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Abstract

This paper characterizes optimal monetary policy in an economy with the zero interest
rate bound and endogenous capital formation. First, we show that, given an adverse shock
to productivity growth, the natural rate of interest is less likely to fall below zero in an
economy with endogenous capital than the one with fixed capital. However, our numerical
exercises show that, unless investment adjustment costs are very close to zero, we still have a
negative natural rate of interest for large shocks to productivity growth. Second, the optimal
commitment solution is characterized by a negative interest rate gap (i.e., real interest rate
is lower than its natural rate counterpart) before and after the shock periods during which
the natural rate of interest falls below zero. The negative interest rate gap after the shock
periods represents the history dependence property, while the negative interest rate gap before
the shock periods emerges because the central bank seeks to increase capital stock before the
shock periods, so as to avoid a decline in capital stock after the shock periods, which would
otherwise occur due to a substantial decline in investment during the shock periods. The latter
property may be seen as central bank’s preemptive action against future binding shocks, which
is entirely absent in fixed capital models. We also show that the targeting rule to implement
the commitment solution is characterized by history-dependent inflation-forecast targeting.
Third, a central bank governor without sophisticated commitment technology tends to resort
to preemptive action more than the one with it. The governor without commitment technology
controls natural rates of consumption, output, and so on in the future periods, by changing
capital stock today through monetary policy.
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1 Introduction

Recent literature on optimal monetary policy with the zero interest rate bound has assumed that capital
stock is exogenously given. This assumption of fixed capital stock has some important implications. First,
the natural rate of interest is exogenously determined simply due to the lack of endogenous state variables:
namely, it is &fected by exogenous factors such as changes in technology and preference, but not by changes
in endogenous variables. For example, Jung et al. (2005) and Eggertsson and Woodford (2003a, b) among
others, start their analysis by assuming that the natural rate of interest is an exogenous process, which is a
deterministic or a two-state Markov process. More recent researches such as Adam and Billi (2004a, b) and
Nakov (2005) extend analysis to a fully stochastic environment, but continue to assume that the natural rate
process is exogenously given. These existing researches typically consider a situation in which the natural
rate of interest, whether it is a deterministic or a stochastic process, declines to a negative level entirely due
to exogenous shocks, and conduct an exercise of characterizing optimal monetary policy responses to the
shock, as well as monetary policy rules to implement the optimal outcome.

Second, no serious attention has been paid to the channel through which interest rate adjustments con-
ducted by a central bank wouldfact an equilibrium through a change in capital stock. The existing
researches have found that it would contribute to consumption smoothing and consequently to an improve-
ment in welfare if a central bank lowers short-term interest rates beforeraafier the periods during
which the natural rate of interest is below zero. Specifically, Jung et al. (2005) and Eggertsson and Wood-
ford (2003a, b) emphasize the role of history dependent monetary policy by showing that central bank’s
credible commitment about monetary easafiggr the periods with a negative natural rate would contribute
to consumption smoothing. On the other hand, Adam and Billi (2004a, b) and Nakov (2005) stress the
role of central bank’s preemptive action by showing that an interedieforethe periods with a negative
natural rate would mitigate a downward pressure upon consumption and inflation, thereby improving eco-
nomic welfare. However, the existing papers are entirely silent about the pos#aes @f an interest rate
change, whether it is before or after the shock periods, upon a change in capital stock, which should be
closely related to consumption smoothing and therefore economic welfare.

The purpose of the present paper is to see how analysis would change if we remove the assumption
of fixed capital stock and instead employ a more realistic assumption of endogenous capital formation.
Specifically, we introduce the zero bound constraint into the variable capital model in which rental market
for capital stock exists, and characterize optimal monetary policy responses to shocks that lead to a decline

in the natural rate of interest to a negative level, as well as monetary policy rules to implement the optimal



outcome.

To illustrate the role of endogenous capital stock in an economy with the zero interest rate bound, let us
consider a situation in which a substantial decline in productivity growth in péritechds to a decline in
the natural rate of interest to a negative level. The best action that a central bank can take if jpetad
lower nominal interest rate to its lower bound; however, because of a negative natural rate inpéned
interest rate gap, defined as the discrepancy between the real interest rate and its natural rate counterpart,
takes a positive value in periol. Then the consumption Euler equation implies that, other things being
equal, the positive interest rate gap in perfotkads to a decline in consumption in peribdThen we ask
ourselves how one can fix this problem.

Let us first think about a discretionary solution under the assumption of fixed capital stock. Consumption
in the period just after the shoots,; must coincide with its natural rate counterpatt, , simply because
a central bank under discretionary policy chooses to close a interest rate gap whenever it is possible. More-
over, the natural level of consumption is exogenously given under the assumption of fixed capital. Therefore
cr.1 is determined entirely by exogenous sources, and there is no way to avoid the decline in consumption
in periodT. However, if the central bank can make a credible commitment about future monetary policy,
there is a room to improve the situation. Specifically, as shown by Jung et al (2005) among others, the cen-
tral bank’s commitment to monetary easing in peffodl leads to an increase in, 1, thereby contributing
to an increase iny, even if the interest rate gap in periddemains unchanged.

In fact, this kind of history dependent policy is the sole way to fix the problem as far as we stick to the
assumption of fixed capital. If we relax this assumption, however, we have another channel to fix it. That
is, if the central bank lowers short-term interest rate in pefiedl, firm investment in period — 1 would
increase, and thus capital stock at the end of pefied1 would increase as welt. Other things being
equal, this increase in capital stock at the end of pefiod1 leads to an increase in capital stock at the
end of periodl as well, which contributes to an expansion of production capacity in p&ried, thereby
successfully increasingj,,. An important thing to note is that even a central bank without commitment
technology is able to increasge making use of this channel; it is still possible for such a central bank to
increasecr even if the bank sticks to closing the gap after the shegk;(= c7,,). This mechanism can
be seen as a new channel to realize consumption smoothing through capital stock adjustments, which is
entirely missing in the fixed capital model that has been used in the analysis of optimal monetary policy
with the zero interest rate bound.

This paper characterizes optimal monetary policy in an economy with the zero interest rate bound and

*1 Note that, in period’, labor supply and production increases in response to monetary easing.



endogenous capital formation. First, we show that, given an adverse shock to productivity growth, the
natural rate of interest is less likely to fall below zero in an economy with endogenous capital than the
one with fixed capital. However, our numerical exercises show that, unless investment adjustment costs
are very close to zero, we still have a negative natural rate of interest for large shocks to productivity
growth. Second, the optimal commitment solution is characterized by a negative interest rate gap (i.e., real
interest rate is lower than its natural rate counterpart) before and after the shock periods during which the
natural rate of interest falls below zero. The negative interest rataftghe shock periods represents the
history dependence property, while the negative interest ratbefapethe shock periods emerges because

the central bank seeks to increase capital stock before the shock periods, so as to avoid a decline in capital
stock after the shock periods, which would otherwise occur due to a substantial decline in investment during
the shock periods.

The main findings of this paper are as follows. First, we show that, given an adverse shock to productivity
growth, the natural rate of interest is less likely to fall below zero in an economy with endogenous capital
model than the one with fixed capital. This is a direct reflection of consumption smoothing through capital
adjustments in an economy with perfectly flexible prices. However, our numerical exercises show that,
unless investment adjustment costs are very close to zero, we still have a negative natural rate of interest for
large and persistent shocks to productivity growth.

Second, the optimal commitment solution is characterized by a negative interest rate gap (i.e., real interest
rate is lower than its natural rate counterpart) before and after the shock periods with negative natural rate of
interest. The negative interest rate gdfer the shock periods represents the history dependence property,
which was emphasized by the existing studies such as Jung et al (2005) and Eggertsson and Woodford
(2003). On the other hand, the negative interest ratebgdprethe shock periods emerges because the
central bank seeks to increase capital stock just before the shock periods, so as to avoid a decline in capital
stock after the shock periods, which would otherwise occur due to a substantial decline in investment during
the shock periods.

The latter property may be seen as a central bank’s preemptive action against future binding shocks, which
is unique to endogenous capital model. It should be emphasized that such a preemptive action is completely
different from the central bank’s pre-shock behavior extensively studied by Adam and Billi (2004a, b) and
Nakov (2005) among others in the setting of fixed-capital model. The preemptive action these papers
have focused on is nothing but a central bank’s policy response to a declinedartkat inflation rate,
which occurs because private agents anticipate the possibility of hitting the zero lower bound in the future

and thereby adjust their inflation expectations and their spending. We also show that the targeting rule to



implement the commitment solution is characterized by history-dependent inflation-forecast targeting.

Third, a central bank governor without sophisticated commitment technology tends to resort to preemp-
tive action more than the one with it. The governor without commitment technology controls natural rates
of consumption, output, and so on in the future periods, by changing capital stock today through monetary
policy.

The rest of the paper is organized as follows. Section 2 presents a model with endogenous capital forma-
tion, and characterizes its steady state, natural rates, log-linearized system, and utility-based loss function.
Section 3 discusses when and how frequently the zero bound constraint is binding. Section 4 characterizes

solutions under commitment, as well as under discretion. Section 5 concludes the paper.

2 The model

2.1 The optimal decisions of economic agents

We use a New Keynesian dynamic general equilibrium model with capital stock accumulation. For
simplicity, we assume the rental market for capital stock, which Woodford(2005) describes in his paper in
comparison with his model of firm-specific capital stock. We assume that there is one firm that specializes
in accumulating capital stock of the entire economy (type | firm) and there are other firms which rent
capital stock through the rental market for producing goods (type Il firms). The optimality conditions for

the representative household are as below.

U (Ci; &) = A (2.1)
Vi (Pe(1); &) = (i), (i € [0,1]), (2.2)
A Qi1 Pgl = BA1, (2.3)

wherey; is the marginal utility of real incomes; is the aggregate consumptian,(-) is the marginal utility
of consumptionh(i) is the supply of labor to firm of type Il firms, v, (:) is the marginal disutility of
labor,w; is the real wage rat&; and¢; are the preference shockexting the utility functionsQy .1 is the
nominal stochastic discount factd?; is the price levelg is the subjective discount factor. The risk-free

one-period (gross) nominal interest ralRg, must satisfy

(R)™ = E¢{Quusa} - (2.4)

The type | firm is endowed with the capital stock at timek@, and makes an investment decision every

period in order to maximize the following objective function.

max EOZQOt [Pth— ],

Kt+1 t=0



st. l=1 (K“l) Kq. (2.5)
Kt

I ('ﬁ;—f) is a convex function representing costs of investment, adjustment and depreciation altogether per
unit of the existing capital stock when the firm chookgs to be the level of capital stock next period. As
in Woodford(2005), this function satisfié€l) = 6, I’(1) = 1 andl”’(1) = ¢, whereé is the depreciation

rate of capital stock ang, > 0. This firm’s first-order condition is

Kt+l Kt+2 Kt+2 Kt+2
[ =E 11 —1 |’ 2.6
( K. ) tQte1lltn [,Ot+l (Kt+l) + (Kt+l) Kt+l]’ (2.6)

wherepy is the real rental rate of capital stock, arigdis the gross inflation rate from timeot + 1.

Type Il firms, which produce intermediate goods for consumption and investment in monopolistic com-
petition, exist continuously along the, [ line. Whenever possible, each individual firm makes a pricing
decision for its product to maximize the discounted sum of profits in the future states in which it is unable to
reoptimize its price. The specification of price stickiness is assumed to be the Calvo type as in Rotemberg
and Woodford(1997). We also assume that government subsidizes the type Il firms at-a 3(6— 1) per
unit of production in order to remove the distortion of monopolistic competitiowe first characterize real
marginal cost function for firnj € [0, 1], which can be derived by solving the following cost minimization

problem.

min  w(j)h(j) + prke(j)
{ne(i). ()}
h{(j)

st w(j) = f(At e

whereh?(j) andk(j) are the demand for labor and capital stock, respectivilis the productivity level

)m(j), @.7)

andf(-) is the strictly increasing and convave production function. Since the Lagrange multiplier associated

with (2.7) is the real marginal cost function, denoted3fj), it can be expressed as

suj) = wi(i) Pt 2.8)

NNL) hiGi) NG ¢, (A RDY
At (Atm) f(Atm)—Ath (Atm)

We assume constant-returns-to-scale production technology so that the profit maximization problem for

firm j is to set a pricep(j), to maximize the following objective function.

00 . —0 . -0
max E; Z CYth,t+k{pt(j) (1+1) ( pt(l)) Yirk — PraicStak(]) ( pt(J)) Yt+k}
k=0

1:10) Ptk Ptk

Here, we assume that every firm can optimally choose its price every period with probabilityridepen-

dent of its history, an@; ..« is the nominal stochastic discount factor from titie t + k. We have also used

*2 g is the elasticity of demand derived from the Dixit-Stiglitz aggregator for consumption goods.



the demand conditiong(j) = (%j))_g Y;, to substitutey;(j) in the objective function, wherg(j) and;

are firmj’s output the aggregate production, respectively. It is then straightforward to derive the first-order

condition,
o) = Et Yo (@B8) Ue (Craki €144 PerkYHkSHk(j). 2.9)
Et o (@B)  Ue (Crai &) P, Yk Prk
Finally, we specify the following market-clearing conditions.
Yi=Ci + |t + Gy, (2.10)
Ki = fol Ke(j)dj (2.11)
h(i) = hd(j) fori=je[0,1]. (2.12)

2.2 The steady state

We characterize the zero-inflation steady state around which we shall log-linearize the optimality con-
ditions. We denote steady-state variables in characters without time subscripts. Assumig:thatnd

£ = ¢ =G = 0in the steady state, the optimality conditions obtained in the previous section can be written

as below.
2209
1=Bp+1-0), (2.14)
_np-1
> psii=o 215)
0~ T o

Equation (2.13) represents the steady-state consumption-leisure choice and equation (2.14) is the corre-
sponding no-arbitrage condition between risk-free nominal interest rate and the rental rate of capital. Equa-
tion (2.15) states that price is set at the marginal cost level reflecting the fact that government subsidy
induces production of goods at thffieient level. The market-clearing conditions and constraints for opti-
mization problems in the steady state are

Y =C + 6K,

h(i) = h9(j) for i=]j, (2.17)

<= [ k()i

h(j)

y(i) = 1 (W) K(i).

whereY is defined ay = (fol y(j)";aldj)H.



From the set of equations above, we can observe some properties of the steady state. First, labor-capital
ratio is identical across firms. To see this, combine equation (2.15), (2.16) and (2.17) to obtain
h(j) ) h(j) ( h(j) )
=f = |- —=f . 2.18
o= (k)% (R 19

Since the right-hand side of equation (2.18) is positive and strictly increasi%%irthere exists a unique

positive % that satisfies this equation. This in turn implies that the steady-state wages across firms are
identical. Consequently, from equation (2.13), the level of employment is the same across firms and hence
the level of capital used in each firm must be equivalent.

Accordingly, the steady state can be characterized by the following equations.

Vh (h;0)

L (C0) w, (2.19)

1=8(p+1-0), (2.20)

R=p",

W= f(%) (2.21)
hy h. (h

Y=C+6K

Thus, given the initial level of capital stock, we can identify the steady-state values of all the variables.
Finally, for the later purpose of approximating welfare function, we derive some convenient expressions.
First, denoting thagy = f (y/k) / (' (7 (y/K)) 2 (y/K)), (2.19) and (2.21) yield
v  f(From)
hw — £ (F-1(y/K) F2(y/k)

Second, (2.20) and (2.22) imply that

n. (2.23)

-1 % /(E) P oK -1
1-gt=1- = = =pk=k(g™ - (1-9)). (2.24)

fR) R f(R)K

2.3 Log-linearized system

In this section, we log-linearize the structural equations derived in section 2 around the zero-inflation

steady state.



2.3.1 Market-clearing conditions

The market-clearing conditions (2.10) and (2.11) and the identity (2.5) are linearized in the following

way3.
Yi=Ci+ i+ G, (2.25)
k= | "R
It = k{Kea = (1= 0) Ky}, (2.26)

whereY; = (Y; - Y) /Y, Ci = (C:=C) /Y, i = (It = 1) Y, Ki = (K; — K) /K andG; = G/ Y*4.

2.3.2 Household behavior
Log-linearizing equations (2.1) to (2.4) and noticing the market-clearing condition for labor, (2.12), we
obtain the following approximation.
—o 1 (C-a) = (2.27)
vhe(j) = vhe = W(j) + A,
Qt,t+1 + ﬁt+1 = ;lHl - ;lt,

At = R = Ellig + Exdua, (2.28)

= _ UecY

whereo! = = C = —u%&, V= "'\}—;h he —%{t. From (2.25),(2.26), (2.27) and (2.28), we obtain the

following IS relation.

Vi — k(2= 06)Kip1 + k(1 = 6) Kt + KEKisz — EtVis1 + R — 0Elli1 — Gt + EtGra1 = O, (2.29)

whereg; = G; + G
2.3.3 Firm behavior
For type Il firms, we have (2.8) from the cost minimization problem and the first-order condition (2.9).
Two log-linearized expressions can be obtained from (2.8), the former being the real marginal cost function
and the latter being the relation between marginal products of labor and capital.
Si(i) = @ (i) - k(i) + ve(i) — A - wa, (2.30)
Pt = py9e(j) - Pth(j) ~Ai- w0, (2.31)

*3 To simplify notation, we hereafter do not distinguish labor supply and demand.
*4 We follow this notation in Woodford(2005).



wherewq, = (1 + v)a, + vhe'S. Defining the average of log-linearized variables in the production sector as
X = fol Xi(j)d j for a variableX,*® the respective averages of (2.30) and (2.31) are simply
ét = u)(?t - Rt) + VR( - ;7.1 — wq, (232)

Pt = ,Oy\?t - pkkt - A - wC. (2.33)

Then, subtracting the averages from their original equations, we obtain

8i(1) = S+ 0 (D) - %) - (@ - ) (R() - K1),

oy (32(0) = %) = px (kD) - Ky). (2.34)
Hence,
Su(j) = St + (py;—kw)v (i) - ¥%). (2.35)

Since the demand for firmis y:(j) = (pe(j)/Py) ™ Y, we can derive the following relationship between

price and output deviations from average.
9:(J) - Yo = =0 (Pe(i) - Py). (2.36)
Turning to the first-order condition (2.9) and log-linearizing, we obtain
D" (@) (P(i) - Pk — Stli)) = 0.
k=0
Then, substitute (2.35) and (2.36) into the above equation to obtain
(py - w) v (
Pk

0= Z E; (a’ﬁ)k[ﬁt(j) —Prk— Stk + 6 pe(j) - |St+k)]

E}

k=0

[ee) k
=Y E (aﬁ)k[m(n = Stk—y ) M

k=0 h=1

wherey = 1+ 9@%:’” andpi(j) = pi(j) — Br. After some manipulation, we can solve out the optimal
pricing rule of firm | as follows.

o 1-af, ; 5
=t P8, + apEll + apEfL,.

wherep; denotes the optimal price in periddor all firms revising their prices. But because of the type of
price rigidity that we assumey; = ﬁﬁt. Substituting this relationship into the optimal pricing formula,
we obtain the standard New Keynesian Phillips curve.

rAIt = Két +,3Etﬁt+1, (2.37)

*5 2 = log Ay

O

[}
1 -1
*6 Note thaty; = {fol 9.7 (j)dj} and its first-order approximation ¥ = folyt(j)dj.
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wherex = % Combining (2.25),(2.26), (2.27), (2.32) and (2.37), we can express the Phillips curve

in the following way.

I = K(w + o-’l) Yi — ko TKkKypq + K(o‘lk 1-6)-(w- v)) Ki — ko Lo — kwo +ﬁEt1:[t+1 (2.38)

For the type I firm, the capital-stock dynamics is given by log-linearizing (2.6).

;lt + € (Rt+1 - Kt) = Et;lt+1 +[1-8(1-06)] Etbre1 + Bey (Etkt+2 - Rt+1)- (2.39)

Repeating the same procedures to substituta aumtd using (2.33), we can write (2.39) as below.

0=Vt + [k(1-06) + oey| Ki - [k+ o6y (1+ ) + Bk(1 = 6)? + i (1 - B (1 - 6)}] Kiaa

+[opy (1= B(A-6)} - B(L - 6)| EcVar + [BK(1 - 6) + forey | EiKerz
- gt +ﬁ (1 — 6) Etgt+l - g [1 —ﬁ (l - 6)] (,L)tht+j_. (240)

2.4 Natural variables

In this section, we explain how the natural variables are defined and determined in the model with endoge-
nous capital formation. Consider the following system of equations that are consistent with a hypothetical
flexible-price economy that begins at tirh¢ We denote any variable determined in the system of equa-

tions at timet as zir for Vj > 0. The time-t flexible-price economy is characterized by the following

it

equations.
_0_71%:]“ + o‘lklztilﬂ‘t — o k(1-90) Rt:jn +o gy = /Altfﬂlt, (2.41)
;ltfﬂ\t = Et;ltf+l+j|t + Iﬁtf+j|t’ (2.42)
;1:+j\t T (Rtf+1+j|t - Rthrjlt) = Et;ltf+1+j|t +[1-p(1-9)] Etﬁtf+1+j|t +pey (Rtf+2+j|t - Rtf+1+j|t) . (2.43)
0= WY, — @=V) R, = @ = A, 0 (2.44)
'Z)tf+j|t = py?tijn _ptherj\t - ;ltf+j|t — WO+ j- (2.45)

Equation (2.41) shows the determinants of the marginal utility of consumption. (2.42) comes from the Euler
equation for the household and (2.43) is the optimality condition for capital stock accumulation. (2.44) is
derived from the real marginal cost function in the flexible-price economy and (2.45) results from the cost
minimization problem of the firm. Note that the determination of variables in the flexible-price economy

starting at time depends on the level of capital stock in the sticky-price econé@yT hus, if the path of

f

capital stock in the sticky-price economy after titnéoes not coincide with the path {jﬁt+l+ilt};xio’ the
flexible-price economy equilibrium starting from a period later théndifferent from the path of time-t-

flexible-price-economy equilibrium.

*7 We call the flexible-price economy that starts at tiigme-t flexible-price economy”.
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The natural variables defined in Woodford(200$i)j,‘is equivalent tczlt”m (¥j = 0) in the notation
that we use. That is, it conditions each natural variable on the capital stock determined in the sticky-price
economy in each period. On the other hand, Neiss and Nelson(2003) consider the flexible-price-economy
equilibrium starting at a particular fixed-date as natural variables. If we consider natural levels of variables
to be the central bank’s targets to achieve, both definitions have their own merits. In the case of discretionary
monetary policy, Woodford’s definition is suitable since the central bank reoptimizes every period by taking
the existing level of capital stock as given. In the case of commitment, on the other hand, the flexible-price-
economy-equilibrium paths starting at the time of commitment is the appropriate central bank’s target.

Whether the dference matters depends on the situation considered. As we can see from the shape of
the loss function for the central bank in the next section, the distinction between the two is unnecessary
in the present model when the zero-lower-bound of nominal rate of interest (hereafter referred to as the
ZLB) is not an issue of concern. This is because the central bank is able to compfitetytive &ects of
shocks represented as the natural rate of interest by controlling the nominal rate of interest. As a result, the
equilibrium in the sticky-price economy will be identical to that of the flexible-price economy every period.
If there is a positive probability that the ZLB will bind, however, the distinction will be imporant

For the convenience of discussion in later sections, we denote the gap between the sticky-price-economy

equilibrim and the time-t flexible-price-economy equilibrium for any variaplgas below.

s _ 5 sf
Zvjit = % ~ B

2.5 Utility-based loss function

In order to derive optimal monetary policies, an appropriate criterion for the central bank’s optimization
problem should be established. In this section, following the methods of Edge(2003) and Onatski and
Williams(2004), we approximate the households’ welfare function around the steady state up to second

order. Households’ welfare in this model can be defined as
sl 1
Wo = Eg Zﬁt {U(Ctift) - fo v (h (i) ;Kt)di}-
t=0
As a result of approximation, we obtain the central bank’s loss fun¢tion.

Lo=Eo »_ B'Li+tip.+O(@3),
t=0

*8 |f there exists a cost-push shock or any other type of disturbance whose impact the central bankftsetntdiedistinction
will also be important.
*9 The derivation of loss function is discussed in Appendix A.
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where
Ly = (0'_1 + w) ?tz + ()'_lIAt2 + ewk(RHl - Rt)z +pkk( 1o@a- 6)) th - 201
-2 (o-‘lgt + a)qt) - 2(w-v) YiK; - 2k(1-6) (o-‘lgt + a)qt) K

1A 5 ~ (Py - ‘”) v ab ~
+ 2k(o’ 1gth+1 +8 lwtht) + [l + o 9] )1 aﬁ)th, (2.46)

and t.i.p. are the terms independent of policy. The loss function can be further expressed in terms of

deviation of each variable from time-0 flexible-price economy equilibrium path. That is,
Lo= (07 + ) (%= Vo) + ot (= 1) + ok (87— (1= ) (Re = R)°
+ k(K - th+1|0) (K. - Kt|0)) -2 (%~ Yt\O) (- 'AJO)

el ot

e Ja-oa-ap

= (o7 + ) Vg + o7t (KK}, 10 — k(1 - 6) KUO) +pk (87 - (1-0)) K3

= 2(w =) (Y = Vo) (Re - Ryip) + [1 +

+ E«//k( t+1/0 Kth) 2‘7'_1YtTo (th*+1|0 k(1-9) Kth)

Py — W)V N

( y ) 0 af th’
Pk (1-a)(1-ap)

Hence, the first-best outcome for the economy is to follow exactly the same paths as the time-0 flexible price

- 2(w - v) YKo + [1+

economy achieves in equilibrium. If we can ignore the ZLB, this is actually what the optimal commitment
and discretionary policies must achieve in the present model. To see this intuitively, transform the structural
equations in the gap form:

0= YtTO -k(2-9) Kt+1|0 +k(1-0) Kt|0 + kEth+2|0 Et\?tino to (FAQ{ ~ Edfla - thxo)’ (2.47)
T = BEdT + w (Vi — Ki) + vKjo + 07 (Vo — KKY, 30 + k(1= 6) Kjy),

0=Yys + [k(1-0) + 0| Kip = [k+ ey (1+ B) + k(1= 8)? + opic (1= B (L - O)}] K}, 0
+[opy (1-B(1-8)) = (L= 0)| BT, + Bk (1~ 8) + fores | EiKy 0.

Suppose that the central bank commits to set the policy r&t(a=aftlo in (2.47) each period. This is consis-

tent with all the gap variables and inflation rate being zero all the time, which is the first-best outcome. Thus
the optimal commitment policy demands the central bank to attain the flexible-price-economy equilibrium
starting at the initial period in the absence of ZLB. Discretionary central bank reoptimizes every period but
will achieve the same outcome because the central bank governor in the initial period knows that leaving
the capital stock at the level equivalentl(cj0 is consistent with all the governors in the following periods
setting the policy rates at the appropriate levels that realize the capital stock Iéﬁé})}{tz. The same
argument applies to all the following periods. Of course, this argument no longer holds if the ZLB binds,

which is the topic we address in this paper.
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3 When does the ZLB bind?

In section 2.5, we observed that the optimal policies can achieve the first-best solution if the nominal
interest rates never hit the ZLB. As Rdf(d998) points out, however, there are reasons to question the
possibility of negative natural rate of interest when it is endogenously determined. In the context of our
model, the question is related to the variability of the capital stock. For a representative household with
consumption smoothing motive, investment contributes to diminishing the volatility in the real interest
rate through the consumption Euler equation. Here, we attempt to illustrate whether the ZLB matters for
the central bank through a simple numerical exetéfseSuppose there is an unexpected 3 percent rise
in productivity at time 029, which follows an AR(1) process with the persistence parameter denoted by
pa"1L. This shock generates negative expected productivitywthwhich lowers current and expected future
natural rates of interest. Figure 1(a) presents impulse responses of the natural capital stock and the natural
rate of interest in percentage deviation from the steady state for various valggsvbenp, = 0.5. It
is observed that the larger the sizeepf the greater the responses of natural rate of interest. However, in
this case, the natural rate of interest is lower than the ZLB only for high valugs &igure 1(b) presents
the case whep, = 0 for the same unexpected shock in productivity at time 0. In contrast to the previous
case, the natural rate of interest hits the ZLB for lower values, ofThese two examples suggest that as
long as a change in productivity stems from an unexpected shock in productivity, given that the magnitude
of the shock is large enough, the sizespfand the statistical property of the shock play an important role
in determining whether the natural rate of interest hits the ZLB. The optimal monetary policy when the
natural rate of interest unexpectedly falls below the ZLB is discussed in Jung et al (2005) and Eggertsson
and Woodford (2003).

The recent interests in the practical discussion of monetary policy include how the central bank should
act against imminent danger of liquidity trap not necessarily implied by the current level of shocks. The
simple numerical exercise above implies that if a sharp drop in productivity is expected to occur in the near
future, then the central bank may not be free from the ZLB unless the adjustment cost of capital stock is
very small. This calls for the central bank to act pre-emptively to minimize the damage from a liquidity

trap, which we shall discuss in the following sections.

*10 For all the numerical exercises in this paper, we employ the following parameter values that were taken from Woodford(2003,
2005):r = 0.66, =099, o1 =1, v=0.11, ¢;1 = 0.75 wp =033 (#-1)1=0.15 6 =0.12/4 = 0.03.

11 In the numerical exercises of this paper, we only consider productivity shocks and hold other shocks constant. Therdfore,
forallt andwg = (1 +v) &.
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4 Optimal monetary policy with the ZLB

4.1 Optimal policy under commitment

Commitment solution can be obtained by minimizing (2.46) subject to (2.29), (2.38), (2.4G% and

—%. By taking derivatives with respect 16, 11, and K., first-order conditions can be obtained as

follows.

0=(c+w)% - (070 + wat) - (@ = ) Ky - 0k (Kiuy = (1- 6) Ky)
+ 1 — B 11—k (w+ 7)o+ pa + 7 (opy (1-B(1-6)) - B(1-6)) dara (4.1)

0= Ol - Bro¢1i1+ par — b2t (4.2)

0= 0 (Kuz = (1= 0) Ki) = B K (1 = 6) (ErRrvz = (1 - 6) Kuaa) + ek (Kiaz = Ky)
—ﬁfwk(Et Kesz = Kt+l) + ok (1= B (1= 6)) Kt — 7 KY; + B K (L = 6) EtViwr — B (w — v) EtVn
-pk(1-9) (0'_1Etgt+1 + wEtQt+1) +07kg + KwEiG + B K11 — K(2 - 6) gt + Bk (1 - 6) Exoprien
+ ko ko — Bk [0'_1k Q-60)-w+ v] Eipoti1 + [k 1-0)+ O'Ed,] $31-1
— [k+ o6 (1+8) + k(L - 6)° + opi{l - B(1-0)}| pa + B|K(1=0) + 06y | Exparia  (4.3)

0= by (Fz ; 1%3) (4.4)

wheregy, ¢ andgs are Lagrange multipliers associated with (2.29), (2.38) and (2.40), respectively, and
0= (1+ (py;:))ve) The Kuhn-Tucker condition requires that > 0 if and only if R, > —1ﬁi.

We rearrange (4.1), (4.2) and (4.3) in order to elimingteand#s;, and obtain a first-order condition of the

af
(1-a)(1-ap)"

form
G (L) Erprr = —H (L) (EdT; + uE:AY)
= —H (U, (4.5)

where the lag polynomials are given by

G(L) = 5.3411(1- 0.5561L"1)(1 — 1.0748.)(1 - 0.9380L)(1 - 0.6316.),
H (L) = 627678(1- 0.9286.71)(1 — 0.9380L),
1 =0.1343

under the parameter values used in section 3egnd 312 Similar to the fixed-capital-stock model of

Jung et al. (2005) and Eggertsson and Woodford (2003a, b), the first-order condition (4.5) presents policy
inertia responding to past economic performances. In addition, the optimal commitment policy responds
to expectations of future deviation in endogenous variables, due to the presence of chafieet fotare

states via capital stock. But notice that capital-stock gaps do not appear in (4.5). This presumably reflects

*12 Note that in deriving (4.5), we replace exogenous variables with the time-0-flexible-price-economy equilibrium path. The same
computational procedure is used to transform the loss function into the gap form. See Appendix A for the details.
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the fact that the central bank is consistent in its policy through time under commitment and there is no
concern about possible future shifts in its target, which can be characterized as the deviation of capital stock

from the first-best path.

4.2 Targeting rules to implement the commitment solution

To know more about central bank’s behavior in the commitment solution, we derive targeting rules to

implement it. First of all, we rewrite the first-order condition (4.5) in threffedent ways!3

1-0928a 1 _ .
(1-1.7983)(1 - 0.6318.)¢y; = —19.6637[m ¢ t] (4.6)
1-0928a 1 _ .
(1-1.0748.)(1 - 0.6318.)¢y; = —117519[m Eth] 4.7)
(1-0.928a 1)L -
1-0.6316.)¢y = 109343 ET 4.8
( Jou (1-0.93041)(1-05561-1) " (4.8)

These three equations have a similar structure in that terms with lag operators are all gathered on the left
hand side, while terms with lead operators are all put together on the right hand side. Lag terms represent
monetary policy inertia, while lead terms represent central bank’s reaction to their inflation-forecasts, in
which inflation is measured biy. Generally speaking, as pointed out by Giannoni and Woodford (2002a,

b), multiple targeting rules could be consistent with a single first-order condition. In our case, the above
three equations are all consistent with the first-order condition (4.5), and it could be possible to obtain
multiple targeting rules, corresponding to each of the above three equations, to implement the commitment
solution.

An important criterion to choose one among these multiple targeting rules is that it should include a
targeting rule for the fixed-capital model as a special case. This criterion is particularly important if one
wants to compare a targeting rule derived in the variable-capital model with those obtained in the fixed-
capital model, such as “history dependent price level targeting” in Eggertsson and Woodford (2003a, b)
and “history dependent inflation targeting” in lwamura et al. (2005). To see whether these three equations
include a targeting rule for the fixed-capital model as a special case, we compute (4.6)-(4.8) again, but now

under the assumption that investment adjustment costs are extremelyelarg&qQo).

1-097891 _ .

1-15119)(1-0.6704- =-115703| ————=——FEI1
( )¢ )Pat 109789 1tk

*13 We divide the both sides of equation (4.5) by@9380_ before obtaining these equations. In that sense, these equations should
be seen as an approximation of equation (4.5).
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- -1
(1-1.0216.)(1 - 0.6708.)py = _7.8180[ 1-0.9789 }

1-06614-1 "

(1-0.9789 YL
(1-0.97891)(1- 0.6614_1)

(1-0.6708.)py = 7.6528[ Etf[t]
It should be noted that the denominator and the numerator in the squared bracket on the right hand side of
the first equation are canceled out, so that the expression in the squared bracket ddyatsptlying that
the central bank does not pay any attention to inflation forecasts in this limiting case. This is exactly the
property of a targeting rule for the fixed-capital model: the central bank never takes inflation forecasts into
consideration, simply because there is no endogenous state variable that could be controlled by the central
bank through monetary policy. In this sense, equation (4.6) includes a targeting rule for the fixed-capital
model as a special case. In contrast, the second and third equations, each of which corresponds to (4.7) and
(4.8), contain inflation forecasts even in this limiting case, implying that neither of equations (4.7) and (4.8)
doesnotinclude a targeting rule for the fixed-capital model as a special case.

Given the above argument, we now concentrate on equation (4.6), and characterize a targeting rule cor-
responding to it. We first define central bank’s inflation forecasts as of peasd

1-0.9284a.1

ittt 2 4.9
1-09304-1 "° (4.9)

Ft(ﬁ) = Z \IIJ Etﬁt+j =
j=0

where F(2) denotes a linear combination of forecasts of the variatd¢ various future horizons, with
weights{¥;} being normalized by, = 1. Closely following a procedure adopted by Eggertsson and
Woodford (2003a, b) and lwamura et al. (2005), we denote a target for inflation fofg¢E$toy 1] AR,

We also denote the target shortfall bff (Al' = TITAR — F(IT)). Given these definitions, we substitute

¢1t = 19.6637Al! and (4.9) into (4.6) to obtain a target updating rule of the form
IR = 2429 — 1.1358\" .. (4.10)

Consider the following targeting rule. The inflation target for period 0 is set at i%rﬁ“‘(: 0), and the
targets for the subsequent periods are determined by equation (4.10). The central bank chooses, in each

periodt, the level of the overnight interest rate in each period so as to achieve the target criterion
Fo(IT) = T AR (4.12)

if it is possible. If it is not possible because of the zero lower bound on nominal interest rates, the central
bank simply sets the overnight interest rate at zero. If the central bank successfully shoots the target in each
period starting from period 0, thex]! is always zero, therefore the target in each period never deviates from
zero. This can be seen as a standard inflation targeting. However, if the central bank fails to achieve the

target due to the zero bound constrait,takes a positive value, and consequently the predetermined target
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for the next period becomes higher than zero. Given a higher target, the central bank must adopt an easier
monetary policy (probably, a zero interest rate policy) in the near future. This raises inflation expectations
further in the liquidity trap, which is exactly needed to escape from the tfap.

The targeting rule characterized by (4.10) and (4.11) can be interpreted as “history-dependent inflation-
forecast targeting”. First, it has the feature of history dependence represented by lagged target shortfalls,
All andAEl, in equation (4.10). This is exactly the same property observed by Eggertsson and Woodford
(20034, b) and lwamura et al. (2005) in the setting of fixed-capital model. Second, not only the inflation
rate in the current period, but also forecasts of the inflation rate in the future periods enter the target criterion
(4.12). This is in sharp contrast with the targeting rules derived in the fixed capital model, in which only
current inflation (or current price-level) comes in. Adjustments in current overnight interest rates have no
influences on future inflation rates in the setting of fixed capital model, so that the central bank needs not
pay any attention to future inflation. In the setting of variable capital, however, since changes in current
overnight interest rates couldfact future inflation rates through changes in capital stock, the central bank
needs to take into account future developments in inflation.

Inflation-forecast targeting could be interpreted as central bank’s preemptive actions against future in-
flation or deflation. It should be emphasized that such a preemptive action is compléigrdifrom
the central bank’s pre-shock behavior extensively studied by Adam and Billi (2004a, b) and Nakov (2005)
among others in the setting of fixed-capital model. The preemptive action these papers have focused on is
nothing but a central bank’s policy response to a decline irctineentinflation rate, which occurs because
private agents anticipate the possibility of hitting the zero lower bound in the future and thereby adjust their
inflation expectations and spending. To see how the preemptive action in the variable capital iffiece! di
from the one studied by the previous papers, it must Ificgnt to recall that the target criterion (4.11)
converges to

fl, = HtTAR
if investment adjustment costs are extremely largetgkes an extremely large value); namely, inflation
forecasts disappear when investment adjustment costs are extremely large. In the fixed capital model,
including the one studied by Adam and Billi (2004a, b) and Nakov (2005), private agents behave in a

forward-looking manner but the central bank does not do so. The central bank’s forward-looking behavior

14 Price-level targeting to implement the commitment solution can be derived in a similar way. We denote a price-level forecast

asFy(P) = ig'gggij E(Py, whereP, is defined byP; = P; + 0.1343750. Denote the target shortfall a§ = P] AR — Fy(P).

Then, substitutingsy; = 19.6637Af into (4.5) yields a target updating rule{ AR = PTAR+ 2.4200", — 1.1358\" ,. Note

that the target criterior(P) = PtTAR, involves price-level forecasts rather than inflation forecasts. This could be seen as an
extended version of the history-dependent price-level targeting, derived by Eggertsson and Woodford (2003a, b), to the setting

of variable capital.
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is entirely absent, simply because the current central bank governor has no weapon to fight against future
inflatiorydeflation.

To evaluate a quantitative importance of central bank’s preemptive action, Figure 2 shows the relative
importance of forecasts fdiHj at future horizons, for dierent values og,. Under the standard value
of ¢ (¢, = 3), the relative weight on one-period and two-period ahead forecasts are 0.0019 and 0.0017,
respectively, indicating that the weights are extremely small with the exception of veryegn(iadl., when

investment adjustment costs are very small). Indeed, the mean future horizon of these forecasts, which is

defined by
Z Yij/ Z ¥i,
=1 =1

is equal to 1.3725 quarters in the case,0& 3. These results indicate that central bank’s preemptive action
indeed exists in the targeting rule of the commitment solution, but it does not play an important role at least

guantitatively.

4.3 A Non-inertial Policy

The analysis in the previous subsection indicates that a central bank governor with sophisticated com-
mitment technology is able to reduce losses by making use of policy inertia. This might be a reason why a
preemptive action does not play an important role, at least quantitatively, in the targeting rule to implement
the commitment solution. If this is the case, we might be able to observe a stronger preemptive action in
the behavior of a central bank without such a sophisticated commitment technology. Based on this idea,
this subsection derives a targeting rule under the assumption that the central bank conducts policy in a
discretionary manner, and compares it with the targeting rule obtained in the previous subsection.

Discretionary policymaking is defined as a process that presumes period-by-period reoptimization in-
volving each period’s start-up conditions. Specifically, we consider a central bank that reoptimizes in each
period independently of past events. To express this idea of policy “resetting”, we assume that a central
bank governor takes a restriction of the form

0=d1t-1 =21 = P3p1 (4.12)
into consideration when he reoptimizes in periods we saw in the previous subsection, it is possible for a
central bank governor in periddo improve economic welfare by manipulating private-sector’s expectations
about future inflation and outputs. However, such a management of expectations is worthless to thegovernor
we are now considering, because he has a perception that it ffaets @conomic welfare. The governor
perceives in period, for example, that the lagged Lagrange multiplier associated with the IS equation,

$11-1, is zero; therefore, the IS equation is not binding in petiedl; consequently, any changefq_; Y
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has no impacts on central bank losses. In this sense, the restriction (4.12) can be interpreted as representing
the governor’s perception of “bygones-be-bygones”.

McCallum and Nelson (2000) studies a targeting rule in a model in which the AS equation with inflation
persistence is assumed, and thus plays a role of endogenous state variable in decision making in period
t. In their discussion of discretionary optimization, they make an interesting statement that there are two
different concepts in discretion: the one obtained by a dynamic programming approach (i.e., optimal dis-
cretionary solution) and the other obtained under the restriction that the Lagrange multiplier intpetiod
equals to zero, as in (4.12).

Discretionary policymaking with (4.12) has the following features. First, the central bank governor does
not pay attention to the channel through which a change in overnight interest rate in tpeffiects in-
flation and outputs in periot+ 1 through a change in capital stock at the end of petriobh particular,
the central governor ignores the channel through which private-sector’s expectations int piachaling
E{Yi.10E#w1 andE(Ky,», are altered through a change in capital stock at the end of pieied . Ignoring
this channel obviously deteriorates economic welfare (although it is perceived to be costless to the gover-
nor), implying that the non-inertial solution (i.e., discretionary policymaking with (4.12)) leads to a lower
economic welfare as compared with the optimal discretionary solution, not to speak of the commitment
solution:*® Second, the central bank governor does his best in each period so as to close gaps, i.e., the
deviation of each variable from its natural rate counterpart that is conditioned on the current level of capital

stock (Woodford (2003)), includin@ft 0 K0 andIL. To see this, we simply rewrite peridd- j loss in

t+2

the gap form
Ceoj = (070 + @) V2 + 07 (KK, qp — k(1= 6) Ktﬂn) +pk (87t = (1= 0)) K2y
+6Wk< t+]+1|t Kt*+j|t) 20'_1Yt*+”t (th*+J+1|t k(l 5) Kt+]|t)

o) e

.
P [ I

—2(@-¥ tjlt t+j|t+[1+

and the three structural equations again in the gap form.

0= —k@-0) R}, + k(L - 0) K}, + KEK!

t+jIt t+jIt

- Kt+J|t) + VKt+nt to ( it - kK;.

7 > al Af
t+j+2lt Eth+j+1|t +o (RI*'j = BTt jia - I”[+j|t)
l_[Hj = ﬁEth+j+l tw (Y* t+j+1

t+jit et k(1-9) Kt+Jlt)
0=y + [K(@=0)+oe|Ki, i - [k+ oes (1+B) + Bk(1 = 6)? + opuc {1 = B (1= O] Ky, oy
+|opy (1= BA-0)1 = B(L-6)| ExYy,jap + [BK (1= 6) + Borey | ERS,

15 Note that the optimal discretionary solution has a feature of policy inertia since a central bank manipulates private-sector’s
expectations through a change in capital stock. The main purpose of our analysis in this subsection is to derive a targeting rule
for policy making without inertia, and compare it with the one obtained in the previous subsection. The non-inertial solution is
more suitable to that purpose than the optimal discretionary solution.
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These two features of the non-inertial solution imply its suboptimality, but a casual observation seems to
indicate that central banking practice is more close to, and well approximated by the non-inertial solution:
there are many central banks that do not pay much attention to the policy transmission channel via capital
stock; there are many central banks that mainly focus on closing inflation and output gaps, which are
conditioned on the current level of capital stock.

The targeting rule for the non-inertial solution can be characterized as follows. We first substitute (4.12)
into (4.1), (4.2), and (4.3), and then eliminateand¢s using those equations to obtain &dience equation

with respect tapy;.

[k(1-06) - oy (1+8) — Bk(1 = 6)? = opu {1~ B (1= 6)}] b1 + foey Exdura

= k0 [(w+07) (k+ o6y (1+5) + BK(L- 6)° + opic (1 - B(A - 6)}) — o K] (T + (k@) * 11)
~Bk(1-08) + oy | [k (1~ 6) = (0~ )| Kews
+[(k+ o6 (1+8) + Bk(1 =62 + o (1= B (1 - 0)}) (7 k(L= 6) = (=) = K (1 - 6) — k| Ky
+BkO oK (1 - 8) = (@ =) = (w + o) k(1 - 6) + oy | (Elleea + (k©) ™ ExYran)
+ k(o7 g - 0 ExGer) - [K+ o6y (1+B) + BK (1= 6)% + o (1= B (1 - O} (o "o + wa)
+ [k + poe, | (07 B + wEiGhaa) (4.13)

Furthermore, using the following relationship, we replace the exogenous shocks with the variables deter-

mined in the time-t flexible-price economy.

o+ wep = (w+ oY)V - o KR+ o k(1= 0) Ry - (- v) Ry (4.14)

0BG + wEQu = (u) + 0'71) Et?til\t - o KE Rtf+2|t +o k(1 -9) Rtf+1|t —(w-v) Rtf+1|t

(4.15)
O'—]-gt — U'_lEtgt+l = 0'—1?& — O—_lk(Rtf-i—lIt - (1 - 5) Rt) — € (Rtf-i-llt - Rt) +ﬂ€,/, (Ethf_'_z‘t - Rtf-*—llt)
+|@-8A-0)(py-w-0) - BA-O)|EY,,
+ 0K (ER ]y - (1= 0) K ) + L= B(1-8) (w—v—p) Ky (4.16)

Finally, by substituting (4.14), (4.15) and (4.16) into (4.13), we can express the first-order condition in a

much simpler way.

F¢1t +ﬂO-EJ/Et¢1,'[+1 = A]_ (ﬁt + (K@)_l ?tTt) + A2 (Etﬁt+1 + (K@)_l Et?tillt) + A3|Zt*+1|t’ (417)

where
T=k(1-06)-oe (1+8) - pk(L-6)* - ap{l-B(L-0)},
A= kO|(w+07t) (k+ o (1+B) + k(1 - 6)? + opi {1 - (1 - 8)}) - o K|,
Az = prO [0k (1= 6) - (w - v) = (w+ o) {k(1-8) + ey }].
As=—Blk(1-06) + o) {o k(1= 6) - (w-)}.
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A simple comparison between (4.17) and the corresponding condition in the commitment solution, (4.5),
shows the following features of the non-inertial solution. First, lagged Lagrange multigligrs, ¢11-2
and so on, are entirely absent in (4.17). Second, variables appearing in (4.17) are all expressed in the gap
form, in which the corresponding natural rates are all conditioned on the current level of capital stock.
This reflects the bygones-be-bygones property of the non-inertial solution. Third, we compute a numerical
expression of (4.17) to evaluate quantitative importance of central bank’s preemptive action in the non-

inertial solution. The equation corresponding to (4.6) in the case of the commitment solution is

1-037191_ . . 1 &
_ 70970~ 037147 . ") +8.9455 ——— —EK;
du = ~27.0070 a5 B ([l + 0.1343%) + 894555 = B Ly

where the relative importance of forecasts of inflation and the output gap at various future horizons is

represented by

1-037191

m Et (ﬁt + 01343?:&) .

Figure 3 shows the relative weights on forecasts @édint future horizons fdf; and ¥

it with the weight

on the current period being normalized to unity. If we compare them with the corresponding figures in the
case of the commitment solution, which is shown in Figure 2, we see that the relative weights on one-period
and two-period ahead forecasts are now 0.1416 and 0.0727, respectively, under the standardeyalue of
(e, = 3), and are much greater than the corresponding figures in Figure 2. Also, the mean future horizon of
these forecasts is now 1.4634 quarters, indicating that preemptive action plays an important role, not only

qualitatively but also quantitatively.

5 Numerical analysis

In this section, we have two purposes to present numerical exercises. First, we would like to see the
equilibrium paths of endogenous variables under the optimal commitment, optimal discretionary and non-
inertial policies for the baseline parameter specification in order to confirm the basic characteristics of these
solutions discussed in the previous section. For simplicity, we take up the perfect foresight equilibrium in
each case. The baseline setting assumes -3 percent change in the productivity from its steady-state level in
periods 5,6 and 7, which are correctly anticipated in periotf Qt is also assumed that the economy has
been in the steady state before the news of the shock is revealed in period 0, and that other types of shocks
do not disturb the economy. Under the baseline setting, the anticipated change in productivity from period
4 to 5 makes the natural rate of interest in period 4 to fall below the ZLB. The reason for focusing on the

anticipated shock is to see how pre-emptive monetary easing rffay dinder diferent policy regiemes.

16 That is,d5 = & = &7 = —0.03.
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The responses of various variables under the respective policies are shown in Figures 4 to 6. In each figure,
the red lines in the panels for output, capital stock, consumption, inflation and nominal interest rate show
paths of the hat variables in the log-linearized system. The blue and green lines superimposed in each panel
present the movements of the associated time-0 flexible price equilibrium and natural levels in Woodford’s
definition, respectively.

Second, we alter the value gf to analyze how the equilibrium nominal interest rate paths under the
optimal commitment and discretionary policies would change. The discussion in section 3 indicates that a
larger value ok, brings about a greater fall in the natural rate of interest. Our interest lies in how the length

of periods with binding ZLB varies depending on the valueof

5.1 Solutions for the baseline case

Figures 4 to 6 show the numerical solutions of endogenous variables under the optimal commitment,
optimal discretionary, and non-inertial policies, respectively. The baseline parameter values are taken from
Woodford (2005) withe,, = 3.

Figure 4 confirms the analysis in section 3.1. The commitment policy reacts to the positive real interest
rate gap in period 4 by the pre-emptive monetary easing in period 3, followed by the zero-interest-rate
policy in period 4 and the inertial monetary easing in pericd’5As a result, the equilibrium inflation
is positive in period 5, which mitigates the deflationary pressure in the previous periods. Recalling the
discussion in section 3.2 that the forward-lookingness of the target criterion is not very large under the
parameter values we assume in this paper, monetary easing in period 3 is considered to be a central bank’s
response to potential deflationary pressure in that period, which results from the private sector’s anticipation
of the binding shock in period 4, rather than its own response to the binding shock in period 4. The figure
also indicates the target paths for the central bank with commitment technology by the blue line; that is, the
time-0 flexible price economy equilibrium. Overall, the commitment solutions closely track the paths that
the central bank would wish to attain in the initial period if the ZLB constraint on the nominal interest rate
did not exist.

The optimal discretionary solution is shown in Figure 5. With the lack of commitment technology,
the central bank in period 5 will never wish to create positive inflation to counteract a substantial decline
in the natural rate of interest in period 4. For the central bank after period 5 will set the nominal rate

of interest equal to the natural rate of interest (in Woodford’s definition) every period. This makes the

*17 The numerical algorithm that we use is an extension of Jung et al. (2005), which can be applied for solving the perfect foresight
equilibrium.
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optimal discretionary solution inferior to the optimal commitment solution in terms of economic welfare
evaluated at the initial-period. Therefore, the discretionary optimizer in the variable capital stock model
must be forward-looking in deciding optimally the level of capital stock upon which the paths of endogenous

variables and their target paths, which can be characterized as thefterile price equilibrium for the

f

e the central bank in the

periodt central bank, are conditioned. K., deviates from its natural levek
next period will have the target pathgféirent from the current ones even when the shocks are deterministic.
Because the central bank would wish the future target paths to be kept as close as possible to their own,
the decision of the central bank in each period involves passing on the capital stock to the next generation,
such that it helps minimize the discounted sum of future expected Ioggeﬁii I:H,-. To illustrate how this

works, let us compare the discretionary solution with the outcome obtained under a simple-minded Taylor
rule of the form,R; = max{f{‘ + Etﬁm, 1- 1/,8}. This is the policy which attempts to set the real rate of
interest at the natural rate whenever possible. Obviously, this policy is able to achieve full stabilization after
(and including) period 5 so that the endogenous variables are always equivalent to the time-5 flexible-price
equilibrium. However, as Figure 7 shows, the suboptimality of this policy not only leads to unfavorable
outcomes prior to period 5 but also renders the paths of endogenous variables distant from the time-0
flexible-price-equilibrium paths even after period 5. A simple comparison between Figures 5 and 7 clearly
shows that central bank’s deliberate decision making about capital stock transferred to future generations
significantly improves economic welfare. Note that this feature of the discretionary policy is entirely absent
in the fixed-capital stock model where the future value function is independent from the current decision,
or in the model with inflation inertia where the natural variables (in Woodford'’s definition) do not depend
on the state variables determined in the sticky-price economy.

Finally, we make a comparison between the equilibrium paths under the non-inertial policy and the opti-
mal discretionary policy. A comparison between Figures 5 and 6 shows that there are only iffémendes
between the two, which might suggest that the targeting rule to implement the non-inertial solution, which
was derived in section 4, be a good approximation to the one to implement the optimal discretionary solu-

tion, at least under the baseline parameter values and the type of shock that we assume here.

5.2 Policy regime and the length of ZLB binding

In this section, we make alterations to the baseline setting in the previous analysis by changing the
parameter values @, in order to compare how the length of periods in which the central bank must set
the nominal rate of interest at zero changes in equilibrium under the optimal commitment and discretionary

solutions.
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Figures 8 and 9 show the equilibrium paths ér= 10 and 30, respectively. The results indicate that,

with the commitment technology to manage expectations, the central bank needs to confront with the ZLB
only in period 4 even for a larger size of natural-rate-of-interest shock. In constrast, for the discretionary
central bank, the number of periods with binding ZLB increases with the valug. oWhene, = 30,

the discretionary central bank begins the zero-interest-rate policy as early as period 2. Alavggch
increases the size of shock in terms of the natural rate of interest, induces the discretionary central bank
to fight against a greater expected deflation and thus to take pre-emptive action earlier to make its future
expected loss as small as possible. This result confirms the strong stabilization property of the commitment

policy analyzed in section 4.

6 Conclusion

This paper has characterized optimal monetary policy in an economy with the zero interest rate bound
and endogenous capital formation, and obtained the following findings. First, we have shown that, given
an adverse shock to productivity growth, the natural rate of interest is less likely to fall below zero in
an economy with endogenous capital model than the one with fixed capital. This is a direct reflection of
consumption smoothing through capital adjustments in an economy with perfectly flexible prices. However,
our numerical exercises show that, unless investment adjustment costs are very close to zero, we still have
a negative natural rate of interest for large and persistent shocks to productivity growth.

Second, the optimal commitment solution is characterized by a negative interest rate gap (i.e., real interest
rate is lower than its natural rate counterpart) before and after the shock periods with negative natural rate of
interest. The negative interest rate gdfer the shock periods represents the history dependence property,
which was emphasized by the existing studies such as Jung et al (2005) and Eggertsson and Woodford
(2003). On the other hand, the negative interest ratebgdprethe shock periods emerges because the
central bank seeks to increase capital stock just before the shock periods, so as to avoid a decline in capital
stock after the shock periods, which would otherwise occur due to a substantial decline in investment during
the shock periods.

The latter property may be seen as a central bank’s preemptive action against future binding shocks, which
is unique to endogenous capital model. It should be emphasized that such a preemptive action is completely
different from the central bank’s pre-shock behavior extensively studied by Adam and Billi (2004a, b) and
Nakov (2005) among others in the setting of fixed-capital model. The preemptive action these papers
have focused on is nothing but a central bank’s policy response to a declinedartkat inflation rate,

which occurs because private agents anticipate the possibility of hitting the zero lower bound in the future
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and thereby adjust their inflation expectations and their spending. We also show that the targeting rule to
implement the commitment solution is characterized by history-dependent inflation-forecast targeting.
Third, a central bank governor without sophisticated commitment technology tends to resort to preemp-
tive action more than the one with it. The governor without commitment technology controls natural rates
of consumption, output, and so on in the future periods, by changing capital stock today through monetary

policy.

26



References

[1] Adam, Klaus, and Roberto Billi (2004a). “Optimal monetary policy under commitment with a zero
bound on nominal interest rates.” Mimeo.
[2] Adam, Klaus, and Roberto Billi (2004b). “Optimal monetary policy under discretion with a zero bound
on nominal interest rates.” Mimeo.
[3] Benigno, Pierpaoclo and Michael Woodford (forthcoming). “Optimal Taxation in an RBC Model: A
Linear-Quadratic ApproximationJournal of Economic Dynamics and Control
[4] Edge, Rochelle (2003). “A Utility-Based Welfare Criterion in a Model with Endogenous Capital Ac-
cumulation.” Mimeo.
[5] Eggertsson, Gauti, and Michael Woodford (2003a). “The Zero Interest-rate Bound and Optimal Mon-
etary Policy."Brookings Papers on Economic Activity139-211.
[6] Eggertsson, Gauti, and Michael Woodford (2003b). “Optimal Monetary Policy in a Liquidity Trap.”
NBER Working Papers 9968.
[7] lwamura, Mitsuru, Kudo, Takeshi, Watanabe, Tstutomu, 2005. Monetary and Fiscal Policy in a Lig-
uidity Trap: The Japanese Experience 1999-2004, NBER Working Paper No. 11151
[8] Jung, Taehun, Yuki Teranishi, and Tsutomu Watanabe (2005). “Optimal Monetary Policy at the Zero-
Interest-Rate BoundJournal of Money, Credit, and Bankirgy(5), 813-835.
[9] McCallum, Bennett and Edward Nelson (2000). “Timeless Perspective vs. Discretionary Monetary
Policy in Forward-looking Models.” NBER Working Paper 7915.
[10] Nakov, Anton (2005). “Optimal and Simple Monetary Policy Rules with Zero Floor on the Nominal
Interest Rate.” Mimeo.
[11] Neiss, Katherine and Edward Nelson (2003). “The Real Interest rate Gap as an Inflation Indicator.”
Macroeconomic Dynamicg(2), 239-62.
[12] Onatski, Alexei and Noah Williams (2004). “Empirical and Policy Performance of a Forward-Looking
Monetary Model.” Mimeo.
[13] Rogdt, Kenneth (1998). “It's Baaack: Japan’s Slump and the Return of the Liquidity Trap: Comment.”
Brookings Papers on Economic ActivRy194-99.
[14] Rotemberg, Julio and Michael Woodford (1997). “An Optimization-based Econometric Framework
for the Evaluation of Monetary PolicyNBER Macroeconomics Annub®, 297-346.
[15] Woodford, Michael(2005). “Firm-Specific Capital and the New-Keynesian Phillips Cuhvizfna-
tional Journal of Central Bankind(2), 1-46.

27



[16] Woodford, Michael(2003)nterest and Prices: Foundations of a Theory of Monetary PoRrinceton

University Press.

28



Appendix A: Deriving the loss function

The derivation of loss function in this paper follows a method similar to Edge(2003) and Onatski and
Williams(2004). Supposé (x; nt) is the function to be approximated whegeis an endogenous variable
andn; is a vector of exogenous variables. Let= g(z,u) be the function relating; to vectors of
endogenous variables and exogenous variableg. A second-order Taylor approximation fo(-) with

respect t@ andr, is

dZt 1 fZZT fZ#T fZET dZt
f(xia)=f0c0)+[f, 7] |du +§[dz[T . 0] |[fr By fer || due| + O(Inli®).
S} fEZT feﬂT f“T dEt

whereT is transpose of a matrix and the subscriptde, represents first and second derivative$ wifith
respect to these vectors evaluated at the steady state. L&tf@glenote a diagonal matrix formed from a
vectorz andZ be a vector whose elements are percentage deviation of elemenfoafi their steady state

values,
S
RNCICRE ORI
Substituting this into the above equation and rearranging, we obtain
f (X &)

2
=LA@, ), 7] |du
de;

1 A@) (G + 1000 ) A@ +A@A(RG) AD G A fele|[ 2
+3 [ZT’ duf, dftT] f, Z A(2) fuur fuer (o1
fXEg-ZrA (Z) fE”T fEET de

+ti.p.+O(llell®). (A1)

To approximate utility of consumption, ldt= u(C; &), g = Y; - | (%) Ki - Gi, z = [Ye, Kean, K7,

w=GCt &=¢& 2= [\?t, Kirts Kt]T andz = [Y, K, K]T.*1® We can compute the matrices of theents as

*18 Note that we defined; = % rather than in percentage deviation from the steady state of itself. HdG¢es YG;. The

formula needs an adjustment such that appropriate elements of the second-difit#ecbmatrix are multiplied by or Y2.
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below.

1 0 0 0
A@D g =Yu| -k |, A@DKELsAD=Yu|0 -k k],
a-9k 0 gk -gk
-1 ok -0 k(1-9)
A2 f@9 A (@) = Y o1k —o1K? oW 1-9) |,
-0 k(1-06) o K(@1L-6) -0k (1-0)
1 0 0
A@DA(FG) =Yw |0 -k 0
0 0 (1-9)k

If we substitute these matrices in (A.1), it follows that

U(Ci &) =Ytk [~ kKea + k(1 - 6) Ky

usY
2

+ 20'71k?t Kt+l - 20'71k (1 - 5) ?I Kt + 2k (O’ilk (1 - 6) + 6!//) Rt-%—lKI + Za'ilgt?t

[— (0'_1 - 1) Qtz - k(o-‘lk +1+ 6¢) Ril - k(o-‘lk (1-6>%-(1-9)+ e¢) Ktz

- 20 kg Kiog + 207k (1-6) o Ki

+ti.p.+ O(IIglP). (A.2)

Similarly, disutility of labor can be computed by lettiffg= v (r(j); &), 9 = T2 () /ke()) ke(j)/Ac
z = [i(j). k(j). A" ande = &. The codlicient matrices are

®n wpbh  —wpdh  —Pn
A@) 0z = |1 -¢n)|. A Q7A@ =hw|-wppn wpdn n—1],
-1 -¢h  fn—1 2

o7 én (1~ ¢n) -¢

A D fo@G A @ = Wvin|¢n (L-¢n)  (L-¢n)° —(1-¢n)

s

4 —(1-¢n) 1
én 0 0
A (Z) A (fxgz) = th 0 (1 - (bh) 0].
0 0 -1

Invoking the relationship betweefu. andhw, in equation (2.23),

1 1 — Oh A
[ vinaradi=vy [ [9t(i)+1 )| i
0 0

®n
1
3 [larast-
- 200, {3i(i) +

20 0 ) - 200 - HDRG)

K(j))]dj +ti.p.+O(IZI). (A3)

1—¢n
h

Recall that we defined; = (fol yt(j)%dj)m andK; = fol ki(j)dj. Second-oder approximation to these
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aggregators are

1-971

Ye = Ef(i) + var;$i(j) + O(3).

.= Efk() + Hvank(i) + 0.

From (2.34), we have

2
varik(j) = (Z—Z) var¥i(j),

SN Do P "
cov; 5u(1)- k(D) =~ van(i)
Substituting these expressions into (A.3) yields

N 1- N
Gt 120,

1
fo vh(i); ) di = Y

ucY
+ —_—
2

(1+w) V2 + %(1-@ R2 = 2(w ) %K,

1—¢n

- Za)qt (?t + Rt) + (u) + 9_1) Varj)”/t(j)

on—1

+ I Lpvarfi) - 260 - ) oo (5. k()|

¢n = 1py"
dh Pk

~ 1—¢pn - N
— 2w (Y’[ + o Kt) + (a) +07t 4 —2(w-v) &)vaert
h Pk

1= én
¢th

=Yuw|Ye+

usY
2

- 200 (\?t ] Rt) +ot (1 + Ma] var;i( j)]. (A.4)
on Pk

+

A+a) %+ 22 (1= pg R - 2(0- 1) TR,
h

The final line in (A.4) used the fact that

2
w+9_1+M&—2(w—v)£—Z =w+9_1+%(¢h¢—;1py—2(w—v))
—w+9_1+%(¢h¢;1(¢hv+ ¢h¢h 1wp)—2(w—v))



This term is positive sincpy — w = ¢nv + %ﬂlwp -—w = % > 0. The output dispersion term in (A.4),
var¥(j), can be replaced by inflation. To show this, log-linearize the demand function for an individual

firm.
$i(j) - Yi = -0 (Pr(j) - Pr) + O(2).

Squaring both sides and taking expections gyer

var$i(j) = 6°var; fr(j) + O(3).

As in Rotemberg and Woodford(1997), the price dispersion on the right-hand side can be further trans-
formed as below.
var; fr(j) = var; log p(j)
= var; log pr(j) - -1} (wherepr = E; {log pi(j)})
= E; {log pi(j) - -1’ - (Ejlog pr(j) — Froa)’
= aE; (log p-1(j) = P-1)? + (1 - @) (log pi = Pr-1)? — (AP, (A.5)

where logp; is the optimal price for firms that are allowed to reoptimize at timgote that in this model,
firms are able to hire capital input for production every period depending on the level of production in the
same period. Thus, firms that are free from price rigidity must choose to set the same price. This also

implies that

Ejlog pi(j) = ajlog pr-1(j) + (1 - @) log p;.
Therefore, log} — pr-1 = rlaAﬁt and (A.5) reduces to

a
1-«a

var; pi(j) = avar;pra(j) + (Ap)?

t
A~ . 07 hay2
= Q’H—lvarj p,]_(J) + m Z a Ht—h'
h=0
If we integrate this forward,

oo t

P [07 ~ .
E Bvarpr(j) = = Zﬁtahnf_h +ti.p.
t=0 @

h=0

Ms

t

Il
o

_ a = to2 .
e i ;ﬁnt +tip.
Hence, the output dispersion term can be replaced by

112 + t.i.p. + O(3). (A.6)

g ab
e eI
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As aresult, (A.2), (A.4) and (A.6) constitute the approximation of households’ utility function.
However, for the reasons explained in Benigno and Woodford(forthcoming), we need to show that the

first-order terms in (A.2), and (A.3) cancel out. If we collect the first-order terms and recalling (2.24),

N ~ - ~ 1—¢n ~ - 1-¢n -
%= KRy + K(1— 6) Ry — | W+ 220 Kt] KRy + K(L— )R — 2=9R,
= —k[Ress -8R (A7)
Integrating this expression forward,
N ty [ 10 -112 Ky ;
—Z,B k[Ree = 871Ky = EKO:’[.I.p. (A.8)

t=0
Thus, the welfare function consists of second-order terms only. Collecting the remaining terms from (A.2),
(A.3) and (A.8), the loss function of central bank can be expresseg as’st Lo + t.i.p. + O(3), wherelo

is given below
I:o = i[g’t{(al + a)) Qtz + o‘lIAt2 + e,,,k(Rt+1 - Rt)z + pkk (,871 -(1- 6)) th - 20_,1%'1
=0

- 2?{ (U_lgt + wqt) - 2(0.) - V) ?1"2( -2k (1 - 6) (O'_lg'[ + (l.)qt) Rt

n - Py —w)vV 2] ~
+ 2k (0 giKr + ﬁ_la)tht)+[1+( ypk ) 9] (1_a)a(1_aﬁ)nf} (A.9)

Finally, we shall change (A.9) into a form using gap variables. This requires replacing the exogenous
terms that appear in (A.9) by flexible-price equilibrium values. From the discussi®h, igariables in

time-0 flexible price equilibrium have the following relationship.

o g+ wg = (w + a'_l) ?t{o - U’lklztillo + [o-‘lk Q1-6)-w+ V] Rtf|0 (A.10)
1o f —1f - vai vai
—0 N+ oMo+ 07 + 6 (K 30 — Kyp)
-1 f -17f -1 val > f
=B(1-0)E (_0' Yt+l|0 +o It+l|0 to 9t+1) +Bey (Et Kiiz0 ~ Kt+l\0)
+[1-B(L =) Et (py ¥, 30 — kK, 10 — WChe1) (A11)
(A.11) can be further transformed to
-1y 12 _ -1 Y4 Y4 —1f -1f val vai o f Val

o 'GiKie1 =0 EigiaKuen + Keaa|om Vg = 7o = 6 (K0 = Kio) + Bes (EiK {20 = Kisao)
+{1-BA-0)(py—w-0) = BA-O) BV o+ o Bl 4
+(1-B(L-0))(@-v-p) K] (A.12)
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Substitute (A.10) and (A.12) into (A.9). After a bit of algebra, we obtain
I:O = Zﬁt{<o—l + w)( 2Yt\0Yt) +to ( - 2|t|0|t> +,0kk(ﬁ 1o (1 6)) (Kz 2Kt\0 )

t+1/0 1|0 t+1/0 t|0

e = Yol = ToWe) = 2(w = v) (ViRy = YyoRi = Ko %)

+ ek (K2 ) — 2Ry Ry + RE = 2K Ko + 2K Riog + 2K oKi - 2K (0K,
( 1[0] tjo

1|0 1|0

NS T

(1-a)(1-ap)
= Y (ot ) (B S o (= )+ k(7 - (- ) (R - R
+ fwk((RHl - Rtf+1\o) - (Rt - IZJO))Z -207 (Yt Yt\O) (f IAJO)

—2(w—v) (Y = Vo) (K - Ktlo)+[1+ (py_w)ve] af ﬁ?} (A.13)

Pk (1-a)(1-ap)
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Appendix B: Computational method for the optimal discretionary
solution

We present the method for computing the optimal discretionary solution in section 5, where the produc-
tivity shock is assumed to follow a particular deterministic process. In this particular case, the optimal
discretionary solution can be computed by solving the problem backwards, starting from period 8. More
specifically, we first compute the value and policy functions under the optimal discretionary policy for pe-
riod 8. Since it is assumed that no shock is expected to occur after period 8, this problem can be solved
in the linear-quadratic framework using the algorithm &d8rlind(1999). Then, for periods 0 to 7, we
create scenarios for the central bank, describing in which periods it conducts the zero-interest-rate policy.
The number of possible scenarios i total. For each scenario, we compute value and policy functions
backwards and numerical values of solutions in each period recursively using the initial condition on the
capital stockKy = 0. Finally, we check whether these results do not violate non-negativity of the nominal
interest rate and whether the central bank taking the zero-interest-rate policy in any period has an incentive

to deviate. The details of each computational procedure are described below.
Stepl: Dynamic programming specification
Write the Bellman equation for the problem in period O to 7 as below.

A Xt
[Rt,st] P [I;t t

= mind [x7, R
Tx!]”{[xt’ o] Q i

+,B [Rt+1’ S;E-l] Pt+l |:Kt+1]} (Bl)
W

S't.{ MiXee1 + Max; + M3Ki + Mg, + Ms (1-1/8) =0 if R=1-1/8 (B2)

NiXee1 + Noxg + NaKq + Mag, = 0 if R>1-1/8’

where
Xt = [ﬁt?t Rt+1]T’ g; = [CUQt,LUQtu]T, S = [wquwchl, s 07, (L- 1/,3)]T-

Q andP are the matrices representing fiagents in (2.46) and the value function in quadratic form, re-
spectively. In periods where the ZLB bindg,is determined by (2.29), (2.38) and (2.40) only. The matrices
M; to Ms contain the cofficients of these structural equatioi.0n the other hand, when the ZLB does
not bind, the optimization problem to solxein that period is considered subject to (2.38) and (2.40). The
nominal interest rate can be backed out from (2.29).to N4 are the cofficient matrices for (2.38) and

(2.40).

19 The value function can be obtained by inserting the values of endogenous variables into (B.1).
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Step2: Value and policy functions fort = 8

Using the algorithm in 8derlind(1999), the value and policy functions in period 8 can be computed.
In this period, the problem is to minimize (2.46) subject to (2.38) and (2.40). In additign= O and
s = 0 Vt. Since the policy function is known to take the form»gf; = Ct1Kiy1,720 it can replace the

expectation term in the constraints, and the optimization problem is equivaié&ht to

RePiRe = mind [xT. R |2 Q2| %] 4 pxTRTPL . Rx B.3
tPtKy = mir {[t t] [Qm Q| R, +B%; R* PR (B.3)
s.t. (N2 + N1Ci,1R) X + N3K; = 0. (B.4)

After taking the first-order conditions and rearranging, we finally obtain the following recursive expressions.

Xt = Ctkt

Pt = C{ QuiCi + 2C{ Q12 + Q22 + BCI R"P.1RG (B.5)
-1

Ci=—(Qu+BRPLaR) ~ {Quo+ (No + NiCiaR)' I (B.6)

-1 -1 1
o= {(N2 + NiCuaR) (Quu + BRTPLaR) ™ (Na + NiCuaRIT | {Ns = (Nz + NiCuaR) (Qua + ARTPLAR)  Quzl.

If P andC converge, starting from some appropriate initial values%er andCy, 1, those are the value and

policy functions to be used in the next step.

Step3: Solving backwards

For periods = 0,1, 2, ..., 7, the problem can be solved backwards, given the value and policy functions
in period 8. Note that we guess scenarios for the timing of taking the zero-interest-rate policy and check
whether each scenario satisfies the optimality conditions later. In our problem, policy funciton is linear and

thus can be expressed in the formxpE Xy K + XstS.

If the ZLB binds
Substitutexi,1 = Xk,t+1Kt+1 + Xst+1S+1 in the first set of constraints in (B.2) to obtain
Xt = = (M X1 R+ M) ™" Mg
Xst = — (M1 Xt 1R+ M2) ™ (Mg Xg41S® + MsS9 + MsST)
S°= [O(S—t)xl |(8—t)], Si= [|2 02><(7—t)]7 S'= [le(B—t) 1]

The value function for periotican be computed by substituting the above results in (B.1). If we divide the

codfticient matrix for the value function into four appropriately-sized blocks of matrices, it can be expressed

*20 (}t+1 is a 3x 1 matrix whose elements are to be determined
*21 Ki11 = Rx, whereR = [0, 0, 1].

36



as

[P P@12)
P = [Pt(lz)T P(22) ®7
Pi(11) = Xg QuiXit + 2% Q12 + Q22 + AX R Pyt (11)R Xt (B.8)
Pi(12) =X Qu1Xst + QqpXst + X Q13S* + Q23S (.9)
+ B (XLR PLa(11R Xt + X, R Pr,1(12)S°) '
Pi(22) =XT, Q11 Xst + 2X5:Q13S* + S“T Q33S*
' steLifst TEAst (B.10)

+B(XERTPLa(1DRXs + 2XL R Pua(12)S° + S PLa(22)S°).
whereS® =[1,0,...,0]is a 1x (8 — t) vector.

If the ZLB does not bind

In a period where the ZLB does not bind, minimize (B.1) subject to the second set of constraints in (B.2)

to obtain
-1
Xt = = (Quu+ BRTPL1(11)R) ~ (Quz+ ATTyy) (B.11)
-1
Xst = = (Qu1 + AR"PLa(11R)  (QusS* + AR Pra(12)S° + A5y (B.12)
A= N, + N1Xk,t+1R
B= N3

C= N1X&t+1SS + N48¢|
-1 -1 -1
Fic= {A(Qu+ARTPL(LR) AT} {B-A(Qu+RTPLIILR) " Qul

-1 -1 1
F2e = {A(Qu+ ARTPLALR) AT} {C - A(Qu+ ARTPLA(IR) " (QueS + BRI Pu1(12)5Y)].
The codficient matrix for the value function are the same as (B.7) to (B.10), given (B.11) and (B.12).

Step4: Consistency with the optimality conditions

For each scenario regarding the choice of taking the zero-interest-rate policy in periods 0 to 7, we can
compute the values ({)Xt}Z:O and{ﬁt}zzo by applying the methods in step 1 to 3 and using the initial condition
on the capital stock. IR < 1 — 1/B in any period, that scenario violates the non-negativity of the nominal
interest rate. We also need to check whether the central bank is optimally taking the zero-interest-rate
policy. Given the capital stock in each period and the next period’s value function, the central bank must
have no incentive to deviate from the zero-interest-rate policy. If choosing a positive level of interest rate
turns out to improve the economic welfare under a certain scenario, that should be excluded from the set of

possible solutions. Scenarios which survived this consistency-check process are the solutions.
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Fig. 1 Impulse responses of capital stock and nominal interest rate to an unexpected productivity skogk at
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Note: Fixed-capital stock model used in this numerical example is the one in which capital stock at the individual firm level is fixed.
Thus, itis not exactly the same as the case in whjch»> c in the variable-capital stock model that we use.
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Fig. 2 Relative weights on forecasts affdient horizons in the optimal commitment policy.
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Fig. 3 Relative weights on forecasts affdrent horizons in the non-inertial policy.
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Fig. 4 The optimal commitment solutiog,(= 3)
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Fig. 5 The optimal discretionary solutiog,(= 3)
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Note: In each panel, a red line indicates the level of sticky-price equilibrium path (hat variables in the log-linearized system). Green
and blue lines show the natural levels (rates) in Woodford’s definition and the time-0 flexible-price equilibrium paths, respectively.
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Fig. 6 The non-inertial policye, = 3)
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Fig. 7 R = max{f + Efl.1. 1- 1/8}, (6, = 3)
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Note: In each panel, a red line indicates the level of sticky-price equilibrium path (hat variables in the log-linearized system). Green
and blue lines show the natural levels (rates) in Woodford’s definition and the time-0 flexible-price equilibrium paths, respectively.
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Fig. 8 The length of periods with binding ZLB, = 10)
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(b) The optimal discretionary solution
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Note: In each panel, a red line indicates the level of sticky-price equilibrium path (hat variables in the log-linearized system). Green
and blue lines show the natural levels (rates) in Woodford’s definition and the time-0 flexible-price equilibrium paths, respectively.
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Fig. 9 The length of periods with binding ZLB, = 30)

(a) The optimal commitment solution
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(b) The optimal discretionary solution
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Note: In each panel, a red line indicates the level of sticky-price equilibrium path (hat variables in the log-linearized system). Green
and blue lines show the natural levels (rates) in Woodford’s definition and the time-0 flexible-price equilibrium paths, respectively.
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