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Abstract

In this paper, we analytically investigate three efficient estimators for cointegrating
regression models: Phillips and Hansen’s (1990) fully modified OLS estimator, Park’s
(1992) canonical cointegrating regression estimator, and Saikkonen’s (1991) dynamic
OLS estimator. First, by the Monte Carlo simulations, we demonstrate that these effi-
cient methods do not work well when the regression errors are strongly serially correlated.
In order to explain this result, we assume that the regression errors are generated from a
nearly integrated autoregressive (AR) process with the AR coefficient approaching 1 at a
rate of 1/T, where T is the sample size. We derive the limiting distributions of the three
efficient estimators as well as the OLS estimator and show that they have the same lim-
iting distribution under this assumption. This implies that the three efficient methods
no longer work well when the regression errors are strongly serially correlated. Further,
we consider the case where the AR coefficient in the regression errors approaches 1 at a
rate slower than 1/T. In this case, the limiting distributions of the efficient estimators
depend on the approaching rate. If the rate is slow enough, the efficiency is established
for the three estimators; however, if the approaching rate is relatively fast, they have
the same limiting distribution as the OLS estimator. This result explains why the effect
of the efficient methods diminishes as the serial correlation in the regression errors gets
stronger.
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1. Introduction

Since the seminal work of Engle and Granger (1987), cointegrating regressions have become
one of the standard tools in analyzing integrated variables. With regard to the estimation
of cointegrating regression models, it is well known that the ordinary least squares (OLS)
estimator contains the second-order bias, comprising the endogeneity bias and the non-
centrality bias, when the I(1) regressors are endogenous and/or the regression errors are
serially correlated. Thus, several efficient methods for the estimation of the cointegrating
regressions have been proposed in the literature. Phillips and Hansen (1990) proposed
a nonparametric correction for the OLS estimator; their method is known as the fully
modified regression (FMR) method, which has been further developed by Phillips (1995) and
Kitamura and Phillips (1997). Park (1992) proposed the canonical cointegrating regression
(CCR) method, which is also based on a nonparametric correction similar to the FMR
method. However, the CCR method eliminates the non-centrality bias in a different manner.
On the other hand, Phillips and Loretan (1991), Saikkonen (1991) and Stock and Watson
(1993) considered a parametric correction by adding leads and lags of the first difference of
the I(1) variables as regressors; this method is known as the dynamic ordinary least squares
(DOLS) method. These three efficient estimators—the FMR, CCR, and DOLS estimators—

are asymptotically equivalent, and as proved by Saikkonen (1991), they are efficient.

However, the finite sample behavior of these estimators is fairly different as reported by,
for example, Inder (1993), Montalvo (1995), Cappuccio and Lubian (2001), and Christou
and Pittis (2002) through Monte Carlo simulations. The first two papers recommend using
the DOLS type approach to eliminate the second-order bias of the OLS estimator, while
the last paper demonstrated that the FMR estimator outperforms the DOLS estimator in
view of the bias; the answer to the question of which estimator performs best in finite
samples is inconclusive. It seems that the performance of the three efficient estimators is
fairly dependent on the data generating process used in Monte Carlo simulations, as pointed
out by Cappuccio and Lubian (2001). However, these Monte Carlo simulations commonly

suggest that the efficient estimation methods break down and perform very poorly when the



cointegrating regression errors are strongly serially correlated. Although the finite sample
performance of the FMR and CCR, estimators may improve if the prewhitening method by
Andrews and Monahan (1992), which has been further modified by Sul, Phillips, and Choi
(2005), is used to estimate the long-run variance, a large bias still remains in the estimator

as shown in the later section.

In this paper, we analytically explain the poor performance of the three efficient es-
timators with a strong serial correlation. We first consider the first-order autoregressive
(AR) process for the regression errors and assume the local-to-unity system in which the
AR coefficient approaches one at the rate of 1/T, where T is the sample size. This system
has been considered in the literature in order to investigate the local asymptotic behavior
of unit root and cointegration tests. We will show that the FMR, CCR, and DOLS esti-
mators have the same limiting distribution as the OLS estimator under this system. This
implies that the three efficient methods break down and the three estimators perform as
poorly as the OLS estimator. Next, we introduce the local-to-unity system in which the AR
coefficient approaches 1 at a rate slower than 1/7. This type of local-to-unity system is also
considered by Phillips and Magdalinos (2005, 2007) and Giraitis and Phillips (2006). We
will show that the limiting distributions of the efficient estimators change depending on the
approaching speed of the AR coefficient. Intuitively, the three efficient methods can elimi-
nate the second-order bias of the OLS estimator if the AR coefficient approaches 1 slowly
enough, while these methods no longer work when the approaching speed is very fast. For
the intermediate case, the second order bias of the OLS estimator is partially eliminated by
the efficient methods; however, a part of the bias still remains. This result explains why the
effect of the efficient methods diminishes as the serial correlation in the regression errors be-
comes stronger. We will show that the result depends on a relation between the approaching
speed of the AR coefficient and the diverging rate of the bandwidth parameter used for the
estimation of the long-run variance in the FMR and CCR methods or the diverging rate of

the lead-lag truncation parameter used in the DOLS method.

The remainder of this paper is organized as follows. In Section 2, we briefly review the



FMR, CCR, and DOLS methods, and in Section 3 we provide the motivating simulation
results. In Section 4, we investigate the asymptotic property of the three efficient estimators
as well as the OLS estimator under different types of local-to-unity systems. Concluding

remarks are provided in Section 5.
2. Review of the Efficient Estimation Methods

This section reviews the three efficient estimators for cointegration regression models. Let

us consider the following model:

y = p+Pfrituy = 0z +uy
(1)
Az = ugy
for T =1,---,T, where 0 = (u, "), 2z = (1,2})’, and y; and x; are observed time series

with 1 and n dimensions, respectively. For u; = [u1¢,ub,])’, we assume that the functional

central limit theorem (FCLT) can be applied as follows:

[Tr]
1 Wl(T) :|
— ur = Wi(r) =
V7 2= W) Wt
for 0 < r <1, where W(-) is a Brownian motion on [0, 1] with a variance-covariance matrix

(W () ~ BM(Q)) and = signifies weak convergence of the associated probability measures.

Note that the long-run variance of u; and its one-sided version can be expressed as

Q=%,+10+1I' and A=3%, +1I,

T T—-1T—-j
. 1 . -1
where Y, = Th_r)r;OT tz; E(ugu}) and II= Tll_I}gOT z; tz; E(utuéﬂ-).
= 1= =

We partition 2 and A conformably with u; as
w1l w12 A1l A2 A ]
[ war Qoo ] [ Ao1 Ao } [ Ao @)
It is known that the OLS estimator of 8, denoted by é, is consistent but inefficient

in general. The centered OLS estimator with a normalizing matrix Dy = diag{v/T,TI,}

weakly converges to
Dr-0)= (| 1 Wa(r )W) h (/ W)W (r) + ) 3)
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and we can observe that this limiting distribution contains the second-order bias from the
correlation between Wi (-) and Wa(-) and the non-centrality parameter Aa;. As explained in
Phillips and Hansen (1990) and Phillips (1995), the former bias arises from the endogeneity
of the I(1) regressor z; while the non-centrality bias comes from the fact that the regression

errors are serially correlated.

In order to eliminate the second-order bias, Phillips and Hansen (1990) proposes the

FMR estimator, which is defined as

A T - T N
OrmR = (Z thé) <Z 2y — TJ+> ; (4)

t=1 t=1

. R 0
where y+ =y 7@129711% and JT = [ “ A ] ,
t 22 Aot — AooQ) o

with @9, Qgg, 5\21, and Agg being consistent estimators of wys, {222, A1, and Ags, respectively.
It can be shown that the correction term for y; is concerned with the correction for the

endogeneity bias while J* eliminates the non-centrality bias.

In order to define the CCR estimator, we first modify g, and x; such that
Y =Y — (B'AQZA]JI + [O,@12@521]> iy and 2z = (1,:1:2‘/)’ with z; =z — [hi;lat,

where 3 is the OLS estimator of 3 and @; = [@i1;, Az})’ consists of the OLS residuals and the
first difference of the I(1) regressors. Then, the CCR estimator proposed by Park (1992) is
defined as
T L,
fcor = (Z Zikzt*) (Z Zf?Jf) : (5)
t=1 t=1
The CCR method uses the same principle as the FMR method in order to eliminate the

endogeneity bias, while it deals with the non-centrality parameter in a different manner.

Contrary to the non-parametric approaches taken by the FMR and CCR methods, the
DOLS method is based on parametric regressions. Phillips and Loretan (1991), Saikkonen
(1991), and Stock and Watson (1993) propose to augment the leads and lags of the first



difference of x; as regressors and to estimate

K
Yt = 0/Zt + Z W;A:L’t_j + ﬂlt. (6)
j=—K

The DOLS estimator is defined as the OLS estimator of 6 for (6):
T-K -1 -k
OporLs = ( > 5t5£> ( > 5t@t> ; (7)
t=K+1 t=K+1
where Z; and g; are regression residuals of z; and y; on w; = (uét LK U/Q,tf K)’ , respectively.

The regression form (6) is based on the fact that under some regularity conditions, the

regression errors uy; in (1) can be expressed as

o0
U = Z Tt j + vt (8)
j=—o00
where »322  ||m;]] < oo, with || - || being the standard Euclidian norm; further, v is

uncorrelated with ug,—; for all j. For details, see Brillinger (1981). From (8), we observe

that

. /
Uy = v + E TjU2t—j- 9)
51> K

The uncorrelatedness of v; with all the leads and lags of ug; is an important property to prove

that the DOLS method successfully eliminates the second-order bias of the OLS Estimator.

As explained in Phillips and Hansen (1990), Saikkonen (1991), and Park (1992), these

three efficient estimators have an identical limiting distribution that is given by

D(b — ) = ( /0 1 Wg(r)WQ’(r)dr) B /D W) dWa (), (10)

where 0 = éFMR, éCCR, and Opors and Wi.a(+) ~ BM(w1.2) is independent of Wa(-) with
w19 = W11 — w1292_21w21. Then, we observe that the three efficient methods can eliminate
both the endogenous bias and the non-centrality parameter. Moreover, Saikkonen (1991)

showed that this limiting distribution is efficient in a certain class of estimators.

3. Finite Sample Evidence



This section investigates the finite sample performance of the three efficient estimators as
well as the OLS estimator through Monte Carlo simulations. In the simulations, we focus
on the effect of the serial correlation in the cointegrating regression errors, and thereby, we

consider the following simple data generating process:

Yr = i+ B +ute, T = 241 + Uy,
where z; is a scalar unit root process. The error term w; = [u1¢, ug]’ is generated from

ury = puy—1 +e1p and  ug = eg,

where &, = [ cit } ~ii.d.N(0,Y) with ¥ = { o1 o ] .
€9t 021 022

We set p=0.1,0.3,0.5,0.7,0.8,0.85,0.9,0.95,0.98 and T" = 100 and 300, while p and G are
set to be 1 throughout the simulations. The variances o171 and g99 are set to be 1 or 3, and
the covariance o091 is chosen such that the correlation between e1; and €9; becomes 0.4 or

0.8. The number of replications is 10,000 and all computations are carried out by using the

GAUSS matrix language.

We estimate the long-run variances by employing either the kernel method or Andrews
and Monahan’s (1992) prewhitening method with the specification of a first-order vector
autoregression (VAR(1)) for w;. For the kernel method, we use either the Bartlett or the
quadratic spectral (QS) kernel with the bandwidth parameter chosen by either Andrews’
(1991) automatic bandwidth selection method or Newey and West’s (1994) method. For the
prewhitening method, we need to estimate the long-run variances of the regression errors
after fitting the VAR(1) model. We employ the same set of the kernel and the bandwidth
parameter as the kernel method. Thus, there are eight versions of the long-run variance
estimators for the FMR and CCR estimators. Note that since the VAR(1) specification for
uy is correct in our simulations, we can expect the prewhitening method to work better than

the kernel method.

With regard to the selection of the lead-lag truncation parameter, we choose K by either

the Akaike information criterion (AIC), Bayesian information criterion (BIC), or the general



to specific rule as proposed by Ng and Perron (1995) at the 1% or 5% significance level. We
set K, the maximum of K, to be [12(7/100)'/4].

Tables 1 and 2 present the bias and the mean squared error (MSE). The simulation

result is summarized as follows:

(i) Both the bias and the MSE become larger for all the estimates as p approaches 1.

(ii) All the three efficient methods eliminate the bias of the OLS estimate more or less for
all the values of p considered in the simulations. However, the effect of the efficient
methods when p is close to 1 is not pronounced to the extent that it is when p is

relatively small.

(iii) When p is close to 1, the MSE of the efficient estimates is not necessarily smaller than

that of the OLS estimate.

(iv) The large variance of €14 relative to that of e9; results in the poor performance of all

the methods.

(v) The performance of the FMR estimate is similar to that of the CCR estimate, although
the bias of the former tends to be slightly smaller than the latter, while the MSE of

the former seems to be larger than that of the latter.

(vi) As to the FMR and CCR estimates, the prewhitening method works better than the

kernel method unless p is very close to 1.

(vii) The performance of the FMR and CCR estimates does not much depend on the

selection of the kernel and/or the bandwidth parameter.

(viii) The performance of the DOLS estimates depends considerably on the selection of the

lead-lag truncation method.

(i)—(iii) are all related to the case when p is close to 1. We observe that all the three efficient

methods have some problems when the regression errors are strongly serially correlated.



(iv) implies that the large noise in the regression model affects the estimates in a negative
manner. (v) may be expected because both the FMR and CCR methods eliminate the
endogeneity bias in the same manner. As we expect, the prewhitening method performs
better than the kernel method as stated in (vi). (vii) has occasionally been pointed out in
the literature. (viii) is a natural result because the lead-lag truncation parameter K must

diverge to infinity as T goes to infinity.

In order to observe the dependence of the DOLS estimate on K in detail, we conduct the
simulations for p = 0.5, 0.8, and 0.9 using a fixed value of K that ranges from 0 to K. The
result is summarized in Figure 1. We observe that while the bias of the estimate is reduced
as K grows in the range we considered®, the MSE tends to be smaller to some extent by
the middle of the range but it turns out to be greater for a larger K. From the figure, it
appears that there is an optimal K depending on the sample size as well as the strength
of a serial correlation. To the best of our knowledge, no optimal method in selecting the
lead-lag truncation parameter has been proposed in the literature; this is beyond the scope
of this paper.

As we observed, the performance of the estimates depends on p and becomes worse when
p is close to 1. In the next section, we investigate the three efficient estimators as well as
the OLS estimator when p is close to 1; further, we theoretically explain the finite sample

performance observed in this section.

4. Asymptotic Property of the Estimators with Strongly Serially Correlated

Errors

This section investigates the asymptotic property of the three efficient estimators as well as
the OLS estimator when the cointegrating regression errors are strongly serially correlated.
In order to focus on the strength of serial correlation in the regression errors, we consider

the model (1) with the following simple structure in the error term:

Us = pUlt—1 + E1¢, Ut = E2¢ (11)

40f course, the bias will get larger if we consider much larger K.



with w9 = 0, where e; = [e14,€h,])" ~ 4.4.d.(0, %) with finite 0-th moment for some § > 4.

This assumption implies that

\}TZQ = B(r) = { g;ﬁ?i ] (12)
for 0 <r <1 where B(:) ~ BM(X).

Before proceeding with the asymptotic analysis, we need to state two assumptions con-

cerned with the kernel method and the lead-lag truncation parameter.

Assumption 1 (a) The kernel k(-) is continuous at zero, k(0) = 1, sup,>q |k(r)| < oo, and
f[o oo)l_ﬂ(r)dr < oo, where k(r) = sup,s, |k(s)|. (b) The bandwidth parameter M goes to
infinity as T — oo and M = o(T'/?).

Assumption 2 (a) K = o(T"/?). (b) K3 sk llmill = 0.

Assumption 1 is sufficient to consistently estimate the long-run variances. See Jansson
(2002). Assumption 2 is provided by Kejriwal and Perron (2006) and is different from that in
Saikkonen (1991) in which it is assumed that (a’) K = o(T'/?) and (b’) T1/? 21>k il =
0. The assumptions (a) and (a’) are concerned with the upper bound of K; Kejrwal and
Perron (2006) proved that K can increase faster than the rate considered by Saikkonen
(1991). The assumptions (b) and (b’) provide the lower bound condition on K; the matter
of importance is that (b’) excludes the case where K is chosen by an information criterion,
while (b) is sufficiently general for K to increase at a logarithmic rate and then allow an

information criterion for the selection of K.

For the FMR and CCR estimators, we focus on the case where the long-run variances

are estimated by the kernel method as follows:

A A T-1 . 1 T—j
where 3, =100), =S k <J{4) DG), and D() = 2 Y iy,
j:l t=1



with @ = [ty, Ax}]’, where @y, is the OLS residual. Note that I'(j) is a consistent estimator
of T'(j) = E(utu;ﬂ).

Using the result in (12) with Assumptions 1 and 2, it is shown that when p is fixed,
the centered estimators have the same limiting distributions as given by (3) and (10), with
W (-) being replaced by B(-). However, when the error term is strongly serially correlated,
the assumption of the fixed p does not seem appropriate. In this case, we should consider
a local-to-unity system such that p approaches 1 as T goes to infinity. In the following

subsection, we consider two different types of local-to-unity systems.
4.1. Asymptotic property with the T local-to-unity system

First we consider the T local-to-unity system, which is defined as

c

Z, (13

p=pr=1-

where ¢ is a positive constant. This local-to-unity system has often been assumed in the
literature in order to investigate the asymptotic local power of unit root/cointegration tests.
See, for example, Phillips (1987), Tanaka (1996), and Saikkonen and Liitkepohl (1999)
among others. Note that we usually test for cointegration before estimating cointegrating
regression models and that tests for cointegration do not necessarily detect the existence
of cointegration with probability 1 even asymptotically if (13) is true. This is because
(13) corresponds to the local alternative for tests of cointegration. In other words, we
do not always encounter the 7' local-to-unity system even if (13) is correct. However, it
nevertheless appears insightful to investigate the asymptotic property of the estimators

with the specification of (13).

Since uy; is a nearly integrated process when p is given by (13), it can be shown that

1
—=Ui[py] = Je(r) for 0<r <1, (14)

vT
where J.(r) is the Ornstein-Uhlenbeck process defined as J.(r) = [; e~(r=5)dB; (s). In this

case, the OLS estimator is shown to be inconsistent, which is intuitively explained as follows.

10



Because of (14) and the continuous mapping theorem (CMT), Zz;l xtuie is no longer of
order T' but of order T2, while z;f:l 7@, = Op(T?). As a result, it can be seen with no
constant term model that 3 = §4 (31—, zea}) "1 Sof_, @pure = B+ Op(1) and thus the OLS
estimator B is inconsistent. We can further show that the three efficient methods do not
work well under the T local-to-unity system. The formal statement is given in the following

theorem.

Theorem 1 Under the T' local-to-unity system,

1 A
7Dr(0p - 0) = H™'h (15)

~ A~

where 0g = 0, Brumr, Bocr, and Bpors,

H= 1 fOB2 )'dr , and h=
f r)dr fOBg By(r) dr

Jy 7. ] |
f By(r )J( )dr

Since T~ ' Dy = diag{T~'/2,I,,}, we can see that all the estimators are inconsistent and
the estimator of the coefficient associated with a constant term diverges at the rate of 7/2.
Theorem 1 shows that the three efficient methods do not work at all and these estimators
have the same limiting distribution as the OLS estimator. In other words, the correction
terms for the second-order bias are asymptotically negligible for the three efficient estimators.

For example, the FMR estimator (4) can be expressed as

T -1 7
éFMR = (Z Zﬂé) {Z 2e(ye — @129521u2t) — Tj+}
t=1

t=1

) T -1 7
= 60— <Z ztz£> (Z ztth 29 wgl TJ+>
t=1

t=1

and then, we have

1 A N
fDT(eFMR —0) (16)
T -1 T 1 0
= — _Di1 ,‘D*1 D*l / Qfli ~ _ 1 . R ) ‘
( T ;zﬂt T ) < T ;Zﬂ@t 22 Tw21 f()‘ﬂ _ A2292—21@21>

11



Since it is proved in the appendix that @91 and \g; are Op(M), we can see that the right-
hand side of (16) converges in probability to zero and thus the FMR estimator behaves
asymptotically in the same manner as the OLS estimator. The equivalence between the
CCR and OLS estimators can be explained in the same way. For the DOLS estimator (7),
we can see that
T-K -1 K
Opors =0 + < > zg;) ( > zta1t> : (17)
t=K-+1 t=K+1
Note that 1; does not appear in the above expression, but we have @1, since the relation
(8) no longer holds as uj; is a nearly integrated process. Since uj; and z; dominate wy, we

can show that (17) is asymptotically equivalent to

A T -1 p
0 =0+ <Z zwé) (Z ztu1t>
t=1 t=1

and the DOLS and OLS estimators thus have the same limiting distribution.

Theorem 1 partially explains why the three methods do not work well and why they
cannot effectively eliminate the second-order bias when p is very close to 1. However, as
the simulation result in the previous section indicates, both the bias and the MSE are still
slightly reduced when p is moderately close to 1; this result cannot be explained by Theorem
1. Therefore, we need to consider the case where p is close to 1 but not as close as under the
T local-to-unity system. In the next subsection, we consider the case where p approaches 1

at a slower rate than 1/7.
4.2. Asymptotic property with the N local-to-unity system

This section considers the N local-to-unity system, which is defined as

N
p:pNzl—%, N — oo and ?—>0. (18)

Under this system, p = py approaches 1 as T goes to infinity; however, the approaching

speed is slower than the T" local-to-unity system. Note that since p approaches 1 at a slower

rate than pp, tests for cointegration detect the cointegrating relation with an asymptotic

12



probability 1, which implies that we always encounter the N local-to-unity system at least
asymptotically if (18) is true. The aim in considering this system is to investigate the
behavior of the estimators when the AR coefficient is close to 1 but not too close. As we
observed in the previous subsection, the AR coefficient of the T local-to-unity system is
very close to 1 and the asymptotic behavior of the estimators is rather different from that
when p is fixed. The N local-to-unity system may be seen as the bridge between the fixed
p and the T local-to-unity system. This type of local-to-unity system is also considered by
Phillips and Magdalinos (2005, 2007) and Giraitis and Phillips (2006).

The following theorem provides the asymptotic distributions of the estimators.

Theorem 2 Under the N local-to-unity system,

NDT(H_Q) = H 'hors, (19)
~Dr(0rn —0) = H hrpur, (20)
%DT(éCCR—G) — H e, (21)
~Dr(Bpors —0) = H 'hpous, (22)

where H is defined in Theorem 1 and

) [ 131(1)
oL T (fo By(r)dBi(r )+021) ’
r1
2B1.2(1) } y
) va oQ,
L L [} Ba(r)dBya(r) N N
%Bl( ) — B2< )z 2_21021df IN k(rye=cdsmdr
1 rl
— Jo B2 ( )dB2( ) o oa1dy [ k(r)ecdmdr
L 1’" (% —dy g7 k(r)e™ 4T dr) ou]
+Bi(1) v,
L % (fo BQ dBl )+021> N )

13



)
[ 1By1a(1)
| L[5 Ba(r)dBya(r) } ’ N
[ 1B1(1) — (1 — e “M)01555, By(1)
hpors = [% ( i By(r)dBy (r) DK,
(1= e7¢4a) [ By(r)dB(r) T a1 + e *0yy ) |
- eBi(1) K
: (fo1 By (r)dBi(r) + 021) ] v =0

with dy and dy being fived positive values and Bi.o(r) = Bi(r) — 01235y Ba(r).

Note that all the estimators are consistent under the N local-to-unity system; however,
they are not T-consistent as in the case where p is fixed but the convergence rate is slower

than 7.

From Theorem 2, we observe that the three efficient estimators do not have the second-
order bias when N is sufficiently slow as compared with the bandwidth parameter M or
the lead-lag truncation parameter K. This implies that when p approaches 1 slowly or p is
sufficiently away from 1, the FMR, CCR, and DOLS estimators are efficient as compared
with the OLS estimator. On the other hand, when p approaches 1 rapidly or when p is very
close to 1, they have the same asymptotic distributions as the OLS estimator and hence
suffer from the second-order bias. For the intermediate case where N is of the same order
as M or K, the limiting distributions of the three efficient estimators become complicated.
In this case, the second-order bias is partially eliminated by the efficient methods. For
example, the endogeneity bias is partially eliminated from the FMR and CCR estimators
by observing the term

1 oo
—dBy(r) - dBh(r) Sy o91dy / k(r)e 4" dr,
0
while the noncentrality is adjusted by the term

1 o0
< — df/ k(r)e_Cdfrdr> 091.
c 0

Similar effects can be observed for the limiting distribution of the DOLS estimator when

K/N — dg. Thus, Theorem 2 implies that when p is relatively away from 1, the three effi-

14



cient estimators work well as compared with the OLS estimator; however, as p approaches
1, the difference between the efficient estimators and the OLS estimator reduces, and even-
tually, when p is sufficiently close to 1, the difference becomes negligible. This is consistent
with the finite sample behavior of the estimators observed in Section 3. In other words, the
N local-to-unity system can adequately explain the finite sample behavior of the estimators

when p is moderately close to 1.

Finally, we demonstrate the probability density functions (pdf) of the distributions pro-
vided in Theorem 2. Figure 2 illustrates the pdfs® for o9; = 0.4 and 0.8, ¢ = 1/2, 1, 2,
and 3, and dg = dy = 1. They are obtained from 100,000 replications from the distribution
of the discrete approximation based on 2,000 steps to the limiting distribution provided in
Theorem 2. We can observe that the limiting distribution for a slow N is centered at and
symmetric around the origin, while the limiting distribution of the OLS estimator is shifted
and skewed toward the right-hand side. In addition, we observe that the second-order bias
is partially eliminated by the efficient methods by observing the limiting distributions cor-
responding to the cases where M/N = 1 and K/N = 1. Overall, the second-order bias of

the OLS estimator increases for a larger o9; and a smaller c.
5. Conclusion

In this paper, we theoretically investigate the three efficient estimators for cointegrating
regression models: the FMR, CCR, and DOLS estimators. We first demonstrate that these
efficient methods do not necessarily work well in finite samples when p is close to 1. Next, we
show that the three efficient methods work as poorly as the OLS method when the regression
errors are generated from the T local-to-unity system. Furthermore, by using the N local-
to-unity system, the three efficient methods are shown to estimate the regression coefficient
more efficiently than the OLS method when the regression errors are moderately serially

correlated; however, as the correlation becomes stronger, the effect of the efficient methods is

5These densities are drawn for the range of 1% to 99% points by the kernel method with a Gaussian
kernel. The smoothing parameter, h, is decided by equation (3.31) in Silverman (1986): h = 0.9AT~'/°
where A = min(standard deviation, interquartile range/1.34).
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weakened, and eventually, all the estimators considered in this paper become asymptotically
equivalent when the correlation is sufficiently strong. This analytical investigation can
adequately explain the poor finite sample behavior of the three efficient estimators when

the regression errors are serially correlated.
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Appendix

In the appendix, we denote some constants that are independent of T and the subscript j

as Cl, CQ, A

Proof of Theorem 1: Noting that

1 T T
1 D6 — ) — 1 VT D1 Tt ﬁ D1 Uit
T r(0—0) = 1 T 1T / 1 T ’
VT D=1 Tt pr Xy T 77 D1 TtULt

we obtain (15) for the OLS estimator § using (12), (14), and the CMT.

For the FMR estimator, it is sufficient to prove that @ws; and 5\21 are Op(M ) as ex-
plained after Theorem 1, because the centered FMR estimator is expressed as (16) while
DY 22iDRt = H and DY SSE | b, = ), (fy Ba(r)dBb(r)+As2)']'. Note that

the one sided version of the long-run variance estimator is defined as
T-1 i1 T—j
Ao1 = ZO k <M> T tz1 U UL {45+
j: =

Since 7! Zz:lj ugtlie4j is shown to be Op(1) uniformly over j and M~! ZT Lk ﬁ) —
Jo* k(r)dr, we can see that Aot is Op(M). Since Wy is similarly shown to be O,(M) and
M/T — 0 by Assumption 1(b), we obtain the theorem for the FMR estimator.

For the CCR estimator, we have

T
J S - %
TDT(QCCR*Q) = (D E 52 D 1) TDT1§ 2 Uty
t=1
[ ﬁlﬁ D=1 Uiy ]

1 T %, %
T2 D im1 T UL

T /

1 == xy

- T«/T ;t:l t/

1 * 1 * %k
VT DT T Do T

where u};, = w1 — (B - ﬁ)’[\ﬁ;lat - @12@521U2t, B being the OLS estimator of 3.
In order to derive the limiting distribution, we need to obtain the order of Agig L. Since

1 1 1
Tul[Tr] = ﬁ T
= J.(r)— [1 BY(r)]JH 'h = J.(r), say, (23)

~ VT2 Dyt - D (0 — 0)
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we have T 16,11 = fol J2(r)dr and Gy91 = Op(1), the latter of which can be shown as

Theorem 4.1 of Hansen (1992). Thus, since Ay = Op(M), we obtain

o . 1 -1
AoB, DT = AsDr (TQDTE DT>
1 ~ . %&un L G190 -
= [)\217/\22] 1 - VI
VT J70u21 Yu22
1 72 -1
J, d 0
= ] | N0, ) o) (24)
u22

where the last equality holds because Ags = (99 = ¥;,00 in our model. Then, noting that
ZtT:I i1y = 0 because iy, is the regression residual and that 7-1/2 Z L U2t = Ba(1), we

can see that

= Bs(r)dr (25)
0
Similarly, we have
1 & 1 <& L
72 > atap = = > wat +op(1) = / Bo(r) B (r)dr. (26)
t=1 t=1 0

On the other hand, since § = Op(1) and w12 = O,(M), using (24), we can see that

T T
1 % 1 5 IR =1 py-1 1 .
— Uy = = ue — (B —B) A2, DT - ——=D {0
Tt = g e (- RO DS
T

1 O-1 1
TW12 29 \/—Zu%

1 1 M
= — +0, () +0, (=
T\/T;““ p(T) ”<T>

= /0 Je(r)dr (27)
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T T T
* ok 1 1 ~ —150—14A7 /4
Yowiuh = g d s g Y wiiDr DS - )
1 & 1 1 &
— > xtu;tﬂgf@l — A3 DT Dro > dpur
t=1 t=1

T

PO _ 1 o Caa, A

+AS DL 77 Dr > iy Dy - TDR'S, ' Ay (6 - B)
t=1

1 R A1
ﬁDT Z; utuétﬂm Tum

O RACICIRIORAE
= /0 Ba(r)Je(r)dr. o8)

+A3 1 DLIT -

From (25) — (28), we obtain the result for the CCR estimator.

For the DOLS estimator, we note that the relation in (8) no longer holds. From (17)

and the inverse formula of the partitioned matrix, the DOLS estimator can be expressed as

-1 T-K
1
fDT(GDOLS 0) (D— Z w2 Dyt — GGy 1G’> ( D' >z — GiGy G3>

t=K+1 t=K+1

where G = \/» Z 2wy, Go = Z wiwy, and G3—7 Z Wil1¢-

t=K+1 t K+1

From this expression, we can see that the result for the DOLS estimator is obtained if we
show that
1G1G3' G| = 0p(1) and  ||G1G5 ' Gsl| = 0p(1)

where || - || is a matrix norm defined by [|A|| = (tr(A’A))Y/? for a given matrix A. Note
that ||A1As|| < ||A1]|||Az2|]1 < ||A1]]]|A2|| because of Lemma Al in Saikkonen (1991) and
||A1]|? < ||A2|| for given matrices Ay and Ay, where ||A||; = sup{||Az|| : ||z|| < 1}. Since

|G5 1 is shown to be O,(1) by Saikkonen (1991) and Kejriwal and Perron (2006), it is
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sufficient to show that ||G1]

| = 0p(1) and ||G3|| = 0p(1). Here, note that

- K 2 2
|G1|? % ‘\/1? Z w} Z Tyw;
i t=K+1 t K+1
1 [ K | K 2 K |l T-K
/ !
= 7|2 a2 | * X |7 D wetke
| j=—K t=K+1 j=K |7 t=K+1
K
K T-K 2
Gol2 = —
1G] 3 . || Do wz-jun
=K llt=K+1
% 2
<

1
ﬁsgpﬂultﬂz Z
J:
Hence, [|G1]| = 0,(1) and [|Gs|| = o,(1).

E U2t —j

t=K+1

Proof of Theorem 2: First, we prove the following lemma

Lemma A.1 For p=py=1—¢/N

1 o 4, p 1
(a) Mﬁ;ult—)%alla
1 T
(b) Nﬁ;ult:&u),
1 T

1
(c) NT thult = .

Proof of Lemma A.1: (a) Since uj; = 3 y_, p

t=ley;, we have

T t—=1 t

2D 2 +2ZZ Z p2kle o
1

t=2 I=1 k=l+1
The first term on the right-hand side of (30) can be expressed as
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2.2 2
pTET + €19

4.2 2.2 2
pET + pEly + €13

+ +

PTVed + 2T el + T3l .+ €

+
T

!

2(T—t+1) 2,

1

!
S

p2(T—t+1)(€ p2 (Tt (32)

T
— 2 > et - )
== 1=p"4
1 < 1
> it —on)
= t=1 t=1
where the second equality is obtained by collecting the coeflicients associated with each ¢.
Since 1 — p? = 2¢/N — ¢ /N2, the first term of (32) divided by NT converges in probability
to 011/(2¢) by the weak law of large numbers (WLLN). The second term of (32) has mean

zero and its variance is given by

< 2 2(T— t+1 _0_11)> — 2 Zp (T—- t+1 Elt _ 0_11)2)

T+1)

p —p(
(1—p*)2(1—p")

Hence, the second term of (32) is O,(N3/2). Since the third term of (32) is easily shown to

E ((e}, — 011)?) = O(N?).

be O(N?), we can see that the first term on the right-hand side of (32) dominates the other

terms and thus converges in probability as follows:
T

t
1 Zp2tl)2 ., ou
2¢
=1 1=1

Thus, (a) is established if we prove that the second term on the right-hand side of (30)

divided by NT converges in probability to zero. After some algebra, it is shown that

T -1 ¢ T-1 T
26—k k=l k142 27— k—1
Z Z P ST Z Z (P T JE1kE L
=2 I=1 k=I+1 =1 k—l+1
2T —h—l42
e S > Pewen- - (33)
I=1 k=l+1



Since (33) has mean zero and its variance is given by

T-1 T T
1 _ ke o _ —k—
V( - Z (pk; l_p2T k l+2)51k611) _ 11 Z (pk l_pQT k l+2)27

which is shown to be O(N3T). Thus, (33) is O,(N3/2T'/2?) and hence the second term on
the right-hand side of (30) divided by NT is O,(NY2/T"2) = 0,(1).

(b) Using ug; = > j_; p! 'y and 1 — p = ¢/N, we obtain

1 T 1 T t
72“11& = ZZPFZEU
N\/thl N thl =1
1 T
= L+p+--+p e
N T;( P P )lt
1 L 1 T
T—t+1
= 1t — p €1t (34)
T T
T
N
= et + O — 35
- f; 1 ( T> (35)
1
B (1
= c 1( ))

where (35) holds because the second term of (34) has mean zero and its variance is shown

to be O(N/T).

(c) Using the identity (1/N)ui—1 = (1/c)ers + (1/¢)(u1i—1 — u1¢), we have

1 & 1 & 1 &
ﬁ ;$tult = ﬁ ;xtglt—i-l + E ;Jit(lﬂt — U1t+1).

The first term on the right-hand side weakly converges to ¢! fol Bs(r)dBy(r), while the

second term is expressed as

T T
1 1
T ;xt(uu —Ul1) = T ; {(x — xp—1)ure + (Te—1ure — xpusesr) }
1 & 1
= T ; E2tU1t + ﬁ(wouu — TTUIT41)- (36)
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The first term of (36) converges in probability to 21 /c by the WLLN because it has mean
o91/c and its variance is shown to converge to zero. On the other hand, the second term of
1/2

(36) converges in probability to zero because T~/2 sup, |z;| = Op(1) while T~'/?uy; can be

shown to converge in probability to zero uniformly over ¢. We then obtain (c).O
Using Lemma A.1, the limiting distribution of the OLS estimator is obtained as

1 T -1 T
1 Dr(d—8) — 1 T D=1 T ﬁﬁ Dot Uit
N r(0—0) = 1 ZT 1 T ’ 1 T
TVT 2t=1Tt T2 D t—1 BT NT Doi—1 TtUlt

=

1 N 32 r)dr cBi(1)
fol By(r)dr fO Bs(r)B)(r)dr (fo Bsy(r)dBi(r )+021> )

Next, we present the following lemma, which is used to derive the limiting distributions

of the FMR and CCR estimators.

Lemma A.2 For p=py=1—¢/N,

(a) *011 NTZUH — 011,

1

(b) 091 = T ZUQtult £, 021,
t=1
1. 3 %0—217 % — 00,
(C) N}\gl L )\21 = O'Qldf fooo k(T)C_CddeT, % — df,
0, N =0,

1 _
(d) Nu)m L )\21.

Proof of Lemma A.2: (a) Since i1, = uy; — (0 — 0) 2 and (1/N)Dp(0 — 6) = Op(1), we can
see that

T
1 .
WZU% = NTZUH 0 0) DT D, Zztult
t=1
+(0 —0) DT 12% DT(o 9)
T
1 ) N\ , 1
- NT;u1t+Op<T>_>QCUH’
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where the last convergence is obtained from Lemma A.1(a).

(b), (c) First, we note that

1 14 N S R
~ / —
T tz_; UtULt45 = T tz_; UtULt 45 — ? t_zl UQtZtJerT . NDT(Q — 0)
LT
N
= 7 Z g5 + Op <T> (37)

uniformly over j. Since uizy; = E J_r{ pt‘” leu, the first term of (37) can be expressed as

_ t+j
1 T —j
= U UL+ = U2t€1t + u2t PHJ leny + U2t p ey
T
t=1 t 1 t 1 I=t+1
pj =
= 7 Z ugiery + Ly + Lo,  say. (38)
t=1

After some algebra, it can be shown that E (L) = 0 and E(Lg) = 0 while
N N
V(Ll) S 01? and V(LQ) S 02?

This implies that both L; and Ly are O,(N'/2/T"/?) uniformly over j > 0. Then, (b) is
obtained from (38) for j = 0 by the WLLN.

For (c), we obtain, from (37) and (38),

1. 1 N1
N)\m = E{ == ) utig,

- e T < > Zu2t€1t+0 (ﬁ>+o <J‘T4> (39)

where N* satisfies N* /N — oo and N*/T — 0. Since T~} Z;F:_lj ugeqy is shown to be Op(1)
uniformly over j > N* and k(-) < Cj5 for some constant C3, the second summation in the

first term of (39) becomes

1 T-1 ] piT_j C T—-1
! |
S k<M)TZth5u < T Fxo0
J=N*+1 t=1 j=N*+1
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N*+1 T
PN —p
- TP Lo,

which converges in probability to zero because N(1 — p) = c¢. Further,

pN*+1 _ (1 _ ¢

N*+1
¥)

T
— 0 and pT:<1—%) — 0

since ¢ > 0, N*/N — oo, and T'/N — oo. In the following, we derive the limit of the first
summation in the first term of (39) depending on the rate of N.

When M/N — oo, we can choose N* such that N*/M — 0 while N*/N — oco. Then,
since k(0) = 1, k() is continuous at zero, j/M — 0 over 0 < j < N*, and T~! Z;‘F:_lj UAETE

converges in probability to o1 uniformly over 0 < 5 < N*, we observe that

Lon, (J) P2 L\ ‘
Wb () G T e = om0y X1+ on)y
7=0 t=1 7=0
» 1_ N*+1 1
— 091 hm —_—— = —091.

N—o0 N(l — ) Cc
Thus, we obtain (¢) when M/N — oo.

When M/N — dy, N*/M must go to infinity. Then, we have

1 N* j pijj N* .

N* . ~
M 1 J M ¢’
= (on+o() 577 ]z;k (M) <1 - NM)
2, agldf/ k(r)e 4" dr.
0

When M/N — 0, we can see that

AV A= M1 K, ([
p
NZk‘<M>TZUQt€1t SWMZ k(M) ><Op(1)—>0
7=0 t=1 7=0
(d) Since
1 15 i1 A
N@m =N ]Z; k <M> T ; Uty il + A1, (40)



it is sufficient to show that the first term on the right hand side of (40) converges in proba-
bility to zero. Here note that

RSN S 15, (G152 M
¥ k(L) 3 i = Sk (L) S w0, () @
7j=1 t=1 7=1 t=1
using (37). Since E(ugt4ju1r) = 0 for j > 0 and

T—j T—j
Vv (Z U2t+ju1t> = Z E(u%t)E(u%t-i-j) <Oy x NT,
t=1 t=1

we note that the first term on the right-hand side of (41) is O,(K/(NT)"/?). Therefore, the

first term on the right hand side of (40) converges in probability to zero.O

In order to derive the limiting distribution of the FMR estimator, we note that

1 .
— D7 (60 —0
N 7(0rvR — 0)

- g d d 1 1

~ (ot wnrt) (ort S prt Sty - )
t=1 t=1 t=1

= Hi'hpmrr, say.

As we noted in the previous proofs, Hy = H while noting the relation of Q99 = Ags = Xoo
in our model, the limiting distribution of hpasr 1 is derived using Lemmas A.1 and A.2 as
follows:
T T A— ~

ﬁﬁ D U1t — ﬁ i a2
ﬁ Zthl TeUie — % zle xtuIQtQQ_QI%@ﬂ - % </\21 - A2292_21“A’21>
[ $B1(1) = By(1)Z55 Ao

L (Jy Ba(r)dBi(r) + o1 ) = (Jy Ba(r)dBy(r) + T2 ) T3 han |

hryvrr =

=

As in the proof of Theorem 1, the CCR estimator can be expressed as
1 T s« 7171 1 T .
iDT(éCCR —0) = . 1T Yl“\/T ;tzl ft/ Tﬁ §t=1 Uyt .
* X LK
N T Q=1 T T2 D=1 T NT 2t—1 Ti UL

From Lemma A.2, we obtain

P 1< 4 611 612 }_1
Aoyt = [ =)o A N7
22, [N 21 22] [ Tom S
p - 2C - 20 1
— Ao, A1 ——01225, + 1| . (42)
o1 o1
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Using (42), we can see that

R 1 < 1 < 1
* A y—1 ~
729% = 725575 —A2¥, 721& = Bsy(r)dr,
VT t=1 VT t=1 VT = 0
1 !
— ) ziry = / Bo(r)Bh(r)dr
t=1 0
Further, using Lemmas A.1 and A.2, it is shown that
1
— 1t
NVT =
1 R 1 1 <
—= > u— (BB A =) iy — @120 —=
NVT 2= NVT &N T

and
1 I 1 T T .
NT;xtult = M’;wtult_NT;wt Ay(B —B)
1 &
- Z mtu%QQQ AgZJl NT tz; WUy
+A2f)_ Z W IA' ﬂ B) + AQE_ Z utu%Q

(43)

(44)

w21

! ( / Bo(r)dBi () + 021> - < / Ba(r)dBy(r) + 222> S5 har

_ 2c _ o11
[)\21 —)\2170'12222 +I] [ 2¢ }
o11 o11 0

s 2¢ < 012 —15
|:)\21 —)\211012222 —|—I] |: 222 :| 222 >\21

= < / Bs(r)dBy(r / 2(7“)(135(7“)2221/_\21> + (% — 5\21

The limiting distribution is obtained using (43)—(46).

For the DOLS estimator, we first transform the error term £ as
et = €12t + €2t
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where 1.9 = €14 — 012252152t and £9; = 012252162t. Notice that e1.9; is uncorrelated with all

the leads and lags of €9 and &9¢. Since uis = Zle pt~leq;, we have

t t
t—1 t—1
uy = ZP €1~21+ZP €21
t—K—1

= Z o 821+ZP €121 + Z e

I=t—K
K

/
= Z AT+ uro + Tt
=0
K
/ .
= Z ﬂijt_j + u1.2t (47)
J=0
j —1 t t—K—1
where TF} = plo1a¥oy, urat = Y 1 p lerar, Tor = =1 p' ey, and T = uigr + 7o
Inserting (47) in the model, we obtain
K
=0z + Zﬂ'jAl‘tfj + 1.9
=0

Then, the DOLS estimator can be expressed as

1 X
—D7(60 —0
N 7(@pors — 0)

-1 T-K
= (D 1 Z 22Dt — G1Gy 10') (ND ! Z 2.9 — G1Gy 1G4) (48)

t=K+1 t=K+1

where G1 and GGy are defined in the proof of Theorem 1 while

1
Gy = E W12
NVT VT t=K+1

The term in the first parentheses of (48) weakly converges to H~! as proved in Theorem 1.
In order to derive the limiting distribution of the term in the second parentheses of (48), we

first investigate the order of ||Gy4]|. Note that

K
IG4l* = Z Eot—jU12t
N\Ft K+1
< 2 Z Hle/T Tzf( E9t—jU1-2 Z E2t—jT2t (49)
j=—K t=K+1 VT
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Here, we can see that E(eg—jui.2¢) = 0 and

T-K T—-K t 2
Var( Z €2tju1-2t> = Yo Z E (Zpt_l€1.2l>
=1

t=K+1 t=K+1
T-K 4 _ 2
= Spoiz Y e = O(NT)
t=K+1

where the first equality holds because F(ese1.9:) = 0 for all s and ¢ and £;.9; is an uncorrelated
sequence. Then, the first term in the parentheses of (49) is O,(1/N). Since we can similarly
show that the second term in the parentheses of (49) is O,(1/N), we can see that ||G4|> =
O,(K/N). Since ||G1]|> = O,(K/T) as in (29) and ||G5||1 = Op(1) as shown by Saikkonen
(1991), we can see that
_ VK VK K
||G1G2 1G4” S Op (ﬁ Op (1) Op —— = Op (> = Op(l).

Then, the theorem is proved if we show that

1 T-K T-K T-K

B ) 1 1
Lo S e kDR Y nat kor S sa o 0
t=K+1 t=K+1 =k

First, we derive the limiting distribution of the first term in the middle of (50). Note

that
T-K T-K t
Z uro = Z Zpt_léfl-m
t=K+1 t=K+11=1
K
_ Z (o531 4 pK=i+2 oy Ty gy,
7j=1
T-2K
+ Y (4p+p 4+ K ) ek
7j=1

K—j+1 _ T—K—j+1

K
= Z P 1 _p €1.25

J=1 P
1 T-2K 1 T-2K
- o T—2K—j+1 .
+1_p ; €1.2,K+j 1=, ; p €1.2,K+j- (51)
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From some algebra, we can show that the expectation of the first term of (51) is zero and
its variance is O(N?) while those of the third term of (51) are zero and O(N?3). Thus, we

obtain

1 T—2K N 1
€ + 0, = —Bj.2(1). 52
W S & e (V) 2 e o
Similarly, we can show that

Z Ul = — /Bz )dB1.2(r). (53)

t K+1

For the second term in the middle of (50), we note that

T-K K K-
Do = Z Z
t=K+1 K+ =1

2K —
_ Z PR Ry K 5,
=1

T—-2K-1 T—-2K—-1
K+1 1

p ~ T—K—j+lz
_ = 54
L—p 2 @i L=p ; ’ 2 oy

j=1

The second term of (54) is shown to be O,(N%/2) because its mean is zero and variance is

O(N3). Thus, we obtain

1 i T—2K-1 N
Yoo s 3 oy
N\Ft ) N1 —p)VT ot T
0 % — 00
= le=cdag 35, By (1) K —dy (55)
101955, Bo(1) £ —o.

We can similarly show that

0 % = 00
1 =K 1 —cd K
NT Z Zziror = { € ¢ (fg By(r)dB5(r)X5; oo + 021) N — dda (56)
ot L (Jy Bo()By(r)S5 021 + 021 K.

By combining (52), (53), (55), and (56), we obtain (50).H
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Figure 1: The finite sample bias and MSE of the DOLS estimator

The MSE (T

=100, 011 = 022 =1, 021 = 0.4)

oo
o®n .

12

(h) The MSE (T = 300, 011 = 022 = 1, 021



03

0.2

0.1

0.1

r Efficient b
‘
-20 -15
.
DOLS
L Efficient |
o
-6 -4 2 0 2 4 6
(c)c=2and o012 =04
L Efficient |
‘
15 -10
[ Efficient
-4 2 0 2 4 6 8

(g) c=2and 012 =0.8

Efficient

DOLS --
Efficient

(d) c=3and 012 =04

™ T

Efficient

Efficient

(h) c=3 and 012 = 0.8

Figure 2: Probability density functions of the estimators




