v)U (1 —v,
1+v)) with —§ < Ay < Ay <2.

THEOREM 5a. Suppose X; is generated by (5) with dy € ® and Assumptions
1-5 and 6¢ hold. Then dr — , dy as n — oo.

THEOREM 5b. Suppose X is generated by (5) with dy € Int(®) and
Assumptions 1'-5" and 6¢ hold. Then m'/?>(dr —do) — 4 N(O, %) asn— oo.

The exclusion of (—v,v)U (1 —v, 1+v) is necessary because of the difficulty
in proving the global consistency of the estimator. The consistency is proved by
showing that Rr(d) — Rr(dp) is uniformly bounded away from 0 when d # d.
When d is close to dy, Rr(d) — R (dp) converges to a nonrandom function whose
minimum is achieved at dy. When d is not close to dy, in particular when |d — dy|
> %, Rp(d) — Rr(dy) does not converge to a nonrandom function, and we need
an alternate way to bound it away from 0.” One of the necessary steps in proving
the lower bound is to show, for some ¢ > 0,

m m
m™U N A =BiP = cm™ Y (4P 418D, (14)
Jj=lxm] Jj=lxm]

where x is a fixed number between 0 and 1, A; is a function of AdX ?, and B; is
a function of w54, (4;). Their explicit formula is given by (A.35) in Appendix A.
Note that (14) does not hold if A; = B; # 0. For (14) to hold, A; and/or B; must
vary sufficiently as j changes so that A; — B; is bounded away from 0 for suf-
ficiently many j’s. When d is close to 0, the two leading terms of waq,(4;),
(1 —e")? and —n=?/T'(1 — d) (see Lemma B.2(i)), are both close to 1, which
makes it very hard to establish that wa,(4;) has sufficient variation. A simi-
lar difficulty arises when d is close to 1. SP also needed to use a nonstandard
approach to show inf; R(d) — R(do) > O for |d —dp| > % but were able to show it
for % <|d—dp| < %. In a way, the presence of w4, (4;) aggravates the difficulty
in showing the global consistency in SP. Note that Theorems la, 1b, and 2a, 2b
do not suffer the same problem as Theorems 5a, 5b. This is because the error in
estimating u¢ is small and dominated by X? for the combinations of d and dy
considered in the previous theorems, which makes showing (14) less difficult.
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5. SIMULATIONS AND AN EMPIRICAL APPLICATION

This section reports some simulation results. Here X, is generated by (5) with
1o =0,and A and A, are set to —1 and 3. The form of the weight function w(d)
for d € [1,2] is chosen to be (1/2)[1+ cos(4xd)]. We use 10,000 replications.
In two-step estimation, analytic derivatives are used to compute R’;(d) and
R7.(d). The terms involving 67 (d)/od are omitted from the derivatives, because
they are negligible in the limit. The procedure (10) is iterated (with updating) 10
times.

We compare the two-step ELW estimator with the tapered estimator by HC,

which has the smallest limiting variance (1.5/(4m) ford € (—1,3)) among the

tapered estimators. We focus on d € (— %, %) in most of our simulations, because

this is the range of d that is relevant for many economic applications.

Table 2 compares the two-step estimator with the tapered estimator for the value
ofd e (— %, %) and with varying short-run dynamics of u,. The sample size and
m are chosen to be n = 512 and m = n%% =57, and u, is modeled as an AR(1)
with the parameter p. This table corresponds to Table 1 of HC. The bias of the two
estimators is very similar and not affected by the changes in d for a given value
of p. For a given value of d, the bias of both estimators increases as p increases.
The variance of the two-step estimator is smaller than that of the tapered estimator
for any parameter combination, corroborating the theoretical result.

Tables 3 and 4 compare the ELW estimator, the two-step ELW estimator with
and without linear detrending, and the tapered estimator.® The estimation of the
mean has little negative effect on the bias and standard deviation of the ELW
estimator. Also, the MSE of the ELW estimator and the two-step estimator are
virtually the same for n = 512. If the data are detrended prior to estimation, the
two-step estimator suffers from a mild increase in standard deviation and a small

TABLE 2. Simulation results: n = 512, m = n%-05 = 57

2ELW Tapered estimator

d p bias var bias var

0.0 0.0 —0.0022 0.0058 0.0020 0.0094
0.0 0.5 0.0994 0.0061 0.1130 0.0098
0.0 0.8 0.4133 0.0072 0.4404 0.0114
0.4 0.0 0.0001 0.0058 —0.0030 0.0097
0.4 0.5 0.1003 0.0060 0.1055 0.0099
0.4 0.8 0.4160 0.0072 0.4381 0.0113
0.8 0.0 —0.0003 0.0058 —0.0066 0.0095
0.8 0.5 0.0988 0.0060 0.1014 0.0098
0.8 0.8 0.4125 0.0073 0.4325 0.0113
1.2 0.0 —0.0006 0.0057 —0.0057 0.0093
1.2 0.5 0.0990 0.0061 0.1022 0.0099

1.2 0.8 0.4117 0.0070 0.4302 0.0108
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TABLE 3. Simulation results: n = 128, m = n%0° =23

ELW 2ELW
d bias s.d. MSE bias s.d. MSE
—-04 0.0043 0.1369 0.0188 —0.0004 0.1383 0.0191
0.0 —0.0007 0.1397 0.0195 0.0001 0.1385 0.0192
0.4 0.0004 0.1404 0.0197 0.0052 0.1381 0.0191
0.8 —0.0008 0.1395 0.0195 0.0031 0.1338 0.0179
1.0 0.0006 0.1405 0.0197 0.0015 0.1377 0.0190
1.2 —0.0004 0.1390 0.0193 —0.0003 0.1386 0.0192
1.6 0.0023 0.1381 0.0191 0.0031 0.1380 0.0191
2ELW with detrending Tapered estimator
d bias s.d. MSE bias s.d. MSE
—-04 —0.0108 0.1340 0.0181 0.0434 0.1740 0.0322
0.0 —0.0444 0.1481 0.0239 0.0115 0.1757 0.0310
0.4 —0.0426 0.1550 0.0258 —0.0042 0.1783 0.0318
0.8 —0.0168 0.1536 0.0239 —0.0164 0.1787 0.0322
1.0 —0.0034 0.1442 0.0208 —0.0163 0.1783 0.0321
1.2 —0.0002 0.1398 0.0195 —0.0193 0.1757 0.0312
1.6 0.0132 0.1342 0.0182 —0.0074 0.1732 0.0301
TABLE 4. Simulation results: 7 = 512, m = n%0 =57
ELW 2ELW
d bias s.d. MSE bias s.d. MSE
—-0.4 —0.0023 0.0765 0.0059 —0.0039 0.0764 0.0059
0.0 —0.0021 0.0774 0.0060 —0.0020 0.0774 0.0060
0.4 —0.0022 0.0772 0.0060 —0.0003 0.0765 0.0059
0.8 —0.0016 0.0771 0.0059 —0.0008 0.0762 0.0058
1.0 —0.0024 0.0768 0.0059 —0.0024 0.0767 0.0059
1.2 —0.0005 0.0768 0.0059 —0.0004 0.0769 0.0059
1.6 —0.0008 0.0772 0.0060 —0.0007 0.0772 0.0060
2ELW with detrending Tapered estimator
d bias s.d. MSE bias s.d. MSE
—-0.4 —0.0078 0.0759 0.0058 0.0131 0.0962 0.0094
0.0 —0.0214 0.0815 0.0071 0.0037 0.0977 0.0096
0.4 —0.0190 0.0818 0.0071 —0.0049 0.0984 0.0097
0.8 —0.0059 0.0802 0.0065 —0.0069 0.0985 0.0097
1.0 —0.0035 0.0774 0.0060 —0.0086 0.0973 0.0095
1.2 0.0001 0.0769 0.0059 —0.0058 0.0966 0.0094
1.6 0.0060 0.0770 0.0060 —0.0011 0.0957 0.0092
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negative bias for d = 0.0 ~ 0.8. Overall, the finite-sample performance of the
two-step estimator is very close to that of the ELW estimator except for a few
cases. On the other hand, the tapered estimator has substantially larger standard
deviations and MSE compared with the ELW estimator for all values of d.

As explained after Theorem 3, the simulations in Tables 1-4 are conducted us-
ing max{R’(d), 2} instead of R7.(d) to avoid the undesirable effects of very small
values of R (d), which result in extremely large values of the updated d. Table 5
compares the two-step estimator with four different choices of the denominator in

TABLE 5. Simulation results with different Hessians

n =128, m=n0%05 =23

R}f-(d) max{R% (d),2}

d bias s.d. MSE bias s.d. MSE
0.0 —0.6832 9.6644 93.8666 0.0046 0.1363 0.0186
04 —0.9285 12.6518 160.9299 0.0042 0.1370 0.0188
0.8 —1.6182 14.5551 214.4700 0.0035 0.1343 0.0181
1.2 —1.4070 14.6224 215.7950 —0.0001 0.1385 0.0192

max{R}(d),3} 4

d bias s.d. MSE bias s.d. MSE
0.0 0.0047 0.1363 0.0186 0.0051 0.1363 0.0186
0.4 0.0043 0.1370 0.0188 0.0047 0.1371 0.0188
0.8 0.0037 0.1340 0.0180 0.0043 0.1338 0.0179
1.2 —0.0001 0.1385 0.0192 0.0004 0.1384 0.0192

n=>512,m=n%% =57
R}(d) max{R}é (d),2}

d bias s.d. MSE bias s.d. MSE
0.0 —0.0022 0.0764 0.0058 —0.0022 0.0764 0.0058
04 —0.0002 0.0769 0.0059 —0.0002 0.0769 0.0059
0.8 —0.0015 0.0761 0.0058 —0.0015 0.0761 0.0058
1.2 —0.0014 0.0771 0.0059 —0.0014 0.0771 0.0059

max{R}é(d),?ﬁ} 4

d bias s.d. MSE bias s.d. MSE
0.0 —0.0022 0.0764 0.0058 —0.0022 0.0764 0.0058
0.4 —0.0002 0.0769 0.0059 —0.0002 0.0769 0.0059
0.8 —0.0015 0.0761 0.0058 —0.0015 0.0761 0.0058
1.2 —0.0014 0.0771 0.0059 —0.0014 0.0771 0.0059
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TABLE 6. Simulation results of the FELW estimator

n =128, m=n%0 =23

FELW FELW with detrending

d bias s.d. MSE bias s.d. MSE
—-04 0.0068 0.1351 0.0183 —0.0046 0.1407 0.0198
0.0 —0.0167 0.1356 0.0187 —0.0485 0.1417 0.0224
04 —0.0099 0.1469 0.0217 —0.0616 0.1595 0.0292
0.8 —0.0272 0.1354 0.0191 —0.0329 0.1467 0.0226
1.0 —0.0329 0.1367 0.0198 —0.0332 0.1376 0.0200
1.2 —0.0375 0.1371 0.0202 —0.0374 0.1376 0.0203
1.6 —0.0443 0.1325 0.0195 —0.0397 0.1325 0.0191

n=512,m=n"%05 =57

FELW FELW with detrending
d bias s.d. MSE bias s.d. MSE
-04 0.0014 0.0799 0.0064 —0.0020 0.0816 0.0067
0.0 —0.0066 0.0773 0.0060 —0.0219 0.0800 0.0069
04 0.0005 0.0853 0.0073 —0.0243 0.0884 0.0084
0.8 —0.0090 0.0775 0.0061 —0.0091 0.0777 0.0061
1.0 —0.0127 0.0765 0.0060 —0.0127 0.0765 0.0060
1.2 —0.0109 0.0770 0.0060 —0.0109 0.0770 0.0060
1.6 —0.0150 0.0822 0.0070 —0.0102 0.0808 0.0066

the updating formula (10): R7.(d), max{R(d),2}, max{R%(d), 3}, and 4.7 The
results for max{R%(d),2}, max{R7(d), 3}, and 4 are almost identical for all n.
When n = 128, R7.(d) suffers from a relatively larger standard deviation and MSE
than the other variants. When n = 512, the performances of the four versions are
identical.

Table 6 reports the simulation results for the fully extended (FELW) estimator
of Abadir et al. (2007), with and without detrending to compare it with the two-
step estimator. The first panel of Table 6 uses the same DGP as Table 3, and
the second panel of Table 6 uses the same DGP as Table 4. Comparing Table 6
with Tables 3 and 4, it can be seen that detrending increases the MSE of both the
two-step and fully extended estimator by an increase in their variance. The MSE
of the two-step and fully extended estimator is similar, with neither dominating
the other.

Table 7 shows the performance of the ELW estimator and the two-step ELW
estimator under Type I processes with n = 128 and 512 to examine the conjec-
ture in Section 4.2. When n = 128, the variance of both estimators appears to be
slightly larger than their variance under Type II processes reported in Table 3. The
results with n = 512 are very similar to the corresponding ones in Table 4.
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TABLE 7. Simulation results with Type I processes

n =128, m=n"05 =23

ELW 2ELW
d bias s.d. MSE bias s.d. MSE
—-04 0.0023 0.1473 0.0217 0.0129 0.1405 0.0199
0.0 —0.0004 0.1391 0.0193 0.0003 0.1386 0.0192
0.4 0.0050 0.1559 0.0243 0.0110 0.1379 0.0191
0.8 0.0008 0.1418 0.0201 0.0048 0.1349 0.0182
1.0 —0.0004 0.1393 0.0194 0.0003 0.1375 0.0189
1.2 0.0014 0.1401 0.0196 0.0016 0.1385 0.0192
1.6 —0.0013 0.1482 0.0220 —0.0010 0.1477 0.0218
n=>512,m=n% =57
ELW 2ELW
d bias s.d. MSE bias s.d. MSE
—-04 0.0010 0.0794 0.0063 0.0057 0.0785 0.0062
0.0 —0.0025 0.0781 0.0061 —0.0024 0.0781 0.0061
0.4 0.0022 0.0797 0.0064 0.0011 0.0756 0.0057
0.8 —0.0016 0.0775 0.0060 —0.0013 0.0766 0.0059
1.0 —0.0019 0.0765 0.0059 —0.0020 0.0766 0.0059
1.2 —0.0008 0.0774 0.0060 —0.0007 0.0774 0.0060
1.6 0.0001 0.0796 0.0063 0.0002 0.0795 0.0063

TABLE 8. Estimates of d for U.S. economic data: m = n%”7

n LW 2ELW 95% asy. CI
Real GNP 80 1.077 1.126 [0.912, 1.340]
Nominal GNP 80 1.273 1.303 [1.089, 1.517]
Real per capita GNP 80 1.077 1.128 [0.914, 1.342]
Industrial production 129 0.821 0.850 [0.671, 1.029]
Employment 99 0.968 1.000 [0.800, 1.200]
Unemployment rate 129 0.951 0.980 [0.801, 1.159]
GNP deflator 100 1.374 1.398 [1.202, 1.594]
CPI 129 1.273 1.287 [1.109, 1.466]
Nominal wage 89 1.300 1.351 [1.147, 1.555]
Real wage 89 1.047 1.089 [0.885, 1.293]
Money stock 100 1.460 1.501 [1.305, 1.697]
Velocity of money 120 0.953 0.993 [0.808, 1.179]
Bond yield 89 1.091 1.108 [0.903, 1.312]
Stock prices 118 0.900 0.958 [0.772, 1.143]
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As an empirical illustration, the two-step ELW estimator with detrending was
applied to the historical economic times series considered in Nelson and Plosser
(1982) and extended by Schotman and van Dijk (1991). For comparison, we also
estimate d by first taking the difference of the data, estimating d — 1 by the local

Whittle (LW) estimator, and adding unity to the estimate d—1. This procedure
is invariant to the linear trend. For the two-step ELW estimates, 95% asymptotic
confidence intervals are constructed by adding and subtracting 1.96 x 1/+/4m to
the estimates. Table 8 shows the results based on m = n%7. The two estimates are
fairly close to each other. For real measures such as real gross national product
(GNP), real per capita GNP, and employment, the estimates are close to 1. For
price variables such as the GNP deflator, consumer price index (CPI) and nominal
wage, the estimates are substantially larger than 1. This confirms previous empir-
ical results (Hassler and Wolters, 1995) that inflations are 7 (d) with d € (0, 1).
Interestingly, the null of trend stationarity Hy : d = 0 is accepted in none of the
series. Crato and Rothman (1994) obtained a similar result using the autore-
gressive fractionally integrated moving average (ARFIMA) model; therefore it
appears that the case for trend stationarity is weaker than has been suggested from
the KPSS test of Kwiatkowski, Phillips, Schmidt, and Shin (1992).

NOTES

1. The two-step ELW estimator also assumes that the spectral density has no poles outside the
origin. This restriction excludes, e.g., seasonal long memory.

2. Section 7 of Shimotsu and Phillips (2006) discusses the difference between Type I and II pro-
cesses in more detail.

3. We thank a referee for bringing this to our attention.

4. Using an arbitrary random variable Z as  results in the same order of the error.

5. We thank a referee for bringing this to our attention.

6. The idea of two-step estimation was originally suggested by an anonymous reader of SP, albeit
in a different context.

7. In the proof of Theorem 3a, we use the fact that d ¢ (—v,v) U (1 —v, 1 4 v) in showing the
necessary results for %, even though |f| may be smaller than % in ®f. We can prove the necessary
results for @‘l‘ without using d ¢ (—v,v)U (1 —v, 1 +v), although the derivation is more tedious.

8. For the tapered estimator, the result for d = 1.6 is only for reference, because the tapered esti-
mator with taper of order 1 is asymptotically normal only for d < %

9. When n = 128, iterating the procedure (10) with R;,f- (d) failed to work in a small number of
(less than 0.3%) simulation draws. These instances arose when the updated d took extremely large
values (>500), resulting in numerical error in the evaluation of R% (d). The statistics are computed
excluding such trials.
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APPENDIX A: Proofs

In this and the following section, x* denotes the complex conjugate of x; C and & denote
generic constants such that C € (1, 00) and ¢ € (0, 1) unless specified otherwise, and they
may take different values in different places; and &, denotes a generic random variable that
does not depend on j and satisfies E|&, |2 < 00. Henceforth, let Ia,; denote 1ax (4;), wy;
denote wy (4;), and similarly for other DFTs and periodograms.

A.l. Proof of Theorem 1a. Assume p( = 0 without loss of generality. We follow the ap-
proach developed by SP. Define S°(d) = R°(d) — R®(dp). For arbitrary small 0 < A < %,
define ©) = {dy— S+ A <d <dy+4%} and @ = {d € [A,dy— L+ A] U [dy+
%, A3]}, ©; being possibly empty. For % > p > 0,define Ny ={d : |d —dp| < p}. From SP
(pp. 1900-1901), we have

—~ . o . o
Pr(ld —dol > p) < Pr (de(})r:f\Np S°(d) < 0) +Pr (ng $°(d) < 0). (A1)

As in SP (between eqns. (13) and (14), p. 1902), define 6 = d — dy and
Yi@0)=(1—-L)X; =(1—-L)¢ % -L)y0x, =1 -L0)u1{t > 1}.

Note that R®(d) is constructed by replacing I 4 - in the objective function of SP, R(d),
with IAd(x—ﬁ)j' Because WAd(x—7)j = WAdyj ~ ﬁwAde = wyj — ﬁwAdvj, the theorem
is proved by replacing wy; in SP with wy; — iiw Advyj and showing the results in SP carry
through. We only state the main steps and refer the readers to SP for further details.

As in equation (15) of SP, define A(d) = (2(d — dg) + 1)m ™! YA /m)20 [/1/.—29 Iy —
Gol. To show that the first probability on the right of (A.1) tends to 0, we need to replace
Ij in A(d) with [wy; — ﬁwAdvjlz and show that supg, |A(d)| — 0 still holds. Because

~ 2o ~2
Iyy' - |w)y' - ﬂwAde| = Z#Re[wijz{}vj] —Hu IAdvj’ (A.2)



EXACT LOCALWHITTLE ESTIMATION OF FRACTIONAL INTEGRATION 523

it suffices to show, for any finite &,

1m j 26 2 .
Hsu(g % Z ( ) ;“j'_ w)y'deVj =op((logn)™"), (A.3)
€0, j=1

21 & Ry k
Hsu(g m - 2 ( ) /1j IAde =op((logn)™"). (A4)
€0, j=1

We proceed to derive the order of 7w Adyj and show (A.3) and (A.4). Because w Adyj

o(ja-1pl/2- d)fordanndO(]_l 1/2 d)ford50fromLemmaB.ZlnAppendle,
we obtain

» On!'/2=d jdo=1) " g e[0,A,],
2 Wpdy; = 1/2—dy —0—1 (A.5)
O(n 0j ), de[—-1+4¢,0]
uniformly in d and j =1,...,m. Observe that g = n! 1 X = n! (1 L)y~do—1y,
1{t > 1} with dy > —%. We can show that E[(1 — L)~ o lu,l{z > 1)]% = 0 (n2o+1)

easily from Lemma A.5(a2) of Phillips and Shimotsu (2004), and it follows that EZZ2 =
(0] (nZdO_l) and

~ =0 &n-0(j jdo= 1) d =0,
727w, o (A.6)
én'()(] ), d<0,

where O(-) terms are uniform in d and j = 1,...,m. We also have, uniformly in
S [_C,C] (notethat @1 = {—%.}.A < 12} < %}),

1 m j 26.
3 (L)
m = \m

Jj=1

where the order of magnitude follows from considering the cases where 2A —1+a > —1
and 2A — 14 a < —1 separately. Therefore, (A.4) follows from (A.6), (A.7), and the
factthatdp < 1and |0] < % in ®1. For (A.3), its left-hand side is bounded by (supge@, m ™
Z;”Zl (j/m)%)/lj_zg ij)l/2 . (supgegl ﬁzm_l 2;":1 (j/m)zgxlj_zg IAdvj)l/z. The first term
is Op(1) uniformly in § € ®1 because supg, |A(d)| = op(1) and supg, |(29 + 1)m_1
Z"L] (j/m)26 - 1| = o(1) as shown in SP (p. 1903). Hence (A.3) follows from (A.4).

We now show that the second probability on the right of (A.1) tends to 0. As in SP, let
x € (0,1) and let ¥’ denote the sum over j = [km], ..., m. From the argument on pages
19041905 of SP that leads to their equation (23), the second probability on the right of
(A.1) tends to O if there exists ¢ > 0 such that

sup
0e®;

<m

m j 2A—1+a
Y (—) = O(m™logm+m~>" logm),
j=1 A"

(A7)

/
Pr(iélzf (m_l 3G/ (352w — tw a1 Go)) < —3500) -0, (A8)

where p = exp(m~! Zm (logj) ~m/easm— oo.
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We show (A.8) for subsets of ®,. Define 7 =1—dy > 0 and split ®, into two, OF =
{60 >—1+#5n/2}N O, and b= <-1+ n/2} N @5. First, SP show (eqn. (23), p. 1905)
that (A.8) holds if wy; — ﬁwAdelz is replaced by Iy (1;). Second, if § € ®F or d > 0, we
have

/ /
~ = . —26 ~2 . 26
S(;lp)um "G Wyjwia,; +S(})1P‘,U2m "GP0 ey = 0p (1),
2 2

from using the bound in (A.6) with dy < 1 —# and —0 — 1 < —7/2 and proceeding as in
the proof of (A.3) and (A.4) with Lemma 5.4 of SP. Thus, (A.8) holds for § ®‘5 ord > 0.

Ifo e @g and d < 0, we cannot use (A.6) because —6 — 1 may take a positive value and
its left-hand side is not o (1). Note that |0] = |d —dy| < 3 because d, dy € (=%, 1). Define
@% ={- % <f0<-— %} as in SP (p. 1909); then ®127 is a subset of @%. We show the required
result by replacing /lj_ﬂ wy; in the corresponding proof for @% in SP (eqn. (45), p. 1909)
with /lj_e wyj — /Ij_eﬁw Adyj and showing that their argument carries through. Replacing
z/.—@ (an)~1/2ei%i (1 = ei)~1Y,(6) on the right of (45) of SP with

-0 —1/2 ik; idj\—1 -0~
170 an) 261 (1 — i) Yn(0) = 370w pa,y (A9)
we find that (47) in SP needs to be replaced with
/
_ . _ _ ’ i N 2
m= 'Y (/) | @rny~ e (1= e41) 7Y, (0) = fiw gy (A.10)
and their equations (49) and (50) have additional terms
/ 2077 0
+2Re[m ! Z(j/p) U,,j(ﬁ)/lj_ ﬁwAdvj], (A.11)
. 0 0
—2Re[m ™" Y. (j/p)*’ Duj(0)* w7 fiw pa 1, (A.12)

where D,;(0) and ﬁnj(ﬁ) are defined on p. 1909 of SP. Then, in view of the bounds of
(48)—(50) in SP provided on page 1910 of SP, (A.8) holds by Lemma B.1 if

for some ¢ > 0 and
(A1) +(A.12) = n! 27440, =120 0, (™12 1ogn + mn™ ). (A.14)

Loosely speaking, if (A.13) and (A.14) hold, then (A.11) and (A.12) are dominated by
(A.10). It remains to show (A.13) and (A.14). Note that d < —v. For (A.13), applying
Lemma B.3(ii) with Oy = ¥, (0), Q1 =0, and Qg = —p gives

/ a
(4.10) = p~ 2 @n) PnPmt Y |@an) V26 (1= ) 1Y (0) — tw a |

> Cm_20n26[nm_2Yn (0)2 —|—n1_2dm_2/72],

giving (A.13). Equation (A.14) follows from applying Lemma B.4 witha =d to (A.11) and
(A.12), because U,,J- (0) and D,,j(0) satisty the assumptions of Lemma B.4 from equations
(39) and (31) of SP, respectively. Thus (A.8) holds, and we complete the proof. | |
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A.2. Proof of Theorem 1b. Assume ug = 0 without loss of generality. Theorem 1a
holds under the current conditions and implies that with probability approaching 1, as
n — 0o, d satisfies

0= R%(d) = R” (dy) + R®"(d)(d — dy), (A.15)

where |d — dy| < |E—d0|. Again the theorem is proved by replacing wy; in SP with
Wwyj — Uw Adyj and showing that the results in SP carry through. Fix p > 0 and let
M={d: (logn)4|d —dp| < p}. Note that supg, |A(d)| = 0p ((logn)_lo) still holds even
if we replace Iy (4;) in A(d) with |wy; — {w Advj|2’ because the order of the additional
terms shown in (A.3) and (A.4) is smaller than (logn)_lo. Therefore, Pr(d ¢ M) tends to 0
in view of equation (55) of SP and the argument surrounding it. Thus we assume d € M in
what follows. B N

First we show R®”(d) — 4. Define G(d) = m~! 2}7’:1 Ipdyj = m! 2;-"=1 I; as in SP
and define

m
an(d) = % 21 {—20Re[wyw},, ] + Ty}, (A.16)
j=
so that G°(d) = @(d) ~+au(d). Then (~}0(d), (~;1 (d), and (N;z(d) defined on page 1913 of SP
have additional terms (27 /n) "%, (d), 2z /n)~20 da, (d)/dd, and 2z /n)~206%a,(d)/
ad?, respectively. In view of the results in SP (pp. 1915-1916) leading to their equation
(60), R°(d)" — p 4 holds if we show that these three terms are all 0, ((logn) _2) uniformly
ind € M. First, supy; |2 /n) =% an(d)| = 0, ((logn) ~10) follows from (A.3), (A.4), and
SUPgepm m29! < oo, For (27r/n)_2‘96a,, (d)/0d, note that

0 1 & 0 N 9 0
aan (d) = Z/g’l {—2/1 aRe [wy]wAde] +,Lt &IA‘]V]} . (A.17)
From Lemma B.2(i) and (ii), the order of avaj/ad = —Woe(1—L)Adyj is no larger

than logn times the order of w Adyj- Furthermore, from Lemma 5.9(a) of SP, the order
of dwy;/0d is no larger than (log n)2 times the order of wy;. Therefore, the order of (27 /
n)_z‘gé‘an (d)/od is no larger than (logn)2 times that of (27r/n)_29an (d). Similarly, the
order of (27t/n)_2962an (d)/8d? is no larger than (logn)4 times that of (Zn/n)_zean (d)
in view of Lemma 5.9(c) of SP and Lemma B.2(iii). Therefore, the three additional terms
are all o) ((logn)~—2) uniformly in d € M, and we establish R®” (d) —p4
__The proof is completed by showing m'/2R% (dy) =4 N(0,4). Because G°(d) =
G(d)+ay(d), we have

<&
8G°(d)/od| do

1 m
m' 2R (dy) = m'/? e _ZZ D logij] ,
j=1

ml/2

aG(d)/ad|d0+aan(d)/ad\do _2l ilo /1]
G(do) +an(do) m = Y|

Because SP shows G(dg) —p Go, m'/2{0G(d)/ad |4,/ G (dg) —2m ™" Y7 logij) =4
N(0,4), and m~! Z;”Zl logZ2; = O(logn), the required result follows if

an(do) = 0p(m=2(ogn)™),  aan (d)/od|y, = op (m~1/2). (A.18)
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Note that a,(dg) = m™ 12" {—2fiRe[wyjw*

write

Aoy J+u IAdOV -} and from (A.6) we can

w0, =& O(™%), (A.19)

with a > % Using (A.19) and wy; = C(ei)%f)ng + 7y with E|rnj|2 =0(j! logn) uni-
formly in j =1, ..., m (Robinson, 1995b), we have

)| 21§ iy it $er |+l $s
S| H— €7 )WejW ) gy u— I'pjw , 4 H— AdO
2 m = A0y m = A%y, m /= K
1 & o oy —1/2
=0 |\ 2 Tz 1°gn+m21/
Jj= Jj= =

= 0,((m™ "2 41 m™2% £ m=Ylogmlogn) = 0, (m = (logn) ™),

where the last equality follows from a > % For day (d)/0d|4,, we have

0
87dan (@)

1
do m

nm
*
2 e[Wiog(1-L)uj 0 \dy ]

1 L1
+2#z 2 Re [wujwlog(] L)A‘IOVJ] tu— Z od 7 1ady; i

It follows easily from Lemma B.2 that the orders of w og(1—L) A0y and 81Advj/6d|d0

are logn times the orders of w* and 1, 4, W respectlvely Therefore, the second and

Adoyj
third terms on the right of the preceding equation are op (m~V 2) in view of the order
of an(dp). For the first term on the right, Lemma 5.9(a) of SP shows that wiog(1—1)uj =
—J(er)wuj + Ryj with J(ei)'f) = O(logn) and E|an|2 = O(j_l(logn)4) uniformly in
Jj =1,...,m. Therefore, it follows from a similar argument as before that the first term on
the right is o (m~12); thus day, (d)/od|gqy = op (m~1/2), and we complete the proof. W

A.3. Proof of Theorems 2a and 2b. From (A.5) and the fact that d > 0, we have
Z%T(H:)édvj = 0(n!/2~do jdo—1y Combining it with EZ2 = E[u;|? < 0o, we have, in place
of (A.6),

270w gy = En - O @120 jo=Ty (A.20)

uniformly in d. If dg > %, then ﬁij_ﬁwAde =& 0((j/n)=12j=12y = ¢, . 0(j=1/2),
whose order is no larger than that of /lj_e Qrn)~1/2 U Ajn (@) in the equation between (20)

and (21) of SP and that of Unj(ﬂ) in (30) and (39) of SP. Therefore, if we replace wy;

in SP with wy; — fidw Advyjs the proof of the consistency of SP carries through. For the
asymptotic normality for dy > 1 we can use the proof of Theorem 1b without changes,

because O( j -1 2) is no larger than the maximum of the right-hand side of (A.6).
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To show consistency for dy € (0, %) we need to modify the proof of Theorem 1la. Split
0 into two, ©f = @1 N{d : 10| < »} and ®}1’ = 0;\09, where 7 is the constant specified
in the statement of Theorem 2a. Then consistency of d follows if we show
Pr(infS°(d) < 0)+Pr( inf S°(d)<0)— 0, asn— oo. (A.21)

Ch 0bue,
For the set ®‘1’, we can strengthen the bound in (A.7) to
sup |m™~! i G/m)*? j% = 0(m® logm +m ™2 logm) (A.22)
00 j=I

uniformly in o € [—C, C]. Then, it follows from (A.20), (A.22), and dj < % that

m
2=y (im0 D a | = 0p (! T2 0m™ 42 log m). (A.23)

J=1

Sup |u
00

Therefore, the first probability in (A.21) tends to O by applying the argument of the proof
of Theorem 1la for @.
The second probability of (A.21) tends to O if there exists 0 > 0 such that

/
Pr( inf (m_l >/ G5 gy = fiw pa 1 —Go)) < —3500) 50, (A24)
0bue,
This is because the algebra on pages 1904—1905 of SP leading to (A.8) remains unchanged
even if @ is replaced with ®£1’ U @5, and we can replace the equation between (22) and
(23) in SP with infgp o Go(m™'Y/(j/p)*? —1) > 45G ) using Lemma B.5.
1

We proceed to show (A.24) for subsets of @ll’ U ®5. First, note that it follows from (A.20)
and Lemma 5.4 of SP that

0p(n' =20 2d0=2y — 0, (m=2"), (A.25)

20
sup |@2m 12(1/17)29/1 Ipay| =

ebue,

Consequently, we can show that (A.24) holds for ®; by applying the proof of Theorem la
for @5.
It remains to show (A.24) for ®117_ Write

m=t Y /)P 07wy = fiw gy = Go) = Lin(@) + Lon(d) + L3y (), (A26)

where Ly, (d) = m™"Y/(j/p)* G5 Iyj = Go). Lon(d) = =2am~"5/(j/p)? 257
Re[wyjw?, Ady 1, and L3,(d) =1 m_lz’(]/p)zgl 2‘QIMV] For Ly,(d), we can ap-
ply the argument from line 7, page 1905, of SP without change to conclude that
sup®;l, |L1,(d)| = o0p(1). We have sup®l17 |L3,(d)| = 0p (1) from (A.25), and the bound of
L,,(d) follows from the bound of Ly, (d), L3, (d), and Cauchy—Schwarz inequality. This
completes the proof of consistency for dy € (0, é)

Proof of asymptotic normality for dy € (O, 2) follows the proof of Theorem 1b. We

use the bound (A.23) in place of (A.4) to show R®”(d) =, 4. To show m'/2R% (dy) — 4
N(0,4), we simply repeat the proof of Theorem 1b replacing (A.6) with (A.20); then the
stated result follows by nl=2dop,—1 = o(m_l/z(logn)_l). |
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A.4. Proof of Theorem 3. From the standard proof of the two-step estimator, the
stated result follows if (a) R;/-(d) — p 4 for any d such that |d — dy| < |3T —dp| and (b)
m'2 R (dy) —>4 N(0,4). Define M = {d : |d —dy| < (logn)™*}; then Pr(dy ¢ M) — 0
from Proposition B.1.

We proceed to analyze the limit of R% (dp) and R;é (d), where d € M. First, observe that
WAd (x—Ti(d))j = WAdxj — ﬁ(d)wAde; hence

(0/0d)w ad (x—ji(a)),
= (8/0d)w pa,j — fi(d)(0/0d)w pa; — (0/2d)w(d)(X — X )w a. (A27)

The second term on the right of (A.27) does not affect the asymptotics of R}; (dp) and
R’Ié(c?) because we simply need to replace i (d) with X (if do < %) or X (ifdy > %) or
their linear combination (if dg [%, %)) and apply the proof of Theorems 1b (specifically,
the argument following (A.17) and (A.18)) and 2b. The third term on the right of (A.27) is
Oford ¢ (%, %) because (6/0d)w(d) =0.Ford e (%, %) the order of the third term on the
right of (A.27) is bounded by that of the second term on the right of (A.27), because u(d)
is a linear combination of X and X, (8/8d)w(d) is uniformly bounded, and the order
of WAdy; is bounded by that of (6/6d)wAdvj = Wiog(1—L)Adyj from Lemma B.2(i) and
(ii). Therefore, this term does not affect the limit of R (dp) and R (d) either. A similar
argument applies to the second derivatives of 7i(d), and the proof of Theorems 1b and 2b
carries through. Consequently,

m/2Rp:(dg) =4 N(0,4),  sup |Rj(d)—4] =, 0, (A.28)
deM
and the required result follows. |

A.5. Proof of Theorem 4. Because the tapered estimators are invariant to polynomial
trends, it suffices to show that the limit of R;(do) and R}(é), where d € M, is not affected
by detrending. In light of the proofs of Theorems 1b and 2b, recalling equation (A.19) from
the former, this is the case if

-0 -0
O G—p(d))] =AW adx0j T (A-29)
where
=& -0(j~%), where O(j~%) is uniformly ind € M with o > 1/4, (A.30)

and the derivatives of w A G=p(d))] admit an analogous expression with the same order
of the remainder term.

We proceed to show (A.29). To simplify the notation, let E., denote Z.,(dp), suppress-
ing their dependence on d. We give the proof only for k = 2. The proof for larger k follows
the same argument, apart from more tedious algebra. A routine calculation gives

v —1
Xi = XzO—Tankn Xin»
where Ty, = (1, (¢/n), (t/n)?) and
1 n_22’11t n_32’11t2 n_IZ'llX?
My, = | n7230c n3302 a743003 |, Xg=| 07230 x)

n_32?t2 n_42?t3 n_szq‘t4 n_32'1’t2X9
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First we show E||Xk,,||2 0 (n2do=1y, Recall that 3", X9 = (1— L)~ 0=y, 1{t > 1}.
Because dg > —j, clearly E[n~! 1 Xz = 0(n2d0 1Y, Summation by parts gives
X == sk X0 4n st X0, and it follows that E[Z!_, 1X01? = 0 (n2d0+3),
Similarly, we can derive E[Z” 11%X 0]2 O (n2d0+20+1y for any positive integer «, and
E[| X2 = 0 (n2~1) follows. R

Because M, converges to a finite and invertible matrix, we can write X as
X\t = X?“’ Eon + Eint + Egpt 2:
where E[Z, |2 = 0(n2%~1), E|2,> = 0(n2%~3), and E|E,,|? = O (n?%~5). Taking
the DFT of A9(X; — ¢(d)) and multiplying it by A ; g’ we obtain

-0 -0 - -0
/1]- WAd(R—p(d))j = Aj WAdx0; +[Eon _(ﬂ(d)]ij WAdy;

+ E10 ] 0 g+ Eon T pap2 . (A31)

We proceed to check that the second to fourth terms on the right of (A.31) satisfy the

condition (A.30). First, we derive the order of the second term. When dg < %, we have
o(d) =0ford € M. Thus, in view of the order of /1 wAd given by (A.5), it follows that

[Zon =0 @)1A;  w payj = Egu O (20 (0= 1 4 j=1)y =&, 0 (™1 4 71). (A32)

When dj > %, we have ¢(d) = X for d € M, and hence Zg, —¢(d) = _X(l) -
Eon = 0p(l +n%=3/2) Thus, ford e M,

[Z0n =9 @14,y =& O((1 400732 270 o=y — &, 0 (j =12 4 j072),
(A.33)

where the last equality follows because d( > % When djy € (%, %), the order of the O(-)
term is given by the sum of the preceding two, which is O(j~%) with a > % because djy <
%. From (A.32) and (A.33), the second term on the right of (A.31) satisfies the condition
(A.30).

Now we derive the order of the third and fourth terms on the right of (A.31). Observe
that t* = (1 — L)™%w; for any positive integer a. Hence WAy = Wpd-1,; and w a2
WAd=2,)- Applying Lemma B.2(i) gives (recall thatd <2 —v)

j:

0(nB/2~d jd=2), d>1+v,
WAds;; = . .y
AU Zeki (1= ey Qan) 1 2TQ = d) ' = d[1+ 0(j™")], d<l—v,

wpd; == (1= am) T PTG =) T T+ 0T
Therefore, in view of the order of 21, and E,,,, we obtain
Elnzj—%Adtj — & 0N ifd > 14, 5-0070"Y ifd <1—-v,

—'ZnA HwAdZZ =& O(J_6_1)~

Hence, the third and fourth terms on the right of (A.31) satisfy the condition (A.30).
For the derivatives of w Ad(F—p(d))j» We can obtain a similar approximation in which the

remainder term is multiplied by (log n)2, which satisfies the condition (A.30). Therefore,
the required result follows. |
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A.6. Proof of Theorem 5a. Take v to be smaller than 2 — A, > 0 without the loss of
generality. We need to treat the cases for different values of dy and d separately. When
do € [%, 1), the required result follows from the proofs of Theorems la and 2a, because

d is consistent both under 77 = X; and i = X. When dy < % andd € [A4, %}, the proof

of Theorem la applies because 7i(d) = X. When dy > 1 and d € [%, Az], the proof of
Theorem 2a applies because z (d) = X . It leaves us with the consideration of the following
two cases:

1 1 3
1) dy < 3 and de [5, Az} s (i) dy>1 and de [Al, ﬂ . (A.34)

Note that (i) implies § = d —dg > £ —dp > 0 and (ii) implies § < 3 —1 < —1. Witha
slight abuse of notation, define 7 = min{% —d, %} > 0 and define ©% = 01 N{|0] > n}
as in the proof of Theorem 2a for dy < % Because 6 € (9? U @, if (i) or (ii) is true,

Pr(inf®?U®2 Sr(d) < 0) — 0 suffices for consistency of gp.

Consider @l]z first. We show Pr(infg;l, Sr(d) < 0) — 0 by using the proof of Theorem 2a
for ©} and showing that (A.24) holds for ®f if |wy; — fw xa,;l* in (A.24) is re-
placed by |wy; — u(d)w Advj|2. We obtain a decomposition similar to (A.26) with
1(d) replacing 1 and sup®;1, |L1,(d)] = op(1). For Ly,(d), it follows from equation
(14) of SP, Lemma 5.2(b) of SP, and the equation between (20) and (21) of SP that

/1]_—9wyj = Dpj(@)wyj + U,j(0), where Dyj(0) and U,j(0) satisfy the assumptions of
Lemma B.4. Therefore, applying Lemma B.4 with o = d gives

_ nl/2=dopydo—1. OP(n_lm—{—m_U logn), d>v,
Loy (d) = u(d)- nl/2=do,—0-1 o (n_lm—l—m_” 1o d< —
p gn), < —v.

Define D~ =[A1,—v]and DT =[v,1 —v]U[14v, Ay], so that ® c D~ U D™, Apply-
ing Lemma B.3(i) to L3, (d) with Qp = Q| =0 and Q¢ = u(d), we find that L3, (d) is
bounded from below by, for some # > 0,

ni(d)*n' ~2om20=2 forde Dt yu(d)in'"20m =202 ford e D™.

Hence, Pr(inf®clc [Lo,(d)+ L3, (d)] < &) — 0 for any ¢ > 0 from Lemma B.1, and (A.24)
follows.

For ®§ ={- % <f< —% }. we show Pr(infeg SF(d) < 0) = 0 by using the argument
of the proof of Theorem 1a in this Appendix and showing that (A.8) holds for ®% if |wy; —
aw Advj|2 in (A.8) is replaced by |wy; — fi(d)w Advj|2. The algebra leading to (A.10)—

(A.12) still holds with z(d) in place of z. Thus (A.8) holds for ®g if we can replace
(A.13) with

/
m= Y/ P00 1am) T e (1 - €)Y (0) = i d)w payl

{[m_20_2n26+1Yn(9)2+(n1_2d+29m2d_2_29/7(d)2, de D+,

(m_29_2n26+1Yn(0)2+§n1_2d+26m_2_20/7(d)2, de D™

>

(A.35)
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and replace (A.14) with
/ /
Im=1Y i/ p)29U,,j(a)/1j—9 fidyw pay il +1m~ Y/ p)* Dnj(e)*w;jzjf" fi(d)w pa

{nl/z_d‘mmd_l_eﬁ(d) -0p(m~"logn+mn~'),d e DY,

(A.36)
n]/z—d+9m_1_‘9ﬁ(d) -0p(m™" logn—i-mn_l), deD™.

Because d is bounded away from 0, 1, and 2 by v > 0, applying Lemma B.3(ii) with Q) =
Y, (), Q1 =0, and Qg = —pu(d) gives (A.35). Equation (A.36) follows from Lemma B.4.

For the other subsets of ®,, Pr(infy Sg(d) < 0) — 0 is shown by showing that (A.9)
in the consistency proof of SP holds for those subsets if Iy; in (A.9) in SP is replaced
with |wy; — ﬁ(d)wAdvj|2. For example, for 03 = {% <6< %}, the proof in SP be-
gins from page 1910. If we replace /1]-_6 wy; in line 9, page 1910, of SP with /1]-_0 wyj —

/lj_gﬁ(d)wAdvj, then, in place of (52) of SP, we have

m—l 2(]/[7)2611_26 (271'7!)_1/2611]. (1 _el‘).j);zt(a)

2
+ Q)" 26 2, 0) + i(d)wpa,| - (A.37)

Applying Lemma B.3(ii) with Q> = X1 Z;(0), Q1 = Zn(0), and Q¢ = —Ji(d) gives
the lower bound of (A.37). The terms involving the cross products of wy, ﬁ,,j(é),
and ﬁ(d)wAde are dominated by (A.37) from Lemma B.4. For the other terms in

m~! Z/(j/p)zeij_wlyj, the result on pages 1910-1911 of SP holds without change,
and (23) of SP holds. | |

A.7. Proof of Theorem 5b. Assume ;1 = 0 without loss of generality. Define N = {d :
|d —dy| < ¢}. From Theorem 5a, d, F € N with probability approaching 1 for arbitrarily
small & > 0. As in the proof of Theorem 1b, define M = {d : (10gn)4|d —dp| < p} for
a fixed p > 0. Then, because ji(d) is a weighted average of X and X, Pr(gp ¢M)— 0
follows from the proof of Theorem 1b (the argument following equation (A.15)) if dy < %,

from the proof of Theorem 2b (the argument following equation (A.20)) if dy > %, and
from combining both if dy [%, %)

The asymptotic distribution of d, r follows from sup,cuy |R}f~ (d)—4] —p 0 and
m'/2R%(dy) =4 N(0,4), which are shown in the proof of Theorem 3. [

APPENDIX B: Technical Lemmas

Lemma B.1 is a generalized restatement of equation (40) in SP and is stated as a lemma
because it is repeatedly used in the proofs. Lemma B.2 gives the approximation formula for
the DFT of the deterministic process v; = 1{¢t > 1}. Lemmas B.3 and B.5 extend Lemmas
5.10 and 5.5 of SP, respectively. Lemma B.3 is used in the proof of consistency for estab-
lishing the lower bound of the objective function when |d —dg| > % Lemma B.5 is used in
the proof of Theorem 2a. Propositions B.1 and B.2 show the asymptotic properties of the
tapered estimator under Type II processes.
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LEMMA B.1. Let § € ® be a parameter and assume m — 00 as n — 00. Sup-
pose two random variables A, (0) and B (0) satisfy (i) A,(@) > nX, (0)2 uniformly in
0 € O for some n > 0 and (ii) By (0) = X, (0) R, (0), where supg | Ry (8)| = O (ky) with
k% logm — 0. Then, for any ¢ > 0,

Pr(eig(g[An(H)—l-Bn(@)] < —() S50 asn— oo

Proof. This result is a generalized restatement of equation (40) in SP. The terms A, (¢)
and X, (f) correspond to (35) and m=0n0-1/27, (@) in SP, respectively, and B, (6) cor-
responds to (37) + (38) in SP. The proof follows from repeating the argument on pages
1908-1909 of SP. n

LEMMA B.2. Let vy = 1{t > 1}. Then the following result holds uniformly in
j=1,...,mwithm =o0(n)andind:

(i) wpdy;
(1= N Qan)y V2 (1 =) —n=? /T (1 - d)
romj7Y),  de {—%,c} ,
—ei (1=~ Q) VAT —a) " 1+ 0 (),
de[-C,—11,
(i) —wyg(1_1)Ady;
Tn(€)wpa,i+ 0~ "2~ logn),  d e[-C,1],

Ja(e)w pa,;+ 01> logn), dell,2],

() W 10g(1-1))2 Advj

(@) 2wpay;+ 0~ n 2 logm)?),  d e[-C, 1],

Ja(€)2w pay;+ O (01>~ (logn)?), dell,2],
where Jy(e%) = 38_, k™ 'el% = O(logn).
Proof. For part (i), first, from Lemma 5.1(b) of SP, we have
wpdy; = (=) wpas,;— e Qrn) ™12 A%, B.1)
From the proof of Lemma A.7 of Phillips and Shimotsu (2004, line 10, p. 676), we have
AT o = (1= L) oy = (=d)—1 /= D). (B.2)

Therefore, the first term in the brackets in (B.1) can be expressed as

no(_ . ili n—1,_ .
Wpd+L,,; = ! )it et = e’ z (= LS
T 2mn = =D V2mn =, k!
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Define Dy (e'*;d) = 38 _,[(~d)/k'Je’** as defined in Lemma 5.1 of SP; then it follows
from (B.1) that
idj

e’ _ 0
Wpdy; = ﬁ(Zﬂ:n) 1/2 [Dn—l(elﬂj ;d) — Advn]~
— e

The stated result for d [— %, C } follows from the approximation of Dy (eiif ; d) shown
by Lemma A.2 of Phillips and Shimotsu (2004) and the fact that (see (B.2))

d, _ (I—=d)p— _ I'(n—d) _ 1 —d -1
Wy = Sl D s 14 067 ), (B.3)

Ford e [— 3 —%] , it follows from (B.1), the result ford € [ — %, C], and (B.3) that

2’
1 0(j4n=4=12) 4 0(j~1n=d-112 e Ad
w L= n n _—— D,
Ay 1—etti / / 2rn "
A —d
e' J 1 n —12
=- pl+o )1
1—eti 2an T(1— G )

The results for smaller d follow from (B.1) and induction.
For part (ii), first we find a uniform bound for d € [—C, 1]. Define J,; (L) =Zz:1 (1 /k)Lk‘
Lemma 5.7(a) of SP gives

—log(1 = L) Aoy = Jn (L) Avy = T () Ay + T gy (e L) (e L= 1) Ay,

where Zq,lj (4 L) = ZZ;(l)j e~PALP and ];p = ?H_l(l/k)eiki. Taking its DFT
leaves us with

~Wiog(1—Lyady = Jn (€ wpa,i— Crn)y T2 T (e H L) AN, (B.4)

Define |x|4+ = max{x, 1}. Because Advn_p =0((n—- p)_d) from (B.3) and 71[7 =
0(|p|_T_1 nj_l) from Lemma 5.8(b) of SP, the second term on the right of (B.4) is

n—1 .,
—Qan)~1/2 Y jijpe_’p“Adun_p
=0

n—1 n—1
=0 (n“/2 > |p|11nj“(n—p)‘d) =0 (j—‘n‘/2 D |p|;1(n—p)—d> :
p=0

p=0

Uniformly ind € [-C, 1], we have

n/2
Z IpIz (- p)~? < 2 IpIz (= p)~ + Z IpIz (= p)~?
p=0 =0 p=n/2
L G d
S plE 27 Y (= p)
p=0 p=n/2

=0 %logn). (B.5)
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Therefore, the second term on the right of (B.4) is O( j_lnl/ 2—d logn), and the stated
result follows. The order of Jj, (e”lf') is shown in Lemma 5.8(a) of SP.
For d € [1,2], Lemma 5.1(b) of SP gives

—wpay === w1, — e Qrn) T2y, (B.6)

Differentiating it with respect to d, we find

~Wiog(1—L)ady; = ~(1 = ‘—’Mj)wlog(l—L)Ad_l =€ @rn) ™ log(1 = L) AT o,
B.7)

From (B.3), (B.5), and the fact that d — 1 < 1, the second term on the right of (B.7) is
bounded by
12" 1 12" 1-d 1/2—d
n~1/ Zp_A_vn_p:O n~1/ Zp_ (n—p)— =0(n/_logn).
p=1 p=1

Substituting the result for d € [-C, 1] to Wiog(1—L)Ad~1yj ON the right of (B.7) and then
applying (B.6) gives the stated result.
For part (iii), first, for d € [-C, 1], we have from Lemma 5.7(a) of SP

In(L)? = [In (@) + Tyy (e L) (e L - 1))
= In (@) + Jn () Tpi e LY L= 1)+ Jn (L) Jyp(e L) (e L - 1).
It follows that
W(log(1-L))2Adyj = W, (L) Ady)
= Jn(@) 2w pay; = Jn (@) @xm) ™ 21 e L) A0,
— In(L)Qan) " 21, (e L) A,

The second term is Jy (eii) times the second term on the right of (B.4); hence it is
o(j 1nl/2—d (logn)z). The third term is

n n—q—1 _ )
_(271,”)—1/2 2 q—l Z j/lfpe—lpﬂj Advn—p—q
g=1 p=0 ’
Lip s et d
=0(j— n2Y g7 Y it —g-p)” >
g=1 p=0
n
=0 (j“n”z Y q“(n—q)—dlogn> =0(j~"'n"/*(logn)?). (B.8)
qg=1

For d € [1, 2], taking the second derivative of (—(B.6)) with respect to d gives

©(og(1- 1) advy = (1 =€) (100(1_ )2 a1 =€ Qum) ™ (log(1 = L))* A% oy,
(B.9)
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The second term on the right of (B.9) is

n—1
(0] <n_1/2 2 P
p=1

n—p—1
by q_l(n—p—q)l_d)=0(n1/2_d(10gn)2),
g=1

and the first term on the right of (B.9) is, from the result for d € [-C, 1],
Tn(@)2(1 _eizj)wAdilvj_i_ 0"/ 2 (logn)?) = Jn(eii)2wAde+ 0"/ 2 (logm)?),
giving the stated result. n

LEMMA B.3. Let Q,k = 0,1,2, be any real numbers, vy = 1{t > 1}, k € (0, %),
and m = o(n). Then, there exists n > 0 not depending on Qy such that, uniformly in
de {[— %, —8} Ule,1 —e]U[l14+¢,2— a]} and for sufficiently large n,

m . . q
@) m™t Y 1@any T2 (1 =) 0y + an) T2 Q) 4w pa,; 00l
J=lxm]

n(n—3m2Q%+n—lQ%+nl—2dm2d—2Q(2))7
de{le, 1 —¢elU[l+¢,2—¢]},
Y= m203 411 03 + 1= 2 0},

HE

(”) m—l i |(27TI1)_1/2€M/. (1 _ei).j)—l Q2

Jj=lxm]

+Qan) ™26 (1= )72 Q1 +w ya, Q0
ﬂ(nm_zQ%+n3m_4Q%+n1_2dm2d_2Q(2)),
de{le,1—¢e]U[l+¢,2—¢]},
n(nm—ZQZ+n3m—4Q%+nl—2dm—2Q(2))’
de b1

Proof. The proof follows the approach of the proof of Lemma 5.10 of SP. For part (i),
first define

A(ij) = (=€) 0y + Q1+ Qam) e~ 1w ya,,; 00,

so the right-hand side of (i) is m =1 S (2wn)~1/2¢i*) A(4;). Then part (i) for d > &
follows if, for sufficiently large n,
m

m=t X AGHP = g2 m? Q3+ QT +n? X m* 72 0. (B.10)

J=lrm]

We consider the case with d € [1 +¢,2 — ¢] in detail. The other cases follow the same line
of argument. Because d > ¢ implies that j_d =0(1) as m — oo uniformly in j > [km],
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we can refine the approximation of w Adyj -in Lemma B.2(i) as
wpay =€ Qrn) T 21 =M (14 0(1))
— (2”)—1/%—(”/2)("—1)"z;.f‘l (1+0(1)), (B.11)

uniformly in j = [km], ..., m, where the second equality follows from Lemma 5.2 of SP.
Define ¢(d) = cos(—n (d — 1)/2) and 5(d) = sin(—x (d — 1) /2); then it follows that

A(Aj) = =idj 02 +002)) 02 + Q1 +E(d)A ™" 09 +i5(d) 247 Qo + 014~ 0o,
IAGHP = [Q1+E@)297 00 + [2; 02 =544 71 Q0] + 1y,

where rpy = 0(22) 03 +0(4)) Q1 Q2 +0(:4) 02 09 +0(24 ™) 01 Qo +0(137%) OF. Note
that m ™! Z;-"=[Km] rpj = o(m?n=2 Q% + Q% +m2d—2p2-2d Q%). Therefore, (B.10) follows
if we show that, either for j = [km],...,[m/4] or j = [3m/4],...,m,

[01+8@297" 00)” 2 n[0} +E(a)*12457 03] (B.12)
and either for j = [km],...,[m/4] or j = [3m/4],...,m,
[1j 02 =541 00]* > n[i2, , 03 +5(d) 12052 0F). (B.13)

We proceed to show (B.12). Assume ¢(d) > 0 without the loss of generality. When
sgn(Q1) = sgn(Qp), the result follows immediately, and so assume Q1 < 0 and Qg > 0
without the loss of generality. Now suppose Qi +E(d)i;]n72] Q() > 0 and consider
Jj = [3m/4]. Because d — 1 > ¢, we have /13m/4 = (3/2)4- li > (1 +2§)id ! for
some ¢ > 0 uniformly in d; thus Q4 +c(d)i§m/l4Qo > 2§c(d)im/2 Qo > —-2£01 > 0.

Because /1]4_1 is an increasing function of j, we have, for j = [3m/4], ..., m,
Q1 +edi{ 1 Qo = &(= Q1+, 5 Qo).

and (B.12) follows because both —(Q; and c(d)/l 2Q0 are positive. Now suppose

01 +c(d)/1m/2 Qo < 0 and consider j < [m/4]. Then xm/4 =(1/2)4~ um/z < (1=2¢)

ii/zl for some & € (0,1/4) uniformly in d, and it follows that Q1 +c(d)/1m7i Qo <

o1+0- 2§)E(d)izl72 Qo <&(01— c(d)/lm/2 Qo) < 0. Therefore, we have, for j =
[km], ..., [m/4],
01 +23@ 1 Qo = E(01 —Ed) 2,3 Qo)

and (B.12) follows. Because Q1 +'cv(d)iiln721 Qg can be only > 0 or < 0, we estab-
lished (B.12). Expression (B.13) is obtained by writing down [4; Q> —E(d)/l}i_l QO]2 =
/IJZ[QQ —E(d)i;-l_Z Qo]2 and proceeding in the same manner withd —2 < ¢.

The other cases in part (i) follow the same argument. The essential element is that there
is sufficient variation in Q| +E(d)/1§.1_1 Qo and Q0 —K(d)ljl_z Qo as j changes, which
is guaranteed by bounding away |d — 1| and |d — 2| from 0. Part (ii) follows from the

same argument, because there is sufficient variation in /lj_], /Ij_z, and /1;-1_1 if |d —2| > ¢,
|d—1| > ¢, and |d| > e. ]
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LEMMA B.4. Suppose Dy;(0) and U,,j(&) satisfy

Dyj(0) = e~ @/20i 0(4j)+ 0Gi~V2%y uniformly in6 e [—%, j} ,

Esupy[_1 1] [Un@1° = 0(j ™" (logn)?).

2°2

(B.14)

Let k € (0,1/8) and m = o(n). Then, uniformly in 6 € [— %, %} and o € [-C,—¢&]U
le,1— elU[l+¢,2—¢e]lwithe < %,

— Z (*) D,,j(e)wuj,{j WAyl +|— 2 (*) Unj((g)/lj W Ayj
M j=lem) N M j=lem) \™

p1/2—a+0,,0—1-0 op(n—1m+m—"logn), a>e,
_ (B.15)
nl/2=040,=1=0 .0 ,(n~\m+m~%logn), a<-—e.

Proof. Define AT =[¢,1 —¢]U[l+¢,2—¢]land A~ =[—C, —¢], so that AT UA~
covers the admissible value of a. For the first term on the left of (B.15), from (B.14) and
Lemma B.2, we obtain

Do0) Co@n'/2% jo= 14+ 00+ 0(j 7)), aeAT, ®.16)
(@0 pay; = .
TEEEE T cu@n 21T 1+ 00) + 07, ae AT

where Cj,(0) is a nonrandom function of 6 such that 0 < |C,,(f)| < oo uniformly in 6.
The required result follows from Lemmas 5.4 and 5.6 of SP, (B.16), and E|w, (/lj)l2 <00
(e.g., SP, eqn. (19)). For the second term on the left of (B.15), the stated bound follows
straightforwardly from Lemma B.2, (B.14), and Lemma 5.4 of SP. |

LEMMA B.5. Let n > 0 be a fixed number and p ~ m/e as m — oo. There exist ¢ €
(0,0.1) and k € (0, %) such that, for all fixed k € (0, k] and sufficiently large m,

1 & i\’
inf -y (f) > 142
7 €[-C,—nlU[n,Cl m j=lrm] p

Proof. Lemma 5.5 of SP establishes the stated result for y € [-C, —14+2A]U[1, C] with
A € (0,1/(2¢)). Hence, we only need to show the stated result for y € [-1+2A, —5]U
[#, 1]. From Lemma 5.4 of SP, we have, uniformly in y € [-1+2A,1],

1 m j b m\7 1 m j Y 1
-y (7) = (—) -y (—) =(e+o(1)) ( xVdx +0(1))
M j—lem) \ P P/ jfem) N\ /"

=@ +D7 e’ 1=x")+0(1), asm— oco. (B.17)

Note that g(y) = (y +1)~'e? takes the value 1 when y =0, g/(y) > 0 when y > 5, and
g'(y) <Owheny €[—1+2A, —y]. Therefore, choosing x sufficiently small makes (B.17)
larger than 1 +2¢ for y e [-1+4+2A, —x]U[#, 1] and sufficiently large m. |
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The rest of this Appendix discusses the asymptotic properties of the tapered estimator
under Type II processes.

First we discuss the taper used by Vel. Let h; denote a taper of order p generated
by Kolmogorov’s proposal. Then h; satisfies the regularity conditions in Vel and in
Robinson (2005), and the tapered estimator is invariant to a polynomial time trend of order
p — 1. Define the tapered DFT and periodogram as wXTp (4j))=Q2=x n)_l/2 > hi Xpett4i
and Ixc,(i i) = |wa[, (4 j)|2. As in Vel (p. 99), define the tapered local Whittle estimator
as dp = argminge(a, A, Rp(d), where =1 < Ay < Ay < 00, Ry(d) =1ogGp(d) —

2dpm™ S j_p 2p. . mlogij, and Gp(d) = pm= i oy AT ().

PROPOSITION B.1. Suppose X; is generated by (11) with dy € (A1, Ap) and Bpo =
-+ = Pro = 0. Suppose p > max{ [A2 + %] +1, 2} and Assumptions 1'-5" and 7' hold.
Then ml/z(c?p —dg) >4 N(0, p®/4) as n — 0o, where @ is defined in equation (10) in Vel
(p. 101).

Proof. Let s be the integer part of dy + % and Y; be a Type I I(dy) process with the
sth-order polynomial time trend

Ye=0-0)~ 0 > 3420+ 1 Pr o460, U ==Ly ~ou,,

where u; satisfies Assumptions 1’—3’. The proof consists of two steps. First, we show
that 2,, is consistent and has the stated limiting distribution if the objective function is
constructed using Y;. Second, we show that replacing Y; with X; in the objective function
does not change the limiting behavior of Zi},.

The first part is proved by checking that Y; satisfies the assumptions of Theorems 5 and 6
of Vel. As discussed in Lobato and Velasco (2000, p. 414), the asymptotic normality of the
tapered estimator still holds even if Assumption 8 of Vel is weakened to

fu(sy(2) = G2724=9) = 02 72@=9F)  for p € (0,21. (B.18)

The term U,(S) satisfies (B.18) by Assumption 1’ and |1 — ¢4|25=2do = }=2(do=s) 4
O(/l_z(do_s)+2). Therefore, it suffices to check that Y; and Ut(x) satisfy Assumptions 5,
7,9, and 10 of Vel.

For Assumption 5 of Vel, define d(1) = 2]‘30:0 dkeik/l =(1- eii)_do and a(4) =
32 yake**; then we have a(l) = c(A)d(2). Now da(1)/0 = O(ja(4)|/2) follows
from Assumption 2, and Assumption 5 is satisfied. Assumption 7 of Vel follows from
(B.18). Assumption 9 is satisfied because 8|1 — e/*|2=2d0 /5 = 0 (4 ~1=2(d0=5)) and
afu(A)/04 = 021 from Assumption 2 and f, (1) > 0 for 4 sufficiently small. For
Assumption 10 of Vel, note that we can rewrite U,(S) as a linear process as U,(S) =
Y0 ®i&r—1; then Assumption 10 is satisfied because Y22 a,% = E(U,(S))2
we complete the first part of the proof.

Second, we use the results on the difference between wap (4j) and w;p (4j) by Robinson

< 00. Thus,

(2005) to show that gp has the stated limit distribution when the objective function is con-
structed with X;. Note that (d + ¢, d) in Robinson (2005) corresponds to our (dgy,dy — s)
and the statement of the theorem in Robinson has a typo: d € ( - %, %} should be replaced

withd € [— %, %) From the theorem of Robinson (2005), we have

E{2;% w], () —wl )P} < Cj 721 logn,
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where 25 = 2(dg — s) — 1 < 0. It follows from the triangle inequality, Cauchy—Schwarz
inequality, and E/l dOIT p(Zj)=0(1) for j = p,2p,...,m (Vel, Thm. 4) that

Zdo‘ p(’l) p(’lj)|

2d, T /4 T 2 2d, T T T
<E/J; O|“’xp(ﬁj)_wyp(’1j)| +2E/; O‘wxp(’lj)_wypuj)H“’yp(’W
=0(j 7" 2logn), forj=p,2p,....,m

Note that the periodogram /; in Vel is equal to Iy,(4;) in our notation. Therefore, if we
replace [; in Ap(d) in line 3, page 112, of Vel with [ p(/l ), then the right-hand side of

(A14) in Vel has an additional term whose order is Op (m™ < logmlogn) for some ¢ > 0,
and the proof of consistency is not affected.

For asymptotic normality (Vel, Thm. 6), if we replace /; in (A23) on page 116 of Vel
with 7y (1), then the right-hand side of (A23) has an additional term Op (r~"*1/21ogn).
Consequently, the left-hand side of the equation in line 14, page 117 of Vel has an addi-
tional term Op (m ™" —172 logn). Because this is 0p (1), the right-hand side of that equation
remains unchanged, and their argument carries through. Finally, the equation in line 18,
page 117, of Vel has an additional term O, (m~"logn), which is op (1), and asymptotic
normality follows. n

The tapered estimator by HC takes the difference of the data and applies a complex-
valued taper hf’c =0.5[1 —exp(2zi(t —1/2)/n)] to AX;. The objective function is de-
fined in terms of A X, and the estimator is defined as dyc = argminde[A/l,A/z] Ryc(d),
where —% < A/l < A’2 < % Ryc(d) =logaHC(d)—2(d— Dm~1 z’.” 110gA(j+1/2), and

ch(d) =m~! 2;”:1 ’1%5[{#1]/)2) C(/l i). HC propose to use the powers of hHC as a taper

with the higher-order dlfferences of X; to allow for larger values of d. To save space, we
restrict the range of d to be (— %, %) and allow only a linear trend. In Proposition B.2,
additional assumptions on f; (1) are necessary to satisfy Assumption Al in HC.

PROPOSITION B.2. Suppose X; is generated by (11) with dy € (A}, A}) and prg =
-+ = Bro = 0. Suppose Assumptions 1'=-5" and 7' hold and f, (1) = Go+ Eﬁ/lﬁ + 005
with B € (1,2] and E < 0o. Then m"/?(dpc —do) =4 N(0, (1.5)/4) as n — oo.

Proof. Applying the first part of the proof of Proposition B.1, we can easily show that our
Assumptions 1-5 and 1’5’ imply that m and AY; = (1 — L)~9+1y; satisfy Assumptions
A1’—-A4’ of HC. Therefore, both consistency and asymptotic normality of dg¢ follow if
we show

E{27 OV wlC () —wllS P} < G2 ogn,  j=1....m (B.19)

for some # > 0, because then the proof of Theorems 1 and 2 of HC carries through if we
replace their I T (that corresponds to our 1 Ay o 7)) with 14 Ax (l ). Specifically, Lemma 1

and equation (8) of HC still hold, and Lemma 6 of HC has an additional Op(r~ n+1/ 2)
term that does not affect the validity of their Theorem 2.

We proceed to show (B.19). First, observe that the HC taper satisfies the bounds
(2.1)—(2.3) on page 286 of Robinson (2005) with p = 1. The other two conditions on /(t)
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on page 286 do not matter for the theorem of Robinson (2005) to hold. Therefore, for
dop € [2 2) applying (2.6) in the theorem of Robinson (2005) to (A X;, AY;) gives

(2Ol (1) - oS0} < Cllog 2 H0=1/2 uay2@=D=2 0 <<

Hence, (B.19) holds with = (3/2) —dy > 0.
For d € [— %, %), summation by parts gives

2 hHC(AYt AXt)eltA Z (hHC it hHC l(t-l—l)))(Y X;)+hHC mﬂ(Y )
t=1 t=1
(B.20)

Because hﬁrc] = nHC2mi/n 4 0.5(1 — ¢27/M), routine algebra gives hfCelt — hﬁrcl
el (DA = pfICith (1 — 2T/ 1 0.5(e2m1/m — 1)e! TFDA Tt follows that w}{S (1) —

wa (/1) = A, + B) + R, where

Ay = (1= G2 mY [ HE Gy — wHE (),

B, =0.5(>™/" — e [wy (A) — wyx (A)],

and R; = (27m)_1/2hanei”’l(Yn _ Xn)ei(/1+2n/n) — Qrn)~120.5(c2mi/n — l)eiieinxl

(Yn — Xp). For AAJ-’ it follows from (2.7) in the theorem of Robinson (2005) and
z;2|1 — ! KiF2m/M|2 < C that, for 1/n < Aj < @,

E{2:“7D14,, 12} < C(naj* 2 logn < ¢j721/2= 40~ jogp,

with % —dgy > 0. For B 2 using (2.6) of the theorem of Robinson (2005) and e2mi/n _
1= 0("), we have B{A; VB, 12} < C(nij)~ logn = Cj = logn for 1/n <
/1]- < x. Finally, for Rij, it follows from Ihl,;ICI < Cn~! and E(Y, — Xn)2 0(n2d0 l)
(Marinucci and Robinson, 1999, p. 119) that E{ijz-(do_l)|R;~j |2} < C(n/lj)ZdO 2p72 <

¢j=20/2=d0)=1y=2 for 1/n < J; < . Therefore, (B.19) holds with  —d > 0, and the
proof is completed. n



