PRICE FORMATION AND COOPERATIVE
BEHAVIOR OF FIRMS:
A LIMIT THEOREM ON COMPETITION AMONG FIRMSt

by SHIN-ICHI TAKEKUMA*

I. Introduction

Since A. Cournot presented a model of duopoly, a non-cooperative situation has been
considered as an important case of competition among firms. Cournot considered a simple
case of two firms and presented a concept of stable equilibrium, which is known as the Cournot
Equilibrium, where each firm cannot make its profit greater by changing its amount of
product as long as the other firm does not change its amount of product.

In our opinion, however, there are two points to be completed in his analysis. The
first is that cooperative behaviors of firms should be included. In fact, it is well known that
the Cournot Equilibrium is not efficient. Namely, the profits of both firms can be increased
if they collude. In this sense, the Cournot Equilibrium is not stable.

The second is that the theory must be developed in the frame-work of general equilibrium
theory. It is quite important to show how firms can get the demand for their products in the
product-market and how they can get the supply of factors for production in the factor-
market. Also, the distribution of profits from firms to share holders must be described.

Unlike Cournot’s analysis, in this paper we consider cooperative behaviors of firms. Our
economic model is a so-called Arrow-Debreu model in [1] and [3]. In our economy, con-
sumers are price-taking agents, and they maximize their utility within their budgets. Con-
sumers are assumed not to take any cooperative behavior. On the other hand, firms are
price-making agents, and they make a coalition to maximize their profits. Therefore, only
firms are active agents in our economy. This supposition is quite plausible from a realistic
point of view. In fact, collusive behavior of firms can be more often observed in the real
world rather than collusive behavior of consumers. The purpose of this paper is to investi-
gate what is a “‘stable” agreement among all the firms in the economy where cooperative
behaviors of firms exist, and to verify what allocation is realized in the economy under such
a “stable” agreement.

When it comes to a cooperative agreement among firms, a difficult problem is how
profits are divided among firms. In fact, in a small economy, we cannot find a decisive way
of profit division among firms, and as a result we cannot distinctly know what allocation is
realized in the economy. However, if the economy is large, the allocation which is realized
under a “stable” agreement on profit division among all the firms can be shown to be a
Walrasian allocation. This argument exactly corresponds to the limit theorem on the
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equivalence between Edgeworth allocation and Walrasian equilibrium, which has been shown,
such as, by H. Scarf [9], G. Debreu and H. Scarf [4], and R.J. Aumann [2].

To sum up, our conclusion is as follows: As long as consumers behave as price-taking
agents, and if the economy is large, a ‘“stable” agreement among all the firms realizes a com-
petitive allocation in the sense of Walras in the economy. We should note that our limit
theorem is essentially different from that of J.J. Gabszewicz and J-P. Vial [5], where a non-
cooperative case is studied.

II. Model and Notation

We shall use the following notation: R* denotes a k-dimensional Euclidean space, where
k is a positive integer. R.* is the non-negative orthant of R¥, and R, is the interior of
R,k Also, R_k=—R,* and R*_=—R%,. In particular, when k=1, we write R, R,,
Ri4+, R_,and R__ instead of RY, R,Y, R}H, R_1, and R:_. Subscripts attached to vectors will
be used exclusively to denote coordinates. Following standard practice, for x and y in
Rk we take x>y to mean x;>y; for all i; x=y to mean x;=y; for all i; and x>y to mean
x=ybutnot x=y. The integral of a vector function is to be taken as the vector of integrals
of the components. The scalar product Z,k:lx;yi of two members x and y of R* is denoted
by x+y. The symbol O* denotes the origin of R¥. The symbol ~ will be used for set-
theoretic subtraction, whereas the symbol — will be reserved for ordinary algebraic sub-
traction.

We shall consider a private ownership economy with a fixed list of firms and consumers.
Let (4, .57 1) be a finite positive measure space of economic agents, i.e., the elements of the
set A are interpreted as economic agents, the class .97 as a collection of sets of economic
agents, and the number x(C) for each C& & as the size of set C. The mathematical
structure of (4, 27 p) is as follows: 4 is an arbitrary set, .97 is a g-algebra of subsets of
A (i.e., is a class of subsets of 4 containing ¢ and A4, and is closed under the operations of
complementation, countable union, and countable intersection), and 4 is a countably addi-
tive set function of . into Ry such that y(4)<co. In the economy there are two kinds
of economic agents, that is, consumers and firms. The sets of all the consumers and all the
firms are denoted by S and T respectively. It is assumed that

SUT=4, SnT=¢, and S, TE X
In what follows, an element of the consumer set S is always denoted by s, and an element
of the firm set T is always denoted by z. Let us define two classes as follows:

F={Ce|CCS} and 9 ={Ce¥|CCT}.
Define two measures y,(U)=u(U) for UES” and py(V)=p(V) for VEZ. Then we can
easily verify that the classes & and .7 are g-algebras. Therefore, (S, &7 ;) and (T, 7,
2 are proved to be finite positive measure spaces.

In our economic model there are finite kinds of different commodities. The number of
commodities is denoted by a positive integer /. Define a mapping X :S—28.  The set X(s)
is interpreted as the commodity consumption set of each consumer s&S. And for each con-
sumer s€S we define an irreflexive binary relation »; on X(s), which represents each con-
sumer’s preferences of commodity consumption.

Let f° denote an integrable function of S into R' whose image f°(s) is interpreted as the
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amounts of commodities initially held by consumer s&.S.

In the case of firms, a mapping Y: T—2F is defined. The set Y(¢) is interpreted as the
production possibility set of firm r&7.

Furthermore, we define a product measure space (S X T, & X .7, p1X p2), which is the
Cartesian product of the measure spaces (S, & p,) and (T, .7, ). The profits of firms

in this economy are all distributed to consumers in a historically determined way. That is,
there is a measurable function §:5X T— R, such that

Ssﬁ(s, t)ds=1 for every t €T,

with (s, t) standing for the relative share of consumer s€S in the profit of firm t&7.
Namely, if firm ¢ earns profit =(¢), then 6(s, t)sx(¢) must be paid by firm ¢ to consumer s as
a profit dividend.

Throughout this paper, we shall use the following notations to denote integrals: For
example, if &, &', and A" are integrable functions on the measure spaces (4, & p), (S,

& ), and (T, 7, p,) respectively, then their integrals are always denoted by 5hd 1, fh’ds,
and Sh”dt respectively.

III. Market Structure and Cooperative Behavior of Firms

We shall consider an economy in which consumers are price-taking agents and firms
are price-making agents. Therefore, it is only firms that actively behave in the economy.
Our problem is what allocation will be realized in such an economy.

In order to describe an allocation in the economy, we use a pair (f, g) of integrable func-
tions such that f:S—R! and g:T—R'. The image f(s) denotes the amount of commodities
allotted to consumer s€ S, and the image g(z) denotes the production activity by firm r&T.
Of course, we have only to take into account allocations which are technologically feasible.

Definition 1.
An allocation ( f, g) is feasible between U .S and VE.7 if the following conditions
are satisfied:
) fEX(s) a.e. (almost everywhere) in U.
1) gY@ ae in V.

i) {,r-ras=<( g

In particular, When U= S and V=T, we call it a feasible allocation for the entire economy.

In the above definition, condition (i) says that allotment f{s) of commodities is acceptable
for each consumer s€U. Condition (ii) means that production activity g(¢) is possible for
each firm t&¥. Condition (iii) guarantees that coalition ¥ of firms can sustain the allot-
ment f(s) of commodities to every consumer s& U.

Definition 1 simply says that allocation (f, g) can be technologically realized between
consumers in U and firms in ¥. But it needs to be realizable in the market as well as in the
technological sense. We assume that all the consumers buy and sell commodities in the
market so as to maximize their utility within their budgets. Therefore, each consumer’s
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behavior in the market is described by his demand function.

Each consumer’s budget depends on both profit dividends from firms and a price system.
We use an integrable function 7 :7— R to denote profits of firms. The image n(t) denotes
the amount of profit which firm /&7 promises to pay. Each consumer’s demand for com-
modities is defined as follows: For a price vector p& R,/ and for a promise of profit pay-
ments by firms 7 :7—>R., the demand of consumer s€S is

D(p, =,5)={xEB(p, =, s)|not y)-x for any yEB(p, =, s)},
where

B(p, 7, )= [x€X@|p-x=p- S+ 06, -z} A

To sum up, each consumer s€S behaves in the market in the following way: When each
firm &7 promises to pay the amount z(f) of profit, and when a price system PER i
announced to him, he selects a point x€D(p, r, 5), and buy or sell the amount (x—f° (s)) of
commodities in the market.

On the other hand, firms are price-making agents who try to earn profits as much as
possible. In general, we should consider the cooperative behavior of firms. Some firms
may form a coalition to earn profits. Let ¥ be such a coalition of firms. If any amount of
profit is earned by coalition ¥, then it will be divided in some way among the firms in the
coalition. Since firms do not have any resources, or any commodities, they need to buy from
consumers some resources as inputs for production. Also, after producing some goods,
they have to sell them in order to earn profits. In short, they must get both supply of factors
and demand for products in the market. To do so, coalition ¥ needs to make contracts
with some consumers. Let U be a group of such consumers that coalition V¥ wants to trans-
act with. Since consumers are price-taking agents, coalition ¥ has only to present prices of
commodities to each consumer in order to make a contract. In that case, coalition V' does
not necessarily have to announce same prices to all the consumers. Announced prices can
be different from consumer to consumer, because consumers are assumed not to take any
collusive behavior. In this sense, there may exist a kind of price discrimination among
consumers. Therefore, different consumers may transact with coalition V at different prices.

In this way, coalition V separately makes a contract with each consumer in U. To
describe these contracts, we use a measurable function p: S— R.’, whose image p(s) denotes
the prices of commodities undeér which consumer s€ U transacts with coalition V. As was
pointed out earlier, consumers’ decisions depend on a promise of profit payment r :T—+R,
which firms make. Therefore, coalition ¥ can also influence consumers by changing the
promise of profit payment z(¢) of firm #EV. So, we refer to a pair (p, z) of functions such
that p:S—R.! and 7:T— R, as a marketing strategy.

Definition 2. . ‘
A feasible allocation (f, g) between UE .S and VE T is realzzable in the market if there
exists a marketing strategy (p, =) such that

(1) f9)eD(p(s), =,s) ae.inU

and

(@) { zd <[ o) (76)-1(5))es.



48 HITOTSUBASHI JOURNAL OF ECONOMICS [February

We call such a pair (f, g) a realizable allocation for V inducing U with a marketing
strategy (p, ). Also such a quadruplet (f, g; p, =) is called a realizable contract con-
figuration between U and V.

In particular, when U= S and V=T, we call such a pair (f, g) a realizable allocation
for the entire economy with a marketing strategy (p, z). And, such a quadruplet (f, g;
p, w) is called a realizable contract configuration of the entire economy.

This definition shows conditions which guarantee that a feasible allocation (f, g) between
coalitions U and ¥ can be realized in the market by coalition ¥ of firms inducing a group U
of consumers with a marketing strategy (p, ). Condition (i) simply means that all the con-
sumers in U are taking prices as given. Namely, each consumer s€U is maximizing his
utility within his budget when the prices p(s) of commodities are announced to him by coali-
tion V. At that time, the net amount (f(s)—/%s)) of commodities are traded between
coalition ¥ and consumer s&U. As a result of the trades with consumers in U, by virtue
of condition (iii) in Definition 1, coalition V can get enough supply of factors for production
and can produce enough amount of goods to satisfy the demand of consumers in U.

On the other hand, coalition ¥ can earn the amount p(s)-(f(s)—f?(s)) of profit in the
trade with consumer s€ U, because that trade is done under the price system p(s). There-
fore, the total amount of profit earned by coalition V' is SUp(s)-(f(s) —f%s))ds. Hence, con-

dition (ii) implies that the total amount Syn-dt of profit which the firms in coalition ¥ promise

to pay is not greater than the total amount of profit actually earned by coalition V in the
trades with consumers in U.

Under the conditions of Definition 2, coalition ¥ can induce a group U of consumers
to participate in the coalition with a marketing strategy (p, ). Namely, the consumers and
firms in ¥ and U form an autarchic subeconomy. But, we have to note the following: The
consumers in U are not perfectly independent of other agents not in U U ¥, because condition
(i) depends on the promise of profit payment which the firms in 7~} make. However, a
justification for the independency of group U U ¥ can be made by the following lemma.

Lemma 3.1

Let (f, g; p, =) be a realizable contract configuration between U<.5”and V€., Then
the following holds.

ool 0emacfas<{ [{, o-malas

Proof: By virtue of the definition of demand function, the condition (i) in Definition
2 implies that

G.1) p()f5)<p(s)°(s)+ STa(s, )ex(t)dt  ae.in U
Integrating this inequality over U, we have

02 { porve-roass| [{,0-xdlas

By virtue of condition (ii) in Definition 2, this inequality implies that
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[ rar=( [ 0-maas
14 Ul

S
SUUT 0wt dS"'S Uyﬂ-zdt]ds
Jol§

U[ oyl rdt ds— LNU[SV"'”"’]"”Ss[fyﬂ'ﬂdf]d&

Since S S[Vf)'zrdt]ds: SVH s0 -rrds]dt= syyrdt by Fubini’s theorem, we have the conclusion
of this lemma.

Q.E.D.
In the inequality of this lemma, the left-hand side is the dividend of profit which must be
paid to the consumers in S~ U, who have shares in the profits of firms in ¥. And the right-
hand side is the dividend of profit to be paid to the consumers in U, who have shares in the
profits of the firms in T~V. Therefore, this lemma implies that group U U ¥ does not
have any debt to the complementary group A~(U U V) in the sense of social accounting.
Moreover, the following properties concerning a realizable contract configuration of the
entire economy should be noted.

Lemma 3.2
If (f, g; p, =) is a realizable contract configuration of the entire economy, then

@) POSO)=POS O+ 06, Dext  ae.ins,

and

@ {wai={ po)(6)-r60as

Proof: Since (f, g; p, ©) is a realizable contract configuration of the entire economy, we
can put U=S and V=T in the inequalities (3.1) and (3.2) in the proof of Lemma 3.1 and
in condition (ii) of Definition 2. Namely, we have the following:

63 - SO=P@)-S @)+ 06 Dozt ae.ins.

G4 (| p6) &) -r s [[,0-marlas

65) | mar<( p)-6)-r)s.

Since [ {,0-dt)ds={ [ [ ;6-xds]dt={, xdt by Fubini’s theorem, (3.4) and (3.5) imply that

Srﬂ:dt= gsp(s)ov(s)— fo(s))ds= Ss[ S 0 «ealt]ds.

The first equality of this implies property (ii) of this lemma. Also, the second equality implies
property (i) of this lemma together with (3.3).
Q.E.D.
In this lemma property (i) says that all the consumers are exhausting their budgets.
And, property (ii) means that profits are completely distributed among firms.
We now confine our attention to realizable contract configurations of the entire economy.
A contract configuration of the entire economy can be regarded as an agreement about profit
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division among all the firms in the economy. Namely, coalition T of all the firms announces
prices p(s) to each consumer s€S and transact with him, and all the profits which arise in
the trades with all the consumers in the economy are divided among all the firms in the
coalition. However, even if a contract configuration of the entire economy is realizable
in the market, it may be unsatisfactory for some firms, and they may try to improve it upon.
In fact, if it is unsatisfactory, they will and can form a coalition, make a new contract con-
figuration, and better their situations in the following way.

Definition 3.

A realizable contract configuration ( f, 2: P, #) of the entire enconomy can be improved
upon by a coalition V of firms inducing a group U of consumers if there exists a realizable
contract configuration (f, g; p, =) between U and V such that

G f)rAs) ae.in U,

(i) =(@)>z() ae inV,
and such that
(i) =(@)=7() ae.in T~V.

In this definition, condition (i) means that every consumer in U can achieve a better
situation by making a new contract with coalition V. In other words, coalition V' can
induce every consumer in U to participate in the coalition by proposing a better contract to
him with a new marketing strategy (p, ). Condition (ii) means that every firm can actually
get greater profit as the result of the new trades with the consumers in U. Condition (iii)
says that coalition ¥ is supposing that the firms outside the coalition, or in 7~¥, do not
change their promises of profit payment. Accordingly, this definition says that, as long as
each firm t& T~V promises to pay the amount #z(z) of profit, coalition ¥ can form an au-
tarchic sub-economy by inducing the consumers in U to participate in the coalition in order
that the profits of the firms in coalition ¥ may become larger.

Definition 3 suggests that firms are active agents and consumers are passive agents in this
economy. In fact, consumers consider announced prices of commodities as given in the
market. In this sense, consumers are price-taking agents in this economy. But, we are
assuming that consumers are always ready to make contracts with coalitions of firms who
announce more favorable prices of commodities to them. So, firms cannot announce arbi-
trary prices of commodities to consumers, because if they announce unfavorable prices to
consumers, any contract with consumers will not be realized. If a coalition of firms fails
to induce any consumers to participate in the coalition, no profit will arise in the coalition.
Therefore, condition (i) is a fatal one that must be satisfied when firms try to form a new
coalition.

There may be some realizable contract configurations of the entire economy that cannot
be destroyed by any coalition of firms.

Definition 4.

A realizable contract configuration of the entire economy is called an equilibrium of the
economy if it cannot be improved upon by any coalition of firms with positive measure.

We have to note that this definition simply says that a realizable contract configuration
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cannot be improved upon by any coalition of firms inducing some consumers if it is an equi-
librium of the economy. Therefore, it may happen that an allocation of a contract con-
figuration, which is an equilibrium of the economy in the sense of the above definition, can
be improved upon by a group only of consumers if consumers are no longer price-taking agents.
In this sense, we are considering a firm-leading economy and asking what allocations are
“stable” in such an economy.

Our purpose is to find what allocation is realized under a “stable’” agreement among all
the firms. As we shall show later, only Walrasian allocation can be realized if the economy
is large.

IV. Competitive Contract Configuration

A so-called Walrasian equilibrium is a special form of realizable contract configurations
of the entire economy. We can define a Walrasian equilibrium in the economy by using
the definition of contract configuration.

Definition 5.
A realizable contract configuration (f, g; p, #) of the entire economy is called to be
competitive if there exists a price vector 5 €R..! such that

@ pl)=p a.e. in S,
and such that
@) #(t)=p2(0)=Sup {p-y|yEY(1)} aeinT.

The allocation (f, 8) of such a contract configuration is called a competitive allo-
cation. Also, we call such a price vector p a competitive price vector.

In this definition, condition (i) means that every consumer transacts under the same
price system p, that is, every consumer is maximizing his utility at the prices p of commodi-
ties. Condition (ii) says that profits are divided among firms corresponding to their produc-
tion activities, that is, the amount #(¢) of profit distributed to firm ¢ &7 is exactly equal to
the amount p- g(¢) which is the maximum value that the firm can attain by production activities
under the price system 5. Of course, in this case, we may consider every firm as a price-
taker who is maximizing his profit under the price system p.

We now show that the competitive contract configuration is quite “stable’ in the follow-
ing sense.

Theorem 1.

Any competitive contract configuration cannot be improved upon by any coalition of
firms that has positive measure. Namely, every competitive contract configuration is
an equilibrium of the economy in the sense of Definition 4.

Proof: Let (f.2;p,#) be a competitive contract configuration, and pER,! be a
competitive price vector associated with it. Suppose the contract configuration can be im-
proved upon by a coalition of firms. Then, according to Definition 3, there exists a realizable



52 HITOTSUBASHI JOURNAL OF ECONOMICS [February

contract configuration (f, g; p, =) between a coalition V€. u(V)>0 and a group UE T~
such that

@.1) fs)-fs) ae.in U,
“4.2) =(@®>z() ae.in ¥,
and such that

43) =()==z@) a.e. in T~V.

First, we consider the case that x(U)=0. Definition 1(iii) implies that
(4.4) gygdt >0.
Also, Definition 2(ii) implies that
4.5) S edt <0,

On the other hand, Definition 5(ii) implies that
z@)=p-8)=p-g(t) a.e.in V.
Integrating this over ¥, we obtain

(4.6) fyfrdtg P S g,
Inequalities (4.4), (4.5), and (4.6) imply that
S rcdt§0§$ zdt.
Vv 14

This, however, contradicts inequality (4.2), because p(V)>0.
Next, we shall consider the case that 4(U)>0. By virtue of Definition 5(i), expression

(4.1) implies that
e f(5)> e £o(s)+ STa(s, 1)e#()dt  ae.inS.
Since £(U)>0, integrating this inequality over U, we have
@7 p-Sdes>ﬁ-Suf°ds+SU[ST0-?rdt:|ds.
On the other hand, the feasibility of allocation (f; g) implies, by Definition 1(iii), that
@8 p-[ s -rus<p-| g

Also, since z(t)=7#(t) a.e. in T~V, we have

6 LT, oerals={ ] 02
07l [ s

Moreover, since z(t)> 7z (t)= p+g(t) a.e. in V, we have

(4.10) SSNU[SV(;-ﬂdt]dsggw[jyo-ﬁdz]ds=gs[gyo-ﬁdt]ds-sv[gyo.&dz]ds
=SV;Edt—SU[SV0-frdt:‘ds
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because § S[S M/ fzdt]ds= S VU s0° ﬁds]dt= S ,7dt by Fubini’s theorem. Therefore, in-
equalities (4.9) and (4.10) imply, by virtue of Lemma 3.1,

@11 p-{ gar<( [{ o-ratlas
Hence, it follows from (4.8) and (4.11) that

pe{ pas<p-{ reas+( [{ o0-zarlas,
which contradicts inequality (4.7).
In any case, we can derive a contradiction. Therefore, the contract configuration ( f, g;
D, #) cannot be improved upon by any coalition of firms that has positive measure.

Q.E.D.

V. Assumptions and a Limit Theorem

In order to make the converse of Theorem 1 hold, we need some assumptions on prefer-
ence relations and demand functions.
First we assume the following on preference relations.

Assumption 5.1
For almost every consumer s< S, the following hold:
() The consumption set X(s) is closed, convex, and f°(s)<IntX(s).

(i) The preference relation )-; is transitive, i.e.,
x >syand y >, zimply x > z.

(iii) The preference relation ), is continuous, i.e.,
the set {x€X(s)|not x >, y} is closed for all y=X(s).

(iv) The preference relation )-; is not locally satiated, i.e.,
if x€B(p, =,s) and p-x<p-f°(s)+ST0-7rdt, then we have y »; x for all y&
D(p, r, s).

Also, we make the following assumption on demand functions, which is rather stringent,
but familiar. Beforehand, let us define a function space.

L,*={x |z is an integrable function of T into R.},

which is endowed with a topology by a norm || = || = STI n(t)|dt.

Assumption 5.2
For almost every consumer s &S, the following hold:

() For given r€L,*, D(p, z, )+ if and only if p€R’, ,

(ii) The demand set D(p, r, s) is a singlton for each p& R, ; and r€Llt.
(iii) The correspondence D(p, 7, s) of RI++ x L, into R'is upper-hemicontinuous, that is,
together with condition (ii) in this assumption, D(p, r, s) is continuous with respect
to pe R, and r€L*.

Of course, we know that this assumption can be derived if we make some assumptions in
addition to Assumption 5.1. However, such an argument is very tedious, and we should
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assume the result rather than derive it.
Next we shall assume the measurability on preference relations and demand correspond-
ences. In advance, let us define a mapping Q:S—>2R2' by
()= {(x, x)EX(E)XX(s)) x »sx'} for each s€S.

Assumption 5.3
(i) The mapping Q:S — 2R is S“-measurable, i.e.,
Go={(s, 2)ESX R¥|z€Q(s)} € X Z (RY).
(i) The mapping Y:T — 2®' js Z-measurable, i.e.,
Gy={(t, ET XR|ycY()} € T X FZ(R).
(iii) For a fixed x €L+, the mapping D( ., =,.):R:/XS— 2” is & (Rl)X S -measur-
able, i.e.,
Go(r)={(p, 5, X)ERIXS X R|xED(p, 7, 5)} EZ(R)X .S X Z(R).

This assumption is purely technical and it has no economic meanings. Detailed arguments on
this sort of measurability have been done by W. Hildenbrand [8, Chp. 1, especially see Thm.
1 on p. 96 and Thm. 2 on p. 102].

Under these assumptions, we have the following theorem.

Theorem 2. (a limit theorem)

Under Assumptions 5.1, 5.2, and 5.3, if the measure space (4, %7, p) is non-atomic,
then for any realizable contract configuration (f, g, p, #) that cannot be improved
upon by any coalition of firms with positive measure, there exists a marketing strategy
(P, %) such that the contract configuration (f, &; J, %) is competitive. Namely, under
any equilibrium of the economy in the sense of Definition 4, a competitive allocation
is realized.

This theorem says that it is a competitive allocation that is realized in a large economy by
a stable agreement among all the firms. In other words, if the economy is large, the per-
fect competition among firms realizes a Walrasian allocation in the economy as long as
consumers are price-taking agents. So, this theorem is a kind of limit theorem.

However, in the above theorem, it does not generally hold that (p, #)=(7, 7). Namely
even if a contract configuration is an equilibrium of the economy, a unique price system
does not always hold in the economy under the contract onfiguration. This is partly because
the demand correspondence of each consumer is not invertible.

The proof of Theorem 2 will be given in the next section.

VI. Proof of the Limit Theorem

The method of proof used here is essentially one that has been developed by W. Hilden-
brand [6), [7), and K. Vind {10].

"Let (f,2; P, #) be a realizable contract configuration of the entire economy which can-
not be improved upon by any coalition of firms that has positive measure. Define a mapping

v & (Rk) denotes the family of Borel sets in Rk for each positive integer &. S X cZ(RY), X
“# (R!), and cZ(R)X & X & (R?) are the product ¢-algebras generated by &, <, and <7 (RK).
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F:8— 2” a5
F(s)= {xEX(s)| x>s f()} N[ U D(p, &, )] for each sES.
peR+
Define a mapping E:S — 2R/ g5
E(s)={x—f°(s)| x€F(s)} foreachs&S.

Define a mapping H:4 — 28+ as

H(a)={{(x, o) | x€E(a), a=-—5T0(a, t)-,’f-(t)dt} when a€5,
& B —yeY(@), g=2()} when a<€T.

Moreover, define a mapping H:A4 — 28! as

H(a)=H(a)U {0'*+1} for each a€ 4.
Define a set L(ﬁ ) of integrable functions as

L(H)={h| h is an integrable function of 4 into R'+! such that h(@)EH(a) a.e. in A4}.
Obviously, L(H )+ ¢ since O +1€H(a) a.e. in A.

Define a subset Z of R/+! as

Z={gchdﬂ|hEL(ﬁ), cew, p(C)>0}

Then, we have the following lemma on the set Z.

Lemma 6.1
The set Z is a convex subset of RI+! with ZNR' =g,

Proof: The convexity of the set Z is immediately derived from Lemma A4 of K. Vind
[10], since the measure space (4, %7, ¢) is non-atomic.

Suppose there exists a point z&Z such that z<0/+1 that is, there exists a function
hE€L(H) and there exists a set CE.5 with z(C)>0 such that

6.1) Schdﬂ <O+,

Of course, we can assume that A(@)€ H(a) a.e.in C. Let U=SNC and V=TNC. Also,
we can assume that x(¥)>0. In fact, if x(¥)=0, define a mapping #':4 — R'*+! as
h(a) when g€ S,
W=y
(—g(a), #(@)) when acT.
Then, h’EL(ﬁ ). Also, we can choose a set V'&€. 7 with p(V’)>0 such that
r +1
S(CUV/)h dy<0’ ,
because the measure space (4, % p) is non-atomic. Therefore, in inequality (6.1), the
function 4 and the set C can be replaced by the function 4’ and the set CUV’. Hence we

can assume that p(7)>0.
Next, define integrable functions /S — R and g:T— R’ as
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J&)=((s), . . ., i(8))+f°(s) for each s€S
and ’

g)=—@), ..., @) for each t€T
Also, the following hold:

- STﬂ(s, 1)« #(t)dt =h11(s) for almost every s€ U,

and
7(t)=hi11(t) for almost every t< V.
In the above, A; denotes the i-th coordinate of the function 4. Then, by (6.1) we obtain

62) SU fds—g Uf°ds<Sngt

and
6.3) — SU[ST 0+71d]ds<~ g .

We shall show that there exists a measurable function p:S— Ry such that f(s)&D(p(s),
7,8)ae. in U. By Assumption 5.3 (iii), the following set,

RIXUS~UVYX RU{(s, x)EU X R | x=1(s)}DNGp(%).
belongs to <7 (R X .S X &7 (R"). Therefore, by the Measurable Choice Theorem (See, for
example, {8, p. 54]), there exist measurable functions f’:S— R’ and p:S— R,/ such that
f(ED(p(s), #,5) a.e. in U. Since f'(s)=f(s) a.e. in U, we have that f(s)€D(p(s), 7, 5)

.e. in U.

‘ Define an integrable function z%:T— R, for each k=1,2, ... by

7tk(t)={ﬁ-(t)+1/k when t€V

7(2) when t€T~V.

By Assumption 5.2 (i), it follows that D(p(s), =%, s)¥#¢ a.e.in Ufor all k=1, 2, ..., because

D(p(s), #, s)# ¢, that is, p(s)>0" a.e. in U. By virtue of Assumption 5.2 (ii), we can define
a measurable function f*:S — R for each k=1, 2, ... by

D(p(s), =*s) when s€U
7=

J() when s&S~U.
Then, by Assumption 5.1 (iv), we have that for all k=1,2,... f*(s)=f(s) or f*(s)>f(s)
a.e.in U. In any case, by Assumption 5.1 (i), /*(s)>-s f(s) a.e. in U, because f(s) > f(s)
a.e.in U. Moreover, we have to note that {f*}?2, converges to fa.e. in U because of As-
sumption 5.2 (iii). Therefore, by Egoroff’s theorem, for arbitrary positive number & there
exists a measurable set WeC U with u(We)< € such that {f*}iL, converges to f uniformly
on U~We<. Hence, for such a number €, we can assume that the integral of f* over U~
We exists for each k, and that 5<U~We> f* ds converges to S(U~We> fds.

On the other hand, the following holds:

64 |, 0-rds={ g, (F=rds
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=|”We (f=/"ds+ S(U~W€) (f= ds"
éIHWe (f—f°)ds|| + "S(U~W6) =M ds" ,

where ||+|| denotes the Euclidean norm in R!. Since the functions fand f° are integrable,
"S w, (f—S °)ds " goes to zero as € goes to zero. Also, as was shown, for a fixed arbitrary

number €, " 5(U~We) (f—fHds " goes to zero as k goes to infinity. Therefore, (6.2) and
(6.4) imply that there exist sufficiently small € and sufficiently large & such that

65 (o, F=rds< gt
Furthermore, the following hold:

ISUI:STB. ﬁdt]ds _S(U’VW@ [gjﬂ 'n"dtJ ds'
I§.. 1§, 0-zar]as={ [{, amar]as+{,, [ a o as|
=|(, [[,0-2at]ds|+ ). w0y w01

and
|SV%dt—SVzkdt =SV(1/k)dt
= u(V)ik.

These inequalities imply together with (6.3) that there exist sufficiently small € and sufficiently
large k such that

(6.6) S(UNWE) [Srﬂ . rrkdt] ds> Syrrkdt.
For fixed € and k satisfying (6.5) and (6.6), re-define the function f* by
THs)= {D(p(s), 7k, 5) when s€U~W,
f(s) when s€S~(U~W,).
Then, the function f* is integrable and, by Assumption 5.1 (iv),
P(s) F5(5) =p(s)+ £2(s) + STa-,det ae.in U~W..

Integrating this over U~ W,, we have

S(UWG) P(8)+(f*(s)—f *(s))ds = S o [STa - whdt |ds
Therefore, by (6.6), we obtain
67 (o PO =1 (N ds> |t

Hence, (6.5) and (6.7) imply that coalition V' of firms can improve upon the contract
configuration (f, g; b, #) the of entire economy, that is, can construct another contract
configuration (f*, g; p, z¥) with group U~W, of consumers. However, this is a contra-
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diction to the premise that ( 7 g; P, #) cannot be improved upon by any coalition of firms
with positive measure.

Q.E.D.

Lemma 6.2

There exists a vector g=(p, y)ER:!X Ry with g=0'+! such that
@) P AS)=p-f(s)+7 -La ‘#dt ae.inS

and that

(i) p.gt)=7-720) ae. in T.

Proof: Since Lemma 6.1 holds, it follows from a well-known separation theorem that
there exists a vector g=(p, y)SR4'X Ry with g+0'+! such that ¢g.z=0 for all z&Z.

Namely, by definition of set Z, g- cMdp=0 for all C€ 7with (C)>0 and for all hEL(H).
p= )2

In particular, when C= A, we have q- S hdu >0 for all hEL(H ).
Since 0/+1& H(a) a.e. in A, we have

68) Inf {g- L hdy | hE L)} =0.

On the other hand, let us define the following mappings; a mapping F’:S — 28%. where
for each s€S§

F'(s)=[R'X (xEX(5) | x> /NN {(p, DERL X R | xED(p, #, 5)},
a mapping E’:S — 28 where for each SES,

E'(s)={(p, x=/(sH|(p, )EF'(5)},

R21+1

a mapping H':4 — 2 , where

H’(a)={{(p’ x, a}|(p, X)EE' (@), a= —Srﬁ(a, t)-f‘r(t)dt} when g€,

{5, (P, —Y)ERI X Y(a), f=7(a)} when a< T,
and a mapping H':4 — 28¥*!
H'(a)=H'(@)J{0¥+1} for each ac 4.

Then, Assumption 5.3 implies that the graph of F” is measurable, and that the graph of H'is
also measurable. Therefore, we have (See [8, p. 63, Prop. 6])

(69) Inf {(01 q)- S Wy | K EL(H)} 5 Inf{(o', q)-z’]z’EI-?'(a)}d‘u,

where L(H")={i' |}’ is an integrable function of A into R¥+! such that A’ (@)€H'(a) a.e. in
A}. Since, by definitions of # and &',

Inf {(©, 9)- S Jdu|WELE) bz Tnf {q . f hdp| hEL(ﬁ)}

and

, where
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Inf {(0), q)-z'|2’EH'(@)} =Inf {g+z]|zEH(a)} a.e.in 4,
(6.8) and (6.9) imply that 5 Inf {q-zleH(a)}dg 0. Thatis, Inf {g-z]|zEH(a)} =0 a. e.
in A, since 0'+!€ H(a) a.e. in 4. Hence,
(6.10) g-z=0 for all zEH(a) a.e.in A,
For firms in T, (6.10) implies, since g(¢)€ Y(t) a.e. in T, that
6.11) —p-g)+7-7(t)=0 ae. inT.
For consumers in S, if f(s)=/°(s), then ST (s, t)+7(t)dt=0 for such sES because f(s)
D(p(s), 7, s) and because of Assumption 5.1 (iv). Therefore we have p - f(s) =pef()+7r-
STo(s, 1)+ #(t)dt for such s€S. Moreover, if f(s)# f°(s), we can choose ;ER’++ arbitrarily
close to p(s) such that p- f(s) <pe f°(s)+S 6(s, t)-2(¢)dt, since p(s)ER’,, because of As-

sumpnon 5.2 (i). This lmphes by Assumption 5.1 (iv), that there exists X&.D( p, T, §) such
that X >sf(s). Therefore, X€F(s) for such sE€S, that is, by definition of H, (x— f°(s),

— {100, ©)-2()d)EH(s) for such s€S. Hence, by (6 10), =525+ /() +7+ (06, 1)-
7(t)dt for such s€S. Letting p converge to p(s), since x converges to F(s) by Assumption

5.2 (ii) (iii), we have in the limit 5 /()= p» f°(s) + 7 STﬁ(S, t)«z(t)dt. Therefore, in any
case, for consumers in S we have

(6.12) ﬁ'f(S)zﬁ-f°(S)+y-STﬁ(s, £)+#(t)dt a.e.in S.

Suppose that strict inequality holds for some firms and/or some consumers in inequalities
(6.11) and (6.12). Then, integrating those inequalities over 7 and S respectively and adding
them up, we have

5| (F=rds>p-{ 2,
because SSHTB-?rdt]ds=STHSB-?z-ds}dt= STﬁdt by Fubini’s theorem. But, this is a con-

tradiction to the feasibility of ( ﬁ 2), that is, 5 s€ f —fNds < f T§dt. Therefore, equality holds
in (6.11) and (6.12).

Q.E.D.
Here, let us define a function #:T— Ry by

#(t)=r7z(t) for each tT.
Then, by Lemma 6.2 and (6.10), we have

(6.13) ﬁ-f(s):ﬁ-f’(s)+g O(s, t)»7#(t)dt <p-x for all xE F(s) a.e. in S and

(6.14) p.-g@)=7@)=p-y forall yc¥(t) ae.inT.

Suppose there exists a point X< X| (s) with p+x < p- f(s) such that X ﬁs). Then we have
P(s)-X>p(s)+ f(s). Since p(s)- Fs)=p(s)- F(s)+ STﬂ +2dt by Assumption 5.1 (iv) and since
we can assume 0=y <1 without loss of generality, we have
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PE)F>p(s)- 1) +{ 0-7d.
On the other hand, by (6.13), we have
pk<per)+| 0-zar

Define p*=2p(s)+(1—2)p, where 0<i<1. Then, for a sufficiently small 2, the following
holds:

pi.y’é<p‘f°(s)+ST0-?rdt.

We must note here that pAE R, , since p(s)ERY, , by Assumption 5.2 (i) because f{s)€ D(5(s),
#,5). Therefore, by Assumption 5.2 (i) and by Assumption 5.1 (iv), there exists x*€.D(p?,
%, §) such that x?}-sx. By Assumption 5.1 (ii), x*>;f(s). This simply implies that

§(5)+x>5(s)- 1(5)2 5(6)- 1)+ { 0 -7ar.
Moreover, since x?€ F(s), by (6.13) we have

poxizpefo )+ o7
Therefore, we have ptex2>p*f°(s) + 51‘0 « 7dt, which contradicts that x?’&€ D(p*, %, s). Hence,
we can conclude that

(6.15) not x)—sf(s) for any x&€ X (s) withﬁ-x<ﬁ.f°(s)+ST0~ﬁdt.

Furthermore, for all x’€X(s) with g«x"=p5« f°(s)+ STﬂ «%dt, Assumption 5.1 (i) insures
that there is a sequence x* converging to x’ such that g.x*<p+ f°(s)+ STﬁ - #dt and x*€ X(s)
foreach k=1, 2, ... Therefore, by Assumption 5.1 (iii) and (6.15), we have
(6.16) not x'>sf(s) for any x' € X (s) with px' =5« f°(s)+STﬁ-%dt.

To sum up, (6.13), (6.15), and (6.16) imply that
(6.17) f(s)ED(p, %,5) ae.inS.

Hence, if we define a function 7:S — R,/ as p(s)=p a.e. in S, (6.14) and (6.17) imply

that the contract configuration (£, §; §, ) is competitive. This completes the proof of the
limit theorem.
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