
ON DIOPHANTINE 

By 

EQUATION OF 

SETSUO ONARI* 

l st DEGREE 

Throughout this paper i¥r and Z are the set of all natural numbers and rational integers 

respectively. We use the symbols of interval [ , l, [ , ) etc. as the symbols of intervals defined 

on linearly ordered set Z. 

For n (n~~2) elements ajeN (1~j~n) such that (al' a2' "" an)=1 we consider the set 

S(al' a , an) { ~ aJxjeN; xjeN, (1~j~n)}. 
2' "' 

j= 1 

Obviously beS(al' a2' "" an) is eqivalent to the fact that Diophantine equation of Ist degree 

~ aj"Yj=b has at least one solution in N, and it is obvious 

J=1 

~J (1<J<n) a 11>S(al' a2' "" an)=[.~ aj, co). 

J=1 
So throughout this paper we assume aj~~2 for all j, (1~j~n). 

1. We put 

dl =(a2' a3' "" an) aj=dla; 2~j~n 
d (a3 ' a~ , ..., a~) a; =d2a~/ 3~j~n 

' 

r-1) ~ +1~~'~n (r- I ) dr ~ (a a(r- I )) a(r- I ) =d.a(j") 
'+1 "' "+z ' "' 

dn-2 a(!e- 3 ) = dn-2d,;s- 2 ) n - I ~ j~ n =(a(""~13), a(~~ 3) )
 dn-1 = (d ~- 2 )) a(~~ 2 ) = dn-Id""- I ) 

It is obvious that d =a(*~2) a(~~1)=1. Now we can prove n-1 ~ 
~- l 
( ~ ajd,, co)~S(al' a2' " . ,an) 
j=1 

by induction on n. 

If n=2, then dl=a2' Let us prove that the equation 

alX1 +a2X2 = b 

has at least one solution in N for all b~N such that ala2<b. By the assumption (al' a2)=1 

the eqation has at least one rational integral solution, which we denote Xl =x(lo). X2=x~o) 

For all t~Z, Xl=x(la)_a2t, X2=x(2o)+alt are also rational integral solution of alXl+a2X2=b. 

So the fact to be proved is 

{te~Z; x(o)_a2t>0, x(2o)+a t>0}~~5 x(o) x(o) ~~ 

, . l. e al ' a2 
But this is obvious by the relation 

x(o ) x(o ) b > 1 
-- ( I = a2 a ala2 
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~;1$ be symmetric group of degree n, 

dl((r)=(a.(2)' a.(3)' "" a.(~)) 

d2(a)=(aC(3)' a~(4)' "" at(~>) 

dr(a)~(d~r~i), a~~r~;), . . . , a~~"~)1 )) 

. 

*- 3 ) (~- 3 ) dls-2(o)=(a.(~_1), a.(~) ) 

dn-1(a) = (aS"("-)2 )) 

It is obvious dn-1(a)=a(~~2) c~-1)=1. We , a.(~) 

~- l 
M= {ao e ~Sn-1 ; 

j= l 

Following the above proof, we have a result, 
~- 1 

j=1 
for any ao~M, and this is better than the 

With respect to ae:~;n' the fact 

~a(l] ~-cr(2) ~ "' ~ao(n) I>ael~~t " " is not always correct and there are two cases 
~- 1 
~ a(To (j)dj(a )e:S(aa (l}' aa {2) ' 

j=1 
holds and does not hold. 

Example 1. al=2, a2=3, as=4. 

2 14 for {
 

~ a. (j]d,(a)= 
lO for j=1 

So M={(12), (13), (1_93), (139_)}. 

alXl+a2X2+a3X3=10 has at least one 
Accordingly 3x(o);~6, then 

Example 2. al=3, a2=4, a3=5. 

23 for 
~ a(r(j)d!((7)= 19 for 

J = 1 7 f or 
So M={(123), (13)}. But 17~S(al' a2' a3)' 
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Next let us assume 

~- l 
be( ~ aJdj, oo), 
j=2 

and let us adopt as the assumption of induction 
*- 1 
( ~ a;dj co)cS(a~, d a ) . , - 3' "" J=2 

'* 

where aj (2<J<n) have been defined a dlaJ (2<J<n). Thus the equation .~ a;X!=bo 1las 
J=2 

~- l 
at least one solution in N for all bo~~( ~: a;dj, oo), 

J=2 
If we can prove the fact that the equation alX+dlY=b has at least one solutiou X=x(o) 

~- l 
Y y(o) such that x(o)e:N,y(o)e( ~ a;dj, co), then we finish the proof. But it is equivalent 

j=2 

to the fact that alXl+dl(Yl+ .~ a;d,)=b, i. e. alXl+dlYl=b- .~ ajdj has at least one solution 

~- l 
Xl=x(o)eN Y y(o) = 

 e~N. But this is guaranteed by the assumption b~~( ~ ajdj, oo). 

j=1 
We can improve on this result by changing the order of aj (1~j~n) suitably. Namely 

let us ~; be 

put 

~ a. IJ]dJ(co)=Min ~ a.(j)d,((T)} 

( ~ a(r (j)dj (TO ' co cSac (ll' ac '2)' o ( ) )~ ( o o 
above 

FOr any (F~~5n we put 
a'(j) :;:d ((T a l)f ( j) 
a~ ( j ) =:d (a)al! 

'(j) 

aC~J )1 ) :;= dr(a)a.( j) (r) 

(n-3) ' n-2) :::= a)a dn-2 a. ( j ) " (' ) 
(n-2) dn I (n-1) a = _ ((T)a . '(n) e(n) 

n- l 

'~~5n j=1 

" a(To (n)) 

result. 

where 

, aco (n)) 

2 ~ j~ n 

3 ~ J.'~ n 

r+ I ~ j~ n 

1-- I ~ j~ n 

ae{e=identity of ~;3' (23)} 
,,e {(12), (13), (123), (13_9)} 

But 10~S(a a a ) because if 10eS(al'a2'a3)' the equation 
l, 2' 3' 
'=x(jo)eN (1~j~3) and x(o)~~O (mod2). solution Xj 

alx(*o)+a2x(,')+a3x~o)~:12. This is a contradiction, 

ae {e=identity of ~53' (9_3)} 

ae {(12), (132)} 

(re: {(123), (13)} 

because the equation alXl+a2X2+a3'Y3=17 has a 
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solution 
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_ X X:= . Xl 9 ~ 3 1 .--,
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2. It is obvious that 

[1 ~ a )r~jS(al' a2' "" an)=c 
' j=1 3 

~ aJ~S(al' a2' "" an)' 

3=1 
So lve are interested in the following finite set 

*- 1 [ ~ aJ, 
' 

 aJdj)r~IS(al'a2' ""a ) 

j= I j= 1 
Let us assume 

cl U(b~, oo) S(a~, a~, ,.., a ) {cl' c2' "" } 

¥~here c <c < <cl' cl= ~ aj, / and 
j= 2 

*- l 
3' "" } b~=Max xEN; xet~S(a~, a' a~) ~ ~ ajdj' {

 j=2 
and aj (9~~j~n) have been defined as aJ=dlaj (2~j~n). By the relation 

~ aJxj=alxl+dl ~ a;xj 

j=1 j*2 ~1=e have 

S(al' a2 "" an)=a N+d S(a'2' af a~) 

, I 1 3' "" =(a N+{dc dc dlcl})U(a N+d (b' +N)) l I l' 12""' I I o (a IV+ {dlcl' dlc2' "" dlcl})U(dlb~ +S(al, dl))' 

Accordingly the problem is generally reduced to consider~the~set S(al' a2)' 

3. Let us consider the special case n=2. al' a2 are two elements of i¥1 such that (al' a2)= 

1 and al<a2' (If al=a2' then al=a2=1 by the assumption (al' a2)=1). 

At first ala2eI~S(al' a2)' because by (al' a2)=1 

{(xl' x2)~~N2; x2= xl' (0<)xl<a2j =c' 

a 

then (xl'x2)ei¥T2 xl + x2 1}=c. 
{
 
,
 

a2 a 
Next (9 (xClo),x(o))_alx(lo)+a2x(20) rs a biJectron from {(xl'x2)e~N , alxl+a2x2<ala2} onto 

[al+a2' ala2)rljS(al' a2)'-This result was suggested by Mr. T, Nagashima, who is a lecturer 

at Hitotsubashi University-. The reason is 
be [al+a2' ala2)r~tS(al' a2) 

::>~(x(o) x(o))eN2, b=alx(10)+a2x(20) <ala2 
l, 

:> p(x(lo ) , x(zo )) = b, 

('(xclo), xCo))=(~(x(1) x(1)) 

, 2 , l' 2 :>alx(lo ) + a2x~o ) = alx(ll ) +a2x(21 ) 

:>al(x( o ) _ x( I )) = a2(x(21 ) _ x( o )) 

:>x(o)~~x(1) (mod a2) (by (al' a2)=1) 

but 1~x(o)~a2-1, 1~x(1)~a2-1, then x(o)=x(11), x(o)=x(1) 

Next we have 
number of the elements in {(xl' x2)~N2; alxl+a2x2<alaz} 

1
 =-(number of the elements in {(xl' x2)eN2. 0<xl<a2' 0<x <a ) , 2 1} . 2
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So lve have 

number of the elements in [al+a2' ala2)nS(ala2) 
1
 = (al - 1)(a2- 1) 2
 
1
 =-(number of the elements in [al+a!' ala2))' 
2
 

Let us consider S(al' a2) more precisely. 

i) When al=2, there exists c in N such that a2=2c+1 by (al' a2)=1, 

i)-1 When c=1 i,e, a2=3, it is obvious that 

(number of the elements m [a +a2' ala2)nS(al' a2))=1, 

S(al' a2)= {5}U(6, co). 

i,)-2_ When c~~2 i.e, a2~5, it is obvious that 

number of the elements m [a +a2' a a )nS(al' a2)= a2-1 

f a2-1 L)(ala2' co) 
, ..., 

S(al' a2)= 12s+a2; s=1, 2 
2
 

ii) When al~~3, we put 

a2=alq+1-, o~r<al' 
Then q~~1 and 1~1-<al' and 

ala2-(al+a2)=a2(al~2)+(a2-al)~~5 

So number of the elements in [al+a2' ala2);~5. 
Now we put for any k such that 1~k~al~l 

)<x <k(q+ _ 2 } ) - l-(
 V;:=1alxl+a2x2eN; (k-1)~q + l al al ' 
**-1 

Then [a +a , ala2)r~lS(al' a2)= U Vk. 
h=1 

This is obvious by the bijection p : (x(Q) x(Q))-alx(10)+a2x~o) from {(xl' x2)eN2; alxl+a2x2< 
1,2 ala2} onto [al+al' ala2)r~jS(al' a2)' 

Example 3, al=5, a2=6, a3=8. 
As a preparation 

S(2, 5)= {2s+5; s=1, 2}U(10, co) 

= 7, 9}L)(10, co), 
S(3, 4)= {7, 10, 11}L)(12, oo), 

because by 4=3.1+1, 

{
 

}
 

1
 Vl= 3xl+4x2; 0<xl~1+T' l~x2~3-l 

V - 3x +4x ' +T<x ~2(1+~) 2- 
1
 l<x <1 3 ' - 2- ' 

Now d 2 d2=4, then 
~ aJdj=34, ~ aJ= 19. 

j= I j= l Accordingly 
(34, oo)~~S(al' a2' a3)' (O, 19)nS(al' a2' as)=c' 

By 5xl + 6x2 + 8x3 = 5xl + 2(3x2 + 4x3) 
we have [19 34]r~jS(a a a ) , l, 2' 3 

= 19, 34]n(5N+2S(3, 4)) 
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Then 
and 
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= 19, 34]n((5N+ {14, 20, 22} )L)(24+S(_2, 5))) 

= 19, 24, 25, _27, 29, 30, 32, 34}U{31, 33} 

= 19, 24, 25, 27, _99, 30, 31, 32, 33, 34}. 
S(a a a )={19 24 25 27}L)(28 oo) 
l, ', , , , , , Max{xeN; xeI~S(a*, a,, a*)} =-28. 

[September 

4. Finally I state formulae which give us general solution of Diophantine equation of 

Ist degree. 

i) For two rational integers al'a2 such that (al' a2)=1 and al<a2' Iet us put 

rs -2 =: rj_1qj + rj ( I ~ j~ m) 

r,7'_ I  rmq,n+1 

where alro' a2r-1. Then we have 
ro > rl > r2 > " ' > r,n-1 > rln > O 

and rm (al' a2) := 1. 
For arbitrary rational integer b, Iet us put 

x( j) {( . ::: } J:= ) 1 S x(j) eZ2; 1-Jx(1j)+ j-lx(2j) b (o~j~In), 

then we have 

-( ~ S l¥xx:eo:ll~Z2; alx(20)+a2x(20)b , 
{
 
}
 
Sm (f -rl7'e-1)(:) ･ } {
 

eZ2, t~Z , 

x(lj) qj 1 ( _~FQ'(x(j)) Q ( )
 

J - 

 

and x(2j) ' (1 ~ j~ m) ' x(j) ' 
1
 
O
 

are the biiection from Sj onto SJ_1 (1~j~m). Accordingly the general solution Xlx(o) 
l, 

X2:=x(o) of the equation alXl+a2X2:=b are given by the following formula. 
(x( o )) _ (b -rm-1)( l) 1 ~Ql' Q2' "" Q , t~Z. mO x( o ) l

 
t
 

ii) Now let us consider n dimensional case. For n (n~~2) rational integers aj (l~j~n) such 

that (al' a2' "" an)1 and all of them are not negative, we put 

a:= al al7'(a)Min{ajeZ; 1~j~n, aj>0} 

a2 

an ' 
and 

a
:
~
,
 

where a; ;=aJ - (1-~j,7n(s))am(a) 
am(a) a 

a 
a(k+1} a(k)! k 1 2 3 

Then we have the following result which is easily proved by induction on n, 

a[ko):= O ~ko e N; 

o
 

o
 

6
 

m(a ck o) ) 
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Now we put for any fixed be~Z 

Sk{ xl'h eZn ~ aj(1)x h x2'k ' j=1 j' :=b} (o~k~ko) 

xn*s: 

Then S0=:the set of all solutions in Z of ~ ajX,:::b 

j=1 
Sho := { ~1 ~Zn; )'=:m(a{ho]), 

t}'_1 t:::=arbitrary element in Z for I ~l~n, l:~:In(a(ho) )} 

b
 
t:'+1 

tn 

and 
-~Qkj xl'k 1, Qk (xn'k tl i;':i ' I I - (~:-1) -xl ' k = 1 1

 x2'k 

") -q(lk 1)~ qL;+1 "' q(h~1) (h- I ) q(k~ I ) -
. 
l'- 1 2

 
"
 

l
 

l
 

J [ ) - 

 

(k- I ) 
where "::=1n(alk-1)), q(h~1)- aj , 1~j~n, j~m(a(k~1)), is a bijection from Sh onto Sk_1, 

a'n(a(k~1) 

' 

j,o (1~j~n) of equation ~ ajXJ=:b is grven by the Accordingly the general solution XJ:=: 
j= l 

following formula, 

xl'o =: "=:m(a(ko)) Ql .Q2 "" Qk t 

x2'o tI~Z, l~l~n, l:~:In(a[ko]). 
t:'-l 

xle ' o b (" 
t:' + l 

tn 




