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Abstract

This dissertation investigates how to rank the levels of human development for given

observations such as individuals, villages, or countries. The term human development

describes the process of enlarging people’s choice of life, and ranking them is important

to setting targets for various antipoverty policies.

Specifically, I focus on the following three questions:

(I) What kind of rules are DESIRABLE to rank the levels of human development?

(II) What kind of rules are USEFUL for practical usage?

(III) How do we EXTEND these rules to overcome limitations in the accuracy of data?

Chapter 1 introduces this dissertation. I begin by reviewing previous research on

human development and multidimensional poverty measurement, and then, I describe

the motivations of the dissertation, which involve the importance of constructing human

development ranking rules.

Chapter 2 focuses on Question (I). I suggest two types of human development rank-

ing rules, named the maximal order ranking (MAXOR) and the minimal order ranking

(MINOR), and examine their features. For the purpose of eliminating inherent arbi-

trariness in existing typical ranking rules, the ranking rules I propose do not require any

aggregation or indexation processes. Instead, I adopt the specific axioms and processes.

Each of the MAXOR and MINOR is a partition of a set of observations; the ranking

result of MAXOR is generated by recursive steps of making maximal sets in a set while

that of MINOR is generated by recursive steps of making minimal sets in a set. The

MAXOR satisfies the axiom named superiority of non-dominated observations: that is,

if an observation is not dominated by any other observations, then the observation is

ranked the first rank order. On the other hand, the MINOR satisfies the axiom named

inferiority of non-dominating observations: if an observation does not dominate any

other observations, then the observation is ranked to the bottom rank order. These

rankings recognize the incomparability of one human development dimension to other

dimensions.

Chapter 3 corresponds to Question (II). I examine the practical utility of the rank-

ing rules proposed in Chapter 2 by using the ranking results derived from the balanced
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and unbalanced cross-country panel datasets for the period from 1980 to 2007. As a

means of illustration, I compare these ranking results with the ranking of the Human

Development Index (HDI), one of the most prevalent multidimensional human develop-

ment measurement tools. The MAXOR and MINOR have the relatively stable number

of ranks and distributions of the observations in the MAXOR and the MINOR during

this period. This fact means that a rank order in the MAXOR or the MINOR for a

specific observation shows its relative position compared to all other observations in a

stable way, regardless of the year or the total number of observations.

Chapter 4 focuses on Question (III). I extend the MAXOR and MINOR based on

the following two purposes. One is to fit the MAXOR and MINOR to the limitation

of the existing dataset. Another is to overcome the disadvantage that a nonnegligible

number of observations are ranked at the same rank order. It seems reasonable to

assume that all available datasets possibly include some measurement errors. In order

to reduce the disadvantage of the MAXOR and MINOR, and to fit the ranking rules

to the limitation of the accuracy of the existing dataset, I propose extended ranking

rules that involve allowing the data to have a certain range of measurement errors.

Regarding indicator values included in a certain range as indifferent, we can reduce

the number of observations ranked in the same rank order. For the dataset of HDI

2006, when we allow data variation of approximately 5.37%, the practical utility is

maximized, namely, the number of observations that have the same rank is minimized.

As a secondary effect of this extension, the robustness of the ranking to measurement

error is also enhanced, and that is shown by a simulation exercise.

Chapter 5 conclude the dissertation. It first summarizes the findings of the analysis

and then provides directions for future research.

iv



Contents

1 Introduction: Why Do Ranking Rules Matter? 1

1.1 Multidimensional poverty and human development . . . . . . . . . . . . 1

1.2 Main focus of this dissertation . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Why aggregation rules are important? . . . . . . . . . . . . . . . 7

1.2.2 Why not an absolute but a relative approach? . . . . . . . . . . . 11

1.3 Organization of this dissertation . . . . . . . . . . . . . . . . . . . . . . 13

2 The Maximal Order Ranking and the Minimal Order Ranking 15

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 Notations and definitions . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 Axioms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Definitions of the MAXOR and MINOR . . . . . . . . . . . . . . . . . . 19

2.5 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6 Characteristics of the ranking rules . . . . . . . . . . . . . . . . . . . . . 23

2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3 The Practical Usefulness of

Maximal Order Ranking and Minimal Order Ranking 25

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.3 Ranking results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3.1 Results for 2007 . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.3.2 Changes over time . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

v



4 The Extended Maximal Order Ranking and Minimal Order Ranking 43

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.2 Allowing a bandwidth of data . . . . . . . . . . . . . . . . . . . . . . . . 44

4.3 Extended ranking results . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.4 A simulation exercise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.4.1 Simulation strategy . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.4.2 Detail of simulation parameters . . . . . . . . . . . . . . . . . . . 50

4.4.3 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5 Conclusion 55

A The History of the Human Development Index 59

A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

A.2 The concept of the HDI . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

A.3 Changes in how to calculate the HDI value . . . . . . . . . . . . . . . . 60

A.3.1 Changes in indicators . . . . . . . . . . . . . . . . . . . . . . . . 60

A.3.2 Changes in the calculation methodologies . . . . . . . . . . . . . 63

A.3.3 Changes in the maximum and minimum value . . . . . . . . . . 63

A.4 Characteristics of the new HDI . . . . . . . . . . . . . . . . . . . . . . . 64

B Statistical Annex 69

vi



List of Figures

1.1 How to calculate the HDI value . . . . . . . . . . . . . . . . . . . . . . . 8

2.1 Illustration of the binary relations . . . . . . . . . . . . . . . . . . . . . 21

2.2 Counterexample of Independence of irrelevant alternatives (IIA) . . . . 23

3.1 The MAXOR, MINOR and the HDI values . . . . . . . . . . . . . . . . 28

3.2 Distribution of countries across rank groups in the MAXOR and MINOR 29

3.3 Changes in the total number of rank groups . . . . . . . . . . . . . . . . 31

3.4 Distribution of countries across rank groups in the MAXOR and MINOR 33

4.1 Introduction of a bandwidth (I) . . . . . . . . . . . . . . . . . . . . . . . 45

4.2 Introduction of a bandwidth (II) . . . . . . . . . . . . . . . . . . . . . . 46

4.3 Results of a simulation exercise, MAXOR . . . . . . . . . . . . . . . . . 52

A.1 The new and old HDI in 2010 . . . . . . . . . . . . . . . . . . . . . . . . 65

A.2 Gap between the new and old HDI in 2010 . . . . . . . . . . . . . . . . 66

vii





List of Tables

1.1 The old and new HDI values . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1 Ranking results of the example . . . . . . . . . . . . . . . . . . . . . . . 22

3.1 Summary statistics of data . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Extracts of ranking results in 2007 . . . . . . . . . . . . . . . . . . . . . 30

3.3 Stability of ranks for each country over 1994-2006 (I) . . . . . . . . . . . 32

3.4 Stability of ranks for each country over 1994-2006 (II) . . . . . . . . . . 32

3.5 Changes in the rankings for India . . . . . . . . . . . . . . . . . . . . . . 39

A.1 Changes in indicators, maximum and minimum values in the HDI . . . 61

B.1 Ranking results in 2007 . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

B.2 Ranking results in 2006 . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

B.3 Ranking results from 1994 to 2004 . . . . . . . . . . . . . . . . . . . . . 81

B.4 The New and Old HDI in 2010 . . . . . . . . . . . . . . . . . . . . . . . 85

ix





Chapter 1

Introduction: Why Do Ranking

Rules Matter?

1.1 Multidimensional poverty and human development

Poverty reduction has been one of the most crucial challenges in the world. Although

researchers, policymakers, institutions, and individuals have made a consistent effort

to alleviate poverty, it remains an urgent global task.

Though the aim of poverty reduction has not changed, the concept of poverty itself

changed over the course of the last few decades. Prior to these decades, poverty had

been conceived as economic deficiency. Numerous studies on development economics

discussed how to measure the level of poverty based only on income or consumption

level. The pioneering work of Amartya Sen (1976) elaborated upon the research on

poverty measurement. Sen (1976) axiomatically characterized a poverty index for mea-

suring the level of poverty of a given society. He organized into two steps the procedure

for generating the index. The first is identifying the individuals who are the poor among

the total population in the given society. This step is regarded as the determination

of the poverty line in that society. The second step is aggregating the shortfalls of the

individuals who fall below a certain poverty line into a poverty index value. In this step,

the issue is whether or not the aggregation rule that transforms the set of individual

level poverty into an index value that represents the poverty level of the society satisfies

reasonable assumptions. Kakwani (1980), Chakravarty (1983) and Foster et al. (1984),

aimed to improve Sen’s poverty index, and proposed new poverty indices that satisfy ac-
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ceptable axioms. These studies were extended to the poverty ordering approach, which

ranks two distinct income distributions (Atkinson, 1987; Foster and Shorrocks, 1988;

Zheng, 1997). In this context, however, poverty was regarded as a mere unidimensional

issue, because the poverty level was measured through only monetary dimension.

On the other hand, the literature advocating that human well-being or welfare is

not merely a unidimensional monetary problem but a multidimensional phenomenon

can be traced back to the 1970’s. These studies assume that the quality of life relates

to various non-monetary factors such as health, education, social exclusion, freedom,

safety, and so on. According to this idea, they attempt to measure the level of human

well-being with an index value that aggregates multiple indicators. There exist several

early contributions such that the physical quality of life index by Morris (1979), which

consists of life expectancy, infant mortality rate, and adult literacy rate. Meanwhile,

the deprivation index by Townsend (1989) consists of the unemployment ratio, non-car

ownership, non-home ownership, and household overcrowding, and the quality of life

index by Dasgupta and Weale (1992) consists of per capita income, infant mortality

rate, life expectancy, adult literacy rate, and political and civil rights indices. The

majority of these contributions, however, tend to be constructed upon an inadequate

theoretical foundation. Some of these indices do not provide adequate explanation of

why they selected the indicators for their index or how they derived their aggregation

methodologies.

The capability approach proposed by Amartya Sen (1985; 1992) developed the con-

ceptual and methodological frameworks of both the poverty and well-being measure-

ments, and relaxed the border between them. The essence of the capability approach

is that the well-being of a person should be evaluated by what the person does rather

than what the person has. This concept has earned widespread acceptance among re-

searchers and policymakers. As the capability approach was accepted, the following idea

entered the mainstream: The well-being of a person should be measured by how much

choice the person has in life, and the poverty level of a person should be measured by

how many choices are deprived from a person. More technically, although the poverty

measurement approach and the well-being measurement approach share the common

understanding that both poverty and well-being are multidimensional concepts, their

bases of measurement differ. The former focuses on the degree of deprivation so that
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a certain poverty line or threshold is set on each dimension and the shortfalls to the

poverty line in all dimensions are aggregated. Meanwhile, the latter focuses on the

degree of attainment so that the achievements in all dimensions are simply aggregated.

Poverty is no longer a unidimensional concept in the poverty measurement approach

but a multidimensional one. The new term, multidimensional poverty, which explic-

itly distinguishes unidimensional poverty and multidimensional poverty, is now widely

accepted. Kakwani and Silber (2008) defined multidimensional poverty as a human

condition that reflects failure in many dimensions of human life, such as hunger, ill

health, malnutrition, unemployment, inadequate shelter, lack of education, vulnerabil-

ity, powerlessness, social exclusion, and so on.

During the last two decades, studies on multidimensional poverty measurement

applied the accumulated theoretical foundations of measuring unidimensional poverty,

and have made much progress. Tsui (2002), Bourguignon and Chakravarty (2003) and

Duclos and Makdissi (2005) developed a multidimensional poverty ordering approach

that axiomatically characterizes a multidimensional poverty index with an aggregation

of the shortfalls of the poor falling to the poverty line of each dimension. The fuzzy set

approach, which is another major approach to multidimensional poverty measurement,

explicitly takes into account the vagueness of the border between the poor and the non-

poor (Qizilbash, 2006; Betti et al., 2008). On the other hand, Nussbaum (2000) and

Alkire (2005) attempted to identify appropriate indicators of well-being. Many types of

statistical analyses investigating the causal relationship among different dimensions of

well-being are also in development (Kuklys, 2005; Ranis et al., 2006; Krishnakumar and

Ballon, 2008). The Multidimensional Poverty Index (MPI), which identifies multiple

deprivations at the individual level in health, education and standard of living was

proposed by Alkire and Foster (2009).1 Fleurbaey (2009) gave a detailed survey on

several approaches to the measurement of individual well-being and social welfare and

examine the key to construction of altanatives to Gross Domestic Product (GDP) basis

on the framework of social choice theory. Thus, the studies on multidimensional poverty

and well-being measurement has developed with mutual impact.

Human development is another concept of human well-being based on the capa-

bility approach. It was created by Mahbub ul Haq (1996) and the United Nations

1The UNDP annually publishes the MPI values and its rankings in the HDR from 2010.
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Development Programme (UNDP). The UNDP (1990) defined human development as

a process of enlarging people’s choices (UNDP 1990, p. 1). As a measure of human de-

velopment, the UNDP launched an index named the Human Development Index (HDI)

in 1990, a composite index describing the degree of human development at the national

level. The HDI chose three fundamental aspects of human development: longevity,

knowledge, and a decent standard of living (UNDP 1990, pp.11-12). To represent the

attainment of these three aspects, the HDI has adopted four indicators: life expectancy

at birth, adult literacy rate, combined gross enrolment ratio for primary, secondary and

tertiary schools, and GDP per capita in purchasing power parity of US dollars (PPP$).

The HDI is a combined index of these four indicators.2 Every year, the UNDP pub-

lishes the HDI value of each country and its ranking in its annual report known as

the Human Development Report (HDR). The HDI is the best-known and the oldest

index for measuring the levels of human development by the UNDP, while the UNDP

also provides three other types of indices: the Inequality-adjusted human development

index (IHDI) that adjusts the HDI for inequality in the distribution of each dimension

across the population, the Gender Inequality Index (GII) that reflects gender-based

disadvantages in three dimensions; reproductive health, empowerment and the labor

market, and the Multidimensional Poverty Index (MPI) that identifies the degree of

multiple deprivations at the individual level in education, health and standards of living

using microdata based on household surveys.3

The HDI values and rankings have drawn global attention. For each nation, the

HDI value and ranking are one of the yardsticks for the attainment of their develop-

ment policies, and the improvement of them becomes one of the goals of development

policies. In the past year, 273 articles including the word ‘Human Development Index’

2These indicators were adopted from 1995 to 2009. The indicators and aggregation methodology of

the HDI have been modified over the past twenty years. For more details, see Appendix A.
3Before 2010, the Human Poverty Index (HPI) was used in place of the IHDI

and the Gender-related Development Index (GDI) and the Gender Empowerment Mea-

sure (GEM) were used in place of the GII. The Human development report web-

site (http://hdr.undp.org/en/humandev/) provides detailed explanations about indices made

by the UNDP. For details of the HPI, see http://hdr.undp.org/en/statistics/indices/hpi/,

and for the GDI and GEM, see http://hdr.undp.org/en/statistics/indices/gdi gem/. In-

structions for how to calculate the IHDI, GII and MPI are in the technical notes,

http://hdr.undp.org/en/media/HDR%202013%20technical%20notes%20EN.pdf
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were published in major newspapers in the world.4 In particular, soon after publica-

tion of the HDR 2013 on March 14, 2013, a number of newspapers in developing and

developed countries provided articles about the HDI values and rankings in 2013. In

addition, some of them also provide policy perspectives for improving the HDI val-

ues and rankings. For example, The Australian, an Australian national newspaper

reported the HDI ranking (the second out of 187 countries) of Australia and that of

several other countries under the title of “We are second only to Norway.”5 Agencia de

Informacao de Mocambique, a newspaper in Mozambique, reported that the HDI rank

of Mozambique in 2013 is the second worst in the world but the value of that increased

by 0.005 compared to 2012.6 Addis Fortune, a weekly newspaper in Ethiopia provided

an article titled “Human Development Must Top Economic Policy Agendas,” claiming

that enhancement of education and health care of mothers and children were the key to

sustainable development7. A major Malaysian newspaper, New Straits Times reported

that the HDI ranking of Malaysia is 64th in the world and 6th in Asian countries, and

refers to agendas to reinforce human development such as enhancement of public health

and education services.8 The Globe and Mail, the newspaper with the largest circula-

tion in Canada ran a column stating that the income inequality in Canada had been

growing in recent years and the rank of the inequality-adjusted human development

index (IHDI) of Canada in 2013 was behind Slovenia.9

The HDI is a breakthrough in the sense that it succeeds in quantifying the concept

of the capability approach and human development in a simple index format. The

indexation enables us to capture the level of human development intuitively and to

compare quickly the human development levels of different countries. At the same

time, however, it is criticized for its inherent arbitrariness in the following two angles.

One is the arbitrariness of its selection of indicators that measure the levels of human

development. The other is the arbitrariness of its calculation process that aggregates

4From September 1, 2012 to August 31, 2013. The data is based on the LexisNexis database. See

http://www.lexisnexis.com/ap/academic/, accessed August 31, 2013.
5The Australian, March 15, 2013, p. 9
6“Human Development: Two interpretations of a Dodgy Report,” Agencia de Informacao de Mo-

cambique, March 19, 2013, online edition.
7Addis Fortune, March 24, 2013, online edition
8“Growth must be inclusive,” New Straits Times, March 30, 2013 p. 18.
9“Inequality, yes but Canada’s in a sweet spot,” The Globe and Mail, March 18, 2013, p. 11.
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four indicator values into one index value. The HDI is also subject to the criticism that

there are no logical or statistical foundations for accepting the specific indicators or

calculations. To search for such foundations, a number of modifications were proposed

in previous works. McGillivray (1991) pointed out that there is a high correlation

among the four indicators of the HDI so that the HDI cannot represent the breadth of

human development. Paul (1996) suggested several modifications to the HDI, such as

adding the infant mortality rate as an indicator. Noorbakhsh (1998a, 1998b) suggested

several modifications to the HDI taking account for the diminishing returns to the ed-

ucation indicators and suggest an alternative income indicator having less restriction

in the calculation process. Gormely (1995) suggested the use of distinct income index-

ation formulas depending on the level of GDP per capita in PPP$. Though Gormely’s

method was adopted by the HDI from 1995 to 1998, Luchters and Menkhoff (1996)

pointed out the statistical artifacts of this alternative method, and suggested using a

single, simple function type for the income transformation, such as a logarithmic or

Atkinson-type function. After that, Anand and Sen (1999) proposed a logarithmic

transformation formula that was adopted by the HDI from 1999 to 2009. The charac-

terization of the HDI by Chakravarty (2003) provided an axiomatic characterization of

the HDI. Chowdhury and Squire (2006) and Chershye et al. (2008) suggest alternative

weighting methods for the aggregation process of the HDI.

As mentioned above, the advantages of the indexation of human development are

understandability and comparability. However, when we try to represent the multi-

dimensional concept of the HDI by an index value, we inevitably confront problems

such that which indicators are chosen and how they are aggregated into an index value.

Moreover, reducing multiple indicators to one index weakens the index’s ability to

capture the diverse nature of human development. A combined index does not give

information about the level of each indicator. This lack of consideration for diversity

somewhat contradicts the original concept of the HDI, for one of the aims of the HDI

was to highlight several distinct aspects of human development.

This dissertation focuses on the aggregation problem and aims to suggest two types

of methodologies for ranking human development that capture the diverse nature of hu-

man development. Unlike the HDI and other major development indices, I concentrate

on the analyses of the relative levels of human development, not the absolute levels.
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The methodologies I suggest never aggregate multiple indicator values into one index

value, and never calculate the absolute value of individual observations that describes

the level of human development of the observation. The next sections provide the rea-

son why this dissertation is centered on the aggregation issue and the relative levels of

human development.

1.2 Main focus of this dissertation

When we try to rank the levels of human development for certain observations (individ-

uals, households or countries), we will face two kinds of problems: which indicators are

adopted as the representative indicators that appropriately describe the diverse nature

of human development and how to aggregate or rank the levels of human development

of the observation that consists of multiple indicators. In this dissertation, I focus on

the latter problem. In addition, I emphasize the relative level of human development

rather than the absolute level, so I suggest the methodologies just to rank the hu-

man development levels of observations, not to calculate the level of each individual

observation. The following subsections are my focus.

1.2.1 Why aggregation rules are important?

The year 2010 was a sensational one for those who were interested in the HDI, because

the aggregation process of the HDI was modified drastically.10 The HDI is a composite

index that aggregates the attainment of three essential dimensions of human develop-

ment, that is, longevity, educational attainment, and income. Figure 1.1 shows the

process of acquiring the HDI value. To obtain the HDI value, we first calculate the

index value of each dimension by using the actual value of the indicators, such as life

expectancy, adult literacy rate, enrolment ratio and GDP per capita, which represent

the attainment of these three dimensions. Then, we aggregate these three index values

into an HDI index value. From 1990 to 2009, the HDI value was a simple arithmetic

mean of these three index values, but in 2010, a geometric mean was adopted for the

first time.

10Several modifications were added not only to the aggregation process but also to the indicators

that represent three fundamental dimensions. See Appendix A.
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Figure 1.1: How to calculate the HDI value

What does this change mean? By definition, for any pair of positive real numbers,

the arithmetic mean is always larger than the geometric mean except in the case when

the numbers are equal.11 This condition indicates that the arithmetic mean does not

pay attention to the balance of two numbers, whereas the geometric mean puts much

value on the proximity of two numbers. For example, a distribution of two index

values (0.5, 0.5, 0.5) and another distribution (0.1, 0.5, 0.9) are regarded as the same

human development level according to the old HDI, because the arithmetic mean of

these distributions are the same as 0.5.12 On the other hand, the new HDI regards the

former distribution as more desirable than the latter one, because the geometric mean

of the former is 0.5 but that of the latter is approximately 0.36.13 This means that

the HDI changed its philosophy to be more appreciating of the extent of the balance

among the three index values, whereas this balance was not appreciated previously. In

fact, the changes in the aggregation process possibly have had some impact on the final

11In mathematics, the inequality of arithmetic and geometric shows, for any pair of positive real

numbers a > 0 and b > 0, a+b
2

≥
√

ab with equality if and only if a = b.
12(0.5 + 0.5 + 0.5)× 1

3
= (0.1 + 0.5 + 0.9)× 1

3
= 0.5

13 3
√
0.5 · 0.5 · 0.5 = 0.5, and 3

√
0.1 · 0.5 · 0.9 ≈ 0.36.
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Source: Calculated by the author based on the data of 2007 conpiled in the Human Development Report 2009.

Table 1.1: The old and new HDI values

index values and the ranking of them.

Table 1.1 shows the three index values and the HDI values calculated by the old

and new methods (i.e., arithmetic mean and geometric mean) for Equatorial Guinea

and Egypt based on the dataset of 2007 compiled in the HDR 2009 (UNDP 2009).14 15

The three index values of Equatorial Guinea are quite different. The longevity index is

0.42, but the income index is more than twice of that at 0.96.16 In contrast, the index

values of Egypt are relatively well-balanced compared to those of Equatorial Guinea.

The difference of the maximum and minimum value is within 0.1. Hence, the old HDI

value, as calculated by the arithmetic mean for Equatorial Guinea, is bigger than the

new HDI value calculated by the geometric mean (0.719 versus 0.675, respectively).

Meanwhile, the old HDI value of Egypt, 0.703 is almost the same as the new HDI

value, 0.702. As a result, the old HDI value of Equatorial Guinea is bigger than that

of Egypt, but the new HDI value of the former is much smaller than that of the latter,

which means that the levels of human development and rank relation of these countries

reverses when the aggregation method of the HDI changed, namely, when the HDI

philosophy changed.

This fact shows that we can obtain different index values and ranking results for

14The annual HDI values and ranking presented in the annual HDR is decided on the basis of the

data that is a few years older than the title year.
15The year 2009 was the last year of the old HDI aggregation method. The reason the education

index values are different is that the education index is the two to one weighted mean of adult literacy

rate and combined gross enrolment ratio. Within the old HDI, the weight mean is an arithmetic mean,

but, within the new HDI, it is a geometric mean.
16Equatorial Guinea is a typical oil-rich country in Sub-Saharan Africa. Owing to the country’s rich

mineral resources and the proper utilization of the resources, this country underwent rapid economic

growth during the 1990s. See Same (2008) for details.
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the same original data simply by changing the aggregation rule, which implies that

we are possibly manipulating the index values and ranking results in an arbitrary

manner. Thus, some policymakers might seek political advantage by manipulating the

aggregation rules. However, it is difficult to eliminate this kind of arbitrariness entirely.

Because every ranking rule always has a certain implicit arbitrariness in the sense that

there are any criteria or philosophies for the selection of particular formulas or weights

of the ranking rule. How can we address this problem? One of the possible solutions

is choosing the rules based on acceptable criteria. If a rule is characterized based

only on reasonable assumptions that appropriately represent unanimously acceptable

criteria, then, consequently, the index values and ranking results based on the rule would

be accepted unanimously. In other words, we can reduce the implicit arbitrariness

of the index value and ranking results by constructing the aggregation rules based

on acceptable criteria. This motivates me to build ranking rules that satisfy some

acceptable axioms.

As acceptable axioms, I propose several axioms: ordinalism: (O), dominance prin-

ciple: (DP), superiority of non-dominated observations: (SNO), inferiority of non-

dominating observations: (INO), non-existence of dominance relation in a same rank

order: (NDR) and monotonicity (M). Dominance principle requires that if an obser-

vation achieves greater attainments in all human development dimensions to another

observation, then the observation is ranked higher to another one. The axiom of supe-

riority of non-dominated observations and inferiority of non-dominating observations

are symmetrical. The former implies that if an observation is not dominated by any

other observations, then the observation is ranked to the first rank order. On the other

hand, the latter implies that if an observation cannnot dominate in all dimensions to

any other observations, then the observation is ranked to the least rank order. Several

axioms I introduce are based on the common criterion that we never aggregate the

attainment of different human development dimensions, because distinct dimensions

represent distinct aspects of human development respectively, so we should not aggre-

gate them. In this dissertation, I provide two types of human development ranking

rules that satisfies these axioms.

The ranking rules I suggest never need any indexation or aggregation process in

generating the ranking results. Instead, I use three kinds of binary relations and cer-
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tain recursive steps to generate them. Reducing multiple indicators’ attainments to

one index value weakens the index’s ability to capture the diverse nature of human

development. A combined index does not give information about the attainment level

of each indicator that corresponds to each dimension of human development. A lack

of consideration of diversity somewhat contradicts the multidimensional concept of hu-

man development. Hence, the ranking rules that I propose generate no scalar index of

the human development level for each observation, but they do generate a ranking of

the human development level for all observations. In short, my proposed rules are not

meant to derive a scalar index of the level of a specific observation. Instead, they are

rules for ranking all observations in order of the levels of human development.

Another feature of these rules is found in the binary relations used in the process

of generating the ranking result. I allow incomparability to the binary relation of two

observations. As a result, the ranking results derived from the rules are not complete

top-to-bottom rankings like as the HDI, because several incomparable observations are

placed to the same rank order. Although this feature seems like a practical disutility, it

also can be regarded as an appreciation of the diversity of human development among

different observations, in the sense that we never impose assigning different rank orders

to incomparable observations.

1.2.2 Why not an absolute but a relative approach?

In the context of research on poverty, there are two contrasting concepts of poverty: ab-

solute poverty and relative poverty. The former pays attention to the absolute poverty

levels of individuals, households or nations in a society, but the latter discusses those of

relative levels. In uni-dimensional (monetary) poverty approach, the absolute poverty

line is set based on the cost, which is minimal standards of food, clothing, health care

and shelter and so on, and individuals who fall below the poverty line are regarded

as the poor. In 2008, the World Bank set the global poverty line at $1.25 a day in

purchasing power parity of US dollars in 2005.17 18 A number of developing countries

have their own national poverty line; moreover, some countries have several kinds of

poverty lines such as food and non-food poverty lines, and rural and urban poverty

17See, http://data.worldbank.org/indicator/SI.POV.DDAY.
18Before 2010, one dollar a day was the global poverty line. It was defined in the World Development

Report 1990 (WDR) by the World Bank.
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lines. By contrast, the relative poverty line is set at a constant proportion of current

mean income or consumption in a society. One of the prevalent relative poverty lines is

defined by the Organisation for Economic Co-operation and Development (OECD). It

defines the poverty rate as the ratio of the number of people who fall below the poverty

line and the total population; the poverty line is here taken as half the median house-

hold income.19 If the income of all individuals in a society increases without change in

income distribution but the income of some individuals changes from below to above

the absolute poverty line, then the absolute poverty level of the society declines but

the relative poverty level is not changed.

Regardless of whether on a national or global level, the main objectives of devel-

opment policies are to decrease the absolute poverty level and increase the absolute

human development level. On the other hand, the relative levels of poverty or human

development, or in other words, the ranking of poverty or human development level

in a certain society are also matters of world concern. As the above newspaper arti-

cles show, not only the value but also the rank of the HDI for each country is given

attention and the improvement of them is one of the major goals of the development

policy issues. In addition to that, a certain ranking is useful to determine a certain

kind of priority, for example, when a government or an institution gives the Official

Development Assistance (ODA) to the least developed country based on the level of

human development. In such a case, we do not need to calculate the absolute values of

human development levels for all countries but all we need to do is rank all countries

based on some sort of ranking rules. It means that a relative approach possibly reduces

the cost of an absolute approach.

For the above reasons, this dissertation adopt the relative approach. I never set

any poverty lines but suggest the methodologies to rank observations (such as indi-

viduals, households and countries) in line with the levels of multidimensional human

development.

19See http://www.oecd-ilibrary.org/sites/factbook-2010-en/11/02/02/index.html?itemId=/content/chapter/factbook-

2010-89-en.
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1.3 Organization of this dissertation

This paper discusses how the levels of human development can be ranked for individuals,

households, villages, or countries. The selection of indicators that representing the

various dimensions of human development is also an important problem, but in this

dissertation, I focus on the aggregation problem of such indicators. Hence, I assume

that the levels of human development for relevant observations such as individuals or

countries are described by common multiple development indicators (for example, life

expectancy, infant mortality ratio, GDP per capita and so on) and these indicators

are given. I firstly provide two types of ranking rules to rank the levels of human

development and then examine their practical usefulness by extending them to fit the

limitation of reality. The rest of this dissertation is organized as follows:

Chapter 2 is devoted to the construction of desirable human development ranking

rules based on reasonable and acceptable axioms. I firstly introduce several axioms

and then suggest two types of ranking rules, named maximal order ranking (MAXOR)

and minimal order ranking (MINOR). Then, I investigate the characteristics of these

ranking rules.

Chapter 3 examines the practical usefulness of The MAXOR and MINOR with using

ranking results derived from balanced and unbalanced cross-country panel datasets for

the period 1980 to 2007. For the purpose of comparison with other existing ranking

rules, I used the same dataset as that used to derive the HDI value and ranking during

that period. I investigate the ranking result and discuss the advantage of the MAXOR

and MINOR for applying unbalanced panel datasets.

Chapter 4 extends the MAXOR and MINOR to fit the limitation of the existing

dataset. The available datasets possibly include some measurement errors. Taking this

possibility into account, I attempt to extend the MAXOR and MINOR, which involves

allowing the data to have a certain range of measurement errors. The result shows

that this extension improves the usefulness of the MAXOR and MINOR ranking, in

the sense that it decreases the number of countries with the same ranking.

This dissertation thus contributes to the literatures by combining normative and

positive approaches to ranking human development. As an attempt based on a nor-

mative approach I provide the ranking rules satisfying several acceptable axioms, and

as the attempt based on a positive approach, I examine and extend the practical use-
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fulness of the rules by using existing datasets and suggest the way to extend the rules

tanking account of the measurement errors in existing dataset.
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Chapter 2

The Maximal Order Ranking and

the Minimal Order Ranking

2.1 Introduction

It is important to rank the levels of human development among given observations such

as countries or individuals in order to set targets for various antipoverty policies.1 How

can we rank the levels of development among observations if each observed development

level is expressed by the data of multiple indicators? An approach is indexation of

these data. Transforming multiple data into an index value enables us to rank them

easily. However, any ranking results based on indexation are always at risk of being

manipulated, for we can obtain different index values and ranking results from the same

original data by changing the aggregation rule.

With the aim of alleviating the arbitrariness of the composite indices, I provide

two types of ranking rules based on acceptable and reasonable assumptions. These

ranking rules, namely, the maximal order ranking (MAXOR) and the minimal order

ranking (MINOR) do not require any aggregation or indexation processes to generate

their ranking results, but require certain binary relations and recursive steps satisfying

several axioms. Some of them have implicit brief that we cannot compare the attain-

1This chapter is revision of Michinaka (2010). I am grateful for the useful comments and suggestions

on the earlier version of this chapter that were made by Professor Shuji Kasajima and Professor Noriatsu

Matsui. I am also thankful for the ideas that I gained through attending the 19th annual meeting of

the Japan Society for International Development in November 2008.
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ment of one human development dimension to that of another dimension, because the

attainments of distinct dimensions should be evaluated distinctly.

The next section provides notations and definitions. Section 3 introduces axioms I

apply to the ranking rules. Section 4 defines the MAXOR and MINOR, and an brief

example is given in Section 5. Section 6 examines the characteristics of the rules. The

final section gives a conclusion.

2.2 Notations and definitions

Let us assume that the level of human development for each observation is represented

using “the human development profile,” which is a bundle of the values of the multiple

indicators representing multidimensional human development, such as GDP per capita,

density of physicians, and adult literacy rate. These indicators are common among all

observations. I also assume that the data for each indicator are represented using real

positive numbers. The greater the numbers, the better are the situations.

Let X be a finite set of observations, and I be a set of the human development

indicators. The numbers of elements in X and I are denoted as ♯X and ♯I respectively.

Let R+ denote a set of all positive real numbers, and RI
+ is the ♯I-fold Cartesian

product of R+. The level of human development for any observation in X is described

as f(x) = (f i
x)i∈I , where f is a mapping from X to RI

+. In other words, f assigns the

♯I-dimensional human development level to an observation x in X.

Assume that ≽ denotes a binary relation on X means “at least as developed as.”

This binary relation is defined as x ≽ y :⇔ ∀x, y ∈ X & ∀i ∈ I, f i
x ≥ f i

y. Corresponding

to ≽, I define three types of binary relation on X:

(I) ≻, which is interpreted as “strictly more developed than,” is defined as

x ≻ y : ⇔ ∀x, y ∈ X, & f i
x ≥ f i

y ∀i ∈ I, & ∃j ∈ I such that f j
x > f j

y

(II) ∼, which is interpreted as “as developed as,” is defined as

x ∼ y :⇔ ∀x, y ∈ X & ∀ i ∈ I, f i
x = f i

y

(III) ◃▹, which is interpreted as “incomparable,” is defined as

x ◃▹ y :⇔ ∀x, y ∈ X, ∃i ∈ I such that f i
x > f i

y & ∃j ∈ I such that f j
x < f j

y .
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Here ≻ and ∼ represent asymmetric and symmetric part of ≽ respectively. (I) is

well-known binary relation as the Pareto dominance. If x ≻ y, we consider that y is

Pareto dominated by x. Meanwhile, ◃▹ is an incomparable relation that corresponds

to ≽, namely, x ◃▹ y ⇔ ¬(x ≽ y) & ¬(y ≽ x).2 It is interpreted that the levels of

human development for x and y are incomparable in the sense that the each observa-

tion achieves higher attainment in distinct dimension each other. This incomparability

describes the criterion that we never aggregate the attainment of different human de-

velopment dimensions because each dimension represents a distinct aspect of human

development so that we cannot combine them.

2.3 Axioms

To examine the properties of the MAXOR and MINOR, I introduce the following

axioms.

Ordinalism (O):

The ranking is generated based on not cardinal but ordinal information.

Dominance principle (DP):

∀x ∈ X & ∀y ∈ X, f i
x ≥ f i

y ∀i ∈ I & ∃j ∈ I such that f j
x > f j

y ⇒ x is ranked to the

higher rank order than y.

Superiority of non-dominated observations (SNO):

∀x ∈ X & ∀i ∈ I, @f i
y such that f i

y > f i
x ⇒ x is ranked to the first rank order.

Inferiority of non-dominating observations (INO):

∀x ∈ X & ∀i ∈ I, @f i
y such that f i

x > f i
y ⇒ x is ranked to the bottom rank order.

Non-existence of dominance relation in a same rank order (NDR):

∀x ∈ X & ∀y ∈ X, x and y are ranked the same rank order ⇒ f i
x ∼ f i

y or x ◃▹ y.

Monotonicity (M):

If ∀x, y ∈ X, x is ranked higher than y then f j
x for j ∈ I improves and f i

y ∀i ∈ I(i ̸= ȷ)

& f i
y ∀i ∈ I remain unchanged, ⇒ the hierarchy of rank orders between x and y is

unchanged.

2The symbol ¬ denotes the negation of a logical statement.
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Independence of irrelevant alternatives (IIA):

∀x, y ∈ X, the hierarchy of rank orders between x and y is determined based only on

the human development profile of x and y

Here I provide detailed explanations for each axiom.

Ordinalism (O) refers to the condition of the information used to generate a ranking.

It requires that not using cardinal but ordinal information in generating a ranking.

To rank human development, we rank each observation’s human development profile,

which is a bundle of values for the multiple indicators representing multidimensional

human development, such as GDP per capita, density of physicians, enrolment ratio

and adult literacy rate. The data for each indicator value are considered to be cardinal

information in the sense that their quantities are represented by real positive numbers.

However, if a ranking rule satisfies (O), then not cardinality but ordinality only is

considered in generating a ranking. To explain, cardinal information includes the size

of data (e.g., in Japan, the life expectancy at birth is 83.6 years, while in Norway is

81.3 and, in Sierra Leone, 48.1) or the difference in the sizes of data (e.g., the size

difference of life expectancy in Japan and Norway is only 2.3 years, but that in Japan

and Sierra Leone is 35.5 years); meanwhile, ordinal information includes the rank order

of observations (e.g., the rank order of life expectancy of the above three countries is

first Japan, then Norway, and finally Sierra Leone). Though we often cannot specify

accurate sizes for certain data, we do know the rank order of them. For example, we

may not be able to pinpoint the accurate weight of an elephant or a rabbit, but we can

easily judge an elephant is heavier than a rabbit. Thus even if we do not have cardinal

information, we use can use ordinal information to generate a ranking.

Dominance principle (DP) requires that if an observation which achieves higher

attainments for all indicator values compared to another observation should be ranked

higher than the other one. In other words, if an observation dominates another obser-

vation, then the observation should be ranked higher than the other one.

Superiority of non-dominated observations (SNO) requires that if an observation is

not dominated by any other observations, then the observation is ranked the first rank

order. By definition, an observation that is never dominated by other any observation

achieves the highest attainment for at least one indicator among all observations. By
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contrast, Inferiority of non-dominating observations (INO) requires that if an obser-

vation does not dominate any other observations, then the observation is ranked to

the bottom rank order. By definition, an observation that does dominate any other

observations never achieves strictly higher attainments for any indicators.

Non-existence of dominance relation in a same rank order (NDR) requires that the

binary relations for any pair of observations ranked in the same order always correspond

to indifference or incomparablity.

Monotonicity (M) and Independence of irrelevant alternatives (IIA) are major ax-

ioms in social choice theory. (M) requires that if an indicator value of an observation

is improved while the observation is originally ranked higher than another observation,

then the improvement does not reverse the hierarchy of these two observations. (IIA)

requires that determining the hierarchy of rank order for any pair of observations are

based only on the profiles of these two observations. In other words, the performance

of any other observation does not influence the order of two observations. If a ranking

rule satisfies (IIA), we need not take account of the information about irrelevant obser-

vations (i.e. alternatives) when ranking two relevant observations. In this sense, (IIA)

is the condition for reducing the cost of dealing with such a quantity of information.

2.4 Definitions of the MAXOR and MINOR

On the basis of the abovementioned binary relations and axioms, I now define two types

of human development ranking rules.

As a preliminary step to generate the MAXOR, I define a maximal set, X, as

follows:

M(X,≻) = {x | x ∈ X & @y ∈ X such that y ≻ x}

The maximal order ranking (MAXOR) over X is generated according to the follow-

ing recursive steps:

1. Make the maximal set on X, and call it M1

2. Define X\M1 = X1

3. Again, make the maximal set M2 on X1, namely,

M2(X1,≻) = {x | x ∈ X1 & @y ∈ X1 such that y ≻ x}

19



4. In like manner, consecutively make maximal sets M i on Xi−1 until Xi−1\M i = ∅

5. These procedures make a sequence of maximal sets, that is, M1, M2, . . . , M i,

. . . , Mm. We regard x ∈ M1 as the observations ranked to the first rank order,

x ∈ M2 as the observations ranked to the second rank order, . . .Mm as the

observations ranked to the bottom rank order.

The minimal order ranking (MINOR) over X is defined in a way reverse to that of

the MAXOR. I firstly define a minimal set of a set X as follows:

M(X,≻) = {x | x ∈ X & @y ∈ X such that x ≻ y}

The MINOR over X is then generated according to the similar recursive way to

MAXOR:

1. Make the minimal set on X, and call it Mm

2. Define X\Mm = Xm

3. Again, make the minimal set Mm−1 on Xm, namely,

Mm−1(X1,≻) = {x | x ∈ Xm & @y ∈ Xm such that x ≻ y}

4. In like manner, consecutively make maximal setsMm−i onXm−i+1 untilXm−i+1\Mm−i =

∅

5. These procedures make a sequence of minimal sets, that is, Mm, Mm−1, . . . ,

Mm−i, . . . , M1. We regard x ∈ M1 as the observations ranked to the first rank

order, x ∈ M2 as the observations ranked to the second rank order, . . .Mm as

the observations ranked to the bottom rank order.

2.5 Example

Here, I illustrate the abovementioned binary relations and ranking rules by a brief

example. For simplification and to facilitate the understanding of the binary relations,

let us assume that X = {A,B,C,D,E, F,G} and I = {I1, I2}. Each point from A to

G in Figure 2.1 denotes the human development level with regard to each observation.

If C is taken as the base point, A, located to the northeast, achieves higher values for

both I1 and I2; hence, I infer that A Pareto dominates C. Conversely, E, F , and G,
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Source: Prepared by the author. 

Figure 2.1: Illustration of the binary relations

located southwest of C, have lower values for both I1 and I2, whereupon we can judge

that these observations are Pareto dominated by C. B, located northwest of C, and D,

located southeast of C, are superior to C with regard to one indicator but inferior with

regard to another, and hence, I infer that they are incomparable to C. In addition, if

an observation has all indicator values that identical to those of C, we infer that the

observation is indifferent to C.

Table 2.1 shows the ranking results of the example. In both the MAXOR and

MINOR, “rank” denotes the rank order of a relevant observation and “n-th group”

denotes the number of the maximal (or minimal) set that the relevant observation

is positioned at, namely, Mn (or Mn). For example, E is positioned as the third

maximal set M3 in the MAXOR, so the “n-th group” of E is three, while E’s “rank” is

five because four countries are positioned higher than E. The importance of the “n-th

group” is mentioned in the following section. I define a set that consists of observations

positioned at the same rank (a maximal or minimal set) as a “rank group.” With

respect to this example, both the MAXOR and MINOR are constructed as four rank

groups.

Note that the rank order of B is second in the MAXOR, while it is the lowest in
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Source: The ranking results were generated  by the author based on the processes

introduced in Section 2.4.

Table 2.1: Ranking results of the example

the MINOR (sixth). This is because f1
B is relatively high although f2

B is extremely low.

Since the value of indicator one is relatively high with regard to B, other observations

find it difficult to dominate B, and therefore, B is positioned relatively high in the

MAXOR. On the other hand, B finds it difficult to dominate other countries owing to

the extremely low value of indicator two, and therefore, it is positioned relatively low

in the MINOR.

A ranking is defined as a linear ordering ≥ over 2X . Each of the MAXOR and

MINOR is regarded as a ranking. Note that the three types of binary relations defined

in Section 2 are quasi-orderings.3 The binary relations used to generate the MAXOR

and MINOR are quasi-ordering, but the ranking results of both the MAXOR and

MINOR are linear ordering.

In addition to that, note that the incomparable binary relations are not always hold

in the final ranking results generated by the MAXOR and MINOR. For any x, y ∈ X,

there possibly exists the case that despite x ◃▹ y, x is ranked more highly than y in

the final ranking results. This case happens if there exists z ∈ X such that x ◃▹ z

and z ≻ y. The interpretation of this case is as follows: x and y are incomparable;

moreover, x and z are incomparable, but z dominates y. Then, at least y has to be

ranked lower than z in the final ranking result. With respect to x and z, they are

incomparable; moreover, x and y are also incomparable, so we cannot judge which of

x and z should be ranked lower in the final ranking result. In the end, we put them

3An ordering is a binary relation that satisfies reflexivity, completeness and transitivity. A quasi-

ordering satisfies reflexivity and transitivity, but not completeness.
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Figure 2.2: Counterexample of Independence of irrelevant alternatives (IIA)

in the same rank order. Finally, the rank order of x and z is the same, but y will be

lower than them in the ranking result, despite the fact that x ◃▹ y.

2.6 Characteristics of the ranking rules

In this section, I check the axioms satisfied by the MAXOR and MINOR.

The MAXOR satisfies (O), (M), (DP), (NDR) and (SNO).

As shown in the previous section, the MAXOR can be generated based only on

ordinal information, then the MAXOR satisfies (O).

If an observation dominates another one, the former is ranked higher than the latter

in the MAXOR. Hence, the MAXOR satisfies (DP).

(M) requires that if an observation ranked higher than another one improves an

indicator value, then the improvement does not reverse the hierarchy of these two

observations. By definition, if an observation is ranked higher than another one in

the MAXOR, the former dominates the latter. The improvement in an indicator of

the former keeps the dominance relation between these two observations. (M) is thus

satisfied by the MAXOR

Regarding (NDR), the contraposition shows that if x ≻ y or y ≻ x (because

¬(x ∼ y) and ¬(x ◃▹ y)), then x and y are ranked differently. By the definition of the
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MAXOR, if x ≻ y then x should be ranked higher than y, and if y ≻ x then y should

be ranked higher than x. Hence, the MAXOR satisfies (NDR).

As defined in the previous section, the MAXOR is generated by consecutively mak-

ing of maximal sets. By the definition of a maximal set, the observations never dom-

inated by any other observations should be included in a maximal set. Hence, the

observations never dominated by any other ones are always ranked first. Thus, (SNO)

is satisfied.

On the other hand, The MINOR satisfies (O), (M), (DP), (NDR) and (INO).

(O), (M), (DP) and (NDR) are proved in the same manner as the MAXOR.

With respect to (INO), the MINOR is generated by consecutively making of min-

imal sets. By the definition of a minimal set, the observations never dominate any

other observations should be included in a minimal set. Hence, the observations never

dominate any other ones are always ranked least. Thus, (SNO) is satisfied.

Unlike the HDI, the MAXOR and MINOR do not satisfy (IIA). I show it using a

simple counterexample. In Figure 2.2, A ◃▹ B, A ◃▹ C and B ◃▹ C, then all of these

three observations are ranked to the first rank group in both the MAXOR and MINOR.

However, if the human development profile of C changes into C ′, the binary relations

change to A ◃▹ B, A ◃▹ C ′ and C ′ ≻ B. In turn, the rank orders also change to that; A

and C ′ are ranked the first, while B is the second in the MAXOR. By the same token, if

C changes into C ′′, the binary relations change to A ◃▹ B, A ◃▹ C ′′ and B ≻ C ′′. Rank

orders thus change as well; B is ranked the first, while A and C ′′ are ranked second.

2.7 Conclusion

In this chapter, I provided two types of ranking rules to rank the levels of human

development of given observations based on acceptable assumptions and to examine

the characteristics of these ranking rules. The notable feature of these ranking rules

is recognition of the incomparability among distinct human development dimensions.

However, even if a ranking rule is constructed based on reasonable assumptions, the

ranking rule might not be used when it lacks practical usefulness. In the next chapter,

I examine the practical usage of the MAXOR and MINOR by generating the ranking

results using the existing datasets.
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Chapter 3

The Practical Usefulness of

Maximal Order Ranking and

Minimal Order Ranking

3.1 Introduction

It is important not only that a ranking rule is based on reasonable and acceptable as-

sumptions but also that the ranking rule is easily applied to practical usage.1 Moreover,

it is also important to check whether the ranking result provides useful information re-

garding the real situation. In addition, a ranking rule is not always used in one shot.

It might be used regularly on a periodic basis. In this context, the relevance of the

time-series variation of the rank order of each observation can be a yardstick for useful

human development rankings. If the rank order of a specific observation and the total

number of observations change over time, it will be impossible to judge whether the

1This chapter is revision of Michinaka (2011a). I am grateful for the useful comments and suggestions

on the earlier version of this chapter that were made by Dr.Hiroki Nogami, Dr.Tatsufumi Yamagata

and Professor Koji Yamazaki at the 21th annual meeting of the Japan Society for International De-

velopment in December 2010. I am also thankful for valuable comments and suggestion by Dr.Koji

Takamiya and the participants of the Research Seminar on Economics at Nigata University in June

2012. In addition, I appreciate for valuable comments and suggestions by Dr.Tatsufumi Yamagata,

Dr.Hiroki Nogami, Dr.Tomohiro Machikita, Dr.Satoshi Inomata, Dr.Jun Saito and the participants of

the Research Workshop on Development Economics at the Development Studies Center of Institute of

Developing Economy, JETORO in January 2012.
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change in the rank order is induced by the change in the total number of observations

or by the change in the relative position of each against all other observations.

From this viewpoint, this chapter examines the practical usefulness of the MAXOR

and MINOR by using the ranking results derived from existing cross-country panel

datasets. The datasets are balanced and unbalanced panel datasets for the period 1980

to 2007. The unbalanced panel dataset is the one used to derive the values and rankings

of the Human Development Index (HDI) reported in the Human Development Reports

(HDRs) and the balanced panel dataset is extracted from the unbalanced one. The HDI

is one of the most prevalent human development measurement tools. It is a composite

index of four kinds of development indicators, that is, life expectancy at birth; adult

literacy rate; combined gross enrollment ratio for primary, secondary and tertiary; and

gross domestic products (GDP) per capita.2

In the rest of this chapter, I firstly derive the ranking as a means of illustration. Then

I compare these ranking results with those of the HDI. In comparison, I regard it better

that a rank order is robust against changes in the total number of observations. The

ranking results derived from balanced and unbalanced panel datasets for the period 1980

to 2007 show that the MAXOR and MINOR are better at satisfying the abovementioned

requirement than the HDI.

3.2 Data

I use unbalanced and balanced cross-country panel datasets of human development

indicators. The unit of observation is a country. I adopt four human development

indicators identical to those used when calculating the HDI, that is, life expectancy at

birth, adult literacy rate, combined gross enrolment ratio, and GDP per capita.

The data source is the HDRs for the period 1990 to 2009. Not all of these reports

provide the information for these four variables in a consistent and comparable manner.

I, therefore, compiled an unbalanced panel dataset of these four variables that are

reported in a consistent and comparable manner. This compilation resulted in the

unbalanced panel covering 18 data points (years 1980, 1985, 1990, and 1992-2007 except

2In 2010, the following four indicators replace those listed: life expectancy at birth, mean years of

schooling, expected years of schooling and gross national income (GNI) per capita. See Appendix A

for a more detailed explanation.
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Table 3.1: Summary statistics of data
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Notes: Box-and-whisker plots show the distribution of the HDI values across rank groups in the MAXOR and MINOR in 2007 (n=182). 

Source: Prepared by the author. The calculation is based on the dataset in the Human Development Report 2009. 
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Figure 3.1: The MAXOR, MINOR and the HDI values

for 1996). As shown in Table 3.1, the number of countries gradually increased from 82

in 1980 to 182 in 2007. The table also reports the means and standard deviations of

the four human development indicators. Over the period from 1980 to 2007, all four

measures increased gradually.

From this unbalanced panel, I compiled a balanced panel dataset. I have deleted

countries for which data are missing in some years and countries that experienced

division or merger in their national boundaries. I have also discarded the first three

data points and the year 1999 as the number of countries was small in these four years.

This compilation resulted in the balanced panel of 166 identical countries covering 14

data points (years 1992-2007 except for 1996 and 1999). From the balanced panel

dataset as well, we observe gradual increases in all four human development indicators.

3.3 Ranking results

The MAXOR and MINOR procedures described in Chapter 2 were applied to the

unbalanced and balanced panel datasets. This section discusses the MAXOR and

MINOR ranking results for the period 1980 to 2007.
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Notes: Year 2007, the number of country is 182. 

Source: Prepared by the author. The calculation is based on the dataset in the Human Development Report 2009. 
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Figure 3.2: Distribution of countries across rank groups in the MAXOR and MINOR

3.3.1 Results for 2007

Table B.1 in Appendix B shows the ranking results of the MAXOR and MINOR in

2007 using the unbalanced panel dataset.3 The 182 countries are ordered in eighteen

groups, both based on the MAXOR and MINOR. Norway is ranked at the first position

in the MAXOR, MINOR, and HDI. On the other hand, Niger is ranked last in all of

them.

The box-and-whisker plots (Figure 3.1) show the distribution of the HDI value for

countries across rank-groups in the MAXOR and MINOR.4 All of the graphs shape

downward sloping curves. The fact substantiates the ranking result generated by the

MAXOR and MINOR correlate with the HDI values and its ranking. The further

explanation about the whiskers and outliers are given in following section.

Figure 3.2 shows the distribution of countries across rank groups in the MAXOR

3This HDI ranking result is different from the HDI ranking presented in HDR 2007. This is because

the annual HDI ranking presented in the annual HDR is decided on the basis of the data that is a

few years older than the title year. For example, the HDI ranking for 2009 compiled in HDR 2009 is

decided on the basis of the four indicator values in 2007. I re-calculated the HDI value and ranking for

each year from the data for the corresponding year. That is, the 2007 HDI in Table B.1 is calculated

on the basis of the four indicator values in 2007.
4These box-whisker plots show the distribution of HDI value for countries across rank groups. The

lower “whisker” corresponds to the lower quartile and the upper corresponds to the upper quartile.

The “box” covers the middle half of the data. The central line of each box means the median. The

value that is far from the end of whisker by time and a half-length of a box is called “outlier.” The

outliers are denoted by dots on the graphs.
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Source: The data of life expectancy, adult literacy rate, combined gross enrolment ratio and GDP per capita were in the Human

Development Report 2009. The HDI rank and vlalue, the MAXOR and MINOR and the rank difference between them were

calculated by the author.

Table 3.2: Extracts of ranking results in 2007

and MINOR in 2007. The MAXOR and MINOR manage to rank the 182 countries

into eighteen rank groups from first to last place. In the MAXOR, 21 countries are

ranked into the same rank order at the most (the eighth rank group), and at the least,

a sole country (the 18th, the bottom rank group). With respect to the MINOR, 19

countries are ranked into the same at the most (the ninth rank group), and at the least,

a sole country (the first and second rank groups). For any country, to be ranked high in

the MAXOR is easier than that in the MINOR, because the MAXOR requires at least

one indicator’s high attainment while the MINOR requires well-balanced attainments

among four indicators. As a result, the number of countries ranked relatively high

rank order (from the first to fourth rank groups) of the MAXOR is greater than that

of the MINOR. On the contrary, the number of countries ranked relatively low rank

order (from the bottom to 15th rank groups) of the MINOR is greater than that of the

MAXOR.

For example using six countries, Table 3.2 shows that the rankings highly differ de-

pending on the aggregation rules. Namely, Hong Kong, China (Special Administrative

Region: SAR), is ranked 1st in the MAXOR, 29th in the MINOR, and 24th in the HDI.

Similarly, Botswana and Equatorial Guinea are ranked 84th and 46th in the MAXOR,

134th and 147th in the MINOR, and 125th and 118th in HDI. In fact, Hong Kong,

China (SAR), has achieved a high level of GDP per capita (PPP$), 40,000,5 and it is

5The actual value is 42,306, but I applied the value 40,000 in accordance with the calculation method

of the HDI.
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Source: Prepared by the author. The calculation is based on the data of the Human Development Report 1990-2009. 

 

Figure 3.3: Changes in the total number of rank groups

ranked at the top among 182 countries. On the other hand, the enrolment ratio of 74

is ranked 88th and is not at a high level compared to GDP per capita (PPP$). Owing

to its relatively high level of GDP per capita (PPP$), other countries find it difficult

to dominate Hong Kong, China (SAR); however, it cannot easily dominate other coun-

tries because of its relatively low enrolment ratio. For the same reason, Botswana and

Equatorial Guinea have differences between their MAXOR and MINOR rankings. It

is difficult for other countries to dominate Botswana because of its relatively high level

of GDP per capita, (PPP$) 13,604; however, it cannot easily dominate other countries

because of its relatively low life expectancy value, 53.4 (160th among 182 countries).

Equatorial Guinea is one of the more extreme cases. Other countries find it difficult

to dominate Equatorial Guinea because of its relatively high level of GDP per capita,

(PPP$) 30,627 (28th among 182 countries); however, it cannot easily dominate other

countries because of its relatively low level of life expectancy, 49.9 (168th among 182

countries).

3.3.2 Changes over time

As regards the time series results, as shown in Figure 3.3, the number of rank groups

in the MAXOR and MINOR are relatively stable at around 15, regardless of whether

the panel dataset is unbalanced or balanced. As the number of rank groups is the same

for the MAXOR and MINOR in a specific year, Figure 3.3 is the same for the MAXOR

and MINOR. It is notable that the number of countries for the unbalanced panel more

than doubled from a low of 82 (in 1980) to 182 (in 2007); however, the number of ranks
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Notes: This table reports summary statistics of the standard deviation (S.D.) of the rank order over time for

each country. The raw data of S.D. for all countries (balanced panel dataset: t=1994, 1998, 2000, 2004, 2006;

n=166; the number of rank groups = 16) are shown in Appendix Table B.3. For instance, if a country was

ranked at the same rank order in all of these five years, its S.D. becomes zero.

Source: Calculated by the athor based on the datasets in the Human Development Report 1996, 1998, 2002,

2006 and 2008.

Table 3.3: Stability of ranks for each country over 1994-2006 (I)

Notes: This table reports the distribution of #max(n-th group)  #min(n-th group), where #max(n-th group)

and #min(n-th group) are calculated over time for each country. The raw data of n-th group for all countries

(balanced panel dataset: t=1994, 1998, 2000, 2004, 2006; n=166; the number of rank groups = 16) are shown

in Appendix Table B.3. For instance, if a country was ranked at the same rank order in all five years, its value

of #max(n-th group)  #min(n-th group) becomes zero; if another country was ranked at the fifth group in

some years and at the fourth group in the other years, its value of #max(n-th group)  #min(n-th group)

becomes one.

Source: Calculated by the athor based on the datasets in the Human Development Report 1996, 1998, 2002,

2006 and 2008.

Table 3.4: Stability of ranks for each country over 1994-2006 (II)
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Notes: Balanced panel dataset: t=1994, 1998, 2000, 2004, 2006; n=166; the number of rank groups = 16. 

Source: Prepared by the author. The calculation is based on the datasets in the Human Development 

Report 1996, 1998, 2002, 2006 and 2008. 

Figure 3.4: Distribution of countries across rank groups in the MAXOR and MINOR
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in the MAXOR and MINOR did not experience such major growth. The lowest rank

is 13 (in 1985 with 89 countries), and it rose to 18 (in 1993 and 2007 with 174 and 182

countries respectively).

On the other hand, as regards the ranking results of the balanced panel dataset for

166 countries, Figure 3.4 shows the changes in the distribution of countries among the

ranks in the MAXOR and MINOR for the period 1994 to 2006. I used the data of the

years 1994, 1998, 2000, 2004, and 2006 to arrive at the rank group number for these

years, which is 16. Table B.3 in Appendix B shows the ranking results in the MAXOR

and MINOR, and the standard deviation of them for these 166 countries in these data

points. As summarized in Table 3.3, the mean and standard deviation of the standard

deviations of the number of difference between the highest and lowest rank orders of

the rank groups that an observation belonging for this period are less than one in both

the MAXOR and MINOR. It shows that the distributions of countries among the ranks

groups are relatively stable both in the MAXOR and MINOR. That is confirmed in

Table 3.4. This table shows the distributions of the range of difference between the

highest and lowest rank groups during this period. The numbers of row (from zero

to six) describe the difference of the maximum number and minimum number of the

rank order that is experienced by a country in these data points. In short, the range of

changes for a country which remained the same rank in these time points is regarded

as zero. As this table shows, approximately two-thirds of the 166 countries experienced

changes in rank order within the range of two. This fact means that the MAXOR and

MINOR are the ranking that keep observations’ relative places in the ranking results

over time. In addition, this fact implies that most of the countries have followed a

similar developmental trajectory during this period.

In both the MAXOR and MINOR, countries tend to concentrate around middle-

level ranks. With respect to the MAXOR, the peaks are around the 7th or 8th rank;

however, for the MINOR the peaks are positioned slightly to right side compared to

the MAXOR; that is, the peaks for the MINOR are around the 8th or 9th rank.

Moreover, less than five countries are positioned in the bottom rank group in the

MAXOR; however, in the MINOR, this number is larger, that is, a minimum of four

and a maximum of 16.
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3.4 Discussion

In the previous section, I showed the ranking results of the MAXOR and MINOR. The

dataset used to generate the rankings have three notable features: (1) the levels of all

indicator values among all observations (namely, the average for each indicator value)

have been increasing year by year, (2) the total number of observations have increased

year by year, and (3) the levels of all indicator values are relatively close for the most

of countries (namely, the normalized indicator values for all indicators are close). In

the case of two dimensions, the most of countries are located around a 45-degree line.

In this section, I examine several characteristics of the MAXOR and MINOR derived

from data including these features.

Acceptance of incomparability among distinct dimensions of human devel-

opment

The first characteristic is the acceptance of incomparability among distinct dimen-

sions of human development, that is, the binary relation such as x ◃▹ y. Unlike the other

usual ranking rules, the MAXOR and MINOR accept this kind of incomparability in

the process of generating ranking results. As a result of this acceptance, incomparable

countries are possibly positioned at the same rank. As many incomparable observa-

tions are positioned at the same rank, the ranking results generated using the MAXOR

and MINOR are possibly coarser than those generated by other typical ranking rules.

This coarseness, however, increases the possibility that these rankings will enjoy wide

acceptance compared to other typical rankings that accept only a single correspondence

between a particular rank and a particular observation, because they never squeeze out

any one-by-one ranking results that ignore incomparability or diversity among different

dimensions.

The MAXOR and MINOR assume the incomparability of one human development

indicator to another. Consequentially, incomparable countries are positioned at the

same rank. In the ranking result derived from unbalanced panel data for 2007, for

example, a maximum of 21 countries are assigned to the same rank group (eighth

group) in the MAXOR. On an average, 10 countries are positioned at the same rank.

In this sense, the ranking results of the MAXOR and MINOR tend to be much coarser

than those of the HDI.
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Emphasizing development and deprivation aspects

In the second characteristic emphasized by the ranking, the MAXOR is a ranking

that demonstrates how it is difficult for one country to be dominated by others. Con-

versely, the MINOR demonstrates how it is easy for one country to dominate others;

that is, the MINOR presents the inverse order of how it is difficult for one observation

to dominate other observations. As mentioned in the previous section, an observation

that has at least one relatively high indicator value tends to be ranked relatively high

in the MAXOR, since it is difficult for other observations to dominate it. Contrast-

ingly, an observation that has at least one relatively low indicator value tends to be

ranked relatively low in the MINOR, since it is difficult for the observation to dominate

other countries. Therefore, the MAXOR and MINOR highlight the “development” and

“non-deprivation” aspects of each country respectively.

Furthermore, the MAXOR can be regarded as a “specialist” ranking, while the

MINOR can be regarded as an “all-round” ranking. This is because a country can

be ranked high in the MAXOR with at least one high indicator value; however, an

observation can never be ranked high in the MINOR if there exists just one low indicator

value. In this sense, it is tougher to be ranked higher in the MINOR than in the

MAXOR.

For instance, Homg Kong, China (SAR), (f i
HK)i∈I = (82.2, 94.6, 74, 40000) is

ranked to the first in the MAXOR though it is ranked to 24th and 29th in the HDI

and the MINOR respectably. The reason is that the MAXOR is a “specialist” ranking,

which ranks high a country with at least one high indicator value. The value 40000

in the fourth indicator (GDP per capita) is the highest among all countries, then any

other countries cannot dominate Hong Kong, China (SAR). Hence, it is ranked the

first in the MAXOR. On the other hand, the MINOR is an “all-round” ranking, for if

there is just one low indicator value. The value 74 in the third indicator (enrolment

ratio) is ranked to 84th among all countries. Hong Kong, China (SAR) has difficulty

in dominating other country due to relatively low value of enrolment ratio. Hence, the

rank order of this country in the MINOR (7th) is relatively lower than that in the

MAXOR. It shows that Hong Kong, China (SAR) is a specialist of income dimension,

but not an allrounder.

This characteristics is shown in Figure 3.1. This figure captures distinct feature
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of the MAXOR, MINOR and the HDI. In the MAXOR, if a country achieves high

attainment in at least one dimension, then the country tends to be ranked relatively high

rank order, for the reason that such countries are difficult to be dominated. However,

the HDI values of such countries tend to be not so high, because the HDI value is an

weighted arithmetic mean of four indicators. The downward whiskers and outliers in

the left figure (The MAXOR and the HDI value) shows this tendency. These whiskers

and outliers correspond to the countries ranked high rank order relative to their HDI

value, because of extremely high attainment in at least one indicator. By contrast,

in the MINOR, if a country achieve well-balanced attainment in all four indicators,

then the country tends to be ranked relatively high rank order, for the reason that

such countries are difficult to be dominated., while the HDI does not pay attention

to the balance of attainment among these four indicators. Hence, countries that have

high HDI values are not always ranked high rank order in the MAXOR. The upward

whiskers and outliers in the right figure (the MINOR and the HDI value) correspond

to the countries that have relatively high HDI values but ranked relatively low rank in

the MINOR because of ill-balanced development.

Highlighting the difference in development processes

The third characteristic relates to the difference in ranks between the MAXOR and

MINOR with regard to a particular country. This highlights useful information regard-

ing whether the development of all indicators for a country is well balanced. If one

indicator of an observation has an extremely high value, while others have extremely

low values, it may be ranked high in the MAXOR owing to the single high indicator

value, but its ranking in the MINOR will continue to be low owing to other low in-

dicator values. For a country, the smaller the difference between the ranking result

of the MAXOR and the MINOR , the better balanced is its development. However,

typical ranking rules do not capture such differences in the development process of each

observation, because they aggregate the values of indicators into one combined index,

so that the differences of values among indicators are canceled out.

For instance, Equatorial Guinea and Uzbekistan are separated by just one position

in the HDI for 2007 (See Table 3.1). The HDI ranking of Equatorial Guinea was 118

with an HDI value of 0.719, and the HDI ranking of Uzbekistan was 119 with an HDI
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value of 0.709. The difference in the HDI index is only 0.01. According to the HDI,

both countries have an almost equal level of development though the former is slightly

better than the latter. However, the values of each indicator for these countries are

quite different. The human development profile of Equatorial Guinea, (f i
EG)i∈I , is

(49.9, 87.0, 62, 30627), while that of Uzbekistan, (f i
UZ)i∈I , is (67.6, 96.9, 72, 2425).

Except for the GDP per capita value, (PPP$), all other values of the indicators for

Uzbekistan are higher than those of Equatorial Guinea. However, Equatorial Guinea’s

value of GDP per capita (PPP$) is much higher than that of Uzbekistan. In such cases,

how do we judge which country has reached a better human development level? The

HDI is forced to rank these countries uniquely, but its comparison with the MAXOR

and MINOR offers a better perspective on this issue. The difference in rank between the

MAXOR and MINOR for Equatorial Guinea is 11 positions (7th in the MAXOR and

16th in the MINOR), but for Uzbekistan, the difference is only three positions (10th

in the MAXOR and 13th in the MINOR). This means that the values of Equatorial

Guinea’s indicators vary widely, while those of Uzbekistan are relatively balanced.
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Source: The data of totalnumber of countries, life expectancy, adult literacy rate, combined gross enrolment ratio

and GDP per capita were cited from the dataset in the Human Development Report 2009. The HDI rank and vlalue,

the MAXOR and MINOR and the rank difference between them were calculated by the author.

Table 3.5: Changes in the rankings for India

Usefulness in unbalanced-panel dataset

The final characteristic concerns a longitudinal aspect. Whether the transition of

the rank order for a observation provides some useful information in a time series is

important for a particular ranking. However, for country-based rankings such as the

HDI ranking, changes in the total number of countries or changes in other countries’

performances strongly affect the rank of a specific country. If the total number of

countries has increased as time passes, the rank of a certain country might have dropped

even if the development performance of the country has not been inferior to that of

other countries.

The MAXOR and MINOR are less subject to this problem than the HDI ranking.

As shown in Figures 3.3, 3.4 and Table 3.4, the total number of rank groups and

the distributions of countries across rank groups are stable throughout the considered

period. This means that a group rank order for a specific country in the MAXOR or

MINOR shows its relative position against all other countries, regardless of the total

number of countries, unlike the HDI ranking.

For example, as shown in Table 3.5, India’s HDI ranking was 68 in 1980, 92 in 1990,

and 134 in 2007, suggesting that its relative human development level is worsening.

However, the number of countries considered for the HDI ranking in 1980 was only 82,

as opposed to 115 in 1990 and 182 and 2007. Therefore, the question, which of the two
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is better, the 68th rank among 82 countries or the 134th rank among 182 countries,

is important. In the case of the dataset, for which the number of observations varies

on a yearly basis, a simple comparison of the rank order is not fruitful. Conversely,

the rank group orders assigned by the MAXOR and MINOR are relatively robust to

changes in the number of observations. India was positioned in the 11th rank group in

the MAXOR and in 12th rank group in the MINOR in 1980. It was positioned in the

13th rank group in the MAXOR and the 14th rank group in the MINOR in 1990, and

it was positioned in the 13th rank order in both the MAXOR and MINOR in 2007.

This result shows us that India’s relative position against all other countries has gotten

slightly worse during this period, while its development has been well balanced.

The change in the total number of countries is either attributed to division or

mergers of countries, or data unavailability possibly due to upheavals in the countries.

For example, a number of countries gained independence after the disintegration of

the Soviet Union in 1991. Therefore, the number of countries considered in the HDR

statistics drastically increased from 115 to 174. In the case of the division of a country

into multiple countries, the human development levels of the new countries appear to be

similar. In the MAXOR and MINOR, countries that achieve similar performances tend

to be positioned in the same rank group, unlike complete rankings that assign one rank

order to one country. Hence, a rank order as a group in the MAXOR or MINOR for a

specific country can signify its relative position against all other countries, regardless

of changes in the total number of countries due to country divisions. In this sense, the

MAXOR and MINOR are more suited for observing the variations in the level of human

development for each country over time, unlike other typical rankings that accept only

a single correspondence between a particular rank and a particular observation.

3.5 Conclusion

This chapter showed that the MAXOR and MINOR are robust to changes in the total

number of observations. Unlike other general country-based rankings such as the HDI,

a rank order derived from the MAXOR or MINOR for a specific country can show its

relative position against all other countries, regardless of changes in the total number of

countries. In this sense, the MAXOR and MINOR are useful in panel analysis applied
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to unbalanced panel.

On the other hand, the MAXOR and MINOR confront a practical disadvantage

that multiple observations are frequently categorized to the same ranking, while one

observation corresponds to a unique rank order in typical ranking rules. The next chap-

ter further examines how disadvantaged are they when the ranking rules are extended

to allow measurement error.
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Chapter 4

The Extended Maximal Order

Ranking and Minimal Order

Ranking

4.1 Introduction

In previous chapters, I implicitly assumed that the data values we use are measured

accurately.1 Hence, the binary relation for the two countries a, b ∈ X such as (f i
a)i∈I =

(100, 100, 100), (f i
a)i∈I = (10, 10, 101) is regarded as incomparable, that is, a ◃▹ b. In

a real situation, however, measurement error exists in any dataset. If we allow a ±1%

error to the original data value, then, the binary relation of this example changes to

a ≻ b. This is because we can regard the value 100 as indifferent to the value 101 while

the value 100 is obviously superior to the value of 10. With allowance for measurement

error, we may be able to conclude that a Pareto dominates b. It shows that the binary

relations and the ranking rules I define over X are somewhat vulnerable to the error of

data values.

As another feature, the MAXOR and MINOR have a disadvantage of “tie-full ten-

1Some of the contents in this chapter are taken from Michinaka and Ito (2010). I am grateful for

the useful comments and suggestions on the earlier version of this chapter that were made by Professor

Nobuyuki Kitamura, Professor Noriatsu Matsui and Mr.Yoichiro Kimata. I am also thankful for the

ideas that I gained through attending the 20th annual meeting of the Japan Society for International

Development in November 2009.
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dency,” means many countries are ranked at the same rank order. Things will worsen

as the number of human development indicators (♯I) increases, for the number of in-

comparable binary relation will increase.

Due to this disadvantage, the MAXOR and MINOR might be subject to the crit-

icism that it lacks practical utility even though it is intuitively understandable and

less arbitrary than the HDI ranking rule. As an attempt to solve this problem and to

improve practical utility of the ranking, I take into account the measurement error in

human development indicators. It seems reasonable to assume that all datasets have

some degree of measurement error, which may be bigger, especially in datasets collected

in developing countries.

The rest of this chapter shows that as an interesting tendency in the MAXOR and

MINOR, the number of observations with the same rank order decreases after slight

difference among data is ignored. The reason for this reduction is the fact that the

binary relations on certain observations turn to comparable from incomparable when

the difference is neglected. Applying this feature, I propose to extend the MAXOR

allowing the bandwidth of binary comparison in order to maximize the practical utility

of the MAXOR and MINOR (Section 2 in this chapter). In my example, when we allow

data variation of approximately 5.37%, the practical utility is maximized, namely, the

number of objectives that have the same rank is minimized. This is shown in the

third section. As a secondary effect of this extension, the robustness of the ranking

to measurement error is also enhanced. The fourth section of this chapter shows it

through a simulation exercise.

4.2 Allowing a bandwidth of data

For simplicity’s sake, consider a case where there are only two human development indi-

cators and only eight observations inX, then, I = {I1, I2} andX = {A, B, C, D, E, F, G, H}.

Figure 4.1 depicts the distribution of observations. Focusing on country D, the tie-full

tendency is related to the areas lying to the northwest and southeast of D. We refer to

these areas as ‘incomparable areas’ of D, since countries B, C, E and G in these areas

are incomparable to D. The tie-full tendency is mainly attributed to these incompara-

ble areas, and consequently, reducing the area is largely equivalent to weakening the
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Source: Prepared by the author. 

Figure 4.1: Introduction of a bandwidth (I)

tie-full tendency.

In fact, there are several ways to reduce the area. For instance, approaches admit-

ting a cardinality among values of multiple indicators, like the Human Development

Index (HDI), mean arbitrary weights are placed on each indicator. Consequently, any

pairs of f(x) = (f i
x)i∈I and f(y) = (f i

y)i∈I for all x, y ∈ X are comparable since

f(x) = (f i
x)i∈I for all x ∈ X can be a scalar as an aggregated index value (in short,

there is no incomparable area).

Another way to decrease the incomparable areas, while maintaining the advantage of

the MAXOR is to allow the data of the indicators to have a certain range of bandwidth.

The bandwidth in each dimension is denoted as d1 and d2 in Figure 4.2. The bandwidth

is also interpretable as neglecting a certain range of differences between the values

of indicators, or equivalent to presuming that the data have measurement errors so

that the confident interval of the observed data point has the size similar to d1 or d2

on average. Considering the fact that a data such as country-level data potentially

contain a certain level of measurement errors, allowing data to have a bandwidth can

be justified to some extent and is also plausible from a practical perspective.

As the figure shows, allowing a certain range of bandwidth makes the incomparable
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Source: Prepared by the author. 

Figure 4.2: Introduction of a bandwidth (II)

area decreased. The gray-shaded four rectangle areas in Figure 4.2 describe the areas

that changed from incomparable to comparable. Before allowing the bandwidth, D ◃▹ E

but after allowing, it changed to E ≻ D. The dot-shaded square areas lying to the

northwest and southeast of D describe the areas that changed from incomparable to

indifferent. D ◃▹ C changed to D ∼ C. At the same time, however, this approach also

has a weakness: the existence of the bandwidth also reduce the comparable area. The

horizontally-shaded square areas lying to the northeast and southwest of D describes

the area that changed from comparable to indifferent. D ≻ F changed to D ∼ F by

allowing the bandwidth.

Thus, the introduction of a bandwidth has an advantage and disadvantage: whereas

the number of observations reclassified from the category of incomparable (i.e. x ◃▹ y)

to comparable (i.e. x ≻ y or y ≻ x) for an observation x ∈ X, denoted by ♯COMx,

increases, the same applies to that moving from comparable to indifferent (i.e. x ∼ y),

as denoted by ♯INDx. Regarding
∑

x∈X ♯COMx and
∑

x∈X ♯INDx as the benefit and

cost of introducing a bandwidth, the net benefit of introducing a bandwidth is defined

as
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W i(di) =
∑
x∈X

(
♯COMx(d

i)− ♯INDx(d
i)
)
.

The shape of function W i with respect to di is an empirical question, dependent on

the joint distribution of f i
x and f j

x over RI
+.

Therefore, to maximize the practical utility of the extended MAXOR and MINOR,

I choose di that maximizes the net benefit, W i(di).In other words, I obtain an optimal

bandwidth for index i as the solution of the following maximization problem:

d̂i = argmax{
∑
x∈X

(
♯COMx(d

i)− ♯INDx(d
i)
)
}

In this chapter I allow the bandwidth to vary among observations by setting dix = f i
x×ri

(but ri is common for all countries), and choose an optimal ri in the same manner.

Subsequently, for all x, y ∈ X and i ∈ I, f i
x and f i

y are regarded as equivalent if

|f i
x − f i

y| ≤ dix. In other words, if |f i
c − f i

y| ≤ dix, then the development level of x and

that of y are regarded as indifferent. In the next section, I show the ranking result

derived through this procedure and compared with the result of the original MAXOR.

4.3 Extended ranking results

In this section, I show the ranking results derived from the original and extended

MAXOR and MINOR. I adopt the data used to calculate the HDI in Chapter 3; life

expectancy at birth, the adult literacy rate, the combined gross enrolment ratio for

primary, secondary and tertiary schools and GDP per capita (PPP$). The data of

these indicators for 179 countries were used to calculate the HDI in 2006.2

Using this HDI 2006 data, I show four ranking results generated by the ranking

methodologies proposed in the previous section, namely, the original and extended

methods of the MAXOR and MINOR. Table B.2 in Appendix B shows the extended

ranking where the value of r is set at 0.1074, which is found optimal in the sense that

the number of comparable pair of countries are maximized. The value of r is the same

at the MAXOR and MINOR, because the binary relations are common between the

MAXOR and MINOR. While the HDI ranking in 2007 for 179 countries is a complete

2To obtain the HDI value in 2006, I used the data in the HDR 2008.
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top-to-bottom ranking from the first (Iceland) to the 179th (Sierra Leone), multiple

countries are ranked to the same rank in both the original and extended MAXOR and

MINOR. Consequently, the original MAXOR and MINOR manages to rank the 179

countries into only seventeen rank groups from first to last place. In the MAXOR, 22

countries are ranked into the same rank order at the most (the eighth rank group), and

at the least, four countries (the 17th, namely the bottom rank group). With regard

to the MINOR, twenty countries are ranked into the same order at the most (the 10th

rank group), and at least, one country (the first group) in the original rule. While the

extended MAXOR and MINOR still see several countries ranked the same, it decrease

the number of countries in each rank group. The extended MAXOR and MINOR rank

179 countries to 36 rank groups. In the extended MAXOR, only eleven countries are

ranked at the most (the second rank group) and at the opposite end, a sole country

(the fifth rank group). With respect to the MINOR, nine countries are ranked into the

same rank order at the most (the 34th rank group), and at the least, two observation

(the eleventh rank group). In short, the extended ranking rules improve the practical

utility of the original rules in the sense that it alleviates the coarseness of the ranking

results derived from the original rules.

As stated in the previous section, this extension brings both benefit and cost to

the original ranking. The benefit is the fact that neglecting of slight difference among

data values possibly changes some binary relations incomparable to comparable. Con-

versely, the cost of this neglect also possibly changes some binary relations from com-

parable to indifferent. For an example of the former case, see the Turkey and Syrian

Arab Republic ranked ninth rank group in the MAXOR. The human development pro-

file of the former is (f i
TUR)i∈I = (71.6, 88.1, 71, 11535) while that of the latter is

(f i
SY R)i∈I = (73.9, 82.5, 65, 4225). These countries are ranked the same due to only a

slight difference in the value of life expectancy with 2.3. The introduction of bandwidth

will mean this slight difference can be neglected, while the ranks of these countries in

extended ranking are quite different from each other (14th and 23rd rank group, re-

spectably). Likewise, for an instance of the latter, see Malaysia ranked eighth rank

group in the MAXOR with (f i
MAL)i∈I = (73.9, 91.5, 71, 12536) dominates Turkey so

that the former is ranked prior to the latter. Meanwhile, the introduction of bandwidth

changes the binary relation on these countries from comparable to indifferent. Conse-
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quently, the ranks of these countries are the same (14th rank group) in the extended

ranking.

These results show that when we allow approximately a 5% difference in data value,

the practical utility of the MAXOR and MINOR are maximized, namely, the number of

observations that have the same rank is minimized. It seems natural that we assume the

existence of measurement error in any dataset. In particular, it is difficult to collect

precise datasets in developing countries. With this in mind, acceptance of an error

range of plus or minus 5% does not seem a quite unreasonable assumption.

4.4 A simulation exercise

In the previous section, I proposed an extension of the MAXOR in which a bandwidth

was introduced in comparing the value of a human development indicator for a pair

of countries. I showed that the extension resulted in finer rankings (i.e., a smaller

number of countries in each rank group) than the original MAXOR. In this section,

I show that this extension has a secondary effect that the extended MAXOR is more

robust to measurement error than the original MAXOR. To see this, a hypothetical

simulation exercise is implemented since there is no reliable information on the actual

size of measurement error in human development indicators.

4.4.1 Simulation strategy

Let f i
x be the observed value of the human development indicator i for country x. For

the simulation analysis, I use the set of 179 countries in 2006. As before, i is one

of the four human development indicators of life expectancy at birth, adult literacy

rate, combined gross enrolment ratio for primary, secondary and tertiary, and GDP

per capita. From this dataset, I calculated the HDI ranking, the original MAXOR and

MINOR ranking, and the extended MAXOR and MINOR ranking for the 179 countries.

The results are reported in Table B.2 in Appendix B.

If the observed values are subject to measurement error, slightly different values are

expected to realize depending on the random draw of the measurement error. As infor-

mation on the true value is not available by definition, I run a hypothetical simulation

in which the observed value f i
x is replaced by zix,t = f i

x + uix,t, where t means the t-th
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trial of the simulation and uix,t is a random draw representing the measurement error.

For example, for t = 1, I created a hypothetical set of zix,1 for the 179 countries for

the four human development indicators. From this set, I calculated the HDI ranking,

the original MAXOR ranking, and the extended MAXOR ranking. I then compared

the HDI ranking from the observed values and that from the hypothetical set t = 1

by calculating Spearman’s and Kendall’s rank correlation coefficients.3 I repeated this

exercise for the original MAXOR ranking and the extended MAXOR ranking.

I repeated this exercise for 100 times (t = 1, . . . , 100) and calculated the average of

the rank correlation coefficients. This series of simulation runs was implemented for a

particular value of the variance of measurement error, uix,t. A similar series was repeated

for different values of the variance of uix,t. When the variance becomes small, the rank

correlation coefficient becomes closer to one by construction. What I will examine is

how three rules of ranking (the HDI, the original MAXOR, and the extended MAXOR)

are associated with different levels of rank correlation for a given level of the variance

of uix,t. This will be examined graphically.

4.4.2 Detail of simulation parameters

I adopted a specification for measurement error, uix,t, based on a log-normal model.

Namely, suppose that ln f i
x = µi

x+ ϵix, where µ
i
x is the true (and unobservable) value of

the natural logarithm of f i
x and ϵix is a random error. I assume that the random error

is distributed as i.i.d. N(0, σ2
i ). Then ln f i

x becomes a log-normal random variable with

mean exp(µi
x +

σ2
i
2 ) and variance exp(2µi

x + σ2
i ){exp(σ2

i )− 1}.

We now introduce the key parameter ρ that indicates the extent to which the true

value explains the observed value ln f i
x = µi

x+ ϵix. This measure, which is similar to the

3A rank correlation coefficient shows the correlation between two distinct rank orders for the same

set of observations; for example, correlation between the rank order of students’ body height and that

of body weight for the students in a class. Spearman’s rank correlation coefficient (Spearman’s rho)

is defined as Sρ = rs(n
2−1)

1−6
∑

(di)2
where n is the number of observations, di is the difference between the

ranks of a rank order X and another rank order Y for an observation i, rs = 1, if there is a perfect

agreement between the two sets of ranks, and rs = −1, if there is a perfect disagreement between the

two sets of ranks two sets of rank. Kendall’s rank correlation coefficient (Kendall’s tau) is defined as

Kτ = C−D
1
2
n(n−1)

where n is the number of observations, C is the number of pairs that are concordant

between two rank orders, and D is the number of pairs that are disconcordant.
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coefficient of determination (regression R2) when regressing ln f i
x on µi

x, ranges between

zero and one, and as it assumes a larger value, the error ϵix has less influence on the

observed value ln f i
x. Subsequently, an unbiased and consistent estimator of σ2

i for each

ρ is calculated by:

σ̂2
i =

∑
(ln f i

x − µi
x)

2

N
=

∑
[(ln f i

x − µ̄i)− (µi
x − µ̄i)]2

N
=

(1− ρ)
∑

(ln f i
x − µ̄i)2

N
, ∀i ∈ I and ∀ρ

where µ̄i is the sample mean of ln f i
x over the 188 countries. Using this σ̂2

i , the error

term uix,t is specified as:

uix,t = exp(−ϵix,t +
σ̂2
i,ρ

2
)

In other words, a hypothetical draw for country x for the indicator i in the t-th

simulation run is given by:

zix,t = exp

(
µi
x,t +

σ̂2
i,ρ

2

)
= exp{(ln f i

x − ϵix,t +
σ̂2
i,ρ

2
)} = f i

x + exp(−ϵix,t +
σ̂2
i,ρ

2
),

In the simulation, I parametrically changed ρ from 0.90 (large measurement error

case) to 0.99 (small measurement error case). For each value of ρ, I ran 100 simulations

and calculated the average of the rank correlation coefficients.

4.4.3 Simulation results

Figure 4.3 shows the results of the simulation exercise for the MAXOR. The horizontal

axis is the value of ρ. The vertical axis shows either Spearman’s or Kendall’s rank

correlation coefficient between the ranking result based on the observed data and that

based on hypothetical data. The figure shows that the extended MAXOR remarkably

performs better than the original MAXOR. Because the HDI ranking is a complete

ranking, its rank coefficients are higher than both the original and extended MAXOR.

What is remarkable in the figure is that the extended MAXOR shows the robustness

against measurement error to the extent comparable to the robustness of the HDI

ranking in spite of the fact that the extended MAXOR is an incomplete ranking in

which only the rank groups are identified. A qualitatively similar figure was obtained

from the original and extended MINOR.
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Source: Calculated by the author based on the dataset in the Human Development Report 2008.  

Figure 4.3: Results of a simulation exercise, MAXOR
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4.5 Conclusion

This chapter extended the MAXOR and MINOR to fit them to the presumption that

any existing datasets are subject to measurement error. As a means of extension, I

allowed a certain range of bandwidth to the original dataset in calculating the MAXOR

ranking. The advantage of adopting bandwidth is to reduce incomparable areas for

observation, whereas the disadvantage is to increase indifferent areas. I calculated the

best range of bandwidth in the sense of maximize the sum of number of observations

categorized to comparable area. According to the calculation used the same data of the

HDI 2006, approximately ±5.37% range of bandwidth is the best one. A simulation

exercise showed that this extension also enhanced the robustness of the MAXOR and

MINOR ranking to perturbation in data and is shown by a simulation exercise.

I therefore conclude that the extended MAXOR enhanced the practical utility in

the sense of not only tanking account of error in data, but also being robust to error,

and increasing the number of comparable observations.
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Chapter 5

Conclusion

This dissertation investigated how to rank the levels of human development of indi-

viduals, villages, or countries when indicators composing various human development

dimensions are given. I firstly provided two types of ranking rules, the maximal or-

der ranking (MAXOR) and the minimal order ranking (MINOR). I then examined the

practical usefulness of these rules and extended the rules to fit the limitation of the

accuracy of existing data.

I took a normative approach in building these ranking rules to eliminate the possibil-

ities of manipulation of ranking results. We can always obtain different ranking results

from the same data simply by changing the rule. To gain wide acceptance, any rule

needs to be characterized by reasonable assumptions. As reasonable axioms, I adopted

ordinalism: (O), dominance principle: (DP), superiority of non-dominated obser-

vations: (SNO), inferiority of non-dominating observations: (INO), non-existence

of dominance relation in a same rank order: (NDR) and monotonicity (M). The

MAXOR satisfies (O), (M), (DP), (NDR) and (SNO), while the MINOR satisfies

(O), (M), (DP), (NDR) and (INO). Unlike the HDI, the MAXOR and MINOR

do not satisfies the axiom of independence of irrelevant alternatives: (IIA), which is

major axioms in social choice theory. Another remarkable feature of the MAXOR and

MINOR is that they recognize the incomparability of one human development dimen-

sion with another dimension. By this recognition, the MAXOR and MINOR capture

the diverse nature of human development.

On the other hand, I took positive approaches in examining and extending the

MAXOR and MINOR. For the purpose of examining their practical usage, I used the
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ranking results derived from the balanced and unbalanced cross-country panel datasets

for the period from 1980 to 2007. As a result, I found that a rank order in the MAXOR

or the MINOR for a specific country shows its relative position compared to all other

observations in a stable way, regardless of the changes in the total number of observa-

tions. This means that the MAXOR and MINOR are useful in panel analysis applied

to unbalanced panel datasets.

Although the MAXOR and MINOR successfully exclude implicit arbitrariness in-

herent in existing ranking rules, they confront a disadvantage of having a nonnegligible

number of observations ranked in the same rank group. On the other hand, the avail-

able datasets possibly include measurement errors. In order to reduce the disadvantage,

I proposed an extended ranking rule that involves allowing the data to have a certain

range of measurement error. This extension improves the usefulness of our ranking in

the sense that it decreases the number of countries in each rank group.

Not only for ranking human development but also other alternatives, the MAXOR

and MINOR have versatility. For example, the ranking of comfortable cities may

be achieved by taking account of various factors such as traffic convenience, security,

infrastructure, and health services. By the same token, the Olympic host city is selected

by considering of various factors such as public support, public security, accommodation

facilities, and climate . MAXOR and MINOR can thus also be applied to other cases.

In cases of ranking certain alternatives by taking account of multiple factors, MAXOR

and MINOR have broad applicability.

As an attempt to develop ranking rules, there are a few remaining tasks. As regards

Chapter 2, axiomatic characterization of the MAXOR and MINOR is an open ques-

tion. In order to characterize these ranking rules axiomatically, several axioms should

be added. Previous studies on the field of ranking opportunity sets (e.g. Bossert, Pat-

tanaik and Xu; 1994, Dutta and Sen; 1996), the union and intersection approaches for

multidimensional poverty measurements (e.g. Bourguignon and Chakravarty; 2003),

Alkire and Foster; 2009), and a survey on measurement of social welfare by Fleur-

baey (2009) may provide beneficial suggestions for my further examination. As regards

Chapter 3, the robustness check of these ranking rules is required. The practical utility

of the MAXOR and MINOR shown in this dissertation might be specific to the HDI

datasets I used. I have to check whether the same results are obtained when I apply
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these rules to other datasets. As regards Chapter 4, the selection of the bandwidth

should be further discussed. In this dissertation, I applied the bandwidth that maxi-

mizes the utility of the ranking rules. However, there might be a certain “reasonable”

range of measurement error. How to estimate measurement error in the existing dataset

for developing countries is the next issue.

Despite of above remaining tasks, this dissertation thus showed the advantage of

combining normative and positive approaches to rank human development. By taking a

normative approach, the acceptance of the ranking rules has been enhanced. By taking

positive approaches, the practical utility of the ranking rules has been demonstrated

empirically. The use of MAXOR and MINOR will enhance our further understanding

of multidimensional human development.
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Appendix A

The History of the Human

Development Index

A.1 Introduction

To rank countries or individuals by their levels of human development is important

in order to set targets for various antipoverty policies.1 One of the prevalent human

development rankings based on indexation is the Human Development Index (HDI). It

is a composite index of four kinds of development indicators, that is, life expectancy at

birth, mean years of schooling, expected years of schooling and gross national income

(GNI) per capita2. The United Nations Development Programme (UNDP) annually

releases the value of HDI for each country and ranks them from the best to the worst.

As mentioned in Chapter 1, the HDI was launched by the UNDP in 1990. Though

the basic concept and calculation methodology for the HDI have not changed signifi-

cantly since its beginning, slight modifications have been added over the past twenty

years. Especially, in 2010, the 20th anniversary year for the HDI and the HDR, rather

large modifications were added in the indicators and the calculation method of the

HDI. Why were these modifications added? Are the characteristics of the new calcula-

tion methodology appropriate for the measure of human development? This appendix

1This chapter is revision of Michinaka (2011b).
2These four indicators were introduced in 2010. Until 2009, the life expectancy at birth, the adult

literacy rate, combined gross enrolment ratio for primary, secondly and tertiary, and gross domestic

product (GDP) per capita were used.
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reviews the history of the HDI and examines the characteristics of the new HDI calcu-

lation methodology.

A.2 The concept of the HDI

The UNDP publishes the HDI values and its rankings annually in the Human Devel-

opment Report. The annual HDR report is an independent publication commissioned

by the UNDP. Every report presents an agenda such as ‘Overcoming barriers: Human

mobility and development (2009),’ ‘Beyond scarcity: Power, poverty and the global

water crisis (2006),’ and ‘Human Rights and Human Development (2000).’ Every HDR

calls international attention to issues and policy options that put people at the center

of strategies to meet the challenges of development.

In the first HDR (the HDR 1990), the UNDP defined human development as a

process of enlarging people’s choices and launched the HDI. The definition of human

development and the concept of the HDI are rooted in Sen’s capability approach; thus,

the HDI has been regarded as embodying the capability approach for the practical

realization of the measurement of human development.

The HDI chose as essential aspects of human development three fundamental di-

mensions: a long, healthy life, educational attainment, and a decent standard of living.

These fundamental dimensions have remained, however, specific indicators that describe

these dimensions and the calculation methodologies for measuring the achievement of

these aspects changed over the years. Table A.1 summarizes the changes.

A.3 Changes in how to calculate the HDI value

A.3.1 Changes in indicators

This subsection reviews the changes in the indicators adopted by the HDI. To describe

the three fundamental dimensions, the first HDI in 1990 adopted three indicators; life

expectancy at birth, the adult literacy rate and gross domestic product (GDP) per

capita in purchasing power parity of US dollars. The long, healthy life indicator has

been fixed during these past twenty years. On the other hand, the indicators describing

educational attainment and standard of living have been modified in this period.
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Source: prepared by the author based on the Human Development Report 1990-2013.

Table A.1: Changes in indicators, maximum and minimum values in the HDI
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With respect to the indicators of educational attainment, in the second year of the

HDI, namely in 1991, mean years of schooling was added as an indicator describing

educational attainment.3 The indicator describing educational attainment was a com-

bined index of adult literacy rate and the mean value of years of schooling. The weight

of the former was two thirds, and that of the latter was one third. From 1995 to 2009,

the mean years of schooling was replaced with the combined gross enrollment ratio

for primary, secondary, and tertiary schools. It was mainly because the formula for

calculating mean years of schooling is complex and has enormous data requirements.

Data on mean years of schooling is not provided by any UN agency or international

organization. As a result, estimates must sometimes be used, which are not always

acceptable. The combined enrollment ratio overcomes both these problems (UNDP

1995, p. 134). However, in 2010, mean years of schooling was adopted again, and this

time, the indicator of expected years of schooling was also adopted.4

With respect to the indicator of income, the logarithm of GDP per capita or the

adjusted GDP per capita has been adopted from 1990 to 2009. In 2010, the GDP per

capita indicator was replaced with gross national income (GNI) per capita.5 This is

because the ongoing surge of globalization in the world often effects large differences

between the income of a country’s residents and its domestic production. To capture

the real economic situation of a country, GNI seems a more appropriate indicator than

GDP.

3Average number of years of education received by people aged 25 and older in their lifetimes based

on education attainment levels of the population converted into years of schooling based on theoretical

durations of each level of education attended
4Number of years of schooling that a child of school entrance age can expect to receive if prevailing

patterns of age-specific enrolment rates were to stay the same throughout the child’s life.
5The adjusted GDP is calculated by W (y) = 1

1−ε
×y1−ε where y denotes the GDP per capita. When

y∗ denotes the poverty line, if y ≤ y∗, then ε = 0 is applied and if y > y∗, then ε = 0.5 is applied.

See the HDR 1991 (UNDP 1991) for more detail. The definition of GNI per capita is as follows: Sum

of value added by all resident producers in the economy plus any product taxes (less subsidies) not

included in the valuation of output plus net receipts of primary income (compensation of employees

and property income) from abroad, divided by midyear population. GNI minus net receipts of primary

income from abroad is GDP.
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A.3.2 Changes in the calculation methodologies

The methodology for calculating the HDI value is introduced annually in the Technical

Note in the HDR. The basis of calculation has not changed from the beginning. To

obtain the HDI value, we first calculate the index value of each indicator. Then, we

combine the two index values for educational attainment into one education index value.

Finally, we aggregate three index values, the life expectancy index, education index,

and income index value, into an HDI index value.

The formula to calculate the index value of each indicator is as follows:

V i
c =

Ai
c −Mini

Maxi −Mini

Let V i
c be an index value, where subscript c denotes a country and the superscript

i denotes a development indicator such as the adult literacy rate. Hence V i
c denotes

an index value of an indicator i for country c and Ai
c denotes the actual value of an

indicator i for country c. Let Maxi and Mini be the maximum and minimum values

corresponding to each i respectively.

With respect to education index, we need to combine two index values into one.

The weight of the index value for educational attainment (1) is two thirds and for (2)

is one third.6

Finally, we combine these three index values; that is, we combine the life expectancy

index, education index, and income index values. From 1990 to 2009, the HDI value

was a simple arithmetic mean of these three index values. However, in the HDR 2010,

geometric mean was adopted for the first time. The characteristics of geometric mean

are much different from those of arithmetic mean. How does this affect the HDI values

and rankings? The next section makes a comparison of the new HDI produced by

geometric mean and the old HDI produced by arithmetic mean using the data of the

HDR 2010.

A.3.3 Changes in the maximum and minimum value

The maximum values and the minimum values of each indicator that are used to con-

vert the raw number of each human development indicator into a normalized index

6in 2010, geometric mean was applied to get the combined education index. That is, V i
c =

{edu1×edu2}0.5−Mini

Maxi−Mini .
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value have also been changed. From 1990 to 1994, the actual observed maximum

and minimum values of each indicator in the year had been applied. However, if the

maximum and minimum values change every year, then the HDI value of a country

possibly changes even if the performance of the country has not changed at all. From

this viewpoint, the fixed maximum and minimum values had been applied from 1994

to 2009. However, the change in maximum value does not affect the relative com-

parison (in percentage terms) between any two countries or periods of time as to the

HDI ranking. Therefore, in the HDR 2010 the maximum values were set to the actual

observed maximum values of the indicators from the countries during 1980–2010. The

minimum values will affect comparisons as to the HDI ranking, so values that can be

appropriately conceived of as subsistence values or “natural” zeros are used. Progress

is thus measured against minimum levels that a society needs to survive over time.

The minimum values are set at twenty years for life expectancy, at zero years for both

education variables and at $163 for per capita gross national income (GNI). According

to the HDR 2010, the life expectancy minimum is based on long-run historical evidence

from Maddison (2010) and Riley (2005) and the income minimum $163 is based on the

lowest value attained by any country in recorded history (in Zimbabwe in 2008) that is

regarded as necessity to ensure survival.

A.4 Characteristics of the new HDI

The new aggregation method, namely the use of geometric mean, results in substantial

changes in the value and rank of the HDI for each country. Table B.4 in Appendix

B shows a comparison of the new and old aggregation methods, geometric mean and

arithmetic mean, respectively. The table includes the values of each indicator, the HDI

2010 values and ranks produced by the new and old methods, and the differences of the

HDI values and ranks between the new and old methods for 169 countries. The data

source is the HDR 2010 and the indicators are life expectancy at birth, mean years of

schooling, expected years of schooling and gross national income (GNI) per capita.

First of all, geometric mean is sensitive to the balance of variable size, and poor

performance in any dimension is now directly reflected in the HDI. In addition, there

is no longer perfect substitutability across dimensions. This method captures how well
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Figure A.1: The new and old HDI in 2010

balanced a country’s performance is across the three dimensions.

By definition, all countries achieve lower values by the new method compared to

those of the old one because the value of geometric mean is always less than or equal to

that of arithmetic mean. The worse the balance among indicator values for a country,

the larger the gap between the value of geometric mean and that of arithmetic mean.

This is also caused by the properties of geometric and arithmetic mean.

As a whole, the difference between the new and old methodologies is small. With

respect to the value difference in the HDI value, the smallest one is recorded by Norway

at a value of 0.000 and the largest one is recorded by Zimbabwe at 0.176. Countries that

achieve worse balanced development across dimensions have larger differences between

new and old HDI values. With respect to the difference in rank, the smallest value is

-8 by Liberia (ranked at 164th in the new HDI but 156th in the old), and the biggest

value is 7 by Cameroon (ranked at 131st in the new HDI but 138th in the old). The

performance of Liberia is ill-balanced compared to other countries (Life expectancy,

Mean years of schooling, Expected years of schooling, GNI)=(59.1, 3.9, 11.0, 320),

while that of Cameroon is quite well-balanced (51.7, 5.9, 9.8, 2197). 46 countries out

of 169 stay the same rank in both of the new and old HDI.

Figure A.1 shows the scatter plots for the new and old HDI values. As mentioned,

geometric mean always produces the same or lower index values compared to those
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Figure A.2: Gap between the new and old HDI in 2010

produced by arithmetic mean, and all plots are located below the 45-degree line. Rel-

atively unbalanced countries tend to have large gaps between the new and old HDI

value, so they are located far below from the 45-degree line. For example, Zimbabwe,

(Life expectancy, Mean years of schooling, Expected years of schooling, GNI)=(47.0,

7.2, 9.2, 176) has the largest gap 0.176, and it is located far below the 45-degree line.

Figure A.2 shows the scatter plots for the new HDI value and the gap of the new

and old HDI values in 2010. There exists slightly negative correlation between these

two variables. This means that as the new HDI value gets greater, the gap tends to get

smaller. This phenomenon is interpreted as follows. In general, developed countries

have already achieved high values in all indicators, so these countries inevitably ended

well-balanced among the indicators. On the other hand, developing countries have

not achieved high values yet, so the indicator values of these countries tend to be

spread and unbalanced. From this viewpoint, the new HDI which evaluates the balance

among indicators seems more severe for less developed countries. Is this characteristic

appropriate for a human development measure?

The processes of human development depend on countries. Some countries may

achieve a well-balanced development, but other countries may not. If a country once

experienced an unbalanced development, there is a possibility that the first developed

dimension will lead the development of other dimensions. From this viewpoint, to highly
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value a good balance in development is not always appropriate. Further modification

to evaluate unbalanced development as well is required.
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Appendix B

Statistical Annex
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Table B.1: Ranking results in 2007
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Table B.2: Ranking results in 2006
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Table B.3: Ranking results from 1994 to 2004
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Table B.4: The New and Old HDI in 2010
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