ADDITIVITY OF INPUTS IN TRANSFORMATION FUNCTION
By KENJIRO ARA*

§1

Let y and z: (i=1, 2, ..., #) be output and inputs respectively, and we say that the trans-
formation function
y=F(I1, Lzy ooy -rﬂ)
is regular if the marginal contributions of inputs are all positive, namely

oy L
8x,>0' (i=1,2, ..., n).

Our problem in this paper is to investigate the condition for various inputs to be inte-
grated into a single variable.

§ 2

We can prove the following
THEOREM: For the marginal rate of substitution between any two inputs to be all con-
stant in the regular transformation function, namely

Oy [ oy _ L
o/ o, =constant >0 (Z,7=12,...,n),

it is necessary and sufficient that inputs in the function are additive in the sense that
y=Fax,+az,+ ... +anzz),
where a; (i=1, 2, ..., n) are positive constants.
Proor oF NECEssiTY: Let us put
z=a,x,+ayTy+... +ankn.
It is clear that
—%=%ai (=1,2, ..., n),
so that we have
ay dy  a
0z / oz, a;
Proor oF SUFFICIENCY: Let us put
ay /0y _
a—x] Fr =days.
By assumption, ay, is a positive constant. Solving this, it follows that ¥ is an arbitrary func-
tion of a,z,+a,x, (a;;=a,/a,) with respect to x, and z,, so that we have

=constant>0 (z,7=1,2, ..., n).
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y=@lax,+ayxs, Ty ..., Tn).
Let us put z;=a,x,+a,z,. Then we have again
dy _ 9y _ Oy a _ 3y
R PR P
Solving this last equation, it follows that y is an arbitrary function of z,+az; with respect
to'z; and z,, so that we have
y=V¥(ax,+ayxsta,x,, z,, ..., z2).
Repeating the same procedure properly, we can finally obtain the result desired, namely
y=Faz,+a,x,+ ... +anxy). Q.E.D.

§3

The applicability of our theorem to economic problems would be obvious. In the case
of production function, it is almost straightforward. That the marginal rate of substitution
between two kinds of input remains constant at all events means that they are really the
same kind of input because the elasticity of substitution between them is infinite, so that we
need not classify them as different inputs. :

Next, let y and z; (=1,2, ..., n) be respectively the group welfare and the cardinal utili-
ties of the members comprising the group. That the marginal rate of substitution between
any two inputs is constant means, in this case, that the marginal significance of individual
utilities to the group welfare is constant relatively, so that we may integrate the individual
utilities into a single variable in such a way as indicated in our theorem.





