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Abstract

We prove the existence of a competitive equilibrium for an economy with an atomless
measure space of agents and an infinite dimensional commodity space. The commodity space is
a separable Banach space with a non-empty interior in its positive cone. We dispense with
convexity and completeness assumptions on preferences. We employ a saturated probability
space for the space of agents which enables us to utilize the convexifying effect on aggregation.
By applying the Gale-Nikaido-Debreu lemma, we provide a direct proof of the existence of a
competitive equilibrium.
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1.  Introduction

In this paper, we prove the existence of a competitive equilibrium in an economy with an
infinite dimensional commodity space and an atomless measure space of agents whose
preferences are not necessarily convex and complete.

A convexifying effect on aggregation or the convexity of the integral of a correspondence
over an atomless measure space enables one to prove the existence of a competitive equilibrium
without convex preferences. For a finite dimensional space valued correspondence, the
convexity of the integral is a result of the Lyapunov theorem on the range of an atomless
vector measure. By appealing to this convexifying effect Aumann (1966) showed the existence
of a competitive equilibrium for an economy with a finite dimensional commodity space and an

* This paper is a revision of Chapter 2 of my doctoral dissertation at Johns Hopkins University. I would like to
thank Professor M. Ali Khan for his encouragement and guidance. I am also grateful to an anonymous referee for
helpful suggestions. I would also like to thank Ho Jin Lee and Hyo Seok Jang for their help. Part of this revision was
done while I visited the Department of Economics at the University of Winsor in 2010. I am grateful to the department
for its hospitality. I acknowledge the financial support from Hankuk University of Foreign Studies Research Fund. All
remaining errors are, of course, solely mine.
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atomless measure space of agents whose preferences are non-convex. Schmeidler (1969)
extended the existence result to an economy without complete preferences.

Since the Lyapunov theorem holds only in finite dimensional spaces,' the extension of the
convexifying effect to infinite dimensional spaces had been open. To address this issue,
Rustichini and Yannelis (1991) suggested the ‘many more agents than commodities’ requirement
on the set of agents. Podczeck (2008) remarked that this requirement is “stronger than
necessary.” Podczeck (1997) introduced the ‘many agents of every type’ requirement on the set
of agents to achieve the convexifying effect. He added agents’ types and sharpened the atomless
measure on the set of agents by decomposing it into a family of atomless measures on the types
of agents.

On the other hand, Sun (1997) proved a number of desirable properties such as convexity,
compactness and preservation of upper semicontinuity of the integral of Banach space valued
correspondences. He worked with these correspondences over Loeb measure spaces. Recently,
Podczeck (2008) showed convexity and compactness of the integral of these correspondences
on a super-atomless measure space. Sun and Yannelis (2008) showed that the results in Sun
(1997) are valid on an arbitrary saturated probability space. As Sun and Yannelis (2008) wrote,
a probability space is saturated if and only if it is super-atomless.”’

Our commodity space is a separable Banach space with a non-empty interior in its positive
cone. Khan and Yannelis (1991), Podczeck (1997), Martins-da-Rocha (2003) used this space
and provided the existence of a competitive equilibrium in an economy with an atomless
measure space of agents. Due to the lack of the convexifying effect, Khan and Yannelis (1991)
assumed convex as well as complete preferences. With his convexifying effect, Podczeck
(1997) dropped the convex preferences assumption from the modelof Khan and Yannelis
(1991). Both papers applied the infinite dimensional version of the Gale-Nikaido-Debreu lemma
for their proofs. Martins-da-Rocha (2003) extended Khan and Yannelis (1991) and Podczeck
(1997) to a large production economy. He proved the existence of competitive equilibria for
economies with non-ordered but convex preferences as well as possibly incomplete but non-
convex preferences. In his proof, the author appealed to the approximation of finite economies
with a finite number of agents. He took advantage of the Edgeworth equilibria existence result
reported by Florenzano (1990) and obtained a sequence of competitive equilibria for such finite
economies. It was proved that the limit of the sequence is the equilibrium for the large
economy.

We employ a saturated probability space for the space of agents which enables us to
utilize the results in Sun and Yannelis (2008). Therefore, we do not need any additional
conditions such as the ‘many more agents than commodities” in Rustichini and Yannelis (1991)
and the ‘many agents of every type in Podczeck (1997) to revive the convexifying effect.
Moreover, we do not rely on the approximation method as in Martins-da-Rocha (2003). Hence,
in this paper we show that one can have the convexifying effect in a separable Banach space
with a proper formulation of economic negligibility, and provide a proof of competitive

! The Lyapunov theorem fails in every infinite dimensional Banach space. See Diestel and Uhl (1977) p.261.

2 See Theorem 3B.7 in Fajardo and Keisler (2002).

3 In the literature there are several expressions which are equivalent to the saturation property: “N;-atomless” in
Hoover and Keisler (1984), “nowhere countably generated” in Loeb and Sun (2009), “rich” in Noguchi (2009), and
“super-atomless” in Podczeck (2008). See Sun and Yannelis (2008) and Keisler and Sun (2009).
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equilibrium existence without completeness of preferences. In this respect, this paper can be
seen as an extension of Schmeidler (1969) to infinite dimensional commodity spaces. For
exchange economies with possibly incomplete and non-convex preferences, this paper directly
obtained the same result as in Theorem 3.1 of Martins-da-Rocha (2003) by applying the Gale-
Nikaido-Debreu lemma.

This paper proceeds as follows. In section II, we provide notation and definitions. Section
[T contains our model. An existence theorem is stated in section IV.

II. Notation and Definitions

We denote by 2* the set of all non-empty subsets of the set 4 and / denotes the set
theoretic subtraction. Let X be a Banach space ordered by its positive cone X+. If ACX, cl4
denotes the norm closure of 4. The dual space of X is denoted by X’ which is the set of all
continuous linear functionals on X. If pEX" and xEX, the value of p at x is denoted by p-x.
We denote by X+ the set {pEX" : p-x=0 VxEX+}.

Let X and Y be topological spaces. A correspondence F : X—2" is said to be weakly upper
semicontinuous if x, converges to x, y,<F(x,) for each n and y, weakly converges to y, then
yEPF (x). The graph of F is denoted by Gr={(x, y)) EXX Y : yEF (x)}.

Let (T, J, 1) be a finite measure space and Y be a Banach space. A function
(T, T, ) — Y is said to be u-measurable if there exists a sequence of simple functions
fo: T— Y such that lim || () —f (t)||d,u=0 for almost all t&7. A pu-measurable function f'is
called Bochner integrable if there exists a sequence of simple functions {f,},_, , . such that

tim [ 1|/, @lldu=o.

Then we define for each AEJ the integral to be fAf (Hdp=1lim,—c fA fa(H)dpe. 1t can be shown
that if f: T— Y is a p-integrable then f is Bochner integrable if and only if fr [ F(o)lldu<oo?
We denote by £ i(1, ) the space of equivalence class of Y-valued Bochner integrable functions
f:T— Y normed by ||f||=fr | 7(®lldee. A correspondence F: T— 2" is said to be integrably

bounded if there is a real-valued integrable function 4 on (7, 7, #) such that for z-almost all
t€T, supilyll : yEF(#)}<h(t)}. The correspondence F is said to have a measurable graph if
G'r belongs to product o-algebra 7 ®B(Y), where B(Y) denotes the Borel o-algebra on Y. The
correspondence F is said to be lower measurable if for every open subset U of Y, the set
tET: F)NU* 0 }ET . A measurable function f from (7, 7, 1) to Y is called a measurable
selection of the correspondence F' if [ (£)EF(f) for almost all t=T. We denote by Sr the set of
all Y-valued Bochner integrable selections for the correspondence F : T2, i.e.,

Se={fELi(1, V) : () EF(1) n—ael).
The integral of the correspondence F : T — 2" is defined by
fr F(tdu={ fT f(du : f €S8

4 See Diestel and Uhl (1977), Theorem 2, p.45.
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Let X and Y be complete separable metric spaces and #(X) the space of all Borel
probability measures on X with the Prohorov metric 0. For each AEM(XXY), we denote by Ax
the marginal of A in M(X). Let (7, 7, 1) be a countably additive complete probability space
and L°(T, X) the space of all measurable functions f: 7 — X with the metric of convergence in
probability. For f €L°(T, X), the law (or distribution) of f is defined by law(f)(B)=u(f~'(B))
for each Borel set B in X. A probability space (7, 7, ) is said to be saturated if (T, 7, p) is
atomless, and for any complete separable metric spaces X and Y, any ASM(XXY), any
FEL(T, X) with law(f)=Ax, there exists gEL(T, Y) such that law(f, g)=A.

III. The Model

The commodity space E is an ordered separable Banach Space with an interior point v in
its positive cone E+.° We employ a saturated probability space (7, T, u) for the space of
agents. Let X be a correspondence from 7 to E. The consumption set of agent ¢ is given by
X(@®)CE+. The initial endowment of each agent is given by a Bochner integrable function
e:T— E and e(f)€X(¢) for all +&T. The aggregate initial endowment is fr e(Hdy . An
economy & is a pair [(T, T, 1), (X(©), >, e(t)),e,] where > CX(t) XX(#) is the preference
relation of agent .

An allocation for the economy & is a Bochner integrable function f: T'— E such that
FOEXQ) for all €T and [+ f ()du< [re(t)du. A price is pEE +/{0}. The budget set of agent
t at a price p is B(p, )=UEX(¢) : p:x<p-e(t)} and the demand set is defined by D(p, )=
XEB(p, t) : y F x VYEB(p, 1)}.

A competitive equilibrium for the economy & is a price-allocation pair (p,f) if
f(ED(p, t) for almost all t&T.

We assume that the economy E satisfies the following assumptions:

A.1 X(?) is non-empty, convex, integrably bounded and weakly compact for all t&T.

A.2 There is an element w(f) EX() such that e(f) —w(f) is in the norm interior of E+, VtET.

A3 >, is irreflexive and transitive V(ET.

A4 {yEX() : y> x} and {yEX(¢) : x>y} are weakly open in X(¢) for each xEX(f) and tET.

A.5 >, is measurable, i.e., {(f, x, X)ETXEXE : x> X} ET®B(E) ® B(E).

A.6 The correspondence X : 72 is measurable, i.e., {(t, x) ETXE : xEX(£)} ET O B(E).

A7 If xE€X(?) is a satiation point for >, then x=e(f) ViET.

A8 If x€X(¢) is not a satiation point for >, then x is an element of the weak closure of
YEX( ¥ > x}, ViET

Notice that in A.1 we make the consumption set bounded. This assumption is used in
Khan and Yannelis (1991), Rustichini and Yannelis (1991), Podczeck (1997) and Martins-da-
Rocha (2003). As Martins-da-Rocha (2003) pointed out, this assumption is a “natural

3 This paragraph is based on Sun and Yannelis (2008).
% The examples of this space include C(K), the set of bounded continuous functions on a Hausdorff compact metric
space K equipped with sup norm and a weakly compact subset of L(x) where £ is a finite measure.
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framework” to deal with Banach spaces. With this assumption, we can appeal to the results on
the integral of correspondences. By A.2, budget sets are non-empty. Notice that in A.3 we do
not assume convexity nor completeness of preferences. A.4 is about continuity of preferences.
A.5 and A.6 are the measurability conditions. Following Podczeck (1997) we employ A.7 and
A.8 whose meanings are clear.

IV. Results

The following theorem is our main result 1.6

Theorem 1. Suppose that the economy & satisfies A.1-A.8. Then there exists a competitive
equilibrium in &.

For the proof of Theorem 1, we first define a price space. Let A={pEE’/{0} : p-v=1}
be a price space. Clearly, A is convex and it is easy to see that A is bounded and weak* closed.
Then by Alaoglu’s theorem’ we have the following result.

Lemma 1. 4 is weak™® compact.

As is well known the evaluation map is not jointly continuous if E is equipped with the
weak topology and and A with the weak* topology.® To avoid this problem, we follow
Podczeck (1997) to construct the better-than-set C(p, 1) of agent tET for a given pEA:

C(p, H=X(0)/IxEX(¢) : IyED(p, 1) such that y >, x}.

Note that C(p, £)=X(t) N (E/IxEX(¢) : IyED(p, 1) such that y > x} and thus, from A.4 and
the fact that X(¢) is weakly closed, C(p, f) is weakly closed. Since X(f) is weakly compact and
integrably bounded, C(p, f) is also weakly compact and integrably bounded. It is clear that
D(p, ))CC(p, t) for all pEA and tET. The following lemma shows the existence of maximal
elements in a weakly compact set. The proof of the following lemma is similar to that of
Lemma 2 in Schmeidler (1969).

Lemma 2. If K is a non-empty weakly compact subset of X(1), then the set M={xEK :
y¥x VyEK} is non-empty.

Observe that B(p, f) is a weakly closed subset of X(f) and hence, it is weakly compact.
Then by Lemma 2, D(p, t) is not empty. It follows that C(p, ) is not empty either for all pEA
and for all t<T.

Lemma 3. For each tET, C(-, t) is weakly upper semicontinuous in p.

Proof. This proof is analogous to the proof of Lemma 6 in Schmeidler (1969). Consider p,—p
in the weak* topology and x, — x in the weak topology with x,EC(p., ) for all n. We want to
prove x&C(p, t). Suppose x C(p, t). Then there is yEX(¢) such that y>, x and p*y<p-e(?).
From A.2 and A.4, there exists z sufficiently close to y such that z>, x and p-z<p-e(f). For
sufficiently large n, we have p,'z<p,-e(f) and again from A.4, z> x, which contradicts

7 See Theorem 5.105 in Aliprantis and Border (2006).
8 See Aliprantis and Border (2006) pp.241-242.
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X, EC(pa, t). Thus C(-, 1) is weakly upper semicontinuous. m

Lemma 4. For given p, C(p, *) has a measurable graph.

Proof. See Appendix. m

Lemma 5. For any pE4, fr C(p, *)du is non-empty, convex, weakly compact and weakly
upper semicontinuous in p.

Proof. From Lemma 4, C(p, *) has a measurable graph for all pEA and recall that it is non-
empty. By Aumann’s (1969) measurable selection theorem, there exists a measurable function
g” : T—F such that g”(1)EC(p, ¢) for almost all #=T. Since C(p, ?) is integrably bounded, g’ is

Bochner integrable. Hence, fr g (due fr C(p, *)du. It follows from Proposition 1 in Sun and

Yannelis (2008) that fT C(p, *)du is convex for any p in A. As we already mentioned, C(p, *)

is weakly compact for each pEA. By Lemma 3, C(-, ¢) is weakly upper semicontinuous in p
for each t&T. Recall that for fixed pEA, C(p, )T X(¢) for all /=T and that, by A.1, X(¢) is
integrably bounded and weakly compact for all #&7. Then it follows from Proposition 1 in Sun

and Yannelis (2008) that fr C(p, *)du is weakly compact and weakly upper semicontinuous in

p.m
We now consider a correspondence ¢ : A—2° defined by

¢(p)=J c(p. = [ e(an.

Proposition 1. & is non-empty, convex-valued, weakly compact-valued and weakly upper
semicontinuous in p.

Proof. This is a direct consequence of Lemma 5. m

The following is the Gale-Nikaido-Debreu Lemma for infinite dimensional spaces proved
by Yannelis (1985).

Lemma 6. Let E be a Hausdorff locally convex linear topological space whose positive cone
E+ has an interior point v. Let P={pEE +/10} : p-v=1}. Suppose that the correspondence
@ : P2" satisfies the following conditions:

(i) For all pEP, there exists zE@(p) such that p-z<0;

(ii) @ : P — 2% is upper semi-continuous in the weak* topology (i.e., ¢ : (P, w") — 2% is
upper semi-continuous),

(iii) for all pEP, ¢(p) is non-empty, convex and compact.

Then there exists pEP, such that (p) \(—E+)+ 0.

We now turn to the proof of Theorem 1.
Proof of Theorem 1. We first show that there exists zE{(p) such that p-z<0 for all pEA.
Since D(p, t) is non-empty and has a measurable graph (see the proof of Lemma 4 in
Appendix), we appeal to Aumann’s (1969) measurable selection theorem to have a measurable
function g” : T — E such that g"(f)ED(p, 1) for each pEA and for all t&T. Then by definition
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of D(p, t), we obtain p*g”(f)<p-e(f) which implies frp'g"du éffp'e(t)du. Since ECE”(dual
of E') and ¢’ is Bochner integrable,’ we have p'(frg‘”(t)du—fr e(t)dpn)<0. Since D(p, 1)
CC(p, 1), it is clear that ([ g"(H)di— [r e(H)du) EC(p).

Proposition 1 assures that & is non-empty, convex-valued, weakly compact-valued and

weakly upper semicontinuous. Consequently ¢ satisfies all the assumptions of Lemma 6 and
therefore there exists p €A and a Bochner integrable function f~ such that ZE&(p ™) with

2= [ 5 0du— [ e(tdu=o 1

where /" (N EC(p ", 1) for almost all 1ET.
Notice that for any x&C(p, 1),

prx=p-e(l). (2)

Consider the case where x is a satiation point. Then by A.7, x=e(¢). With pEA being positive,
we can assert p-x=p-e(f). Now consider the case where x is not a satiation point. Suppose
p-x<p-e(f). By A.8,we know that x belongs to a weak closure of {x' EX(r) : x>, x}. Note that
xEB(p, ) and thus there exists zEB(p, f) such that z>,x which implies x£C(p, 1), a
contradiction. Observe that D(p, £)=C(p, {)y NIxEE : p-x=p-e(t)}. By Combining (1) and (2)
and with the fact that p " €E’+, we have

p o f(O=p e() and [T(OEDP", 1)

for almost all . Hence (p~, /) is a competitive equilibrium. m

% If E is embedded in E” and f: T—F is Bochnerintegrable, then fis Gelfand integrable and two integrals coincide.
Hence frp-fdu=p'f7fdu. See Aliprantis and Border (2006) p.430.
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APPENDIX

Proof of Lemma 4

Proof. The following proof is based on the proof in Khan and Yannelis (1991). We will show that
C(p, *) is has a measurable graph. We first show that the budget set B(p, *) has a measurable graph, i.c.,
{(t, ) ETXX(1) : p-x<p-e(t)) ETOB(E) . Let g,: TXE—~[—00, o] defined by g,(t, x)=p-x—p-e(t).
Then g, is measurable in ¢ because e(*) is measurable in 7. In addition, g, is continuous in x since the map
x — p-x is continuous in x. Hence by Lemma III.14 in Castaing and Valadier (1977), g, is jointly
measurable, i.e., g, '((— o, 0])ET ®B(E). It can be shown that

G = (6, )ETXX(@) : prx<pre(*)}=g, (=%, 0) N Gx

where Gy is the graph of X(¢). By A.6, Gx&T ®B(E). It now follows that for each pEA, Gy, E
T®B(E).

We now show that D(p, *) has a measurable graph. Let H(p, )={xEB(p, ¢) : AyEB(p, 1) suchthat
> x}. Observe that Gp(, -, the graph of D(p, *), can be written as

Goip. =G »/ Gy

where G, - is the graph of H(p, *). Since (T, 7, 1) is a measure space and B(p, *) has a measurable
graph and is weakly closed valued and, thus, norm closed, we can appeal to Lemma 3.1 in Yannelis
(1991) to assert that for each pEA, B(p, *) is lower measurable. Therefore, by Castaing’s Representation
Theorem,lo there exists a family { £, : n=1, 2, ...} of measurable functions f, : 7—F such that for all tET,
c{ fu() 1 n=1, 2, .}=B(p, t). For n(=1, 2, ...), let H.(p, )=WEB(p, t) : f,(1) > x}. Note that B(p, *)
and, by A.5, >, have measurable graphs. Therefore H.(p, *) also has a measurable graph. We shall prove
H(p, )=U, = H.p, ) for any (€T . It is clear that H.(p, )CTH(p, ) for each n so that
U =iH.(p, )T H(p, t). We now show H(p, 1)C U ;% H,(p, t). Suppose otherwise. Then there exists zEE
such that zEH(p, 1) and z& U ;= H.(p, f). Then there exists yEB(p, f) such that y>, z but there does not
exist n such that f,(£)> z. Since the family {£,(z) : n=1, 2, ...} is norm dense in B(p, ?), we can find an n,
such that f,,()EB(p, f) and f,,(¢) is sufficiently close to y in the norm topology and hence in the weak
topology. Then with the continuity of preference, we have f,(f)>z, a contradiction. Thus
H(p, )=U = H.(p, 1). Since for each pEA, H.(p, -)(n=1, 2, ...) has a measurable graph, so does
H(p, *). Hence we conclude Gog, =G, -/ Gy, E T ®B(E).

We now turn to C(p, *). Let J(p, )=xEX(?) : AyED(p, 1) suchthat y>x} . Then Gep =
Gx/Gp, . Recall that B(p, 1) is weakly closed. By A4, U= H.(p, f) is weakly open and thus, so is
H(p, ©). Tt is clear that D(p, £)=B(p, t)/H(p, 1). It follows that D(p, ) is weakly closed and hence norm
closed. The similar argument in the above applies to D(p, *) to assert that D(p, *) is lower measurable.
Then again by Castaing’s Representation Theorem, there exists a family {g,: n=1, 2, ...} of measurable
function g,:T— E such that for all t€T, clig.(s): n=1,2, .}=D(p,£) . For n(=1,2,..), let
J(p, )= EX(t) : g.(t) > y}. By the similar argument above, we have J(p, )= U =J.(p, ). It follows
that G, \ €T ®B(E). Therefore, Ge(p, \ET ®B(E). m

10°See Theorem III. 9 in Castaing and Valadier (1977).
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