ON DIOPHANTINE EQUATION OF 1st DEGREE

By Sersuo ONarr*

Throughout this paper N and Z are the set of all natural numbers and rational integers
respectively. We use the symbols of interval [ , ], [, ) etc. as the symbols of intervals defined
on linearly ordered set Z.

For n (n>2) elements a;€N (1<j<n) such that (a;, as, ..., @as)=1 we consider the set

S(aly [22 79NN (ln)={2 ajijN; .’EjEN, (1S]£n)}'
J=1
Obviously b€S(a,, a,, ..., a:) is eqivalent to the fact that Diophantine equation of 1st degree

22 a;X;=b has at least one solution in N, and it is obvious
i=1

37 A<j<n); a;=128ay, as, ..., an)=[,i aj, ).
j=1
So throughout this paper we assume a;>2 for all 5, (1<5<n).

1. We put
d1=(a2’a3> ---»aﬂ) ajzdla.; ZS]-STZ
d,=(a}, a,, ..., al) aj=d.ay 3<j<n
dy=(af'V, a0, .y al™Y) ay~V=d.ay’ r+1<j<n
dn_y=(aT, a+ ) ay ¥ =d,_,af? n—1<5<n
dny=(ay™?) ad™ P =dy_1ad™ "

It is obvious that d,_,=a"" ¥, a®* Y=1. Now we can prove
n—1
(]Elafdh 00)SS(ay, az, ..., an)

by induction on n.
If »=2, then d;=a,. Let us prove that the equation
a X +a,X,=b
has at least one solution in N for all 6N such that q,a,<b. By the assumption (a,, a,)=1
the eqation has at least one rational integral solution, which we denote X,=x\, X,=z{.
For all t€Z, X,=a29—a,t, X,=2 +a,t are also rational integral solution of @, X,+a,X,=5.
So the fact to be proved is
) 2O e
{teZ; 2V —a,t>0, 2 +a;t>0}+¢ i.e. <——z—— —'-)7‘:0
a , ap
But this is obvious by the relation

x(]o)_ _.’13(10) _ b >1
as a ama,
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Next let us assume

be (3, ards, ),
and let us adopt as the assumption of induction

(3. aid;, )= S(as, ai, . )
where aj (2<j<n) have been defined a;=d,a} (2<j<n). Thus the equation ji a;X,=b, has
at least one solution in N for all boE(sza}dj, <o),

If we can prove the fact that the equation a,X-+d,Y=>5 has at least one solutiou X=2z,
Y=y such that =N, y“”E(ﬂi]1 ajd;, o), then we finish the proof. But it is equivalent
to the fact that ¢, X,+d,(Y,+ Z‘. ajd;))=b,1.e. ,X,+d, Y,=b— Z] a;d; has at least one solution
X,=xeN, Y,=»{"&N. But this is guaranteed by the assumptlon be(j;1 ajd;, o).

We can improve on this result by changing the order of a; (1<j<#) suitably. Namely
let us &, be symmetric group of degree n. For any ¢=&, we put

di(0)=(auczy, Qa(s)s «rv) Botay) aoy=d\(0)az 2<j<n
d2(0)=(a,’,(3), Qocars ooes Aagay) a£(1)=d2(a)a£{j> 3£_f37l
dr(a) (aa(H-l)’ alitly, ey aliRt) a"(J)"zd,(o)a.,(]) r—{—lgjﬁn
n-z(o'):(aa'(ln—al)), a.‘,?,.‘)”) aa(:('j_) )=dn 2(0)‘1:(:?.1)2) r—1<j<n
dn_y(0)=(alts”) . alnP=dny(0)ain".

It is obvious d._.(6)=al?, aE’(',.,”=1. We put
M={0EGu-s; T, as, ndslon=Min T 0,0 d;(0)}
Following the above proof, we have a result,
( Z 9a, N A(00), P)E S5, (115 oy 21 +ov5 Aoy m))
for any g, M, and this is better than the above result.
With respect to 6€&,, the fact

Gula; < . La,mPIEM
is not always correct and there are two cases where
n—1
_1'Z=:1a"° HAHL0)ES(@sy 115 Ay 1y o> gy m)
holds and does not hold.
Example 1. a,=2, a,=3, a;=4.
E 4 for o= {(=identity of &,, (23
2o ndio)= {io for ge’%(m, (13), (123), (313(2)})}
So M={(12), (13), (123), (132)}. But 10 S(a,, as, a;), because if 10€S(a,, a,, a;), the equation
a X +a,X,+a;X;=10 has at least one solution X;=zN (1<5<3) and z{’=0 (mod 2).
Accordingly 3z%’>86, then a,x{”+ax{” +a,z{"’>12. This is a contradiction.
Example 2. a,=3, a,=4, a;=5.
, [23 for o€{r=identity of &,, (23)}
Y a, d;(6)=119  for o€{(12),(132)}
- 17 for o={(123), (13)}
So M={(123), (13)}. But 17&S(a,, as, a;), because the equation 2, X,+a,X,+a,X,=17 has a
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solution X,=2, X,=X,=1.

2. It is obvious that

[L, £ adNSlas, a, ..., ax)=¢

JZ::LlaJES(al, sy oovy ).
So we are interested in the following finite set
[jg:l aj, :glajdj)ﬂS(al, Qs ov.y An).
Let us assume
Slah, @, ..., al)={c, cay ..., a}\ I, o)

n
where ¢, <c, < - <ay, CIZjZ] aj, and
=2

by=Max{zEN; x&S(a}, ai, ..., a,’,)}SZE ajd;,
=2
and a; (2<j<n) have been defined as a;,=d,a} (2<j<n). By the relation
jg]l a;x,zalxl—l—dljg}z alx;
we have
S(al: Az, .ooy an):alN_*_dlS(a,h a’h reey ar’t)
=(a;N+{dic,, dics, ..., die)\ U@ N+d,(b,+N))
=(a;N+{dsc,, dics, ..., d1Cl})U(d1b% +S(a,, 4)).

Accordingly the problem is generally reduced to consider the set S{ay, a.).

3. Let us consider the special case n=2. a,, a, are two elements of N such that (a,, a,)=
1 and a;<a,. (If a;=a,, then a;=a,=1 by the assumption {(a,, a;,)=1).
At first aya,¢S(a,, a,), because by {(a,, a;)=1

{(xl’ ) E N, xzz_Zl_xu (O<)x1<az}’:¢»
2

_ﬁ_+&:1}=¢_
2

then {(xl, ) EN?; 2
Next ¢: (2i®, 28)—a, 2"+ a,zy"’ is a bijection from {(z;, z,)EN?% ayx;+a.z.<aa.} onto
[a1+a., a;a;)\S(a,, a:).—This result was suggested by Mr. T. Nagashima, who is a lecturer
at Hitotsubashi University—. The reason is
bE€[a,+a,, aia)N\S(ay, az)
=232, 2 EN?, b=a,x"+ta,2P’ <a,a,
Do(x”, 277)=b,
(20, 20)=p(z(D, 257)
a2+ a, 20 =a, 2P +a,xtt’
Day (¥ — 2P ) =axy’ —x)
>xP=z{" (mod a,) (by (a1, a:)=1)
but 1<29<a,—1, 1<z’ <a,—1, then 2{V=x{", 2=z,
Next we have
number of the elements in {(x;, x,)EN? a.x;+a.x,<aaz}

=—é—(number of the elements in {(x;, 2)EN?; 0<x, <y, 0< < a1}).
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So we have
number of the elements in [a;+a,, a,a:)N\S(a,a.)

=—@—1)a,~1)

=—;—(number of the elements in [a,+a,, a1a.)).

Let us consider S(a,, a,) more precisely.
i) When a,=2, there exists ¢ in N such that a,=2¢-+1 by (a;, a,)=1.
i)-1 When c¢=1 i.e. a,=3, it is obvious that
(number of the elements in [a,-+a,, a1a,)"\S(a;, a,))=1,
Slay, a,)={5}\U(6, o).
-2 When ¢2>2 i.e. @.>5, it is obvious that

number of the elements in [a;+a., a1a:)\S(a,, a,)= a22—1 R

Sla,, a,)= {25+a2; s=1,2, ..., azg-l }U(alaz, o).

ii) When a,;>3, we put
a=a,q+r, 0<r<a;.
Then ¢>1 and 1<r<a,, and
aa,—(ay+az)=ay(a,—2)+(a,—a)=5
So number of the elements in [a;+a., a1a:)=5.
Now we put for any % such that 1<k<a,—1

Vi= {alxl—]-agxgEN; (k—1)<q+aL> <x1<k<q+-;—->, 1<, Sal—k} .
1 1

Then [a,+a., aya,)N\S(a,, a2)=ig:Vk.

This is obvious by the bijection o : (z{”, 2{)—a,x{"+a.xy’ from {(z,, ) EN?; a,x;+a:x.<
aa.} onto [a;+a;, aa)\S(a,, az).
Example 3. a,=5, a,=6, a;=8.
As a preparation
S(2, 5)={25+5; s=1, 2}\J(10, co)
={7, 9} U(10, o),
S, 4)=1{7, 10, 11} (12, o),
because by 4=3-1+1,

V.= {3x1+4x2; O<3:1£1+-é—, 1Sx2$3—1}

V2={3x1+4x2; 1+%—<x1$2<l+-é—>, 1£x2S1}.
Now d,=2, d,=4, then

ZZZ a,d;=34, jzz:a,=19.

=1 =

1

Accordingly

(34, o) S(a;, a;, as), 0, 19N S(ay, az, a)=¢.
By 5x,+ 6z, +8x,=5x,+2(3x,+4x,)
we have [19, 34]N\S(a,, a,, as)

=[19, 34]N(BN+25(3, 4))
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=[19, 34IN((BN+{14, 20, 221\ J(24+S5(2, 5)))
=1{19, 24, 25, 27, 29, 30, 32, 34}\ J{31, 33}
={19, 24, 25, 27, 29, 30, 31, 32, 33, 34}.

Then Slay, as, a;)={19, 24, 25, 271\ J(28, )

and Max{zEN; z&S(ay, a,, a,)} =28.

4. Finally I state formulae which give us general solution of Diophantine equation of
Ist degree.
i) For two rational integers a;, @, such that (@, a,)=1 and a,<a,, let us put
Ty =751t (1<j<m)
Tme1=7"mqdm+1
where a,=r,, a,=7.;. Then we have
o> T >1e > D rme > >0
and rm={a,, a)=1.
For arbitrary rational integer &, let us put

4 )
Sy= {(ﬁ&)) €7 rx +rio 2§ =b} 0L 5<m),
2
then we have

(0)
a1
So= {(xw))EZz; alx(20)+a2x(20)=b} ,
2

seelly 7 )()em ]

x(]) x(j) —qj 1 .
and (xij>>"Qf<x(:j)>, Q;:( 1J 0>, (1<j<m)

are the bijection from S; onto S,.; (1<j<m). Accordingly the general solution X,=x{%,
X,=x% of the equation a,X,+a,X,=b are given by the following formula.

(o) b —rm 1
(i(lo))le, Q,, ..., Qm(o 7‘1 1)( £ ), teZ.

ii) Now let us consider n dimensional case. For 7 (n2>2) rational integers a; (1<j<n) such

that (a, a,, ..., @as)=1 and all of them are not negative, we put
a=/a,\ ame=Min{a;EZ; 1<j<n, a,>0}
a;
an/,
and
!
a a
a’= ! where a_;:a]_(l—(;j‘m(a))am(n)[ S :|
a Amay
2
a,/,

aktn =q®/ =123 ..
Then we have the following result which is easily proved by induction on n,
3kEN; a%d =0
0
1 m(a(ko))
0
0
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Now we put for any fixed b2

Skz{ xl.k EZ";J,Z": a.(jk)xj'lczb} (Osksko)
Lo,k =

Then S;=the set of all solutions in Z of jf‘, a; X,=b
=1

St =1/ & \&2% vem(a®)
: ti=arbitrary element in Z for 1<I<n, l#=m(a%o)}

Lyt
b
tv:t-l
In
and
2 6\~ Qe x\, Qu=] 1
1
T2k Xk
Xn k Tn & e - — e— -
n, von, ',J) _q(‘k 1)_q(2k 1) .. _q’("k_ll) 1 _quﬁ-ll) . _q;fu 1)
1
af v . . . .
where v=m(a®-V), ¢fi—= — 1<j<n, j=m(a®"), is a bijection from Si onto Si_;.
m(ak=1y

Accordingly the general solution X;=x;,, (1<7<n) of equation ij a;X,=b is given by the
=1

following formula,
21,0 \=01 Q2. Qk [ 4 v=m{a®o)

Zao t:_l neZ, 1<l<n, Ixmla*o),
T b | (@
tl):}-l





