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1. Introduction 

So far we have seen many important works on regional input-output analysis, although this 

analysis seems to belong to a rather recent study in input-output analysis.1 In my last 

book2 1 set up one complete model putting its theoretical basis on the Chenery's idea.3 In 

this paper I try to find out a relation between such a regional input-output model and the 

usual and original Leontief model which treats a national economy as a whole. I also 

intend to interpret the regional model in terms of linear programming technique, and reach 

a conclusion that it is identical with a model which minimize the total of labor inputs 

required to fulfil the given final demand. 

2. Formulation of Chenery's Idea 

As written before, a formulation of Chenery's regional analysis was tried in my recent 

book. The essential part of such a model is stated again in what follows. 

A national economy is divided into two economies of Region A and Region B, and 
also into three economies of Sectors I , n and II. Table I shows regional input coefficients. 

The letter a represents an input coefiicient of Region A, and the letter b an input coefiicient 

of Region B. Table 2 shows regional supply coefficients. The letter p is related to the 

demand of Region A, in which p~ represents a supply coefiicient from Region A and pb a 
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supply coefiicient from Region B. In the same way, the letter q show the demand of 

Region B, in which q* represents a supply coefficient from Region A and qb a supply 

coefii:cient from Region B. 

First of all, the following relations are held between regional supply coeBicients. 

qal+qbl=1, pal + pbl = 1, 

(1) qa2+qb2=1, p^2 + pb2 = 1, 

3- , q*3+qb3-1. 
Then the final demand and final supply are given in Table 3. In this table, the letter 

Y means the final demand and the letter S the final supply. A sufflx a represents the final 

demand or the final supply of Region A, and a suffix b the final demand or the final supply 

of Region B. Likewise, suflixes l, 2 and 3 represent the final demand or the final supply 

of Sectors I , H and 11 respectively. Also Yo or So represents the demand or the supply 

which is final or the direct effect of the initial injection. In the same way, Y or S' 

indicates the demand or the supply of the first indirect effect, and Y" or S" of the second 

indirect effect, and so forth. 

Table 3 

I
 
l
l
 

lu: 

Final Demand Final Supply 

I
t
 

is clear that we can 

paYa0+qaYb0=S D 
a' 

pbYa0+qbYb0=Sb , 

get the following relations: 

(2) 

where 

pal 

pa= O 
O
 

q~ 

Lf ~"' 

o
 

O
 

p~ 2 

O
 
O
 

q~2 
O
 

O
 

pb l 

O , pb= O 

p* B O 
O I qbl 

[
o
 

O ' qb= o qa3 i 

O
 

pb 2 

O
 
O
 

qb 2 

O
 

O
 
O
 
J
,
 

pb 3 

O
 

O
]
 qb3 

and 

Ybl [ Sbl Salo l Ya Yal I [ :] Sbo:=[~bB l 
bo ;= ' [

 
Sa Sa2 ' Yb2 == b2 0:=: Ya2 Sa3 i 

Ya3 Yb3 
Further' we define a and b as fOllows: 

A L L all al2 al3 vll vl2 uls 
-A L ~ a a21 a22 a23 ' b- v21 u22 u23 ' 

a31 a32 a3s b31 b32 bB3 
both of which are regiOnal input coefficient matrices' 

The first indirect effects of Region A and B are' 
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Ya=[apa aqa][Ya Jl 

Ybo ' 

b pb qb LYbOJ' 

Similarly, the second, the third,......' mdirect effects can be formulated In the same way 
as (3). Finally we can get the following results as the total of direct and indirect effects: 

Ya= Ya0+[apa aqa][1-Q]- :], (4) 
l
[
 

Ya 

Yb 

Yb= Yb0+[bpb bqb][1-Q]-l[Ya J 

Ybo ' 

where Ya and Yb show the total of the direct and indirect effects respectively, andl 

[apa aqaJl 
Q= bpb bqb ' 

The formula (4) we finally obtained here can be extended to the case of more than two 

regions and more than three sectors. 

3. An interpretation of Regional Model in terms of Linear Programming Technique 

Here two region and two sector case will be considered. The result can, however, be 

extended to the general n region and m sector case. 

As usually assumed in a static model, demand is not allowed to exceed its corresponding 

supp]y. Therefore, the following relations are easily obtained, taking (1) into consideration. 

pal + pDl ;~ 1 , qal + qbl ;~ I , 
(5) 

pa2 + pb2 ~~ I , qa2 +qD2 ;~ 1 . 

Next, the identities (2) can also be utilized in this case. Namely, 

palYal0+qal Ybl0=Sal ' 

pa2Ya20+qa2Yb20=Sa20, 

pbl Yalo + qbl Yblo = Sblo (6) 
pb2Ya20+qb2Yb20=Sb20. 

Making use of (5), 
Sal + Sbl = ( pal + pbl) Yal + (qal + qbl) Ybl 

where Y~1 and Ybl are used mstead of Yalo and Ybl ' 

In addition, from (5), 

(pal+pbl)+(q~1+qbl);~2. (8) An objective function is set up as follows: 

laoSal lao(p~lYal+q(,lYbl)' (g) 
lboSbl = I bo( pbl Yal + qbl Ybl) 

the sum of which is to be made minimum. In '(9) Iao and lbo are the volumes of labor 

required to,get a unit of Sal and Sbl' The sum of the labor required in (9) is, 

laoYal(pol+pbl)+1boYbl(qal+qbl) 

-(pblYal~q*lYblXl~o~/.bo)' 

Here we assume that (phlYal~qalYbl)(lao~lbo) is negligibly small, then the objective function 

4 The necessary and sufflcient condition of the existence of ~l-Q]-1 is, of course, 

l I-Q I ~O. 

Practically, we usually meet such a case in familiar input-output tab]es, except an' extremely special one. 



4 HITOTSUBASHI JOURNAL OF EcoNoMlcs [June 
becomes, 

lao Yal( pal + pbl) + Ibo Ybl(qal + qbl) = min . (10) 
A Iinear programming model of the regional analysis stated above is such that Yal and Ybl 

given, the values of pal+pbl and qal+qbl are to be sought in order to make the obiective 

function (10) minimum, under the constraints of (7) and (8). If Y,!1>Ybl, so far as 

Yhl <~~~~Ll o <1, (11) Yal lbo 
the fo]lowing relations are derived from (7) and (8) both of which take the equality signs 

only, 

pal + pbl = I , qal + qbl = I . ( 12) 
Similarly, 

pa2 + pbz = I , qa2 + qba = I . (13) 
Therefore, we are able to conclude that, even if we assume (5), only equal relations in (5) 

can be held, so far as the total of labor input is to be minimized. 

4. Relationship between Regional Model and General Input-Output Model 

Now we consider the general case, i.e., the case of m regions; A, B,..., M and n 
sectors; I, II,..., N, after expanding the two region and three sector case formulated in 

Section 2. Here we newly define, 

Y Ya Yo , [ ::] [ = , tml Ym ~ 

 

Yb 

where Ya, Yb,"', Y,n and Yao, YbO,..,, Ymo have the same meanings as before. Then, the 

following simple equation can be derived, by adding respectively each side of Ya=Yao 
+[ap(L aqa"'ara][1-Q]-1 Yao . ... . Y,n=Y,n0+[mpm 7nqm"'mrm][1-Q]-1 Yao , where ra""' rl's 

are supply coefficients of the demand of Region M from Region A,..., M, 

Or 

As it is clear from the above equation (14), it is identical with the ordinary input-output 

model pf one national economy, if Yo is replaced by the final demand and Q by the usual 

input coefiicient matrix and further Y by its corresponding output. 

The next step is to examine supply coefficients, in order to identify Q with the ordinary 

input coefiicient matrix. Here we assume that each region has the same input coeflicient 

structure and the demand of each region is wholly met by the supply of each region, i.e., 

self-supplied. Then, 

a=b=･･･=m, 

10 
pa= " , pb=0. ..., p,n=0, 

oi 
lO 

qa=0, qb= " ..., qm=0, o i' 
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　　　　戚　似…・翫一1諦

Therefore，

　　　　針鷹ト欄

　　　　砺一Ω一嗣諦

where隔is　a　unit　matrix　of規πdimensions　and1πofηdimensions　Multiplying　the　both

sides　of（15）by　an　addition　row　vector　from　the　left，

　　　　［ムーα］［均十協十．．．十玲］＝［y♂十yち〇十＿十y誠o］．　　　　　　　　　　　　　　　（16）

If　we　put

　　　　y己十yあ十＿十y玩＝y＊，

　　　　y己0十yお0十．。．十y玩0＝yり＊，

the　equation（16）1eads　to

　　　　［石一α］y＊＝yり＊．　　　　　　　　　　　　　　　　　　（17）
The　last　equation　is　nothing　but　the　famili＆r　inputっutput　model　of　one　natioml　economy．




