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OPTIMAL GROWTH UNDER UNCERTAINTY:
A COMPLETE CHARACTERIZATION OF WEAKLY
MAXIMAL PROGRAMS*

SHIN-ICHI TAKEKUMA

Abstract

In rthis paper a general reduced model of capital accumulation under uncertainty is
presented, and the existence of a price system supporting the weakly maximal program of
capital accumulation is proved. Also, the conditions under which such a price system is a
sequence of integrable functions are shown. In addition, the weakly maximal program is
characterized by using a price system.

1. Introduction

The purpose of this paper is to prove the existence of price systems for weakly maximal
programs of capital accumulation {under uncertainty and to characterize the weak maxi-
mality of programs. The result established in this paper is a generalization of those of
Radner (1973) and Zilcha (1976). Also it includes the results in deterministic cases by
McKenzie (1986).

In the economy considered in this paper, there is uncertainty in production technologies
and utility functions. In each period in time, the current production technology and utility
function are certain, but future technologies and utilities thereafter are uncertain. The
economic model presented in this paper is a general reduced form which includes many
cases of economic application.

In proving the existence of price systems supporting weakly maximal programs, there
are two key arguments. One is an induction argument for the proof of existence of prices,
which has been developed by McKenzie (1986) in deterministic models and first applied
by Zilcha (1976) to models with uncertainty. The other is a decomposition theorem on
finitely additive measures by Yosida & Hewitt (1952), which has been used in proving
the integrability of prices, first by Bewley (1972) in general equilibrium models, and also
by Radner (1973) and Zilcha (1976) in growth models with uncertainty. In their growth
models, uncertainty exists only in production technologies and is assumed to be stationary.

* This paper was presented at the meeting on nonlinear analysis and mathematical economics at Research
Institute for Mathematical Sciences, Kyoto University, Kyoto, in November, 1991.
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In this paper we shall consider a general non-stationary model with uncertainty in both
production technology and utility, and prove a general support price theorem for weakly
maximal programs of capital accumulation.

This paper is formulated in the following fashion. In section 2 we shall construct
a general reduced model of capital accumulation under uncertainty. In section 3 an ex-
istence theorem of a price system for the weakly maximal program will be proved. In sec-
tion 4 the conditions under which price systems are integrable functions will be shown. In
section 5 the weakly maximal program will be characterized by a price system.

I1I. A General Reduced Model

First we shall present a general reduced model of capital accumulation in which future
utilities and production technologies are uncertain.

Let (2, %, P) be a probability space. Each element in 2 denotes a possible state of
nature, which may be interpreted as a stream of environments in all past, present, and future
periods. Family .# is the set of all possible events and P denotes the probability distri-
bution of states.

Let T={0, 1, 2, ...} be the space of time. The uncertainty of states is described by
a filtration {&; | t€T}, i.e., F; is a o-sub-algebra of & such that &#,C F:,, for all
teT. Each family & is interpreted as the information about states that will become known
up to period .

The production technology available at each period >0 is described by a relation
D,: 2—R™x R™, that is,

v —> Di(w)C R™ X R™,

where R™ denotes an m-dimensional Euclidean space. We assume that the graph of D, de-
fined by

G(D)={(x, y, o) | (x, )EDw)}

is & (R™)x <& (R™)x F;-measurable, where <Z (R™) is the family of all Borel subsets
of R*. By D.(w) we represent the possibility of transformation of capital stocks. That
is, (x, y)eD.(w) means that under state o it is possible to transform capital stock x at time
t-1 into capital stock y at time ¢.

The satisfaction in the economy at each period ¢>0 is described by a utility function
u: G(D)—RU {—o0}. that is,

(xs s w)GG(Di)_’ut(x: Vs w)ERU {'—°°}’

where R denotes the real line. We assume that u, is a <& (R™) x && (R™) x #;-measurable
function, which may take value —co. Value u(x, y, ) is interpreted as the maximum level
of social welfare under state » attained in period between time #-1 to time ¢ if capital stocks
at time #-1 and time ¢ are x and y respectively.

In order to show a program of capital accumulation, we will use a stochastic process,.
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i.e., a function K: Tx 2—R™ such that K(t, -) is Zi-measurable for each t&T. To denote
a stochastic process K: T'x 2—R™, we also write as K={k.|t=T}, where k, is a function
defined by k.(w)=K(t, »). Inaddition, we shall restrict ourselves only to essentially bounded
processes, and namely assume that k,€_ () for all tET, where (. F;) is the set
of all essentially bounded .%;-measurable functions on 9 to R™ with respect to P.

The set of all possible ways to transform capital stocks from time #-1 to time ¢ is defined
by

D:={(f, 9 € Lo F:1-1) x LT (f(0), g(w))ED(w) a8.}.

Definition 2.1: A stochastic process K={k.|tST} is called a program if ki€ F( FP)
and (k;_y(w), ki(w))EDw(w) a.s. for each >0, i.e., (kiy, k:)E 2, for all £>0.

In a program K={k.|1€T}, for each t&T, k. is a random variable and k.(») denotes
quantities of capital stock planned to accumulate at time ¢ in state . Since D, is <& (R™) x
B (R™) x F;-measurable, production technology D, is perfectly known in determining
capital stock k; at time . However, in determining k._, at time ¢-1, production technology
D, is unknown. In this sense, uncertainty exists in production technologies. Similarly,
utility function u, is perfectly known in determining capital stock k. at time 7, but unknown
in determining k., at time r-1. Thus, uncertainty also exists in utility functions.

For a program K={k.|t€T}, we denore, by U,(K), the sum of expected utilities that
will be obtained up to time ¢ by program K. Namely, under some appropriate conditions
which will be shown later, we can define

U.(K) = >’:1 [, welkss(@), Ko), 0)dP(0).

S=

Since value U,(K) may become infinity as ¢ goes to" -+ oo, the so-called overtaking cri-
terion should be used to evaluate programs.

Definition 2.2: A program K={k.[t&T} is said to be weakly maximal if any other
program starting from the same initial condition can not overtake program X, i.e., there
is no other program K’'={k,'[t€T} with k,=k, such that

lim inf [U,(K")— U(K)]>0.
t—4-c0

The above definition is a generalization of maximization in usual problems where utility
sums are bounded.
III.  Price Systems Supporting Weakly Maximal Programs

In this section we shall establish a general version of the support price theorem. The
following are basic assumptions for the model.
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(A.1) (convexity) For each 7 and o, Di(w) is convex and w(x, y, o) is concave in (x, y).

(A.2) (boundedness) For each t, for any «>0 there exists a number § such that (x, y)€
Dy(w) and [|xl| e imply [[y]|< 8 and u(x, ¥, 0)S 6.

Assumption (A.1) is the convexity of the model, and means that production sets are
convex and utility functions are concave. Assumption (A.2) is the boundedness of the
model in each period, and means that, if capital stock at time #—1 is bounded, then capital
stock and utility at time # are also bounded.

Remark 3.1: Assumption (A.2) implies that given f& (% :-y), there exists a number
b, such that ||g||- < b, and Su;(f, g, )dP<b, for all g with (f, )€ Z..

We do not have to take into consideration programs which are obviously bad. Let
us consider a program K*={k*,|tET} satisfying the following condition.

(C.1) Su,(k*t_l, k*,, -)dP> — oo for each ¢>0.

Remark 3.2: Under assumption (A.2), condition (C.1) implies that in program K*,
Sut(k*z—v k*,, -)dP is finite for each r>0. Thus, value U(K*) is well-defined, and the

definition of weak maximality can be applied to program K*.

Given program K*, for each #&T let us define a normalized utility function, v.: G(D:)—
Ry {_ °°} ’ by

ve(%, ¥, @)=ux, ¥, 0)—t(k*:_y(0), k*(), w).

For each t= T and fe F(F7), we denote by S#(f) the set of all feasible programs be-
ginning with capital stock f at time ¢, i.e.,

S f)={K={k:|t€T}| K is a stochastic process such that k,=f
and (k, kep1)E F 44 for each s= 1.

Now, by virtue of Remark 3.2, we can define a normalized value function. For each t&T,
let us define a function V;: &.(F)—R by

Vi{f)= sup {lim inf ¥ Lv,(ks_l, ks, -)dp} for fe LAF7) -

Ke#(f) ‘ro+ow s=t+1

Here, we should note that functions V. are defined for a particular program K*, and
they depend on the program.

Remark 3.3: It can be shown by definition of V; that for each tET,
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VN2 nnlh g YdP+Vin(e)  forall (f, )€ Dy

In particular, if program K*={k*|t&T} is weakly maximal, we can show that program
K* is agreeable, i.c.,

Vt(k,*):gvm(k*t, k*ip1 )P+ Visy(k*ry)  forall teT.

For each =7, we define the effective domain of function V; by
Zi={fe LAF)Vf)>— }.
Also, for each ¢, we define a set by
Z.=1g|(f, g)e =, forsome f}.

Furthermore, we assume the following condition for program K*.

(C.2) k*,eint 275 and int( 24N 2% +¢ for all >0, where symbol “int”’ means the
interior in the |- ||.-topology for space .Z.(F:).

By assumption (A.1), we can easily show that V, is concave and 2% is convex for each

teT. Also, for each >0, define a map ¥,: &,—R by

vJ(f, g)=L) u( f(w), g(w), w)dP .

Then, map ¥, can be shown to be concave under assumption (A.1).

For each t€7, let ¢2*( ;) denote the dual space of (F,), i.e., the set of all
continuous linear functions on ¢%(%,) to R. For each r&T and ke $4(F,), we
define the set of subgradients of ¥V, at k by

aVk)={re LN F)| V) +a-(f—k)zVi(f) forall fe 23}.

Moreover, for each >0 and (k, k) L(F. ) *x F(F,), we define the set of sub-
gradients of ¥, at (k, k') by

¥k, K)={(z, = VE L F: ) x LHF) Uk, K)+a-(f—k)+x'-(g— k)
=2¥(f, g forall(f,9)e=Z,).

Let us define prices of capital goods in program K*,

Definition 3.1: We call {x.|tET} a price system supporting program K*, if, for all t€7,
medVuk*) and (z:, —mer) S ia(k*s, k*py), e,

) Vik*)—aik*2V(f)—=.-f forall fe 2.
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@ Su‘+1(k*t, k*ip1, AP —merke* +mesn k¥

zguzﬂ(f, g )AP—m f+miy g forall (f, 8)€E Fevq .

Now we are ready to prove the existence of a price system supporting the weakly max-
imal program. First we shall prove the so-called induction lemma.

Lemma 3.1: Let K*={k* |t€T} be a weakly maximal program satisfying condi-
tions (C.1) and (C.2). Under assumptions (A.1) and (A.2), if i1 €0Vi—q(k*:—y), then
there exists 7, EaV(k*;) such that (r._y, —7)E 0¥ (k*i—1, k*2).

Proof: Assume that z,_,€8V.-,(k*._,), and define a number w: by

w,=§u,(k*t_1, k*,, )P+ Vilke®) —miq-k* g
=Viea(k* o) —miq k¥ ey
Also, define two sets,
A={(w, 2)ER x L(F7)| w>w,—§u,( f. g dP+myf

for some f with (f, g)€ Z.},
and
B={(w, 9)ERx L F:)| Vi(g) 2 w}.

Clearly, (Vi(k*:), k*.)EB, and (V.(k*:), k*.)€bd A. By assumption (A.1), these sets
are convex. In addition, since int 2%#¢ by condition (C.2), set B has non-empty interior.
Suppose 4 N B=¢. Then there exists ( f, g)E 2, such that

Vilg)>we—{ulf, & VAP+mes f.
By the definition of value function V;, we have
Vt—l(f)—m—f > Vl—l(k*t—l)"'ﬂ't—l‘k*t—l;

which implies that =, €a8V,—,(k*:—,), a contradiction., Hence 4 N B=4.

By a separation theorem [Dunford & Schwartz (1964), Thm.V.2.8, p. 418], there exists
a non-zero continuous linear function (c,—x:) on Rx Zu(F), i.e., a number ¢ and a
function z, & &.*(. ;) such that ' '

c.w—n,-g=cw—m-g’ forall (w, g)€A4 and (', g')EB.
This implies that
(3.0) c[w;—uzg(f, g VdP+riy fl—m-g=cVlg)—n.-g' forall (f, g)E Z. and g'€ 2%.

Suppose ¢=0. (3.1) implies that z.-(g’'~g)=0 for all (f, g)€ 2, and g'€ 27. There-
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fore, by condition (C.2), z,=0, which is a contradiction to (c, z;)#0. Hence, since c=0
by the shapes of sets 4 and B, we can assume that ¢c=1 without loss of generality.
Put g’=k*, in (3.1). Then,

Sut(k*t_l, ko, AP =iy ke ek gu,( 1,8 APy f+me-g

for all (f, g)=.2,;. This implies that (r;—;, —r;)E0¥(k*:—1, k*0).
Moreover, put f=k*,_, and g=k*, in (3.1). Then,

Vik)—rek* 2 V(g)—nr.-g' forall g'e 23,

which implies that =z, V.(k:*). [}

Theorem 3.1: Let K*={k*,|tET] be a program satisfying conditions (C.1) and (C.2).

Under assumptions (A.1) and (A.2), if program K* is weakly maximal, there exists

a price system supporting program K*.

Proof: The theorem can be proved by an induction argument. Since kq* <int 25,
by condition (C.2), by a separation argument there exists z,=aVy(k*,). Thus, by induc-
tion with respect to time ¢, Lemma 3.1 implies the existence of a price system {r;|tET] sup-

porting program K*. N |

For each t>0 and (k, k') E ( F, 1) X Fu( F7), we define the set of partial subgradients
of ¥, at (k, k') by

Wk, k)=[r€ LHF D, 2 )Wk, k).

Then, we have the following theorem, which is usually called “the envelope theorem.”
Theorem 3.2: Let K*=[k* |t&T] be a program satisfying conditions (C.1) and
(C.2). Under assumptions (A.l) and (A.2), if program K* is weakly maximal, then
OVulk*)C 0,¥ 1aq(k*e, k*eyy) for all t<T.

Proof: The theorem follows immediately from Lemma 3.1. [ ]

IV. [Integrable Price Systems

For each t&T, let ba(_ ;) denote the set of all bounded finitely additive m-dimensional
vector-valued measures on %; absolutely continuous with respect to P. Also, let
F( ) denote the set of all integrable .&;-measurable functions on 2 to R™.

Remark 4.1: By a theorem [Dunford & Schwarts (1964), Thm.IV. 8.16, p. 296], & *( ;)
can be identified with ba(_%7;), and for each r€ Z.*( F7),
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n'f=8fdﬂ for alle.%.,(%) s

where 7 is also regarded as an element of ba( ;). In addition, if = is countably additive,
then, by the Radon-Nikodym theorem [Dunford & Schwartz 1964, Thm.III.10.7, p. 181],
there is a unique derivative of =, say, pE . %% (.%.) such that

Sfdﬂ=gp-fdP for all fe F.(F:) .

Thus, & (%) can be regarded as a subset of ba( F;), or L5 (F:).

Remark 4.2: If reba( ;) is non-negative, then, by a theorem [Yosida & Hewitt (1952),
Thm.1.23, p. 52], = can be uniquely decomposed into two parts, that is, there exist unique
7.=0 and #,=0 in ba( ;) such that 7, is countably additive and =, is purely finitely ad-
ditive, and such that

T=n¢+7p .

Therefore, by the Radon-Nikodym theorem, there is a unique derivative of =z, say, pe
F(F) such that

g fdnczg p-fdP  forall fe (7).

Since FY(F;)c LH(F,), for pe F(F;) we can write pcaVi(k) if and only if
V,(k)+&p-(f—k)dPg V.(f) for all f€ .25. Also, for pE &F( ;) and p'e F(Fir) We

can write (p, —p)E ¥ es1(k, k) if and only if gu,ﬂ(k, k', YdP+ g p-(f—k)dP— S P -(g—k)dP=

(s £, &, )P for all (f, )€ Dy

Now, we are interested in a price system {p.|tET} such that p,e F(F;) for all
teT.

Definition 4.1: We call {p,|teT} an &i-price system supporting program K*, if, for
all t €T, p.€ LU(F:), pe€aVi(k*e), and (pe; —per1)E 0V e4a(k*e, k*e1), 1.,

0 V,(k,*)—Sp,-k,*dPg V,(f)—gp,. fdP forall fe 2%.
@) Vel k¥, VAP~ pe-kc*idP+ | prsy-K*.1ndP
2w, g YdP=\pi faP+{pess-gdP for all (f, )€ Din,

where V. is the normalized value function for program K*,

In order to get an &7 -price system, the following lemma is useful.
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Lemma 4.1: If (z, —z)€¥,31(k, k'), =0, and ' =0, then (p, —p")E6¥ t11(k, k'), Wwhere
PE F(F,) and p'e F(F .+, are the derivatives of the countably additive parts z.
of = and .’ of =’ respectively.

Proof: Since z=0 and »’'=0, by Remark 4.2, = and =’ can be decomposed uniquely
into a countable additive part and a purely finitely additive part. Namely, = is decom-
posed into rm.Eba(F#;) and m,cba(F:), and z' into z.'€ba(Fity) and z,/Eba(Fiiy)-
Also, let us denote the derivative of =, by p and that of =, by p’.

Moreover, by a theorem [Yosida & Hewitt (1952), Thm.1.22, p. 52], for z, there is
a sequence 4,E %, such that 4,C 4,,, and 7,(4,)=0 for all n, and such that lim, P(4,)=
1. Since =, is also a purely finitely additive measure defined on &7, there is a sequence
B.€ ., such that B,C B,,, and r,'(B,)=0 for all n, and such that lim, P(B,)=1. De-
fine C,=AnNB,. Then, C,€ Fs, CnC Cuyy, 75(Cn)=r,"(Ca)=0 for all n, and lim, P(C,)=
1.

Now, let (f, g)e Z..;. For each n, define functions f, and g. by

(f(w), g(w)) " for wEC,
(k(w), k'(w)) otherwise,

(fu(@), gn(@)) =l
Then, (fa, g2)E Fiy. And, since z,(Cy)=r,'(Cn)=0, we have
a-(k—fa)=nc:(k—fa)+7p-(k—fa)
= [p-te=f)aP + |, (e~ 1)z,
=§p.kdp— Sp-fndP
and
' (k' —gn)=n"-(k'—gn) + 75"+ (K"~ gn)
=[p e —gnap+ |, (& —gdny’
=Sp’-k'dP—§p’-gndP
Thus, since (z, —z")€d¥.44(k, k'), we have
fnte, ', NaP+p-(famidP—(p' (8= K)AP2 (s for gns )P
for all n. Since lim, P(C,)=1, we have in the limit

(sl ', 3P+ {p-(f —i0aP—(p- (g~ K)aP2 \uers(f, g, -)dP. m

This completes the proof of the lemma.
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In order to insure the non-negativity of prices we assume:
(A.3) (monotonicity) If (x, yY)€Dyw), x<x’, and x=x’, then (x’, »)ED.(0) and u(x, y, ) <
u(x', y, o). .

The above assumption is the monotonicity of utility functions with respect to initial
capital stock at each period. Now, under this assumption, we are ready to prove:

Theorem 4.1: Let K*={k*,|tET} be a program satisfying conditions (C.1) and (C.2).
Under assumptions (A.1), (A.2), and (A.3), if program K* is weakly maximal, then
there exists an _&-price system {p.|/ET} such that (p., —pis)) ST 1 (k*s, k*1yq) for
all teT.

Proof: Theorem 3.1 implies the existence of a price system {r.|tET} supporting
program K*. Assumption (A.3) implies that =, =0 for all t&7T. Therefore, this theorem
follows from Lemma 4.1.

In order to prove the existence of an .7} -price system supporting a program K*, we
need to assume the interiority of the program. For each f€ _¢2( F:_,), define

2= LUF)(f, )€ D}

At time ¢, given k*,_;, we choose k*, from set, %;(k*._,). The following condition
means that k*, is chosen in the interior of 2 (k*._)).

(C.3) (interiority) k*.cint Z4(k*;_,) for all £>0.

For a weakly maximal program satisfying the above interiority condition, we can prove
the existence of an _&;-price system supporting it.

Theorem 4.2: Let K*={k*|t=T} be a program satisfying conditions (C.1), (C.2),
and (C.3). Under assumptions (A.1), (A.2), and (A.3), if program K* is weakly max-
imal, then there exists an .&-price system supporting program K*,

Proof: By Theorem 3.1 we have a price system {z,[tET} supporting program K*,
ie., meaVi(k*) and (z:, —re41) S oW 4y (k*e, k*eyy) for all =0, Assumption (A.3) implies
that 7,20 for all r&T. Therefore, by Lemma 4.1, we have {p,|t<T}, where p, is the de-
rivative of the countably additive part of =, for each ¢, such that (p:, —pes1)E 6T esa(k*e,
k*iyy) for all £=0. Therefore, it suffices only to prove that p,=a¥.(k*;) for all t=0.

Suppose that 7z, were not countably additive, there would exist a sequence of sets
AnE Z; such that 4,c 4, and 7,(4,)S7.(U c4:)—w for all n, where weR™,, and w=0.
Let B,=A,U (2\UzAx). Then, U,B.=2 and

4.1) (Bn)Sn(2)—w.
for all n. Define f€ ( Z._,) by ‘
4.2 flw)=k*..(w)+éw,
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where § is a positive number. Also, for each », define g, &.( ;) by

() =|:k*,(cu) _ for wEB,

“.3) .
k*(w)+ 0me1(2) otherwise .

Here, by condition (C.3), we can choose a sufficiently small § such that (k*._,, g.)& 2.
Therefore, by assumption (A.3), (f,g.)€<,. Moreover, by assumption (A.3), gut(k*,_l,

k*;, )dP< Su,( f, k*:, -)dP. Therefore, since lim, P(B.)=1,

gu,(k*,_l, k¥, )< gu,( £, gn, )P .

for all sufficiently large n. Since (.-, —7)Sdu(k* .y, k*:;), we have, by (4.1), (4.2), and
4.3),

0> Su;(k*t_l, k*t, ‘)dp_gut(f5 &, ')dP

Z iy (KFey— f)— 7 (K*e—&n)

=— 81 o(2) W 870-1(2) 7:(2\Br)

== 57!'2_1(.9) W + 577.':-1(.9) . (72':(9) - m(Bn))
= —0m—1(2)- W+ dme—1(2)- w=0,

a contradiction. This proves the countable additivity of r,. Thus, p;==: for all >0.
Therefore, p.€aV:(k*,) for all 1>0.

In particular, we have shown that pleaVl(k*) and (pg, —p)€a¥,(k*,, k*). Let
(f, 90 € =2;. Then, . .

Vilk*)+ {1 (g = k*)dP2 Vie)

and

it o, ety YaP+{py-(f —*)aP—pr- (g~ k*)dPz (£, g, -)dP
Hence, by the above two inequalities,

fitro, ke, YaP+ i)+ \po- (f — k¥ P2 (£, g, P+ V().
Thus, by definition of the value function ¥, we can conclude that

Vit )+ por (f —K*dPZ V().

This proves that p,eaVq(k*,). . . ]
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V. Complete Characterization of Weakly Maximal Programs

First we shall prove a fundamental theorem which shows a necessary and sufficient
condition for weak maximality.

Theorem 5.1: Let K*={k* |t T} be a program satisfying conditions (C.1) and (C.2).

Then, under assumptions (A.1) and (A.2), program K* is weakly maximal if and

only if lim; Vi(k*;)=0 and there exists a price system {r.|?&T} supporting program

K*,

Proof: (Necessity) Assume that program K* is weakly maximal. Then, by Theorem
3.1 we have a price system {r.|tET} supporting program K*. Also, since program K* is
weakly maximal, by definition of Vi, Vi(k:*)=0 for all tT. Therefore, lim, V;(k*,)=0.

(Sufficiency) Assume that K* is a program satisfying conditions (C.1) and (C.2), and

that lim, V,(k*;)=0 and there exists a price system {=.|¢&T} supporting program K*.
First we shall show that program K* is agreeable, i.e.,

t
(5.1)  Vk*)=3 jv,(k*._l, k*,, YdP+Vi(k*) forall £>0.
s=1

where v,’s are the normalized utility functions for program K*.
Suppose that (5.1) were not true. Then, by definition of V, there is #'>0 such that

¢
Vok*9)> 2 Sva(k*s—b k*,, -)dP+ V;(k*.-) .
s=1
Therefore, again by definition of ¥, there exists K& S#5(k,*), ¢>0, and ¢”">1¢’ such that
t ¢
(5.2) X Sv.(k,_l, ks, YAP + Vilk)> 23 jvs(k*,_l, k*s, )AP+Vi(k*)+e forallt>¢".
1 s=1

s=

On the other hand, since {z:|t&T} is a price system supporting program K¥,

Vz(kz*) —7T¢r k*z = Vt(kt) —Tme kt

and
Su,(k*t_l, k., VAP =g k* oy k= gu,(k,_l, ki, VAP =ri g koo +11-ke
for all £>0. Since k,=ky*, These inequalities imply that
t t
% [nuetsss Kt AP+ VAK*DE T [llesss kv )P+ VilkD
s=1 s=1

for all £>0. This contradicts (5.2). Thus, (5.1) has been proved.
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Now, by (5.1) and by definition of functions v.’s, ¥V(k*q)=V:(k*) for all £>0. There-
fore, since lim, V,(k*;)=0, we can conclude that Vy(k*;)=0. Hence, by definition of v.’s,

40
Vo(k*o)= Zlgvs(k*s—p k*s, ')dP
s=

By definition of ¥, this implies the weak maximality of program K*, [ |

Now we can prove a useful theorem in the case where the sum of expected utilities is
finite. We assume in addition the following:

(A.4) For each ¢, (x, y)D.(w) implies x=0.
(A.5) For each ¢ and o, (0, 0)e Di(w) and u,(0, 0, ©)=0.

Assumption (A.4) means that capital stock must be non-negative. And, assumption
(A.5) means possibility of inaction, namely that capital stock can be zero.

Theorem 5.2: Let K*={k*,|t=T} be a program satisfying conditions (C.1) and (C.2),
-} o0

and assume that >} Iu,(k*,_,, k*;, -)dP exists and is finite. Then, under assumptions
i=1

(A.1), (A.2), (A.3), (A.4), and (A.5), program K* is weakly maximal if and only if there

exists a price system {r;|# T} satisfying the following conditions:

(1) For each t>0,

Su,(k*,_l, k*o, AP =g ke yt o k* 2 gu,( g YAP—m s f +mieg
for all (f, gl Z..

(2) lim Rz’k*g =0.
o+ o0

Proof: (Necessity) Assume that program K* is weakly maximal. Then, by The-
orem 3.1 we have a price system {r.|?&T} supporting program K*. Therefore, for each
teT, Vik*)—n-k*=V(f)—mn: f for all f€ L F;), where V; is the normalized value
function for program K*. Hence, by putting f=0, we have

Vik*)—Vi(0)=r:-k*. forallt.

In addition, by definition of ¥, and assumption (A.5),

4 o 400
V)z % jv.(o, 0, )Pz — ¥ ju,(k*,_l, k*,, )dP
s=t+1 s=t+1

for all >0, where v,’s are the normalized utility functions for program K*. Thus, by the
above two inequalities, we have
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+ oo
Vik)+ 3 Iu,(k*,,_l, k*,, YdPzm,k*, for all £>0.
s=t+1

-+ oo
By Theorem 5.1, lim V.(k*)=0. Also,since ] Eu,(k*t_l, k*;, <)dP is finite,
t—»-|-c0 t=1 ’

+ o0
lim 3 ju,(k*,_l, k*, )dP=0.
t—+o0 s=f+1

Hence, the above inequality implies that lim sup z;-k*;<0. On the other hand, (A.4)
t—+4-o00
impies that k* =0, and (A.3) implies that z,=0. Hence, z.-k*,=0 for all t£>0. Therefore,

we can conclude that lim =,-k*,=0.
t—4-c0

(Sufficiency): Let K*={k*[tT} be a program satisfying conditions (C.1}) and
(C.2), and assume that there exists a price system {r.|t<T} satisfying conditions (1) and
(2) of this theorem.

Now, let K={k.|t=T} be a program such that k,=k*,. Since {z:|?ET} satisfies con-
dition (1) of this theorem.

Su;(k*;_l, k*c, ')dP+ ﬁt—l'(kt—l_k*t—]_)_ﬂ'z'(kt—k*t); Sut(kt—l’ kt, ')dP
for all £>0. Since ko=k*,, by summing up we have
t t
mok*—mkiz 3 f"-s(ks—l, ks, -)dP — % jus(k*l—ls k*s, -)dP
s=1 s=1

for all t>0. (A.3) and (A.4) imply that r.-k,=0. Hence, the above inequality and con-
dition (2) of this theorem imply that program K does not overtake program K*. Namely,
program K* is weakly maximal. ]
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