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A MATHEMATICAL STRUCTURE OF THE FIRM VALUE
WHEN STOCK OPTIONS ARE ISSUED
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Abstract

In this paper, we mathematically formalize the structure of the firm value when stock
options are issued. Using the result, we show that the wealth of the stock holders do not
transfer to the stock option holders at the maturity of the stock option ,and that the stock
option gives the stock option holders the incentive for better firm’s performance which brings
the stock holders the more profit.
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Introduction

Black and Scholes (1973) and Merton (1973) made the foundation of the option pricing
theory. Applying the framework of standard option pricing theory founded by them, we
mathematically formalize the structure of the firm value when stock options (what is called
executive or employee stock options) are issued.

Briefly speaking, a stock option contract is that the firm gives its executives or employees
the right to buy the firm’s stocks by a certain (prefixed) date for a certain (prefixed) price. The
firm has three choices of schemes to prepare for the exercise. First, the firm repurchases the
treasury stocks before exercise, and receives the exercise price in cash upon the exercise (This
scheme is called treasury stock type). Second, the firm issues new stock upon exercise and
receives the exercise price in cash in exchange to the stock (This scheme is called warrant
type). Third, the firm pays the subtraction of exercise price from the stock price at the exercise
day (This scheme is called phantom stock). In this paper we restrict the discussion to the
treasury stock type.

There have been many research works on stock option pricing. Among them, we review
Smith and Zimmerman (1976), Lambert, Larcker and Verrecchia (1991), Kulatilaka and
Marcus (1994), Cuny and Jorion (1995), Rubinstein (1995), and Carpenter (1997).

In Smith and Zimmerman (1976), assuming that stock option is a derivative defined on a
stock price process and that stock options are tradable in the market, they provide the lower
bound on stock option price. They applied their results to the problem of valuing an employee
stock option plan from an accounting view point.
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Lambert, Larcker and Verrecchia (1991) developed a model for assessing the value of
stock option from the perspective of the holder (executive), incorporating that stock options
are not tradable. Their framework is based on the executive compensation and his utility.

Kulatilaka and Marcus (1994) incorporate, into their model, that the stock option holders
are unable to sell their options. Assuming that stock price process is binomial process and that
stock option holders maximize their expected utility, they show that stock option holders have
propensity to exercise their options earlier than the American options on the same stock and
that the value of stock option is worth less than it.

In Cuny and Jorion (1995), they assume that stock option is a derivative defined on a
process of stock price and that stock options are tradable in the market, They incorporate, into
their pricing model, that the stock option holder (executive) leaves the firm because of their
bad results.

Rubinstein (1995) develops a binomial valuation model that takes into consideration that
the most significant differences between standard call options and stock options: long maturity,
delayed vesting, forfeiture, non-tradability, increase in shares of the stock, and taxes.

Carpenter (1997) incorporate, into her pricing model, that stock option holder has a
propensity to exercise an option early ,and that the stock option holder (executive) leaves the
firm because of bad results.

In those models they did not take in the value of the firm explicitly . A stochastic process
representing a stock price is as underlying variable and the stock option is viewed as a
derivative defined on the stochastic process. In this paper a stochastic process representing the
firm value is as underlying variable , and the stock, the zero coupon bond and the stock option
are viewed as derivatives defined on the stochastic process. Prices of three derivatives will be
derived as a function of a firm value. We investigate the effect of introducing the stock option
on both the behavior of the firm value and the stock price.

The framework which is based on the firm value has been applied to analyzing the
problems in finance, as references, Merton (1977,1978) developed a model which is based on
a stochastic process representing the firm value ,to examine financial problems.

This paper is organized as follows. In section 1, we describe assumptions and notations
used in this paper. In section 2, we show the basic pricing formulae which will be used in later
sections 3, 4 and 5. In sections 3,4, and 5, we show the pricing formulae for the stock, the zero
coupon bond and the stock option in the general form. In section 6, we investigate problems
of corporate finance. In section 7, we show the specific pricing formulae for the stock and the
stock option in the case that the firm value follows a log-normal process.

1. Assumptions and Notations

In this section, we describe assumptions and notations used in this paper.

| | | | | .
| | i 1 | Time

0 t to T T

(1) No arbitrage
We assume that there are no arbitrage opportunities in the market.
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(2) Frictionless market

We assume frictionless market, that is, there are no transactions costs, no taxes, all
securities are infinitely divisible, and borrowing and short selling are allowed without restric-
tion.

(3) Interest rate r
For any t&[0,+ ©0), let #(¢) denote an instantaneous spot rate at time t. We assume that
r(t) is the stochastic process which satisfies stochastic differential equation;

dr(t)y=a(t, r(t)) dt+b(t, r(t)) dW.(t) (1.1

r(O) =to )
where a and b are functions which satisfy certain conditions,
and W,(t) is a standard Brownian motion.

(4) The finance of the firm
We set several assumptions for the firm and the necessary notations.

(D The firm has a maturity. Let tE (0,+ ) denote the maturity date. This assumption is to
simplify the argument and the model.

@ We assume that the decision makings of the firm are on raising fund and on investment.
Raising funds is that the firm issues some securities to collect money and to employ executives.
Investment is that the firm allocates its money or valuables among competing interests to
increase the market value that the firm owns.

At time 0, the firm raises funds by issuing the stocks and the zero coupon bond, the firm
issues stock options which is used to provide executives as the part of compensation, and
decides its investment portfolio. In our model, assets, contracts and projects are the part of the
firm’s investment portfolio. For example, not only cash, account receivable, securities, goods,
materials, equipment, buildings, and land but also contracts (futures or swaps), projects are
elements of the firm’s investment portfolio.

For any t & [0,7], let ¥ (¢) denote the time ¢ value of the firm’s investment portfolio, which
we describe as the value of the firm at time ¢ hereafter.

@ At time 0, the firm issues N, (a positive integer) stocks.
For any t£[0,7], let S (¢, r(t), V(t)) denote the price of one stock at time ¢.

@ At time 0, the firm issues zero coupon bond whose maturity date is 7 and the face value is
K (a positive constant).
At time 7, if V(7) 2K, the bond holders receive K and the stockholders receive V(7)) —K.
However, if V(1) <K, the bond holders receive ¥ (7) and the stockholders receive nothing.
For any t£[0,7], let L(¢, r(t), V(t)) denote the price of zero coupon bond at time .

® At time 0, the firm issues N, (a positive constant and less than N\) stock options in the part
of the executive compensation. The expiration date of the stock option is T for any fixed
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T<(0,7), and the exercise price is set to be M(a positive constant). And the stock option
holders have the right to buy one unit of the stock per one unit of the stock option for this
exercise price. ‘

We assume that the stock options are treasury stock type. It means that the firm
repurchase N, treasury stocks from the stock market at time t, for any fixed t,&(0,7) to
prepare for the exercise of the stock option at time T'. If stock option holders do not exercise
stock options at time T, the firm sell those NV, stocks in the market.

For any t=[0,T], let C(¢, r(T), V(t)) denote the price of one stock option at time ¢.

® From the assumptions®, @, @, and ®,
vo=L (0,ro,v0) + N, ¢ S(0,ro,v0) + Nz * C(0,ro,v0)
where v, is the initial firm value (i.e. at time 0).

(5) The firm value
Following the above assumptions, we define three stochastic processes V), ¥, and Vs;

avi@)=ai(t,Vi(#))dt +8:(2,Vi(t) )dW(t) for tE[0,t0]

Vi(0) =vo (1.2a)
avi(t) =a:(t,Va(2) )dt +B:(8, V(1) )dWa(t)  for t€ [1,,T] L2b

Va(te) =Vi(to) —P'o (1.2b)
dVi(t) =as(t,Vs(t) )dt +B:(t,V3(2) YdWs(t) for tE[T,7] (1.20)

Vi(T)=VuAT)+Qr+ (1-L)TRr* 1s

where A is the event that stock options are exercised at time T,
a, and B, are functions which satisfy certain conditions such that
V.=20fori=1,2,3,
W.(t) is a standard Brownian motion dependent on W,(t) such that
dW,(t) «dW(t)=p «dt, — 1 <p<l1,
P, is a random variable which denotes the decrease of the firm value caused
by repurchasing N; units of stocks at time ¢,,
Qr is a random variable which denotes the increments of the firm value when
stock options are not exercised at time 7, and
R;is a random variable which denotes the increments of the firm value when
stock options are exercised at time 7.
Then we define V' (¢) as follows,
Vi(t) for t=[0,t,)
V(t)y=1V(t) fort&[t,T) (1.2d)
Vi) fort<|[T,7]

We introduce the stochastic process V to represent the stochastic fluctuations of the firm
value by using Ito process, the decrease of the firm value caused by repurchasing N, units of
stocks at time £, by using a random variable P, , and the increments of the firm value caused by
not-exercising or exercising stock option at time T by using random variables Qr and Rr. The
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functions «, and . reflect the managers abilities.
(6) Stock Price S

The stock price function S is the function of the firm value , which is different in each of
different three time interval. We introduce Sy, S; and S; as defined in the following;

S.(t,r(t), Vl(t)) for tE[O,to)
S(t,r@), V(1)) =1S:(t,r (@), Va(t)) for tE[t,T) (1.3a)
Ss(t,r(t), Vs(t)) fortE([T,7]

where,

Sl : [O’to] X [O’+ oo) X [0’+ OO)_)[Oa+ oo)

Sz [tO»T] X [Os+ oo) X [0’+ oo)—>[0,+ oo)

S ¢ [T,7] X [0,+0) X [0,+ «)—[0,+ o)

S. s are twice differentiable on its domain for i=1, 2, 3.
From time T to time z, stocks are the security whose payoff at time 7 is

S (@7 (0),V(2)) =S:(5,r(2), V(1)) = NL. max (V:(z) —K,0) (1.3b)

For the argument in section 3, (1.3b) will be the boundary condition to solve the partial
differential equation which S; satisfy.
The value of one unit of stock at time T is

S;(T,r(T), Vz(T) +QT)
if stock options are not exercised at time T, and if otherwise

S3(T,7'(T), Vz(T) +RT).
Then from time &, to T, stocks are regarded as the security whose payoff at time T is

S(T,r(T),V(D)=S(Tr(MVAT))=S(T,(T),V:(T)+Qr* (1-1)+Rr* L) (1.3¢c)

In section 4, (1.3¢) will be the boundary condition to solve the partial differential equation
which S; satisfy.
The value of one unit of stock at time ¢, is

AY) (to,r(to),Vx(to) _Pxo)-
Then until time ¢, stocks are regarded as the security whose payoff at time ¢, is

S(to,r(to),V(to)) ESl(to,r(to),Vl(to)) =Sz(to,r(to),V|(tu) _P'o) . (13d)

In section 5, (1.3d) will be the boundary condition to solve the partial differential equation
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which S, satisfy.
(7) Zero coupon bond price L

Similar to the stock price S, the zero coupon bond price L is the function of the firm
value ,then, we introduce L,, L, and L; in the following;

[La(tr @) Vi(8)  for tE[0,Ty)
L{tr 1),V (1)) =1Lo(t.r (D), Vo(t))  for tE[to,T) (1.42)
Li(t,r(t),V(t)) fortE[T,7]

where,

L, : [0,t6] X [0,+ o0) X [0,+ 0)—[0,+ =0)

L, : [t,,T] X [0,+00) X[0,+ c0)—[0,+ c0)

L;: [T,7] X[0,+0) X[0,+0)—>[0,+ o)

L, s are twice differentiable on its domain for i=1, 2, 3.
The boundary conditions at time 7, T and ¢, are as follows;

L(zr(1),V(©))=Ls(7,r(1),V5(7)) =min(¥:(7) ,K) (1.4b)
L(T,r(T),V(T)) ELZ(T,r(T),Vz(T)) =L3(T,r(T),Vz(T) +Qre (1-1.)+Rr- IA) (1.4¢)
L (to,r(to),V(lo)) ELl(to,r([o),Vl(l‘o)) :Lz(to,r(to),Vl(to) ‘Plo). (1.4d)

Those boundary conditions will be used in later sections 3, 4, and 5.

(8) Stock Option Price C
Similarly, the stock option price C is the function of the firm value, then, we introduce C,
and C; in the following;

_[Ci(tr @) Vi) for tE[0,10)
C(t’r(t)’V(t))_{Cz(t,r(t),Vz(t)) for te[to,n (153)

where,

C:: [O,to] X [0,+ 00) X [0, + OO)'*[O,‘*‘ OO)

C: : [t,T] X [0,+20) X [0,+ 0)—>[0,+ =)

C, s are twice differentiable on its domain for i =1, 2.
The boundary conditions at time T and ¢, are as follows;

C(T(T),V(T)) =Co(Tr(T),V(T)) =max(Sx(T,+(T),Vo(T) + Rx) —M,0) (1.5b)
C(to,r(to),V([o)) Ecl(to,r(to),Vl(to)) =Cz(to,r(to),V1(to) _PIO)- (15C)

Those boundary conditions will be used in later sections 4 and 5.

2. Pricing Formulae for Derivative

In this section we show the basic pricing formulae which will be used in later sections 3,
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4 and 5.

Let F be the price of any derivative defined on the instantaneous spot rate () and the firm
value (¥). Furthermore , we assume that its maturity is 7* = [0,7] and its value at the maturity
is

F(T*),V(T*))=f(r(T*),V(T*)), 2.1

where f(r(T*),V(T*)) is a function of »(T*) and V(T*), and

it specifies the payoff of the derivative.
Here, to, T and 7 are fixed time points, and 7* belongs to one of time intervals, [0, &), [f, T)
or [T,z]. If T<T* <7, as we have seen, F is defined for all three different time interval. Let
51=0, s:=1t0, 53=17T and s,=T* and without loss of generality we assume T*< [T,7]. Similar to
Miura and Kishino (1995), we obtain the following partial differential equation (PDE) which
F must satisfy;

I (1) + {a(t,x) Mexp) b)) SEaxo)bx ey S

+ 7b(t,x)2 P (t,xy)+ 73-(t,y)2 5y2 (t,x,y) (2.2)

&°F
tob(tx) *B(ty) axdy (txy)—x *Ftxy)=0
in xy)E[s, 5:1) X[0,+0)X[0,+) for i=1,2,3

where A4(¢,x,y) denotes market price of risk, and S, is identified according
to the location of ¢.
By Feynman-Kac theorem (see Friedman (1975), chapter 6, Theorem 5.3), we can solve (2.2)
under the boundary condition (2.1). The solution is

T+

—f X(u)du X(t)—r(t)]
Yy =V (2.32)

F(Lr(). V()= E[f(X(T*) Y(T*)) *

where X(u), Y(u) for u& {t,7*] are the solutions of the stochastic
differential equation ;

axX(u)|_|a(uX(@))—2(Xu),Y()) * bu,X(u)) dZ.(u)
[dY(u)} [X(u) Y (u) } +B[de(u):|’ (2.3b)

Z, and Z, are two independent standard Brownian motions which are different
from W, and W,, and

( :[ (b(uXw)))? o0 b(uXw)) B,(u,Y(u))}. 230

P+ buX@)) *BwYw) (B(w,YW)))



22 HITOTSUBASHI JOURNAL OF COMMERCE AND MANAGEMENT

3. Ss;and L;in the third time interval

[October

In this section, we express the pricing formulae, S; and L; for stock and zero coupon bond
in the general form. When stochastic processes » and V are specified, the pricing formulae will

be specific accordingly. An example will be shown in section 7.

Let t€[T,7] and we recall that X (#) and Y (u) for u &[t,7] are the solutions of stochastic

differential equation (2.3b).

(1) Stock price for t&[T,7]

Since S; is the solution of PDE (2.2) under the boundary condition (1.3b), we obtain ,

from (2.3a), that

_ 1 —}X(u)du
Sa(t,r(t),Va(t))=E N max(Y(z)—K,0) *e %

X@®)=r@) ]
YO =Vi()]

(2) Zero coupon bond price for < [T,7]
At time 7, the payoff of the zero coupon bond is

Ly(7,r(2),Vs(7)) =min(¥3(7),K) =min(0,K — V(7)) + V(1)
= —max(Vx(7) —K,0) + Vi(2).

(3.1)

Since L; is the solution of PDE (3.2) under the preceding boundary condition, we obtain, from

(2.3a), that

_ —}X(u)du
Li(t,r(t),Vs(t))=E|{—max(Y(x) —K,0) +Y ()} *e *

=—N;° S3(t,r(t),V3(t)) +Vs(t)

where final equality follows by (3.1) and

—{ Xedu | X (£) =r(r)

Y(t)= V3(t)} =V@).

E[Y(r) e

(3) Firm value
From (3.2), we have that for any t=[7,7],

Vit) =Ls(t,(1),V2(8) ) + N1 * Ss(t7 (1), V5(2t)). (3.3)

This equation represents the firm’s balance sheet during the time interval [T,z].

4. S, Cy, and L, in the second time interval

X@®)=r@®)
Y(&)=Vi@)

} (3.2)

In this section, we derive the pricing formulae for S,, C;,and L. in the general form. When
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stochastic processes r and V are specified, the corresponding pricing formulae will be shown in
section 7. Before writing them down, we show that the random variables Qr and Rr are
expressed in terms of (7)) and V»(T), and we specify the range of V»(T) such that the stock
options are exercised. These are preliminaries for obtaining S:, C,, and L..

4.1 The value of the firm’s special position

For any t&[0,7], G(¢t) denotes the value of the firm’s special position which consists of
issuing the stock options at time 0, keeping the short position of the stock option issued at time
0, buying N, units of the treasury stocks at time to,, holding N, units of the treasury stocks
during the time period [¢,T], selling the N units of the treasury stocks in the market at time
T in case that the stock options are not exercised, and allocating a sum of cash, which will flow
into the firm at time T, to a part of ¥ (the firm’s investment portfolio).

To show the firm’s action towards the stock option clearly, We deal with the firm’s special
position as if it is the firm’s subsidiary (conceptual subsidiary) which specializes in the business
concerning the firm’s stock option plan. Then, from a view point of the subsidiary, we describe
the special position again. During the time period [0,t], it will be keeping the short position
of the stock option issued at time 0. At time %, to buy NV, units of the treasury stocks in the
market, it will raise funds by short selling N, units of the treasury stocks to the firm. At time
T, if the stock options would be exercised, the subsidiary must exchange N, units of the
treasury stocks for N,*M units of cash with the stock option holders, and if otherwise, it will
sell them in the market. In any case, the subsidiary will make the firm to allocate the amount
of money in a part of ¥V (the firm’s investment portfolio) during [7,7]. At time 7, the
subsidiary must repay (N./N,)*max(¥3(7) —K,0) to the firm.

There are cash flows at three time points. The cash out-flow at time t, is

—N, Sz([o,r(to),V|(to) _P'o)

which flows from the special position in the firm (the subsidiary) to the market. The cash
in-flow at time T is

2 » Sy(THT)Va(T)+Qr) » 1—L)+N: * M+ 1,
_N {S;(Tr(T) VAT +Qr) « (1—L) +S:(Tir(T),V(T) +RT)IA}
Sy(Tr(T)Vo(T) + Rr)La+M « 1,
2+ So(Tr(T),V(T) +Qr » (1—L) +Rr * L) —N. * max(Sy(Tor(T), VZ(D+RT) —M,0)

which flows from the market or the stock option holder to the special position in the firm (the
subsidiary). The cash out-flow at time 7 is

1
__Nz F} max(Vg(t) _K,O)

which flows from the special position in the firm (the subsidiary) to the market.
Here, we define G,,. For any tE[T,7], G:.:(¢) denotes a time ¢ value of sum of the cash which
was flowed into the firm’s special position (the subsidiary) at time T and has been allocated in
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a part of V (the firm’s investment portfolio) during time period [7T,t], where
G:(T) =N, * Sy (T,r(T),V(T)+Qr) * (1-1.)+N.* M+ 1,

The value of the special position at time 7 is

G(1)=Gs: (1) —N: NL max(Vs(r) —K,0).

Then, from the assumption of no arbitrage for any t&[T,7], the value of the special position
at time f is

G() =Gs.(t) — N2 * S5(2,r(1),V3(1)).
Hence, the value of the special position at time T is

G(T)=G::(T) =N, » ST+ (T),Vo(T) +Qr * (1=1)+Rr * 1)
=N, * S{(THT),Vo(T) +Qr * (1—1) +Rr * 1)
=N, * max(Ss(T,+(T),V(T) +Rr) —M,0)
—N, * Sy(Tr(T)VoT)+Qr » (1-1) +Rr + L),

then, for any t& [#,7T], the value of the special position at time ¢ is

G()=N: * S:(t.r(1),Ve(1)) = Ns * Colt,r (1) Vo)) =N * Sultr (1), V(1))
= =N, * Co(t.r (), Va(1)).

Similarly, the value of the firm’s special position at time ¢, is

G(to) =N, Sz(to,r(to),Vl(to) _P,O) _Nz * Sz(to,r(to),Vl(to) _Pxo)
—N; Cz(to,r(to),V1(to) _P‘o)
=—N,* Cz(to,r(to),Vl(to) “Pro),

then for any t& [0,t,], the value of the special position at time ¢ is
G(t)=—N.* Ci(t,r(®),V(1)).
Therefore for any t&[0,T7]
G(@t)=—N.* C(t,y(1),V(®)).
This equation represents that for any & [0,T] the value of the firm’s special position at time
t is equal to the value of the short position in N, units of the stock option at time ¢.
N, units of treasury stocks which the firm is holding during time period [#,7] is used in

exchange for an amount of money at time T in either case that the stock options are exercised
or not exercised. Here, we assume that the firm exchange new issued N, units of stocks instead
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of N, units of the treasury stocks for an amount of money with investors in the market or stock
option holders at time T. We describe the firm’s position which consists of the special position
and issuing N, units of the stocks at time T as the firm’s special position 2. There are no
differences in the cash flows which will appear at time T and 7 between the firm’s special
position and the firm’s special position 2. Then, for any t E[¢,,T],the value of the firm’s special
position at time ¢ is equal to the value of the firm’s special position2 at time ¢. Accordingly in
our framework there are no meaning in firm’s holding N, units of treasury stocks during the
period (%, 7). Therefore, the firm’s repurchasing N, treasury stocks at time t, is not buying
something for the investment, but only the repayment of the securities which were issued to
raise funds at time 0.

4.2 The pricing formulae for S;, C;, and L,

(1) Increment of the firm value when stock options are not exercised at time T
Fix x&[0,+ o) and y&[0,+ o). Here, x denotes a value of #(T) and y denotes a value
of Vz(T)
If the stock options are not exercised at time T',the firm sells . stocks in the market. In
other words the firm issues &, stocks at the market price. Therefore,
(cash-flow into the firm per one stock) = (market price of stock at time T).
Let g be the total value of N, stocks which the firm sells in the market and then,

1
N, g=S8:(Txy+q), 4.1
2

since the firm value increases by g at time 7. Since the preceding equation for ¢ has unique
solution (See APPENDIX for the proof), the trade that the firm sells NV, stocks in the market
is accomplished. Let ¢*(x,y) be the unique solution of (4.1), then, we have

Qr=g*(r(T),V:(T)). 4.2)

(2) Increment of the firm value when stock options are exercised at time T

If the stock options are exercised at time T',the firm exchange N, stocks for price M per
one stock with the stock option holders. In other words the firm issues NV, stocks to the stock
option holders at price M per one stock. By the raising equity, the firm value increases by
N, * M. Then,

R;,=N,* M. (43)

(3) The range of the firm value such that stock options are exercised

Let’s fix x € [0, + ) and y [0, + o) arbitrarily. x denotes a value of #(T) and y denotes
a value of V(T).

Under the assumption of no arbitrage and the assumption of frictionless market , it is
proved that Ss(z,x,y : K) is a decreasing function of K (the face value of the zero coupon bond)
in Miura (1989) chapter 3 pp78. From (3.1), we can see that S3(¢,x,y : K) is linear homogene-
ous in y and K. Using these properties of Ss, we can prove that S:(¢,x,p : K) is an increasing
function of y (See Miura (1989) chapter 3 pp79-81 for the proof). Then the range of the firm
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value such that stock options are exercised is as follows;
for any x &[0, + o0), there exists V(x) &[0, + ),

{(YE[0,+ ) | S{(Txy+N: + M) >M}=(V(x),+ ). (4.4)

Here, I—/(r(T })) is the boundary such that the stock options are exercised at time T if Vo(T) is
greater than it. Then

A={Vy(T)>V(r(T))}. (4.5)
For any DER, we denote an indicator function defined on R as

1 zED
ID(z)z{O zED.

From (4.5),

IA:IA(rm)(VZ(T)) (4.6)
where 4(x):={u<[0,+ ) | S(Tx,u+N,* M:K) >M}, for xE[0,+ ).

In the following sub-sections (4), (5) and (6), we let t& [, T). We recall that X (x) and
Y (u) for u<[t,T] are the solutions of stochastic differential equation (2.3b).

(4) Stock price for tE [t,,T)
From (1.3c), (4.2), (4.3) and (4.6),

S:(Tr(T),V:(T)) :Ss(TJ‘(T),VZ(T) +q*(r(T),V2(T))) . (1 —IA(r(r))(Vz(T)))
+8:(T,r(T),Vo(T) + N2 * M) * Loy (Vo(T)).

This is the boundary condition in order to obtain the pricing formulae of S, as the solution
of PDE (2.2). From (2.3a), we have that

S:(t.r(1),Va(1)) r
_ E[{S;(T,X(T),Y(T)+q*(X(T),Y(T))) . (1—IA(X(T,)(Y(T)))}oe—htrxwu

+8:(TX(T),Y(T)+N: * M) * Ly (Y(T))

(5) Stock option price for t& [£,,T)
From (1.5b) and (4.3),

X@)=r()
Y(t)=Vz(t)i| (4.7)

Co(T,7(T),Vo(T)) =max (S:(Tr(T),Vo(T) +N; = M) —M,0)

This is the boundary condition in order to obtain the pricing formulae of C, as the solution of
PDE (2.2). From (2.3a), we have that
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Cy(t,r(1),V2(2))

_E[max(Ss(T,X(T) Y(T)+N: + M)—M,0) + e fx("’d" X@=r) } (4.8)

Y(t)=Va(t)

(6) Zero coupon bond price for t& [¢,T)
Using (1.4c), (4.2), (4.3) and (4.6), we have

Ly(Tr(T),Vo(T)) =Ly(Tr(T),VA(T) +¢*(r(D),VA(D))) * (1~ Liearn(V2(T)))
+L3(T,r(T),Vz(T) +N, M) ¢ IA(r(T))(VZ(T))

here, we substitute the right hand side for (3.2),

= =N, * S{(Tr (1), Vo(T) +q*(r(T),V(T))) * (1~ Lwean(V(T)))
+ (VAT +q*(r(T)VAT))) * (1= Liean(V(T)))
—N, * Sy (T, (T),Vao(T) + Nz * M) * Lisiry(Vo(T))
+ (Vo(T)+N: * M) * Liean(VAT))
:_Nl{Sg(T,r(T),Vz(T)+q*(r(T),V2(T))) . (1—1,(,m>(Vz(n))}
ST (T),Vo(T) +N: * M) * Licry(V(T))
+q*(r(1),V(T)) * (1= Liearn(Vo(T)) + N2 * M * Licry (VoT)) +V(T)

and then from (4.1),

. ){;(Tr(ﬂ Ju(T)+g*(r(T),V(T))) * (1— IA((T))(VZ(T))}
N (T (D), VoT) + N2 * M) * Licary(VA(T))
— NSy (T (T)Vo(T) +N: * M) —M} * Ly (Vo(T)) +Vo(T).

This is the boundary condition in order to obtain the pricing formulae of L, as the solution of
PDE (2.2). From (2.3a), we have that

Lz(t,r(t),Vz(t))
S:(TX(T),Y(T) +g*(X(T),Y (D))

_ _ X (1 =Lixay(Y(T)) — r w)du =
=g|] "M Ls(rx ), Y@y N - M) T N Yo
: XIA(X(T))(Y(T)) |
—NoS:(TX(T),Y (D) +N: * M) = MYLuoern (Y (D) + ¥(T)
= — (Ni=N3) * Sa(t (O, Va(t)) — N2 » Co(tr(0),Va(0)) + V(1) (49)

where last equality uses (4.7), (4.8) and
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T
—Jxwa | X1y =r(t)

Y(1)= Vz(t)} = Vo).

E[Y(T) ce

(7) Firm value
From (4.9) we have that for any t& [t,,7T),

Va(£) =La(2,0(2),Va(8)) + (Ni—N2) * Sa(t,r(2), V2 (1)) +N: * Co(t,4(0),Va(1)).  (4.10)

This equation represents that the firm’s balance sheet during the time interval [¢,,T).

5. 8, Cy, and L, in the first time interval

In this section, we derive the pricing formulae of S\, Ci,and L, in the general form. When
stochastic processes » and V are specified, the pricing formulae will be shown in section 7.
Before writing them down, we show that the random variable P, is expressed in terms of
r(t,) and Vi(t,). This will be utilized for obtaining the pricing formulae for Si, L,, and C..

(1) Increment of the firm value caused by repurchasing the treasury stocks at time &

Let’s fix x& [0, + o©) and y=[0,+ c°) arbitrarily. Here, x denotes a value of 7(t,) and y
denotes a value of V(t,).

As mentioned in 4.1, the firm’s repurchasing N, units of treasury stocks at time #, is the
firm’s repayment of N stocks. Therefore,

(cash-flow out of the firm per one stock) = (market price of stock at time ;).

Let p be total value of N, units of treasury stocks which the firm repurchases in the market and
then,

N P=S:xy—p) (D)

holds since the value of the firm decreases by p at time . The preceding equation for p has
unique solution and it belongs to [0,y] (See APPENDIX for the proof), So the trade that the
firm repurchases N, stocks in the market is accomplished. Let p*(x,y) be the unique solution
of (5.1), then, we have

P:(,:P*(r(to),Vl(to)). (52)

We let tE[0,t,), in the following sub-sections (2), (3) and (4). We recall that X(u) and
Y (u) for u&[t,t] are the solutions of stochastic differential equation (2.3b).

(2) Stock price for t& [0,t0)
From (1.3d) and (5.2),
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Sl (to,r(to),Vl(to)) :SZ(to,r(to),Vl(to) —‘p*(r(to),V,(to))).

This is the boundary condition in order to obtain the pricing formulae of S, as the solution of
PDE (2.2). From (2.3a), we have that

Si(tr(@),V:(1)) t
— [ X@)du

=E|:Sz(to,X(to),Y(to)—p*(X(to),Y(to))) e v X =r@) } (5.3)

Y(@)=V.()

(3) Stock option price for & [0,40]
From (1.5¢) and (5.2),

Ci(tor (0),V1(10)) = Coltorr (10), Vi (o) —p* (r(20),V1(10))) -

This is the boundary condition in order to obtain the pricing formulae of C, as the solution of
PDE (2.2). From (2.3a), we have that

Cl(t,r(t),Vl(t)) I
— [ x(uydu

=E[C2(T,X(To),Y(To) —p*(X(t:),Y(t))) *e

X(®)=r()
Y(t)= V.(t)}' S

(4) Zero coupon bond price for t=[04,]
From (1.4d) and (5.2)

Ll(to,r(tO),Vl(to))
=L (1o (10),Vi(te) =p* (r(t0),V1 (1)) )

here, we substitute the right hand side for (4.9),

== (Ni—N2) * Ss((to (o), Vi (8) —p*(r (1), V1(t)) )
—N, - CZ(tO,r(tO),Vl(tO) _P*(r(to),Vl(to))) +Vi(to) —p*(r(to),Vx(to))

and then, by (5.1)

=—N,* Sz(to,r(to),Vl(to) _p*(r(to),Vl(tO)))
—N,* Cz(to,r(to),Vl(tu) '—p*(r(to),Vl(to))) + Vi (to)

This is the boundary condition in order to obtain the pricing formulae of L, as the solution of
PDE (2.2). From (2.3a), we have that

Ll(t,r(t),Vl(t))
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—f“X(")du X@®)=r@®

~N, Sz(to,X(to),Y(to) —'p*(X(to),Y(to)))
=E[{—N,* Cz(to,X(to),Y(to) _p*(X(to),Y(to))) e ¢ Y(t) — Vl(t)
+ Y(to)

=—=N.*Si(t,;r(2),Vi(t)) —N: » C\(t,r(t),V:(t)) +V1(1). (5.5)
where last equality uses (5.3), (5.4) and

to
—-_I‘X(u)du

E[Y(to) ce X@Oy=r@)

Y7, (t)}zvl(z). (5.3)

(5) Firm value
From (5.5), we have that for any t& [0,,)

Vi) =L.(t,r (), Vi(£)) + N1 * Si(t,r(®),V1()) +N: * Ci(t,r (1), Vi(2)). (5.6)

This equation represents the firm'’s balance sheet during the time interval [0,t,).
6. Consideration

(1) Balance sheet
We write down (4.10) and (5.6) again. For any t < [#,,T),

Va(t) =La(t,r(£),V2(8)) + (N —N2) * S:(2,0(2),Va(2)) + N2« C: (2,0 (1), V(1)) (6.1)
and, for any tE[0,t,],
Vi) =Li(tr(6),V2(t)) T N1 » Si(1,r (1), Vi(0)) + N2« Co(t,r(1),V:(2)). (6.2)

The last two equations show the balance sheet of the firm based on market value
accounting. The credit side of the balance sheet consists of three kinds of debts, namely, stock,
zero coupon bond and stock option. It means that how much each one of stockholders, bond
holders or stock option holders get in case of liquidation of the firm at time t & [0,7). Then, at
the maturity of the stock option, the wealth of the stock holders do not transfer to the stock
option holders. The profit in the stock option belong to the executives (stock option holders)
from the beginning because the stock options are in the part of executive compensation.

(2) Effect of introducing the stock option on the management
The functions which represent stock price or stock option price,

{S.(t,xy) for(t.x y)E[0,t] X [0,+ o) X [0, + )
Si(txy) for(txy) € [t,T] X [0,+ ) X [0, + )
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{ Ci(txy) for(txy)E[0,t] X[0,+ o) X[0,+ )
Co(txy) for(txy)E[1,T]1X [0,+ ) X[0,+ )

are increasing functions of y (See APPENDIX). In other words, an increase of firm’s value
increases both stockholders’ wealth and stock option holders’ wealth. Then it follows that the
stock option (treasury stock type) gives the stock option holders the incentive for better firm’s
performance which brings the stock holders the more profit.

(3) Risk from N, units of treasury stocks the firm is holding during [£,T]

It might be accepted by some people that the firm suffers losses caused by the treasury
stocks in case that the stock price falls down under the acquisition value after repurchasing and
the stock options are not exercised. We show this can be seen an force idea. In the above view,
N, units of the treasury stocks are assets for the firm and the firm’s balance sheet at time
t= [1,T] is

Va(t) +N, » Sa(t,r (), V(1)) (6.3)
=Ly(t,r(1),V2(1)) F N1 * Sa(tr (1), Va(8)) N * Colt 1 (0),V(1)). ’

Still more, in that view, the event

{S(tor (1), ¥ (t2)) >S(T.H(T),V(T))}

is interpreted as the firm’s losses caused by the treasury stocks, or the risk from the treasury
stocks which the firm is holding during the time interval [¢,,T]. But as we have mentioned in
4.1, the firm’s holding N, units of the treasury stocks during the time interval [#,7] is no
meaning. Therefore, (6.3) is merely anonymous expression of the balance sheet, and for the
firm the above event means only that the capital financed at time T is less than the repayment
at time fo.

With respect to this discussion, from an accounting viewpoint, Ito (1997a,1997b)
indicated that increasing paid-in capital by stock issue is not consistent with increasing assets
by repurchasing treasury stocks, which is the reversing trade of the stock issue. Ito’s view
agrees with our explanation.

7. Example

In this section we specify stochastic processes 7 and V and calculate (3.1), (4.7), (4.8),
(5.3) and (5.4).
Assuming that
r(t) =r(positive constant), and

dV.()=u - V.(t) *dt+o V(1) * dW(t) i=1,2,3
where ¢ and o are positive constant,

we calculate S, S, S3, C, and C..
For t=[T,7] and vE [0, + ),
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Si(try)= Lv s Oh(t,trv.K))— Le"""”K «O(h(t,rryK)—oiT—t
N, N,

| |
where d)(x)=f e 2" du, and
fe 2m

log % +(r+ 5 &) (z=1)

h(t,z,ryv,K)=

oVT—1

For (t,V)E [tO,T] X [0a+ OO),

1 | .
Sty y)=e T Sy(Try+g*(r e~ (et =alT-1 ) g4
2(Lr,0) ;(,f)c (Trytg*(ry)) T2 T=D -y y

1
+e ) S(Try+N,* M
A‘(I,; ATry+ e ) oy2n(T—t)y
whereA(r)={yE[O,+00) | Sy(T,ry+N,+ M) >M}, and
1
Ci(try)=e ") S§(Try+N., M
' ) A'!r: ATry N ) oy2n(T—t)*y

—e" T M+ O(h(tTr v TV () —olt—1).

_%h(l.Tl.vy)l dy

e_—;.(h(‘.rl,v‘y)_am ): dy

For (t,v) € [0,t] X [0,+ 0),

3 1 . .
S t,r,v ze—r(r.—l) S t,r ok r e—?(h(t,tu,v,y)—o,/h,—t ) d
1) OJ" W(tory —P*(r)) — D) y
and
] L
Citry)=e | Ci(toyry—p*(r e z(ttmrrnod Ty gy
(trv) J Cultory—p*(r9)) D)y y
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Appendix

Assuming ‘No Arbitrage’, ‘Frictionless Market’ and ‘If the rate of returns of two assets
are identically distributed and the other conditions of two derivatives whose underlying asset
is each of assets, are same, then the prices of the two derivatives are equal.’ (Hereafter, (aa)
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denotes this assumption.), then we can prove following properties. We need not assume that
r, V1, V,, and V, are Ito processes. Namely we can prove them in general setting about
stochastic processes of r and V.

Al. Properties of S;
From the definition, S; is considered as a function of face value K. If necessary , we will
use the notation S;(¢,x,y:K) instead of S:(t,x,y).

Let t<[T,7], x<[0,+ ) and yE[0,+ o°).

(1) max(y —K,0) <N, * S;(tx,p) <y (al.1)
(2) Si(t,x,y:K) is a decreasing function of K.
(3) S;(t,x,y:K) is linear homogeneous in y and K.
(4) S:(t x,y:K) is an increasing function of y.
(5) Ss(t,x,p) is a convex function of y.
See Miura(1989) chapter 3 pp67-81 for the proofs.

(6) For any Yy, ylE [O,—{—OO), y0<y1, N, S3(trx:yl) —N,* SB(trx’yO) <1 (312)

YVi—™ Yo
[proof of (6)]
We use (1) and (5) to prove (al.2) by the reduction to absurdity.
Suppose that there exists yo, 1= [0, + ), yo<y: such that

Ny« S:@xy)—N» Ss(tx.p0) >1
Yi— Yo )

Let (5. <)y, <p;<-:- be increasing sequence. Then, using (5), we have

1< N Ss(xy) =N Si(txyp) o Nio Sitxypn) =Ny e Siltxyn)
Yi— Yo - Y20 B

For nEN, set

a,:

= N Si(txp) =N Siltxpen) 54y (13
yn——yn—l ’ .

then for nEN,

N, * S:(txy:)=a:ya—Ya-1) TNy ¢ Sa(t x,yu-1)
=an0/'n _yn—l) +an—l(yn—l ‘_)’n—z) +N1 * SS(t,x,yn—Z)

:zlal(y/_,VPI) + N+ Ss(tx,p0).
=

Since (a.).en is the increasing sequence,
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N * S5(txpn) 2a:(yn—yo) N1 * Ss(tx p0),

then we obtain that for any y & (y,, + )
N+ S;(txy)2a(y —po) + N * Si(tx o). (al.4)

We use following two straight lines;

{zl(y):=y
z;(y):=a1(y—yg) +N,; S;(t,x,yo).

yQZO, —a ’yo+N1 'S;(t,x,yo)SO anda, > 1,

there exists the intersection point of the above straight lines. Let (y*,y*) denote the coordi-
nates of the intersection point. From (al.3) and (al.l)

ar(yi—yo) TNy * Ss(tx po) =N, * Ss(txy)) <y, and a, > 1.

Then we have that y*& [y, + ). By (al.4), it follows that for any y& (y*,+ 0)
y<ai(y=yo) t N * Ss(tx.p0) <N: * Ss(txp).

This contradicts (1). Therefore (al.2) holds.

A2, (4.1) has an unique solution which belongs to [0,+ o).
Fix x=[0,+ o) and y=[0,+ o) arbitrarily.

Multiply both sides of (4.1) by N,

&q=N1 *Si(Txytq). (a2.1)

2
Set u =y +¢q and change the variable in equation (a2.1),
N, _
A (u—=y)=N,*S:(Tx,u). (a2.2)

Set

{zl(u):= A )
z;(u):=N. e S;(T,x,u),
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and it is sufficient to show that there exists an unique intersection point of z, and z;,and that the
u coordinates of the point belongs to [y,+<°].
We first show that there exists an intersection point of z, and z,. To show this, we use two
straight lines;
{ z:(u):=u
N
z.(u) N, (u—y).

. N . . .
From the assumption =L >1, then ,the two straight lines cross each other and the coordinates
2

of the intersection point is

< N, N,
N,—N, % N,—N, )
From Al.(1),
0= ]—NV_L (y—y) <N, Ss(T,X,y) (323) ’ and

Ny« Si(T x uo) Suo= %'— (uo—y) (a2.4)
2

N,

N1—Nzy

where uo: =

Therefore, from (a2.3) and (a2.4), the u coordinates of the point in which z, and z, intersect
belongs to [y,+ o). It remains to show the uniqueness of the point. Suppose that z, and z,
intersect in two distinct points. Suppose u, and u.(u,<u,) are the u coordinates of the two
distinct intersection points. Then

2 =y = T u—y)
Nl * S;(t,x,uz) _N' ¢ S3(t,x!ul) — Nz Y NZ nwy — _I_VL
U— U U~ N,

>1.

This contradicts A1(6). Therefore the intersection point of z, and 2, is unique.
A3. Properties of g*

Fix x&[0,+ <) and yE[0,+ o) arbitrarily.
Since g*(x,p) is a solution of following equation for g;

1 e .
N, g=8S:(Txy+gK),

q* is considered as a function of face value K. If necessary, we will use the notation g*(x,y:K)
instead of g*(x.y).

(1) ¢*(xy:K) is an increasing function of y.
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[proof]
To show that for 0<y,<y,, ¢*(xy:) <g*(xy.), we use the reduction to absurdity and
apply A1(4) and A1(6). Suppose that there exists yi, y.<=[0,+ o), y. <y, such that

q*(xy1) >q*(x):).

From the definition of ¢* and A1(2),

—%'—q*(xyl) =N * Sy(Txyi+g*(xpy)) <N, * Sy(Txy.+g*(xy)) and
2

N
F'q*(xyz)=N1 * Si(Txytq*(xy2)) 2N, Si(Txyi+g*(x.y2))
2
then,

N S:(Txyitg*(xy)) =N * S:(Txy tg*(xy:))
g*(xy1) —q*(xy2)
N So(Txyitg*(xp)) —Ni* Ss(Txypi+g*(xys))
TN ST +gr () =N » Sy(Txy:+g*(x92))
s N Si(Txp+g*xy)) =N Si(Txp:Hg*xys) _ Ny
TN S(Txptg*(x 1)) —Na » Sy(Txp.tg*(xy2)) N

>1,

and this contradicts A1(6). Apparently it does not hold that for 0<y,<y,, g*(x 1) =q*(xY:).

(2) Fix x< [0, + <o) arbitrarily, then
for any yE{uE[0,+ ) | S;(Tx,u+N: * M) >M}, g*(xy) >N, * M, and
for any yE{uE[0,+ ) | Sy(Txu~+N,* M) <M}, g*(xy)<N,* M.
[proof]

From A1(1) and A1(4), Apparently, following equation for y;
M=S8:(Txy+N.+ M) (a3.2)

has an unique solution and the solution is I_/(x). From Al1(4),

E0,+ ) | S(Txy+N, » M)>M}=(V(x),*),

YE[0,+0) | S(Txy+N,* M)<M}= [O,I_/(x)], (a3.3)

and
NLNZ « M=S5(Tx.V(x)+N * M).
2

Then
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g*(x,V(x)) =N; M

Therefore, from (1) and (a3.3), we have that .
for any y& (V(x),%°), ¢*(x,y) >¢*(x,V(x)) =N * M and
for any y & [O,I_/(x)], q*(x,y)Sq*(x,I_’(x)) =N,*M.

(3) g*(x,y:K) is a decreasing function of K.

[proof}
Fix x&[0,+ o0) and y &[0, + o) arbitrarily. For 0<K,<K,, set

g% =q*(xyK) j=1,2.
Suppose g*; <g*,. From the definition of ¢* and A1(2),

N,
N, 7

N,- S3(T,x,y+q*2.K1)2N1 . S;(T,xy+q*2:Kz): %l—q*z.
2

=N, *S;(Txy+g*K,), and

Then N, N,
- n% — %
No* Si(Txy+q*K) =N STap+qk) o N7 N1 _
g*—q* = g*.—q*

and this contradicts A1(6). Therefore ¢*, >g*, holds.

(4) ¢*(x,yK) is linear homogeneous in y and K.
[proof]

N

37

N, >1,

FixcE[0,+ o), x&E[0,+ o) and yE [0, + o) arbitrarily. ¢* (x,y:K) is the solution of the

following equation for g;

Ni2q=ss(T,xy tg:K), (a3.4)
then

Nizq*(xyx) =8(Txyt+g*(xyK)K).
From A1(3),

Nic *g*(xyK)=S:;(Txc *ytc*qg*(xyK)c * K).
2
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Here, ¢ * ¢*(x,y:K) is the solution of the following equation for u:

—1\17—u=S3(T,x,c *y+uc * K). (a3.5)
2

From the definition of g*, the solution of (a3.5) is
q*(x,c *yc * K).
Therefore

g*(x,c *yic * K)=c * g*(xyK).
A4, Properties of S:

[October

From the definition , S, is considered as a function of face value K and exercise price M.

If necessary, we will use the notation S,(¢,x,y:K,M) instead of S.(¢,xy).
Let t < [t,,T], x<[0,+ o) and yE[0, + o).

(D) 0<S:(txy) (ad.l)
It follows immediately from the assumption of no arbitrage.

(2)Nimax(y—K,o)ssz(z,xy) (a4.2)

[proof]
From (1.3c) and (4.6)

ST xp) =Su(Txy+q*x+y)) * (1=Lw®)) +S:(Txp+N: + M) * Lis(®).

Using A1(1),

S:(Txy)= Wll-max()H—q*(xy) —K,0) * (1-Lx©k))

+ Lmax(y +N,*M—K,0) * Li,(»)
1
and since g*(x,y) =0, N, * M >0,

S:(Txy)= 7\/1— max(y —K,0).
}

3) Stxp) < 3oy (a43)

{proof]
From the assumption of no arbitrage, it is sufficient to show that
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SATxy)<

N|_Nz y.
From A1(1),

S(Tay+a* ) < - PHa* o), (a4d)

and from the definition of g*,

g*(xy)=N, * Sy(Txy+g*(x,p)). (ad.5)
Here we recall that

SUTxp)=S:(Txy+q*xp)) * (1~ Lo®)) (a4.6)
+S3(Txy+N:* M) * Liy(»), '

where 4 (x):={uE[0,0) | Sx(Tx,u+N.* MK) >M}.
Applying A3(2) to (a4.6), we obtain

So(Txy) <Ssy(Txytq*(xp)).

(ad.7)
Substituting (a4.4) and (a4.5) for the right hand side of (a4.7) repeatedly ,

ST xy)
< N%y+ Nilq*(xy)

= jvl—l')"*‘ NilNz *Si(Txytg*(x+ty))

< N%y+ 11\\/,_,2’y+ 11:,1122 q*(xp)

| 1
< j\l,jy+ g}yﬂ“ x?yﬂ““: iVI_N_z y= NllNz y
N,

(4) S:(tx,y:K,M) is a decreasing function of K.
[proof]

From the assumption of no arbitrage, it is sufficient to show that for 0<K,<K,,
S(Txy:K\M)=SA(TxyK:,M). (a4.8)

39
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Let 0<K,<K,. Forj=1, 2,

STxyK,M)=S:(Txy+g*(xyK)K) * (1-Lx©))
+S3(T,x,y+N2 * M * KJ) * IAJ(X)(y)y

where 4,(x): ={u €[0,%0] | S(Tx,u+N; * M:K)>M}.

For x €[0,+ ) and yEA4.(x), from Al(2),
Si(Txy+N:* MK))2S:(Txy+N.» MK,) >M,
and hence A,(x) CA,(x).
Fix x &[0, + o°) arbitrarily.
@ If yE4,(x), from (a4.9),
S:(TxyKi ,M)=S:(Txy+N,+ MK,), and
SATxyKo,M)=S:(Txy+N; * MK).
Therefore,
SHTxyKi ,M)=S(TxyK:,M).
@ If yEA4,(x) NA4:(x)’, from (a4.9),
S:(TxyKi ,M)=S:(Txy+N,* MK,), and
S:(Tx yK,M)=S8:(Txy+g*(xyK:)K),
and from A3(2),
g*(xyK))<XN,* M

then

[October

(a4.9)

Sz(T,x,lelM) =S3(T,xy +N, . M'.Kl) 2S3(T,x,y +q*(xy:Kz):Kz) :Sz(T,X,y'.Kz,M)

® If yEA,(x)", from (a4.9),

Sz(T,.X,y.KuM) =S:(T,xy +q*(x,y'.K1):K|), and
S;(T,x,y:KzM) ZSg(T,x,y +q*(x,y:K2):K2),

and from A3(3),
q*(xyK) 2g*(xyKo),
then

SATxyKi,M)=S:(Txy+q*(xyK)K)
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>8:(Txy+q*(xpK2)K))
>8(Txy+q*(xyK:)K,)
=S2(T,X,_V.K1,M)

Therefore, (a4.8) holds.

(5) Sz(tx,y:K,M) is an increasing function of M.
[proof]

From the assumption of no arbitrage, it is sufficient to show that for
0<M <M,

S:(Tx y:K M) <S:(TxyK,M,). (a4.10)
Let 0<M,<M,. For j=1,2,
SZ(T,xy:KM) :S3(T,xy+q*(xyLK):K) . (l—IAj(x)(y)) (a4.11)
+S3(T,X,y +Nz M M.K) ° IA](x)(y) ’ )
where 4,(x):={u€[0,0) | S;(Txu+N, * MK)>M)}.

First, we show that 4,(x) CA(x)for x&[0,+ ).
Fix x€ [0, + o) arbitrarily. For y&A4,(x), from A1(6),

Ni*Ss(Txy+N,» MuK)—N, * Si(Txy+N, » Mi:K)

1=
Nz 'Mz_Nz 'M]

Then

M,—M, 2S3(T,x,y +N, Mz'.K) _SJ(T,x,y +N, MI:K)
S3(T,x,y +Nz 4 M[ZK) 2M1+S}(T,x,y +N2 . MzZK) _Mz.

Since S;(Txy+N, * M2K)—M,>0, then
S3(T,X,y +N2 . M[ZK) >M1.

Therefore y&EA4,(x), and A,(x) CA:(x).
Fix x €[0,+ o0) arbitrarily.
D If yEA4.(x), from (ad.11) and the preceding result,

S:TxyKM)=S:(Txy+N,;* M;K), and
Sz(T,x,y.K,Mz) :SS(T,X,y +N; MZ:K)

and hence

@ If yEA,(x) NA:(x )", by (ad.11),

41
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S$:(TxyK M) =S(Txy+N,* MiK), and
SATxyKM)=S,(Txy+q*(xyK)K),

and using A3(2),
N; * M, <g*(x,yK).
Then from Al(4),
ST xyK M) <S(TxyK,M).
® If yEA.(x)", from (ad.11),
SATxyKM)=S(Txy+q*(xyK)K)=8:(TxyKM).
Therefore (a4.10) holds.
(6) S:(txy:K,M) is linear homogenous in y, K and M.
[proof]

From the assumption of no arbitrage and (aa), it is sufficient to show that
for any ¢ >0,

c* S(TxyKM)y=S:(Txc*yc*Kc+*M). (ad.12)
Fix ¢ >0 arbitrarily. From A1(3) and A3(4),

¢ *8:(TxyKM)
=C* S}(T,xy'i"q*(x,y.K).K) o (I_IA(X)(y))‘{"C . S}(T,xy+Nz o M'.K) d IA(x)(y)
=8:(Txe *y+g*(xc s yc*K)c+K)* (1-Lx®))
+S:3(Txc*y+N.oc* Mc* K) * Lin(y)
Set
Ac(x):={u€[0,0] | S;(Txu+N:*c*Mc *K)>c+ M}
Since
Ax)={uE[0,70) | Si(Tx,u+N,+ M:K)>M}
={u€[0,°) | ¢ + Ss(Tx,u+N,* MK) >c * M}
={uE&[0,) | Ss(Txc u+tN,*c*Mc+*K)>c+ M}, (a4.13)

then for any y &[0, + o0)

L) =L w(c * y),
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and hence

¢ * S:i(TxyK,M)

=S85(Txc*yt+g*(xc*yc*K)c*K) * (1-Lwlcy))
+83(Txc*y+N.cc*Mc*K) * Liw(cy)

=8:(Txc*yc*Kc* M).

If ¢=0, it is easy to check that (a4.12) holds.

If we assume that stochastic processes  and ¥ are Ito processes as mentioned in 1(3) and
1(5), we can derive (3.1) and (4.7). Then we can prove (6) by using (3.1) and (4.7) instead
of the assumption (aa).

(7) For any c=(0,1), ¢ * S:(t xy:KM)<S:txy:Kc » M).

[proof]
From the assumption of no arbitrage, it is sufficient to show that for Vc&(0,1)

¢c* S (Txy KM <S:(TxyKc*M). (ad.14)
Fix ¢€(0,1) arbitrarily. From (1.3c) and (4.6),

S (TxyKe* MYy=S:(Txy+q*(xyK)K) * (1—L,x(»)) (24.15)
+S3(T,x1y +N2 °Cc* M:.K) d I"l(x)(-y) ’ )

where Ai(x):={uE[0,°] | S5(Tx,u+N;*c* M:K)>c + M},and
S(TxyKM)=S:(Txy+g*(xyK)K) * (1-L,x(®)) (a4.16)

FSU(Txy+N: s MK) * Lyw(®))

where 4:(x):={uE€[0,0] | S;(Txy+N:* MK)>M}.

In the same manner as (5), since ¢ * M <M, we have 4,(x) CA4.(x).
Fix x = [0,+ o©) arbitrarily.
@ If yE4,(x), from (a4.15) and (a4.16),

SA{TxyKe* M)y=S(Tx,y+N,*c»MK)and
Sz(T,xyKM) :Ss(T,X,y +N, M.K)

From A1(6),

1> N, 'S3(T,X,y+Nz * M.K)_N1 'Sa(T,x,y+Nz °c* M.K)
- N,*M—N,*c*M
N, Si(Txy+N, * MK)—N, » Sy(Txy+N, * ¢ * MK)
N, 'M(I_C)
c*M(—c)=c*S:(Txy+N,* MK)—c*S:(Tx,y+N.°c*MK)
¢ S Txy+Ns+c* MK)+c * M(1—c)>c * S(Txy+N, * MK).

1=
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Here, from A,(x) CA(x), S:(Tx,y:K,c * M) >c¢ + M. Applying this to the left hand side of the
above inequality, we have

¢ Ss(Txy+N>+c* MK)+Sy(Txy+N,+c » MK)(1—c)>c * Ss(Txy+N, » MiK)
S{Txy+N:ec s MK)>c » Sy(Txy+N: » MK)

and hence S:(Txy:K,c * M)>c * S:(Txy:K.M).
@ If yEA4,(x) NA4:(x)‘, From (a4.15) and (a4.16),

S:(TxyKe*M)=S:(Txy+N,*c*MK) and
S:(TxyKM)=8:(Txy+g*(xyK)K).

and using A3(2),

Si(Txy+g*(xy:K)K)<S:(Txy+N,* MK).
Then, similar to O, S:(TxyK,c * M) >c * Sy(Tx yKM).
® If yEA4.(x)", from (a4.15) and (a4.16),

S:(TxyKe* M)=S:(Txy+g*(xyK)K)=8,(TxyKM).
Apparently S:(Txy:Kc * M) >c * S:(TxyKM).

Therefore we obtain that for x&[0,+ ) and y E[0,+ <o),

S:(TxyKecM)>c - S:(TxyK,M).

(8) S:(txy:K,M) is an increasing function of y.
[proof}

Fix t&[t,,T], x& [0, «)and y E [0, + o) arbitrarily. For any ¢=(0,1), from (4), (6),
and (7),

Sa(tx,c e ye* Kc s M)=c * Syt xy:K,M)
<S:txyKe* M)
<S:txyc- Kc-M)

then S:(¢,x,y:K,M) is an increasing function of y.
AS, (5.1) has an unique solution.

Fix x&[0,+ o) and y &[0, + c°) arbitrarily.
We show that the following equation for p;

1
N, P=S:(texy—p) (a5.1)
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has an unique solution and the solution belongs to [0,y].
Set u =y —p and change the variable in equation (a5.1)

N% (—u+y)=S:(tox,u). (a5.2)

If the solution of (a5.2) belongs to [0y], the solution of (a5.1) belongs to [Oy].
Set

1

= —(—u+t

zl(u) ]V2 ( u y)
z:(u): =82 (tox u)

and it is sufficient to show that there exists an unique intersection point of z, and z,, and that

the u coordinates of the intersection point belongs to [0,y].
From A4(3),

1
Nl“Nz

2(0)= N% 0+y)> 02 51(10,%,0) =2:(0),

and from A4(1),

20)= 3 (VN =0SSi(tx9) =2:0),

then the u coordinates of the intersection point belongs to [0,y]. Since S:(t,x,y) is an increasing
function of y, it is easy to check that the intersection point of z, and z; is unique.

A6. Properties of p*

Let x&[0,+ o) and y [0, + ).
Since p*(x,y) is a solution of following equation for p;

NLP=Sz(to,xy—pK,M),
2

p* is considered as a function of face value K and exercise price M. If necessary, we will use
the notation p*(x,y:K,M) instead of p*(x,p).

(1) p*(x,p) is an increasing function of y.

[proof]
Suppose there exists y.13.E [0, + <) y1 <y: such that

prx 1) 2p*(x ).
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From the definition of p* and A4(8),

N%p*(xoh) =Sa(tox 2= p*(x2))
>8:(tox i —p*(x.32))
28 (tox yi —P* (X Y1) = N% *xp)
but this contradicts the assumption.

{2) p*(x,y:K,M) is a decreasing function of K.
[proof]

Fix x€[0,+ ) and y&[0,+ o) arbitrarily. Let 0<K,<K,, and set for j=1,2,

pY=p*(xyK,M).
Suppose p*; <p*,, then
1 * — *
N, P 1 =8:(toxy —p*iK,M)
2
28 (tox .y —p*2K,, M)
1
Z82(texy —p*aKo,M) = Fp*z.
2
But this contradicts the assumption. Therefore p* =p*..

(3) p*(xy:K,M) is an increasing function of M.
[proof]

Fix xE[0,+ <) and yE[0,+ ) arbitrarily. Let 0 <M,<M,, and set for j=1,2,

p*:=p*(xyK.M).
Suppose p*, >p*;, then
1
N, PH=Siltexy —p*iK M)
2
SS;(to,x,y _P*ziK,Ml)
1
SSa(toxy —p*aK,M>) = FP*Z-
2
But this contradicts the assumption. Therefore p* <p*..

(4) p*(x,y:K,M) is liner homogenous in y,K and M.
It is obvious from the definition of p* and A4(6).

[October
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A7. Properties of S,

From the definition, S, is considered as a function of face value K and exercise price M.
If necessary, we will use the notation S:(¢,x,y:K,M) instead of Si(tx,y).

Let t€[0,t,] x<[0,+ <),and yE [0, + <0).

(1) Si(txy:K,M) is a decreasing function of K.

[proof]
From the assumption of no arbitrage, it is sufficient to show that for

0<K,<K,,
Si(tex y:Ki,M) =S \(tox y:K:,M). (al.l)
Let 0<K,<K,. From (1.3d), the definition of p* and A6(2),

Si (to,x,y:K,,M) :Sz(to,X,y —p*(x,y:K.,M):KnM)
= Pt KM

= N%p*(xsz,M)
=8:(toxy —p* (x y:Ko,M)K,,M)
=S1(tox y:K:,M).

(2) Si(txy:K,M) is an increasing function of M.

[proof]
From the assumption of no arbitrage, it is sufficient to show that for

0< M. <M.,

Si(tox y K M) <Si(toxyK,M,). (al.2)

Let 0<M,<M,. From (1.3d), the definition of p* and A6(4),

Si(tox y:K M) =S (tox,y —p* (x.y:K,M:):K M)
= N%p*(x;vK,M.)

1
< ——p¥* .
< sz (xy:K,M,)

=S2(t0,X,y _p*(x,y:K,Mz)lK,Mz)
=S\ (tox y:K M).

(3) Si(t.x,yK,M) is liner homogenous in y,K and M.
It is obvious from the assumption of no arbitrage, the assumption (aa), A4(6) and A6(4).
If we assume that stochastic processes r and V are Ito processes as mentioned in 1(3) and
1(5), we can derive (3.1) ,(4.7) and (5.3). Then we can prove (3) by using (3.1) ,(4.7) and
(5.3) instead of the assumption (aa).
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(4) For any c€(0,1), ¢ * Si(t xy K M) <Si(txyKec * M)

[proof]
From the assumption of no arbitrage, it is sufficient to show that for c&(0,1),

¢ * Si(tox y KM)<S((tox,yKc * M). (a7.3)
Fix ¢=(0,1) arbitrarily. From A4(6),
¢ * Si(tox YK M) =c * So(tox,y —p*(x .y KM)KM)
=S:(toxc *y—c *p*(xy:K,M)c * Kc * M)
Here we use A4(8), A6(3), and A4(6),

<Sy(toxc *y—c*p*(xyKc*M)cKc* M)
=c * S:(toxy —p*(xy:K,c - M)K.M)

and we use A4(7),

<So(toxy —p*(xy:Kc * M)yKc - M)
=Si(toxy:K,c * M)

Therefor (a7.3) holds.

(5) Si(txyK,M) is an increasing function of y.
It follows by (1), (3) and (4).

A8. Properties of C; and C,
As similar to S; and S\, we can prove following two properties.

(1) Fix tE[t,,T] and x&[0,+ o) arbitrarily. For y&[0,+ o), C:(¢,x,y) is an increasing
function of y. ‘

(2) Fix t&[0,%] and x&[0,+ o°) arbitrarily. For y&[0,+ ), Ci(¢x,p) is an increasing
function of y.

HITOTSUBASHI UNIVERSITY AND HITOTSUBASHI UNIVERSITY

REFERENCES

{In English)

Black, F. and M. Scholes (1973) ‘The Pricing of Options and Corporate Liabilities’, Journal
of Political Economy, 81, pp.637-654.

Cuny, C. J. and P. Jorion (1995) ‘Valuing Executive Stock Options with Endogenous
Departure’, Journal of Accounting & Economics, 20, pp.193-205.

Carpenter, J. N. (1997) ‘The Exercise and Valuation of Executive Stock Options’, NYU



19991 A MATHEMATICAL STRUCTURE OF THE FIRM VALUE WHEN STOCK OPTIONS ARE ISSUED 49

STERN Working Paper Series FIN-98-017.

Friedman, A. (1975) Stochastic Differential Equations and Applications Volume 1, Academic
Press.

Geske, R. (1979) ‘The Valuation of Compound Options’, Journal of Economics, 7, pp.63-81.

Kulatilaka, N. and A. J. Marcus (1994) ‘Valuing Employee Stock Options’, Financial Analysts
Journal, November-December, pp.46-56.

Lambert, R. A., D. F. Larcker and R. E. Verrecchia (1991) ‘Portfolio Consideration in
Valuing Executive Compensation’, Journal of Accounting Research, 29(1), pp.129-149.

Merton, R. C. (1973) ‘Theory of Rational Option Pricing’, Bell Journal of Economics and
Management Science, 4, pp.141-183.

Merton, R. C. (1977) ‘An Analytic Derivation of the Cost of Deposit Insurance and Loan
Guarantees: An Application of Modern Option Pricing Theory’,

Journal of Banking and Finance, Vol.1, pp.3-11.

Merton, R. C. (1978) ‘On the Cost of Deposit Insurance When There are Surveillance Costs’,
Journal of Business, Vol.51, pp.439-452.

Miura, R. and H. Kishino (1995) ‘Pricing of Bonds and their Derivatives with Multi-factor
Stochastic Interest Rates : A Note’ , Maruyama, T. and W. Takahashi (Eds) Non Linear
and Convex Analysis in Economic Theory, Springer-Verlag, pp.215-229.

Rubinstein, M. (1995) ‘On the Accounting Valuation of Employee Stock Options’, The
Journal of Derivatives, 1995 Fall, pp.8-24.

Smith, C. W. and J. L. Zimmerman (1976) ‘Valuing Employee Stock Option Plans Using
Option Pricing Models’, Journal of Accounting Research, 14, pp.357-364.

{In Japanese)

Arthur Andersen (editor) (1997) Jitsumuka no tame no STOCK OPTION, Zeimu-Keiri-
Kyoukai.

Ito, K. (1997a) ‘Stock Option Seido no Dounyu to Kaikeijou no Kadai’ Syojihoumu, 1463, pp.
2-6.

Ito, K.(1997b), ‘Stock Option Seido no Syokadai’, Kigyoukaikei, Vol.49, No.9, pp.18-25.

Ito, K.(1998), Seminar Gendai Kaikei Nyumon second edition, Nihon Keizai Shinbunsya.

Okujima, K. and K. Nakamura (supervisor), Nihon Corporate Governance Forum (editor)
(1998), Stock Option no Management, Diamond-sha.

Nihonkeizaishinbunsha(1997), ‘1997/10/3 Nikkei Kinyu Shinbun’.

Miura, R. (1989) Modern Portfolio no Kiso, Dobunkan.

Miura, R. and M. Ishii (1998) ‘Hyoujunteki No Arbitrage no Giron no Wakugumi niyoru
Stock Option(Jikokabushiki Houshiki) Hakkou Kigyou nituiteno Kousatu’, Hitotsubashi
University Faculty of Commerce working paper No.44.

Mizuno, H. (1997) ‘America no Choki Housyu Seido to Waga Kuni heno Stock Option Seido
no Donyu -Keieisha Shihonsyugi kara Toushika Shihonsyugi -, Syoken Analyst Journal,
1997.9, pp.5-33.

Morita, M. (1997) Shinhan Stock Option Nyumon, Chukeisyupan.

Morimoto, S. (1997) ‘Giin Ripou ni yoru Stock Option Seido’ Syojihoumu, 1459, pp.2-10.





