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MATRIX SENSITIVITY, ERROR ANALYSIS AND 

INTERNAL/EXTERNAL MULTIREGIONAL MULTIPLIERS 

MICHAEL SONIS AND GEOFFREY J.D. HEWINGS 

A bstract 

Sherman and Morrison ( 1 949, 1950) provided essential insights into the properties of 

sensitivity and error analysis in input-output systems through ~rocedures for specifying the 

effects of changes in one coefiicient or changes in one row or column on the rest of the system. 

Sonis and Hewings ( 1989, 1992) extended this work and generalized it to include a whole range 

of changes in direct inputs using the concept of a field of infiuence. The present paper considers 

the matricial changes in which sub-matrices of the matrix of direct coefficients change 

simultaneously; these sub-matrices may be considered to reflect different economic substruc-

tures. In this way, the block-generalization of the Sherman-Morrison and Sonis-Hewings 

formulae are possible through the development and extension of Miyazawa's ( 1976) notion of 

internal and external multi-region multipliers. In this way, the matricial decompositions of the 

matrix of fields of influence can be established. 

I. Introduction 

The well-known Sherman-Morrison ( 1 950) formula describes changes in the components 

of the Leontief inverse caused by changes in one component of the matrix of direct inputs in 

an input-output model. More specifically, Iet A=1laij 11 be an nxn matrix of direct input 
coefficients with an associated Leontief inverse. B = (1 -A )~ I = I I bij I I . If change, e, occurs only 

in one place, ( io ,jo ) of the matrix A , then the components of the new Leontief inverse matrix, 

B(e) = Il b,j(e) Il, will reveal the original Sherman-Morrison ( 1950) coordinate form: 

b., b. .e 

b,J(e)=b,J+ "o jOJ (1) l -bj.*, e 

Since 1950, this formula has been used extensively in error and sensitivity input-output 

analysis (see Bullard and Sebald, 1977, 1988; Sohn, 1986 and Sonis and Hewings, 1991 for a 

review of some of the earlier work). On the basis of this formula, the first order (direct) field 

of influence F [ io ,jo I of the increment e . , was introduced (Sonis and Hewings 1989) as the 
'. j. 

matrix generated by the multiplication of the i;h column of the Leontief inverse matrix with the 

.th 
lo row: 



62 HITOTSUBASHI JOURNAL OF ECONOMICS [ June 

blio 

.o (bjol bj02 " bjo" . ) F[ io 'jo] = . 

b~ io 

If the change, e, occurs in only one place, then the Leontief inverse, B(e) , has the form: 

1 -bjoioe F[ io 'jo l 

If the changes occurs in the i~h row of the matrix A, : 

o ) ~'o~( o "' 
e - e, l,e, 2' 'eio" 

then the following Sherman-Morrison ( 1 949) formula would apply, connecting elements 

(~. )= b,j(~. ) ; B= bij 
of the new and old Leontief inverses. B e o ' 'o 

~
 
bj,o b.jeio' 

)
 
bij(~,o =bij+ '=1 (4) i ,j = 1.2, . . .,n 

- ~ 
1 bsioeio' 
s=1 

In the field of influence form (Sonis and Hewings, 1989), the presentation would be: 

~ e,osF[io 's l 

B(~,o) =B+ '=1 (5) -
~
 
1 b. ,o eio s 

s= l 

A further generalization, when all direct coefficients change, can be found in Sonis and 

Hewings ( 1 989, 199 1 , 1 992). In the present paper, the approach will be to build upon this prior 

work, especially equations (3) and (5) for the case of a partitioned input-output system and. 

finally, to relate this to Miyazawa's ( 1 976) distinction between internal and external multipli-

ers in multiregional input-output systems. 

II. Block-Generalized Sherman-Morrison Formula 

For the case where the matrix, A , represents a multiregional block matrix of direct inputs: 
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All A12 "' Al~ 

A= A21 A22 "' A2. (6) 

A~1 Aa "' A~~ 

where the blocks, Aij , are the intra- and inter-regional matrices of direct inputs of the 

region i into region j (i ,j = I ;,...,n). The following Proposition I will be proven as follows. 

Let : 

E:= 

O
 

O
 

O
 

o -

EIOJO 

O ' 

O
 

O
 

O
 

be a block-matrix representing the incremental matrix change in the 

Then, the following is true: 

B(E) = (1 -A-E)~1 = 

Blio 

o A(E)E. LB B B. : 'Qjo jQl ' J02 ""' Jon 

Bn'o 

(7) 

(io'jo)~bIOCk A. 
' Iolo' 

(8) 

Bl*o 

where B2i [ b l o and B, I , Bb B. are the rectangular matrices representing the i3h 

' J 2 ' Io" 
B. iQ 

block-column and the j~h block-row of the original Leontief inverse and 

T
l
 

rE -LI-E. B A~ )-¥ 'ojo joio 

In the block-coordinate form, the following generalization of the Sherman-Morrison 

formula (1) may be shown as: 

Bij(E) =Bij+B,i A(E)E B i ,j= 1,2,. ..,n (10) 
o iojo Joj 
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If the matrix, 

block-row: 
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E, of incremental changes has the form of changes represented in the i th 

E 

O " 

Eiol "' 

O " 

O ' 

E' "' l o Jo 

O ' 

O
 

E io n 

O
 

(11) 

then Proposition 2 holds: 

B(E) =B+ 

B. 110 
B210 

Bn io 

J n rD A(E) ll- Eios LDSI 'Bs2 ' " 'Bsn 

s=1 

(12) 

where: 
l
 ( n o ~

 
A(E) I Eios Bsi 

s= 1 

(13) 

or, in a block-coordinate form: 

~
 B,j(E) =Bij+B,i d(E) L E. B i,j= 1,2,...,n (14) o '.' 'j 
*=1 

Comparison of (2) and (8) indicates that the transfer from the single economy to the 

multiregional setting leads to the decomposition of the field of influence into two block-

rectangular matrices. 

lll. Proofs 

Assume the case where the change occurs in only one block (iojo)' Further assume the 

following statement to be true: 

(1 -AI -A2 )~1 = GIG2= Gl + G1 (G2-1 ) (15) 

where G]= (1-Al)~]; G2= (1-A2Gl)~1' (Formula(15) can be justified by direct 

matrix multiplication; the general formula for Leontief inverses of the type (1-A I - A2- " ' 
-A. )~1 is provided in Sonis and Hewings, 1993). For matrices, A and E, from (6) and (7), 

one obtains: 

B(E) (1 A E)~1=B+B(G2-1) (16) 
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　　wh…ム＝（1一）一・・dG。＝（1－Eム）一1．

1・i・・…t・…t・・t…ムーム、1

EB＝

　O　　　　　　O

凪。’。巧b1　　　亙1．j。巧b‘。

　0　　　　　　0

…　　　O

．．．　凪。。巧。。

　　　　0

and

G2＝（1一亙2）一1＝

1

■凪。j。巧。1

…　　　　O

’．．1一凪。j。巧bi。

…　　　　0

　　O

一亙　ム
　io＾　jo蜆

1

一1

Consider

如）一（・一厄、ゐ巧。j。プ
（17）

then

ノ（E）（1一厄、、。伽。）一1

and，t1lerefore，

　　　　　　　　　　　　　ノ（亙）一1＝∠（亙）厄i。。。巧。’。

It　is　possible　to　check，by　direct　mエ1tip1ication，that：

　　　　　　　　　　　　1I　…　O…　　O

　　　　　　G。＝■（厄）亙．。∫。巧。1…ノ（亙）…∠（万）凪。。。巧。、

　　　　　　　　　　　　O…O…　1
Further，using（18），olle　obtains：

（18）

（19）
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”（G2－1）＝

ムll…3H。’’月1日

4．1．’一Bi．j。’．’”1。。

瓦1’’．B加。．’．”。。

1　　　…

∠（厄）亙、。。。巧。1…

　0　　…　　　　0

∠（E）一1…∠（厄）凪。。。巧。咀

　0　　・“　　　1’

ム1、。■（亙）凪。、。巧。1…ム。。■（E）凪。。。巧。’。…

4。’。■（亙）凪。。。巧。1…ム。’。地）凪。、。巧。1…

”加。ノ（亙）凪。。。巧。1…”、j。■（E）凪。j。巧。i。…

ム1、。∠（亙）厄、。。。巧。、

4。’。∠（E）凪。。。場。，

3。’。ノ（亙）凪。。。場。，

”・。

B’o’o

月。1。

ノ（万）厄M［巧。1，…，み、。，…，み皿
（20）

　　whic11pmvides　us　with（8）。For　t11e　proof　of（12），one　call　repeat　the　previous　pmof，

exc11ang1ng（7）and（9）by（l1）a1ld（13）

　　　　　　W．肋〃θ1〃o〃∫ゆψαo㎎θ∫加G70∬oゆ〃肋
　　　肋ε〃〃1伽29’o〃o1〃ρ〃一0〃ψ〃砂∫蛇㎜C肥αθ∂卵C加〃9ωo〃
　　　　　肋θ〃α炉加gグ〃卯o－Rθgjo〃ol　Dかεα1岬〃∫肋0〃θR昭jo〃

　　Conslder　the　same　multπeglom1syst6m　mtroduced　m　sectlon3and　now　assume　that　the
imtraregional　matrix，ん，ofthe／＾region　has　tlle　following　incrementa1cllange，易．In　this　case，

the　matrix■，can　be脆presented　in　the　fol1owing　block　stmct11re：

　　　　　　　　　　　　　　　1一（㍑）　　　（・1）

　　wllere4皿，■〃are　the　inter－regiona1matrices　representing　difect　input　conmctions

between　reglonj　and　the　rest　ofthe　economy　whl1e　the　matr1xん＾represents　t11e　dlrect　mputs

within　the　rest　of　the　economy．

　　The　incrementa1change　in　direct　inpl1ts　in　the　region∫is　presellted　by　the　matrix：
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1一（㌘：）
（22）

md　the丘nal　demand　v㏄tors　and　gross　output　vectors　and　t1lelr　changes　may　be　presented

aS：

∫一（三）；・一（二）；〃一（ニニ）
（23）

　　fu血her　indicatillg　tl1e　separatioll　of　theグregion血om　the　rest　of　the㏄onomy．Now，the

Leontief　inverses　can　be　present6d　in　simi1ar　b1ock　iorm：

・一（Hγ1一（貴、訂）

．・（厄）一（・一Hジー（㍑）訂8）

（24）

F耐hemOre：

0r

（呈）一（皇、笠）（三）

｛xj＝巧リカ十巧Rムx＾＝B皿j力十”＾＾＾

By　apPlying（20）to（21）and（22），one　has＝

　　　　〃一［如）一・1∫一（㌶鴛ユニ戊芸㍑）（二）

・・・…（亙）一（・一巧、巧、プ…i・i・・1i蘭…t：

■xj＝巧jノ（E）亙〃巧j力十巧、■（亙）亙〃巧＾ム＝

　　＝巧。ノ（厄）厄力（刎十伽ム）＝巧j■（厄）亙。x、

（25）

（26）

（27）

（28）

ノx皿＝ムjノ（亙）万〃巧、力十ム、■（亙）万〃巧ハム＝

　　＝B，J■（厄）11：j、（巧ゴカ十巧＾＾）一ム’∠（万）亙〃Xj

（29）

App1ying　the肱ctoHzation　scheme　used　in（15）to　the／matHx　yields：

ノー（二二、ニニ）一（二ニニ）・（ニニニ）
（30）

and　this　provides　the　fo皿owing　presentation（see　Sonis　a1ld　Hewings，1993）：
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月一（Hγ1一（ユ、ヱ）一（言工）（ムニ、㍗）（㍍）

where：

巧一（・一■”）■’；・戸（・一小）■’

口me

（31）

（32）

　are　the　Miyazawa（1976）intemal　mu1tipliers　forthe　regionプand　the　rest　ofthe　economy，

凡and：

　　　　　　4、一（・一桝、舳、プ；・一一（卜仙、仙】1　（・・）

　aretheMiyazawa　extemal　multipliers　for正egionj　andthe　restofthe㏄onomy，R（see　also

Sonis　and　Hewings，1993）。舳e正mltip1ication，㎝e　obtaim，the　Schur－Miyazawa　fbmula

（Miyazawa，1976）：

W11ere

・一（ぷ巧軌ム）一（、二、巧4㌘）

4－4、巧一（H、、一∠、。2｛、）■1

4－4．3。一（1一ん一ん、卯、。】’

（34）

（35）

　are　the　intema1mu1tiplier　of　the正egion／i冊u㎝㏄d　by　the　rest　of　the　economy　and　the

intemal　multiplier　for　the　rest　of　the㏄ommy，R，in皿u㎝ced　by　regionノ．Moreover，

　　　　　　　　　桝。皿4＝4∠、。B。；Bμ〃4＝4ん耳　　　　　（36）

　Therefore，（28）and（29）may　be　presented　in　the　fom：

　　　　　　　　　　　∠xj＝4■（亙）亙力xj

　　　　　　／xR＝4■幻巧∠（厄）巧jxj＝ムんj4■（亙）巧jx∫

肚om　whic1l　it　is　easy　to　see　that：

4（亙）一4（亙）一［1一（■、、十み）一ノ、凶ん、丁’

（37）

（38）

（39）

　is　the　extem釦mu1tip1ier　ofregionj，genemtedby　the　interregiona1chmge　and　in趾enced

bytherestofthc㏄onomy．
　Fomu1ae（37）through（39）genemte　the　fundamenta1re1atiomllips　between　the　changes
in　the　components　of　the　gross　outputs　t㎞ough　the　action　of　the　matrix　multipliers：

　　　　　　　　　　　　　∠xj＝4（厄）亙〃xj
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　（40）
　　　　　　　　　　　　　∠x＾＝3Rノ＾j■巧・
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V. Change in Gross Output Created by Changes in 
the Block-Row of Direct Matrix Inputs 

If the matrix of incremental changes (22) is replaced by the matrix: 

(
 
E EJJ EjR 

O O 
(4 1 ) 

then similar reasoning will result in: 

AXj= Aj(E) (Elj XJ +EjR XR ) 

AXR = BR ARj AXj 

(42 ) 

where: 

~ -l = I-(Ajj+Elj J ) ( [
 
Aj(E) - A]R +E!R)BR ARj (43) 

is the external multiplier of the region, j, after intra- and inter-regional change, influenced 

by the rest of the economy. 

VL Conclusions 

Perhaps, the main contribution of this short paper is in the manner and new form in which 

two important paradigms in multiregional input-output analysis, fields of infiuence and 

Miyazawa's matrix multipliers, are linked through the conceptual and numerical methods of 

partitioned input-output analysis. 

UNlVERSITY OF ILLINOIS AT UltBANA-CHAMPAlcN, USA AND BAR ILAN UNIVERSITY, 
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