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Chapter 1. 

Introduction: Brief Reviews of Testing for Seasonal Unit 

Roots, Testing for a Periodic Unit Root, and Testing for 

a Unit Root against Stationarity with a Break 

This Chapter briefly reviews three testing problems: Testing for seasonal unit roots, testing 

for a periodic unit root, and testing for a unit root with a trend break. We will suppose 

in later chapters the null hypothesis in reversed direction compared with the above prob-

lems, that is, we will fundamentally assume the null of stationarity. Since our tests in later 

chapters and the above three tests compliment each other, it is necessary to understand the 

above three testing problems. 
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1．Introduction

It　has　been　great　concem　to　economists　whether　there　is　persis七ence　of　a　uni七roo七in　the

time　series　or　not，an（i　tes七ing　for　a　unit　root　ha8an　importan七role　in七he　practical　analysis・

From　m翫ny　empirical　studies　following　the　seminal　work　of　Nelson　and　Plosser（1982），it　is

believed七hat　many　macroeconomic　time　series　have　a　uni七root　and，more　or　less，persistence

is五〇und　in　such　data．

　　　In　addition，seasonali七y　and　possibility　of　a　structural　change　as　well　as　nonstationarity

have　been　the　much　discussed　problems　and　studied　tkeoretically乱nd　in　a　prac七ical　analysis。

In　t短s　chap七er，we　brieBy　review七he　three七esting　problems　conceming　with　nonstationarity，

seasonality　and　a　structural　change，that　is，test1ng　for　seasonal　unit　roots，testing　for　a

periodic　unit　root，andl　testing　for　a　unit　root　against　s七ationarity　wi七h　a　break　Though　our

main　concem　in七his　dissertation　is　testing　for　sta七ionari七y　and　the　null　hypothesis　we　are

interested　in　isπoオa　unit　rootわ窃staUonarity，we　review　the　above七esting　procedures　since

tes七ing　for　a　unit　roo七is　s七rongly　related　to　testing£or　st＆tionari嬢For　example，suppose

tha七the　researcher　is　interested　in　a　unit　root　and　the　Dickey－Fuller（DF）七est　r句ects　the

null　hypothesis　of　a　unit　root．Since　the　DF　test　has　the　power　agains七more　general

altematives七塾anastati・nary・ne，ar句ecもi・n・fthenullhyp・thesisd・esn・tnecess訂ily

indicate　s七a七ionari七y　of　the　series．Thus　once　the七es七r句ects　the　null　of　a　uni七root，the

prim＆ry　interest　in　tum　becomes　the　nuH　of　stationarit防possibly　wi七h　seasonali七y　alld　a

break，In七his　senseラboth　tes七s　for　a　unit　root　and　sta七ionarity　should　compliment　each

other，

　　　The　plan　of七his　chapter　is　as　follows．Sec七ion2reviews　the　tests　for　seasonal　unit　roots

and　the　tests　for　sねtionarity　against　seasonal　unit　roots．As　in　the　case　of　the　non－seasonal

unit　root　tests，testing　Procedures　for　both　the　null　of　seasonal　unit　roots　and　tha七　〇f

stationarity　have　been　devdoped　in　th．e　htera七ure．Section3reviews　the　tests　for　a　perio（iic

unit　root，and　Section4discusses　the　unit　roo“est　against　trend　stationarity　with　a　break．

2．Seasonal　Unit　Roots
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2.1. Testing for Seasonal Unit Roots 

Many macroeconomic time series are observed quarterly or monthly and seasonality is one of 

the important characteristics of the data. The economic variable is sometimes considered to 

be generated from an integrated process and a seasonal difference operator such as (1 - ~s) 

seems to be appropriate to make the data st,ationary, where ~ is a backshift operator and s 

denotes a seasonal period. A seasonal autoregressive integrated moving average (SARIMA) 

model is one of the useful models to express such a seasonally nonstationary behavior. 

Adequacy of such a seasonal difference operator is investigated in Dickey, Hasza and 

Fuller (1984). They considered the following model: 

yt = ~6jDjt + ayt-s + et, t = 1, . . . ,T, (1 - 1) 
j=1 

where {et} - i.i.d.(O, (T2) and Djt = I if t = j (mod s) and O otherwise. A seasonal difference 

operator is adequate when a = I and then they investigated two test statistics, T(6i- 1) and 

the t-statistic for testing a = I where 6i is a least squares (LS) estimator of a. The model 

(1-1) is extended to have non-zero mean and a linear trend and also to the case when {et} 

is dependent. Tanaka (1996) considered the locally best invariant (LBI) test, the locally 

best invariant and unbiased (LBlU) test and the point optimal invariant (POI) test for the 

above hypothesis. 

Moreover, since a seasonal difference operator (1 - ~s) has s roots on the unit circle, 

each root except for I is called a seasonal unit root and whether the time series has some of 

seasonal unit roots as well as a non-seasonal unit root becomes interesting to the researcher. 

For example, a quarterly seasonal difference, (1 - ~4), can be decomposed into (1 - J~4) = 

(1 - 1~)(1 + ~)(1 - il~)(1 + iB) where i = rl and then it has four roots, 1, -1 and ~i on 

the unit circle, which correspond to frequencies O, 7r and 7r/2. We can consider the following 

seven lag polynomials with roots on the unit circle. 

A1(~) = (1-1~). 

A2(~) = (1+B). 

A3(~) = (1+~2). 

A4(1~) = (1-~)(1+B) = (1-~2). (1-2) 
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A5(~) = (1-~)(1+1~2) = (1-~+B2 -B3). 

A6(1~) = (1+~)(1+~2) = (1+~+~2+1~3). 

A7(~) = (1-1~)(1+~)(1+~2) = (1-~4). 

In the above quarterly model, we call the roots of -1 and ~i seasonal unit roots and 

especially -1 a negative unit root. Then, testing for adequacy of a quarterly seasonal 

difference is equivalent to testing for the joint hypothesis that {yt} has four roots on the 

unit circle. Then, even if the null hypothesis is rejected, it is still possible for the process 

to have some of unit roots. For example, (1 + 1~)yt = et does not have all the unit roots 

and the null of four unit roots will be rejected, but it still has a negative unit root and 

is nonstationary. Neither a usual difference (1 - 1~) nor a seasonal difference (1 - ~4) is 

adequate to be applied to {yt}. In this sense, it becomes important to test for each seasonal 

unit root as well as a non-seasonal unit root. 

The limiting distributions of the LS estimators of autoregressive (AR) parameters when 

the process has several unit roots are investigated in Ahtola and Tiao (1987) and Chan and 

Wei (1988). When the process has complex unit roots at frequency 6, the model can be 

expressed as 

(1 - e~eB) (1 - e~soB) y et 

Expanding the left hand side, we have 

yt = 2 cos gyt-1 + yt-2 + et. 

Ahtola and Tiao (1987) considered the above complex unit roots model and investigated the 

limiting distributions of T(c1 - c1) and T(c2 + 1), the LS estimators of the AR parameters 

of the regression, 

yt = iplyt-1 + ip2yt-2 + et. 

Chan and Wei (1988) considered a more general model. Let us consider the 1~th order 

AR model, 

c(B)yt = et, ip(1~) = I - iplB- c2B2 - ... - ippl~P (1 - 3) 
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and express the characteristic polynomial ip(z) as 

c(z) (1 z) (1+z) ri 
b (1 - 2 cos ejz + z2)djop(z), 

j=1 

where a, b, I and dj are nonnegative integers, 6j e (O, 7T) and ip(z) is a polynomial of order 

q = p - (a + b + 2dl + ' ' ' + 2dl) which has all roots outside the unit circle. Denoting the LS 

estimator of c = (c1, ' ' ' , cp)/ as ip, Chan and Wei (1988) derived the limiting distribution 

of (ip - ip) multiplied by the appropriate weighting matrix. 

Testing for seasonal unit roots are developed in Hylleberg, Engle, Granger and Yoo 

(1990) (HEGY) using the above results. They extend the model (1-3) to that with a deter-

ministic component, 

c(~)yt = ktt + et. 

As a deterministic component, they considered flve cases: i) no deterministic, ii) an intercept, 

iii) an intercept and a seasonal dummy, iv) an intercept and a trend, and v) an intercept, a 

sasonal dummy and a trend. According to HEGY, the above model can be expressed as 

y4t = 7rlylt-1 + 7r2y2t-1 + 7T3y3t-2 + 7r4y3t-1 + ~IJ c~y4t-j + 'ht + et, (1 - 4) 

j=1 

where 

ylt = (1+~+~2 +~3)yt, 

y2t = -(1 - ~+B2 - ~3)yt, 

y3t = -(1 - ~2)yt, 

y4t = (1-134)yt, 

and k is defined appropriately. It can be shown that 7Tl = O, 7r2 = O and 7T3 = 7r4 = O under 

the null hypothesis of a unit root at frequency O, Ir and 7r/2, respectively. The t-statistics 

of 7rl and 7r2 are used for the test for a unit root and a negative unit root with a lower area 

as a critical region and the F-statistic testing for 7r3 = 7r4 = O is for the test for complex 

unit roots at frequency 7r/2 as rejecting the null when it takes a large value. The limiting 

distributions of these test statistics can be derived using the result of Chan and Wei (1988). 
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HEGY'S tests are extended in several directions. Joint tests for seasonal unit roots were 

developed in Ghysels, Lee and Noh (1994), and Smith and Taylor (1988) considered the 

same testing problem as HEGY with a different assumption of a deterministic component. 

Breitung and Franses (1998) investigated the testing procedure for seasonal unit roots which 

uses the nonparametric correction for nuisance parameters. According to their Monte Carlo 

simulation, th. eir test may be more powerful than HEGY'S test, whereas it suffers from severe 

size distortions in some situations. All of these tests are for the quarterly observed data, 

and seasonal unit roots tests are extended to the monthly time series in such as Beaulieu 

and Miron (1993) and Taylor (1998). 

2.2. Testing for Stationarity against Seasonal Unit Roots 

All of the above tests consider the null hypothesis of seasonal unit roots. But once the 

null hypothesis is rejected, our next concern in turn becomes the null of stationarity. Note 

that, since the tests for seasonal unit roots have the non-trivial power against more general 

alternatives compared with those assumed when the test statistics are constructed, rejection 

of the seasonal unit roots does not imply stationarity of the time series. 

Tests for the null of stationarity against a unit root are developed in Kwiatkowski, 

Phillips, Schmidt and Shin (1992) (KPSS) and Leybourne and McCabe (1994). KPSS 

considered the following error component model, 

yt = ~t + rt + et, rt = rt_1 + ut, 

where {ut} - i.i.d.(O, (T~) and independent of {et}. For {et}, it is assumed that 

[( 2 = 
)
]
 

T 
lim T~1E ~et a2 < oo 
T-oo 

t= 1 

The null hypothesis is (T~ = O, in which case {yt} becomes trend stationary whereas when 

~~ > o {yt} has a unit root component. The Lagrange Multiplier (LM) statistic, which is 

equivalent to the locally be.st invariant (LBI) test under the assumption of normality, is 

nT = 2 ~St2, St = ~ ^ 1~~ 2 l j=1 ~ ~~w(j, l) ~] ^ ^ s2(1)T t=1 et s (1) = ~fe + etet+j, 
t=1 
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where ~t are regression residuals of yt on a constant and t, w(j, l) = I - Ijl/(1 + 1) is the 

Bartlett window, the lag truncation parameter I -~ oo as T -> oo and I = O(T1/2). It can 

be shown that 

d fol {W(T) + (2r 3T )W(1) + ( 6r+6T )j( W(s)ds} dT 
nT -~ 

where W(･) is a standard Brownian motion and ~> denotes convergence in distribution. 

They also showed that nT = Op(T/1) under the alternative of cr~ > o, that is, the LM 

statistic nT is consistent. 

The problem of the KPSS test is that it may suffer from a size distortion in some 

cases under the null hypothesis as shown by the Monte Carlo simulation in KPSS. Instead, 

Leybourne and McCabe (1994) considered the following local level model, 

-.. cp~P. c(~)y ~t + rt + et ip(~) = I - cl~ . 

Firstly we have to construct the series yt = yt - ~]s~=1 ip~yt-i, where ip~'s are the maximum 

likelihood estimators of ipi's from the fltted ARJMA(p,1,1) model, Ayt = ~+~]s~=1 ipiAyt-i + 

~t - e~t-1 with A = (1 - ~). Next we calculate residuals ~~ from the LS regression of y~ on 

an intercept and a linear trend. Then, it is shown that the test statistic 

~T I ~t*2, S' = ~ ^ 
e
t
 
,
 ~2T2 t e t=1 j=1 

where ~*2 = T-1 ~~ I e~2, has the same limiting distribution as the KPSS test. According 

to their Monte Carlo simulation, the size distortion of ~T is not so severe as that of nT in 

some cases. 

The above testing procedures are extended to the test for the null of stationarity against 

the alternative of seasonal unit roots in Canova and Hansen (1995) and Caner (1998). It 

may be seen that the former extends the KPSS test to the seasonal model and the latter 

the Leybourne-McCabe test. 

Canova and Hansen (1995) considered the following model with s seasons, 

yt = u+ x:p + ft!nrt + et, nft = ~ft-1 + ut, (1 - 5) 
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where {ut} is i.i.d. (O, ~~), {et} - (O, a~) satisfles mixing-type conditions as in Phillips (1987) 

and is uncorrelated with {xt}, {xt} is any nontrending variables that satisfy standard weak 

dependence conditrons, nro (~ O) is a fixed q x I vector with q = s/2, and ft = [flt, ' ' " fqlt]l 

wath fjt = [cos((j/q)7Tt), sin((j/q)7rt)]/ for j < q and fqt = cos(7rt) ( 1) It can be shown 

that ,h + ~n/ in the model (1-5) is equivalent to the dummy variables ~;j=1 6jDjt. They also 

considered that, to test for seasonal unit roots at only a subset of the seasonal frequencies, 

the formulation of nr is modified as 

A/n/:t = A/nrt_1 + ut, 

where A is a full rank (s - 1) x a matrix which selects the a elements of nrt that we wish 

to test for nonstationarity. For example, to test whether the entire vector 7 is stable, set 

A = Is-1 and to test for unit roots only at frequency e (< 7r), set A = (O, 12,0)' and for 

frequency 7r, set A = (O, 1)/. Note that this model does not include a non-seasonal unit root. 

The Canova-Hansen Test is constructed as 

1 T I T~j ^ 

 

L ~ pt/A(A/~fA) IA/F ~f ~ ~ ~2 = w(j, l)~: t=1 ft+jet+jftlet, 
t=1 j=-l 

where ~t is the regression residuals of yt on 1, xt and fit, frt = ~tj=1 ft~t and w(j, l) is the 

Bartlett window. Note that ~f is a consistent estimator of the long-run covariance matrix 

of ftet, ~f = IimT_oo T-1E[FTF/T] with FT = ~JT=1 ftet' It is shown that 

L ~~ J( Wa(r)/Wa(r)dr ~ VM(a), 

where Wa(') is an a-dimensional standard Brownian bridge. 

On the other hand, Caner (1998) extended the model of Leybourne and McCabe (1994) 

to 

c(1~)yt = kt+~n/t +et, 7t = ~t-1 +ut, c(~) = I - cl~- ... - cp~P. (1 - 6) 

They proposed the following test statistic: 

T 1 ~ pt*/Gpt , 
D = 2T2 

t=1 
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^~ = ~~j=1fjej and G diag{2 where ~*2 = T-1 ~]3T_1 e~2 F , ･ ･ ･ , 2, 1}. ~~ is regression 
residuals of yt on a constant and seasonal dummies, where y~ = yt - ~j=1 ip3yt 3 with ip*'s 

the maxirnum likelihood estimators of ip's from the fitted model, 

yt = ~ + ~ ipj~t_3 + e(~)~ 

j=1 

where ~t = (1 + L + ･ ･ ･ + Ls-1)yt and e(~) an MA(s - 1) polynomial. They showed that D 

has the same limiting distribution as L, D l> VM(s - 1). The test for a subset of seasonal 

unit roots is also conducted as in Canova and Hansen's method. 

On the other hand, Tam and Reinsel (1997, 1998) and Tanaka (1996) developed testing 

procedures for moving average (MA) seasonal unit roots with (1 - ~4), but the model 

considered in these papers are a little different from (1-5) and (1-6). 

The above two models do not have a linear trend as well as a non-seasonal unit root. 

However, many macroeconomic time series are trending variables. Then, in Chapter 2, we 

will consider the Canova-Hansen type model with a linear trend and investigate the limiting 

power properties of the test statistics. We will also consider the joint test for seasonal and 

non-seasonal unit roots as well as for each seasonal unit root. 

3. Testing for a Periodic Unit Root 

One of the other time series models which are useful to represent a seasonal behavior is a 

periodic autoregressive (PAR) model investigated by Gladyshev (1961), Pagano (1978), Tiao 

and Grupe (1980) and Troutman (1979), among others. A typical example is a quarterly 

PAR(1) model, 
4
 

yt ~ ~ csDstyt I + e (1 - 7) 
s=1 

The important property of the PAR model is that the AR parameters vary with seasons. 

For example, when t corresponds to the flrst quarter, {yt} is generated from the AR(1) 

process, yt = iplyt-1 + et, while for the second quarter, yt = ip2yt-1 + et is an appropriate 

model. Then, the effect of one quarter to the other quarters is different with seasons. This 

assumption of seasonally varying parameters may be appropriate for the time series which 

have a seasonal pattern and whose seasonal behavior can not be well approximated by such 
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as a seasonal deterministic term or a SARIMA model. Then, the seasonal properties of 

the observed data would be made clearer using the PAR model. This model can also be 

extended to have a periodic moving average disturbance. 

Though the PAR model is not stationary, whether the process is stable or not depends 

on the PAR parameters. Stacking each variable to the 4 x 4 annualized vector, the model 

(1-7) can be expressed as 

O O O -ipl 1 O O O e4j-3 y4j-3 y4(j-1)-3 OOO O -ip2 1 O O + e4j-2 y4( j-1)-2 y4 j-2 

O -c3 1 o e4j-1 ' ~ OO O y4j-1 y4(j-1)-1 OOO O O O -c4 1 e4j ~/4j y4(j-1) 
or 

~!oYj = ~1Yj-1 + E5, 

where, e.g., Yj = [y4j-3,y4j-2,y4j-1'y4j]/. Then, the model (1-7) can be seen to be the 

four dimensional vector autoregressive (VAR) process of order one, so that whether {Yj} is 

stationary, or whether {yt} is stable, depends on the root of l~~0-~lzl = 11-iplip2ip3ip4zl = O. 

If liplc2c3c41 < 1, {yt} is called periodically stationary and if iplip2ip3c4 = 1, periodically 

integrated of order one, PI(1), and in this case, {yt} is said to have a periodic unit root. 

This definition is extended to the more general PAR(p) model in Chapter 3. 

Using the PAR model, we can express the nonstationary aspect of the ;3conomic time se-

ries with a concept of periodic integration. Intuitively, a periodically integrated AR (PIAR) 

model has a single stochastic trend just like a unit root process and seasonally varying AR 

parameters. Then, the PIAR model may be suitable for expressing the time series data 

which seems to be nonstationary and has a seasonal variation. 

Testing for a periodic unit root of the PAR(1) model is proposed in Boswijk and Franses 

(1995), and for the PAR(p) model, the testing procedure is developed in Boswijk and Franses 

(1996) and Boswijk, Franses and Haldrup (1997). Let us consider the following PAR(p) 

model, 

yt = ~ iplsDstyt (1 - 8) 1 + ･ ･ ･ + ~ ippsDstyt p + et 

s=1 s=1 According to Boswijk and Franses (1996), if {yt} has a periodic unit root, (1-8) can be 
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rewritten as 
p-1 yt = ~6sDstyt I + 

- 
6s-iyt-s 1) + et ~/, n r?l 

~isL/st ~~lt-i ~ 

s=1 i=1 
where 6s's satisfy the condition 61825364 = I and we use the convention 6s-4k = 6s for 

h ~ N. Denoting the log likelihood from the model (1-9) as L (the restricted maximized log 

likelihood) and that from the model (1-8) as L (the unrestricted maximized log likelihood), 

the likelihood ratio (LR) statistic is defined by LR = -2(L - L). Boswijk and Franses 

(1996) showed that 

(~ ~ ol ) 2 l ) l(~ LR ~~ W(r)dW(r) . W2 (r ) d r 

Similar results are obtained for the model with a constant and a linear trend. 

The above test is constructed for the null hypothesis of a periodic unit root. From the 

same reason as the seasonal unit roots test, the test for the null of periodic stationarity 

against a periodic unit root is also important, but such a testing procedure is not proposed 

in the literature. In Chapter 3, we will derive the LM test statistic for the null of periodic 

stationarity and investigate its limiting properties as well as finite sample properties. 

4. Testing for a Unit Root with a Break 

Testing for a unit root against stationarity with a break has been investigated from the work 

of Perron (1989) and it has been discussed whether there is persistence in the macroeconomic 

time series or not. By Perron (1989), it is shown that the DF test can not reject the null 

hypothesis of a unit root under the alternative of trend stationarity with a structural change, 

that is, the DF test does not have the non-trivial power against stationarity with a break. 

Perron (1989) considered the following three models of a break: 

Model AAO : yt = u1 + pt + kt2DUt + xt, 

Model ~AO : yt = kt + plt+p2DTt + xt, 

Model CAO : yt kel + plt+kt2DU + p2DTt + x 

where DUt = 1(t > TB) with 1(･) an indicator function and T~ a date of a break and DTt = 

1(t > TB) x (t -TB). For {xt}, it is assumed that c(~)xt = et where ip(1~) = (1 - a~)ip*(B) 
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is a lag polynomial of order p+ I with ip' (B) invertible and {et} - i.i.d.(O, CT~). It is assumed 

that a = I under the null hypothesis and jal < I under the alternative. The above model is 

said to be the additive outlier (AO) model, that is, a shock has an effect on yt only at one 

time. On the other hand, the following model is called the innovational outlier (IO) model, 

in which the effect of a structural change pervades the variables with lags. 

Model Aro : ip(1~)yt = ptl + pt + u2DUt + et, 

Model 1~ro : c(~)yt = '~ + plt+p2DTt + et, 

Model Clo : c(~)y ,11 + plt + kt2DU + p2DTt + et 

Under the assumption that the break date TB is known, the testing procedures for a 

unit root in the above models are proposed and critical points are tabulated. 

However, the exogeneity of a break point is sometimes criticized, since the break date is 

chosen by visual inspection of the data and the date chosen as a break point also depends on 

the data. Then, it is insisted that the break date should be treated as an unknown parameter. 

Banerjee et al. (1992), Perron (1997) and Zivot and Andrews (1992) developed the testing 

procedures for a unit root with an unknown break point. In these papers, a structural 

change is not assumed under the null of a unit root. On the other hand, Vogelsang and 

Perron (1998) considered unit root tests that allow a shift in a trend at an unknown time 

under the null. 

The testing procedures are different between the AO model and the 10 model. Testing 

for a unit root in the AO model consists of two steps. The first step involves detrending the 

series by the folloWing regressions, 

Model AAO : y ktl + pt + kt2DU + xt, 

Model BAO yt = 'h + plt + p2DTt + ~t, 

Model CAO : yt /11 + plt+u2DU + p2DTt + x 

The next step is that the unit root hypothesis is tested using the t-statistic for testing a = 1 

in the following regressions, 

- 
-t- ~ Ci~~t_t + et 

Models AAo, CAO : xt 

i=1 i=1 
12 



Model ~AO : ~t = a~t_1 + ~LciA~t_i + e 
i=1 

where D(T~)t = 1(t = TB + 1). 

For the 10 model, the t-statistics for testing a = I are used in the following model. 

Model Alo : yt = /~I + pt + dD(TB)t + pt2DUt + ayt-1 + ~LciAyt-i + et, 

i=1 
p
 Model I~Io y ,x + plt + p2DT + ayt-1 + ~L cil~~yt-i + et, 

i=1 

Model CIO + ~L ci~yt-i + et. : yt = ~;1 ~ plt + dD(TB)t + '~2DUt + p2DTt + ayt-1 

i=1 

To construct the t-statistics in the above regressions, we need to determine the break 

date TB. One selecting method is to choose T~ such that the t-statistic for testing a = 1 

is minimized. This strategy is based on an idea that the selection of a break point is the 

outcome of an estimation procedure designed to fit {yt} to a certain trend stationary rep-

resentation. Then, this strategy gives the most weight to the trend stationarity alternative 

to choose the break date. The other method is that TB is chosen so that the absolute value 

of the t-statistic for testing kt2 = O or p2 = O, or the F-statistic for testing [kt2, p2] = [O, O], 

is maximized. 

The limiting distributions of the test statistics depend on which selecting methods of 

TB to be used as well as whether a structural change is assumed under the null hypothesis 

or not. For each cases, critical points are collected from the above papers and tabulated in 

Vogelsang and Perron (1998). 

In Chapter 4, we will investigate the test for the null of stationarity with a break against 

a unit root. In our testing procedure, a structural change is always assumed under the null 

hypothesis. 
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Chapter 2. 

The 
Unit 

Limiting Properties 

Roots Tests 

of Seasonal and/or Non- Seasonal 

In this chapter we investigate unit roots tests with the quarterly seasonal model, extending 

the model of Kwiatkowski, Phillips, Schmidt and Shin (1992). We derive the LM test 

statistic, which is slightly different from that of Canova and Hansen (1995) and Caner (1998) , 

for the null hypothesis of stationarity against the alternative hypothesis of nonstationarity 

with sea~sonal and/or non-seasonal unit roots. We develop the asymptotic theory of this 

statistic under both the null and the alternative. We also investigate the test against the 

alternative of nonstationarity, not specifying particular unit roots. 
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1. Introduction 

In this chapter, we consider both seasonal and non-seasonal unit roots under the alternative 

with a deterministic linear trend and develop the testing procedures. Though some of our 

procedures are the same as Canova and Hansen (1995) and Caner (1998), we investigate 

the properties of the tests by deriving the explicit local power functions using the Fredholm 

approach, which is extensively developed in such as Nabeya and Tanaka (1988) and Tanaka 

(1990a, 1990b, 1996), and these functions would help us to understand the properties of 

the tests more clearly. We also consider the test for the null of stationarity against the 

alternative of nonstationarity without specifying the particular type of roots, since we are 

sometimes interested not in the particular type of roots but only in whether the process is 

stationary or not. Then we need to include a non-seasonal unit root as well as seasonal unit 

roots in the model, unlike the model considered in Canova and Hansen (I~95) and Caner 

(1998). Using the Fredholm approach again, we will find the consistent test against the 

alternative of unknown roots. 

This chapter proceeds as follows. In Section 2 we see the model and notations. In 

Section 3 we derive the LM test for the null of stationarity against the alternative of the 

existence of particular unit roots. The limiting distribution and its characteristic function 

will be derived both under the null hypothesis and under a sequence of local alternatives. 

The explicit power functions will be derived by the numerical integration and compared 

each other. Section 4 develops the test for the null of stationarity against nonstationarity, 

not assuming the particular type of roots. Section 5 concludes this chapter. All proofs are 

given in Appendix 2. 

2. The Model and Notations 

Consider the following quarterly model. 

yt = xfp+wt, wt = rt +ut, Ai(~)rt = V~~et, (i = 1,･ ･ ･ ,7, t = 1,･ ･ ･,T) (2 - 1) 

where xt is a deterministic cpmponent, {ut} and {6t} are independent and NID(O, cr~) with 

CT~ > O NID(O,(r~) with (T2 > o respectrvely, /~l /~2 = 1, ,e3 = fe4 '~5 'e6 2, I~)7 = 4, 

and we set ro = r I r 2 r_3 = O. Ai(~) denotes one of the lag polynomials defined 
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in (1-2), and we assume that N = T/4 is an integer. I~)i has a role for rT to have the same 

variance) T(T~, for each i. Though it does not affect the properties of the test itself, we 

compare each test in the later section and then, for fair comparisons, we need to have the 

same variance of rT for each Ai(~). Note that when cr2 > O, the variance of {rt} tends to 

infinity as the process evolves. Then, in this chapter, we say {yt} is nonstationary when 

(T2 > O, that is, when it has the nonstationary stochastic component. 

Our model (2-1) is slightly different from that of Canova and Hansen (1995) and Caner 

(1998). In their model, the seasonal stochastic component rt is in an additive form, 

rt = ftl7t, nft = 7 1 + et, (2 - 2) 

where ft = (cos(7Ttl2), sin(7rtl2), cos(7Tt))/ and et - i.i.d.(O, a~~e) with ~e = diag(2, 2, 1), 

while the corresponding cornponent in our model is in a multiplicative form as in (2-1). We 

use the model (2-1) only for notational convenience. In fact, we can investigate the same 

testing problem with the model (2-2) using the Fredholm approach, but such investigations 

become notationally more complicated. Moreover, we can show that the sarne limiting 

distributions in this chapter are derived using the model (2-2) with ~e = diag(1, 1, 1), and 

then we may interpret our results as derived by slight modification of the Canova-Hansen 

mo del. 

Note also that we allow (2- 1) to have a deterministic linear trend and a non-seasonal unit 

root, and then, in this sense, our model may be seen as an extension of the Canova-Hansen 

model. Inclusion of a non-seasonal unit root enables us to test against the existence of sea-

sonal and non-seasonal unit roots jointly and also against the alternative of nonstationarity 

with unknown unit roots. 

Stacking each variable from j = I to T, we have 

y=Xp+w, w =r+u, r= V~~Li6, 

where, e.g., y/ = [yl, ' ' ' , yT], and 

Vio O Vil Vio 
Li = 

Vil "' Vil Vio 
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, ･ ･ ･ 7 with for i = I , 

1000 
1100 Vlo- 1 1 1 O ' 

1111 
l O O O 

V20 ~ ~1 1 O O 
~ 

 -1 1 O ' 

-1 1 -1 1 

1 O OO 
O I OO V30- _1 O I O ' 
O -1 O 1 

1000 
OIOO V40 = 
1010 ' 
OIO1 
1000 
1100 V50 = 
O110 ' 
OO11 

1 O O O 
-1 1 O O V60 - O -1 1 O ' 
O O -1 1 

1
 
O
 V70 = V71 = o 

O
 

where lj denotes the j x j identity matrix. 

1, ･ ･ ･ , 7. 

Case A : 

1111 
1111 Vn- 1 1 1 1 ' 

1111 
1 -1 1 -1 

V21 = ~1 1 -1 1 
1 -1 1 -1 ' 
-1 1 -1 1 
1 O -1 O 
O I O -1 V31 - _1 O I O ' 
O -1 O 1 

1010 
OIO1 V41- I O I O ' 

OIO1 
1001 
1100 V51- O 1 1 O ' 

OO11 
1 O O -1 
-1 1 O O V61 - O -1 1 O ' 
O O -1 1 

OOO 
100 O I O ~14, 

OO1 
Note that L~1 corresponds to Ai(~) for i = 

We specify the deterministic term X as follows. 

A seasonal constant and a linear trend. 

X [dl d2] with d [14, ' ' ' , 14], 
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Case B : A seasonal constant. 

X = [dl] with di = 114, ' ' ' , 14] 

Case C : No deterministic term. 

It follows that the dimension of p varies according to the definition of X. 

Here we define the following functions, which will be used in the later sections. 

Kl (s, t) 

K2 (s, t) 

K3 (*, t) 

D1(A) 

D2(A) 

D3(A) 

min(s, t) - 4st + 3st(s + t) - 3s2t2. 

min(s, t) - st. 

1 - max(s, t). 

12 

- 

 V~s n ~/~( - 2 cos V~) . 

2- i ~2 

sin V~ 

~/~' 
cos ~/~. 

Note that Di(~) is the Fredholm determinant associated with the integral equation of the 

second kind, 

f(t) = ~~ Ki(s,t)f(s)ds 

for i = 1,2,3. We denote a sequence of eigenvalues associated with the above integral 

equation as {Ain}' 

3. Testing for Stationarity against Nonstationarity with Particular Roots 

Let us consider the LM test for the testing problem 

2
 Ho:p=0 v.s. Hf:p= N2 (2 - 3) 

where p = (T2la~, c is a constant, and H{ (i = 1, ･ ･ ･ , 7) denotes a particular alternative with 

Ai(~). For example. Hi denotes the alternative hypothesis that {rt} has a non-seasonal unit 

root while H~ denotes the alternative of a negative unit root. So (2-3) signifies the testing 

problem, the null hypothesis of no unit roots against the local alternatives of particular 

roots. 
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From the assumption, we have 

)
 

y - N (Xp, cr~(/~iPLiL; + IT) . 

Then the log likelihood except for a constant term is give by 

1
 

1
 L In l~1 - ~(y - Xp)!~-1(y - Xp), 

~ ~ 
where ~ = (T~(,~iPLiL; + IT), and the first derivative of L with respect to p is given by 

aL ,eicr~ /~i(T~ (y - Xp)/~-1LiL;~-1 (y - Xp) trace (~LiL;) + 

ap 2 2 Then the LM test for (2-3) is given by 

aL j /~;i (2 _ 4) = 
y - X~)/LiL;(y - X~) + a constant, 

ap IHb ~?~ 

as rejecting Ho when (2-4) takes large values, where p and ~~ are the maxlmum likelihood 

estimators of p and a~ under Ho and given by 

~ = (X/X)~1X/y, ~~ - I _/-
Tw w 

where tl) = M~/ with M = IT - X(X/X)-lX/. See also Kwiatkowski, Phillips and Schmidt 

(1992) for its derivation. Then we use the following statistic, 

S~ = /~' s (y - X~)!LiL;(y - X~), 
N2~ ~ 

for i = 1, . ' . , 7 and j = A, I~, C. If there seems to be no confusion, we omit the superscript 

j and abbreviate Ssj as Si. Note that the LM test is equivalent to the locally best invariant 

(LBI) test as discussed in such as King and Hillier (1985), KPSS (1992) and Tanaka (1996). 

3.1. The Limiting Properties under Ho 

In this section, we derive the limiting distribution of Stj for j = A, I~ C under Ho and 

compare their distributions. 

Let us consider the case A. Since y - N(Xp, (T~1T) under Ho, we can see that 

Si d '~i(T~ z/ML ･L/.MZ 

~ 2~~ t s 
d l~)i (r~ 

= Z/L(ML ･z N2~~ s t 
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where z - N(O IT) and d denotes equality m distribution Smce we can easily see that ~2 

converges to (T~ in probability, it is enough to consider the following statistic. 

~fi = f~i z'L/.ML z. (2 - 5) 
N2 s e 

To derive the limiting distribution and the characteristic function of Si , we use the next 

lemma, which is due to Theorem I of Nabeya and Tanaka (1988). 

Lemma 2.1 Consider the following statistic. 

N 1 ~K j k~ / (2_6) = SN N ~f' N) zjzk 
j'k=1 

where K(s, t) i$ a symmetric, continuous and positive definite function and {zj} - NID(O, Iq) 

with some fixed integer q. 

Let D(A) be the Fredholm determinant of K(s,t) and {An} a sequence of eigenvalues of 

K(s,t). Then the limiting distribution of SN is given by 

d~l SN -~ L_1 ~~nZ/nZn' (2 ~ 7) 
where Zn ~ NID(O, Iq). The characteristic function of (2-7) is given by 

2i6 ~1/2 q . -[ ( lim E [e~osN _ ) J = (D(2ig))-q/2 
_ 

o
=
 

J
 

n
 

1
 N-oo An nl 

Proof: See Nabeya and Tanaka (1988). 

Let us apply Lemma 2.1 to deal with Si in (2-5). For this purp~se, partition L;MLi 

into N x N blocks with each block a 4 x 4 matrix and denote the (j, k) block of L;MLi as 

(L;MLi)(j, k) for j, k = 1, 
' ' ' 

 
N
.
 
T
h
e
n
 
w
e
 
c
a
n
 
w
r
i
t
e
 

(
 

(L;MLi) (j, h) = (L;Li) (j, k) - ) L;X (X/X)~1X/Li (j, k). 

Note that 

(L;Li) (j, k) = (N - max(j, k)) Vi/lVil + O(1), (2 - 8) 

-1 
(X/X) = ~V14 +343..--N74e~ -F~T~8~ e4 O(N-2) O(N-3) 

+ ~~~?~8N e4 3 O(N-3) O(N-4) ~~~~~l6N 
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and　theゴーth　row　block　of　LIX　is　expressed　as

　　　　　LIX（ゴ，・）一［（N一ゴ）畷，2（N2一ゴ2）畷θ41＋1・（・），・（N）L　（2－9）

whereθ乞＝［11111。Then　the（ゴ，κ）block　of　LIMZl乞／ノV　can　be　expressed　as

　　　　　　　弄（Ll皿乞）（あκ）一揚（煮，舟）＋・（N－1），　（2一・・）

for　a11ブ，た，wHere

現（寿，舟）一｛・一m一（寿，舟）一（・一涛）（ト舟）｝嘔・

　　　　　　　一l／3（・涛）（レ舟）一3（・一諺）（・一舟）

　　　　　　　一・（・一寿）（・一盈）＋・（・一景）（・一薙）｝輔

　　　　　一鴫舟）嘔・艶・（涛，舟）　・（寿，舟）／嘔砺・・

Note　that　the　order　of　the　second七erm　of（2－10）isノ〉『1for　a11ゴ，ん．By（2－10）and　Lemma

30f　Nabeya　and　Tanaka（1988），we　have

E瓦一舞、シ鴫舟）鋤一鴫、シ｛寿（職）（殖）一瓦（寿，舟）／鍋

　　　　　　　　　　　→0，

sothat

　　　　　　　　　　　　ル　　　　　　　　　瓦一舞、Σ、照（寿，舟）娠

converges　to　zero　in　probability　from　Markov，s　inequalitアThen　it　is　enough　to　consider　the

limiting　distribution　of

　　　　　　　　　　　　ル　　　　　　　　　嶋、峯1蝶舟）毎・　　（2一・1）

　Nex“et　us　consider七〇diagon乱lize理1稀1and理1ε44砺1七〇apply　Lemma2．L　De丘ne　a

4×40r七hogonal　ma七r鼠P　as

　　　　　　　　　P－l／拷劉・　⑫一吻
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A Iittle algebra revealS that Vi/1Vil 

the matrix P. 

Lemma 2.2 Vi/lVil and Ville4e4Vil (i = 1, -

p/V1/1V11P = diag(16, O, O, O). 

p'V2!1V21P = diag(O, 16, O, O). 

p!V3!lV31P = diag(O, O, 4, 4). 

p/V4'1V41P = diag(4, 4, O, O). 

p!V5/1V51P = diag(4, O, 2, 2). 

p/V6/1V61 P = diag.(O, 4, 2, 2). 

p/V7!lV71P = diag(1, 1, 1, 1) 

and Vi/1e4e~Vil are diagonalized at the same time using 

, 7) are diagonalized using the matrix P. 

p!Vl!le4e4VllP = 4 x diag(16. O, O, O). 

p/V2!le4e~V21P = O. 

p/V3/1e4e~V31P = O. 

p/V4/1e4e~V41P = 4 x diag(4, O, O, O). 

p!V5/1e4e~V51P = 4 x diag(4, O, O, O). 

p/V6/le4e~V61P = O. 

p/V7/le4e~V71P = 4 x diag(1, O. O, O). 

Note that P/V^./ e e/ T/~ P for i = 2, 3, 6 are zero since Vi/1e4 = O. By this relation and the 
*1 4 4 "I 

equation (2-9), the j-th row block of L;X is expressed as 

L;X(j, .) = [(N - j)Vi/1' O] + [O(1), O(N)] , 

for i = 2, 3, 6, so that a linear trend plays no role on the limiting distribution of S~ and then, 

as will be shown in the later, each limiting distribution in the case A is the same as that in 

the case B for i = 2, 3, 6. 

Now applying Lemma 2.1 to Si using Lemma 2.2, we can obtain the limiting distribution 

of Si and its characteristic function. 

Theorem 2.1 The LM test statistic SiA converges in distribution under Ho and its charac-

teristic function, c~(e; Ho), is given by 

ct(e;Ho) = [D1(32ie)]~1/2 

cA(e Ho) [D (32i6)]~1/2 

c~(6;Ho) = [D2(16ie)]~1. 

ipA(e Ho) [D (16ie)]~1/2 x [D2(16ie)]~1/2 
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cA5(6;Ho) = 

cA6(e;Ho) = 

ip~(6;HO) = 

[Dl(16ie)]~1/2 X [D2(8ie)]~1 . 

[D2(16ie)]~1/2 X [D2(8i6)]~1 . 

[D1(8i6)]~1/2 X [D2(8ie)]~3/2 

Next we derive the limiting distribution in the case B. As in the case A, note that 

(X X)~1 = 114, (2 - 13) 
N 

and the j-th row block of L;X is expressed as 

(L;X)(j, 1) = (N - j)Vi/1 + O(1). (2 - 14) 

Then from (2-8), (2-13), and (2-14), the (j, k) block of L;MLi/N is given by 

= 

 

* , 

 

N(L;ML )(3 k) K2 N'~ Vi/lVil +0(N~1) 

for all j, k. Then, from the same discussion as in the case A, it is enough to consider the 

lirrliting distribution of 

N 
= 

~
 

z (K ( 
/
 
)
 

~ . /~i 2 VeflV~l) zk " ~V ~' ~V j,k=1 3 

Using the result of Lemma 2.2, we have the following theorem. 

Theorem 2.2 The LM test statistic SiB converges in distribution under Ho and its char-

acteristic function, ip~ (6; Ho), is given by 

ip~(6;Ho) = c~(e;Ho) = [D (32c6)] 1/2 

c~(6;Ho)=c~(6;Ho) = [D2(16i6)]~1. 

ip~(6;Ho) = ipg(e;Ho) = [D (16~6)] 1/2 x [D2(8~e)] 

c~(e;Ho) = [D2(8ie)]~2 . 

As is mentioned in the case A, we can see that c~(g; Ho), c~(e; Ho), and c~(e; Ho) are 

the same as ipA(e Ho) ipA(e; Ho), and c~(6; Ho), respectively! We will also see that, under 
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Hj for i = 2, 3, 6, the limiting distribution of SiA is the same as SiB. Then a linear trend has 

no effect on the limiting distribution not only under the null hypothesis but also under the 

alternative hypothesis, for i = 2, 3, 6. Thus, even if we do not know whether a linear trend 

should be included or not in the model, we can test (2-3) using the model with a linear 

trend, having the same limiting power as the model with no linear trend. 

Note that, as far as the test for a non-seasonal unit root is concerned (the case when 

Ai(~) = A1 (L~)), the limiting distribution of the test statistic with a seasonal constant (and 

a linear trend) is the same as that with a non-seasonal constant (and a linear trend), which 

can be proved completely in the same way as Theorems 2.1 and 2.2. See also Section 9.10 

of Tanaka (1996). Then our test statistic S1 has the same limiting properties as those of 

the KPSS test. The only difference between them is that our test statistic is normalized by 

N2 while the KPSS test is by T2. Since N = T/4, we can see the relation 'SI = 16x (the 

KPSS statistic)'. Thus our test for a non-seasonal unit root, or equivalently the KPSS test, 

is applicable to the model both with a seasonal constant and with a non-seasonal constant. 

In the case C, we have no deterministic term and then the (j, h) block of L;MLi/N is 

given by 

1
 
-(L;MLi)(j, k) = ~(L;Li)(j,k) = K3 j k Vi~V~l + O(N-1). 

(
 
)
 
~' ~ N 

Since we can derive the characteristic function in the case C as in Theorems 2.1 and 2.2, we 

omit a proof of the following theorem. 

Theorem 2.3 The LM test statistic SiC converges in distribution under Ho and its char-

acteristic function, ip~(6; Ho), is given by 

c~(e;Ho)=c~(e;Ho) = [D (32ta)] 1/2 

ip~(e;Ho) = ip~(e;Ho) = [D3(16ig)]~1 . 

cc(e Ho) ipc(6 Ho) [D (16ie)]~1/2 x [D3(8ie)]~1 . 

c~(6;Ho) = [D3(8ie)]~2 . 

Fcom the above three theorems, we 

G~(x; Ho), and G~(x; Ho), by inverting 

can obtain the distribution functions, G~(x; Ho), 

the characteristic functions. Since each limiting 
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distribution is nonnegative, we have, using L6vy's inversion formula, 

1 oo [1-e~cex 3 . IJ G~(x;Ho)=~~ Re ip.(6,Ho) de, 

s i6 s for i = 1, ･ ･ ･ , 7 and j = A, 1~, C. 

Tables 1, 2, and 3 show percent points of the limiting distributions for the cases A, 

B, and C, respectively. Note that, as shown in Theorems 2.1 and 2.2, we have GA2 = G~, 

GA GB and G~ = G~ , so that the rows corresponding to these cases in Tables I and 2 are 

completely the same. From each table, we can see that, for a fixed i. G~ (x; Ho) is located 

to the right compared with G~(x; Ho) and so is G~(x; Ho) compared with G~(x; Ho). For 

example, the 959;~o points of Gjl(x; Ho) are about 2.4, 7.4, 26.5 for j = A, ~, C, respectively. 

That is, the less complicated the deterministic term is, the further is the limiting distribution 

shifted to the right. 

On the other hand, we can see that, for i < j, the limiting distribution of S; has fatter 

tails than Sj except for the case A. In other words, for the cases B and C, the less the 

number of roots is, the fatter is the both tails of the limiting distribution. 

3.2. The Limiting Properties under Hj 

As in the previous section, we derive the limiting distribution of Si in each case under H{ -

Firstly we consider the case A. Since y - N(Xp, (Tu(feiPLiL; + IT)) under H{, we can 

see that 

feicr~ 

Sid (/~ pLcL. + IT)1/2MLiL;M(/i;iPLiL; + IT)1/2 
= 2~~z/ . z /~)i(7~ z'L;M(/~)iPLiLf + IT)MLiz. 

~ 2~~ 
As in the previous section, we can see that ~~ converges to g~ in probability under H{ , so 

that it is enough to consider the following statistic. 

~i f~i z/L(M(/~iPLiL; + IT)ML 'z 
~ 2 t ' = 

z/ {~L;MLt + /i;ic2 l 
(LfMLs)2 f z 

N3 
l~)i N ~ic2 N I l = 

1
 

' 

(L ML )(3 k) + ~(L;ML.)(j, l)~(L;MLi)(1, k) f zk 
~
 
~
 

z
3
 j'k=1 l=1 
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　To　derive　the　hmiting　distribution，we　need　the　simil＆r　result　to　Lemma2ユ，W6use　the

£ollowing　lemma，which　is　due　to　Nabey践（1989）and　Tan乱ka（1996），

Lemma2。300π3乞伽伽！ollo窃πg5観繍c。

　　　　卵一寿、議｛K（寿，舟）早槍K（緯K（寿舟）｝躰

航e7ε顧3αC・π3伽抑εα1”α♂冠ε，．κ（3，孟）乞3α8拠肌εオ吻，C・ηオ伽0雛απ⑫03伽εdε伽オε

加伽ηαη4｛zゴ｝～N∫P（0，19）翻ん3・肌θ伽θ面惚9εT9。

　五eの（λ）δeオんe丹e4んol幅εカθ㎜乞π臨0∫K（5，亡）απ4｛λπ｝α3θ9Uεπ0ε0∫ε乞geπ曲ε30ノ

κ（5，オ）．Tんεη仇eあ肌伽η94¢8か乞δ撹乞oπo∫S1〉乞39初θπ勾

　　　　　　　　　　S一義（鹸）隅・　　（2一・6）

ωんε7eZπ～MD（0，19）、Tんεcんα7鰯e嘱乞c知π伽π・π2－16抽9加επ勾

　　概E囲一．［意｛・一2乞θ（素＋鳶）門9

　　　　　　　　一（P（乞θ＋一θ2＋2乞7θ）P（乞θ一一θ2＋2乞7θ））｝9／2・

Proof：See　Theorem5．130f　Tan＆ka（1996）．

　To　use　the　above　lemma，we　need　the　similar　result　to（2－10）．Note　that

　　　　　　1〉　　　　　　　　　　　　　　　　　　　　　1V　　　　峨弄（ゐ陶（あ♂）弄（脚・）（ちκ）一糟鴫，寿）鴫・舟）

　　　　　　　ル　　　　　；熔｛［寿（L陶（あ♂）一現（寿，寿）］弄（L陶（硫）

　　　　　　＋瓦（詩，寿）［寿（ゐ岡（硫）一咲繍）］｝

　　　　　一〇（ノ〉一1），　　　　　　　　　　　　（2－17）

∫・ral1ゴ，κ，sincet五eequati・nsinthesqu肛ebracketsareO（N｝1）by（2－10）and（LIML琶）（ブ，κ）／N

an昭（ゴ／N，姻）areb・undeduni∫・rmlyr・rallブ，た，N．Then，by（2－10），（2－17）andLemma

30f　Nabeya　and　Tanaka（1988），we　h＆ve

　　　　　　　　　　　　El瓦識卜o，

　　　　　　　　　　　　　　26



where 

- 
Fe N eic2 N I k jk jl ; s ) ( ) ~i  ~; ~ ~V' ~ (2 ~ 18) F

s
 

Fs zk + ~V' ~ ~' ~ N l =1 j'k=:1 

so that ~fi - S~i converges to zero in probability' Then it iS enough to consider the limiting 

distribution of S~' 

Using Lemma 2.2, we have the following theorem' 

Theorem 2.4 The LM test statistic SiA 

teristic function, ip~(e; H~), is given by 

converges in distribution under H{ 

-e2 + 2ic26)) D1 (16(i6 -

~
 
(
 

-a2 + 2ic2e)) D2 ~l6(ie -

-e2 + 2ic2g)) D2 (8(ie -

~
 
(
 

-62 + 2ic29)) D1 ~8(ie -

~
 
(
 

-62 + 2ic2e)) D2 ~8(i9 -

~
 
(
 

-g2 + 2ic26)) D1 ~8(i6 -

-g2 + 2ic29)) D2 (4(ie -

-62 + 2ic26)) D2 (8(i6 -

-e2 + 2ic26)) D2 (4(ie -

~
 
(
 

-e2 + 2ic2g)) Dl ~4(ie -

-e2 + 2ic2e)) D2 (4(i6 -

and its charac-

ip** (6; Hi) 

c~ (6; H~) 

ip^, (e; H~) 

ip~ (6; Hf ) 

cA5(e;H~) = 

[DI (16(ig + 

[D2 (16(i6 + 

[
 
(
 

D2 8(ie+ 

[DI (8(i6 + 

r
 
(
 X D2 ~8(i6 + 

[DI (8(ie + 

r
 
(
 X D2 ~4(ie + 

[D2 (8(i6 + 

r
 
(
 X D2 ~4(ie + 

[DI (4(ie + 

x 
D2 (4(ie + 

-1/2 e2 + 2ic2e))] . 

-1/2 62 + 2ic26))] . 

e2 + 2ic26))] ~1 

ip~(e;H~) = 

ipA7 (e;H~) = 

62 + 2ic2e))] ~1/2 

-1/2 e2 + 2ic26))] . 

62 + 2ic2e))] ~1/2 

e2 + 2ic2a))] ~1 

g2 + 2ic2e))] ~1/2 

e2 + 2ic2e))] ~1 . 

62 + 2ic2e))] ~1/2 

-3/2 62 + 2ic2e))] . 

We can obtain the characteristic functions for the cases B 

above and then we omit proofs of the following two theorems. 

and C in the same way as 

Theorem 2.5 The LM test statistic SiB 

acteristic function, ip~ (e; Hj), is given by 

ip~(6;H~)=ip~(6;H~) = [D2 (16(ie+ 

conveTges in distrcbutaon under Hi 

~
 
(
 

-62 + 2ic2e)) D2 ~l6(ie -

and its char-

e2 + 2ic26))] ~1/2 
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ip~ (e; H~) = c~ (6; Hf) 

ip~ (a; H~) = c~ (e; H~) 

c~ (6; Hr) 

) ( )1 J D 8(ie+~r~~~:) D2 8(i6-Vl~~T~~!~~:) ~ 
)
 
(
 

D 8(ie+~r~~~~~~~) D2 8(ie-~r~~T~~~~~) ~ 
2
(
 ) ( )]-l X D 4(ie+VI~Tl~~~) D 4(ie-~r~~T~~~~) [ 2( - 2 

) ( )] 2 D 4(ie+V~~~l~~~~:) D2 4(i6 ~r~~~~~~~~) ~ 
= 

Theorem 2.6 The LM test statistic S~ conver9es in distributiOn under H{ and its char-

acteristic function, ip~(6; H{), is 9iven by 

cf (6; Hi) = c~(e; H~) ~1/2 = 
D 16(ie+~r~~l~~~~~~)) D ' (16(te r~T!1~~~~) 

ip~(e;H~) = ip~(e;Hf) ) ( )] 1 - 

 8(ig+Vl~Tl~~~~~') D3 8(ie-~r~~T~~) ~ . 

- 

 

[
 
D 

c~(e; H~) = c~(e; H~ ) 1/2 - - 

 8(ie+~r~~T~~~~) D3 8(ie-VI~TT~~~~~) ~ 

[
 
D 

x D ( ) ( )] 1 3 4(ie+~r~~T~~~~~) D3 4(i6-~r~TT~~~~~) ~ . 

) ( )] 2 c~(e; H~ ) [ ( = D3 4(ie+~r~~T~~~~~) D3 4(ie-r~~T~~~~~) ~ . 

As in the previous section, we can obtain the limiting distribution functions, G~(x; Hi), 

G~ (x; H~), and G~(x; H{), by inverting the characteristic functions. Then the limiting 

power functions are given by 

1 foo I - e~tex l 
=- g (c H ) P (G (x; H{) ~ x*) ip~(6; Hi)J de, 1 IrJo Re 

i6 

, 7 and j = A, J~,C as a function of c, where x* denotes a percent point for i = 1,... 

corresponding to the signiflcance level. We calculate the limiting powers using the upper 

5% points in Tables 1, 2 and 3. Note that the above tests are all consistent in the sense 

that g~(x; Hf) -~ I as c -~ oo for i = 1, . . . , 7 and j = A, B, C. 

Figure la shows the linilting powers in the case A. Comparing with each limiting power 

of the test statistic, we can see that, for small values of c, S~ (corresponding to g~(c; H~)) 

is most powerful whereas St (corresponding to g~(c; H~)) is least powerful, that is, the LM 

test for a negative unit root is most powerful and the LM test for a non-seasonal unit root is 

least powerful in the case A. We also note that g~(c; H~), 9~(c; H~), and g~(c; H~), which 
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are not affected by a linear trend, dominate the other power functions in the limit until the 

powers reach around 0.65. 

Figures lb and lc show the limiting powers in the cases B and C, respectively. In both 

cases, the more the number of roots increases, the less powerful is the test for small values 

of c, whereas for large values of c, this relation is completely reversed and the test for the 

full unit roots is most powerful. 

Figures 2a-2d show the limiting power function g~(c; Hj) for i = 1,4, 5,7 and j = 

A, 13,C, respectively. We can see that the more complicated the deterministic term is, 

the less powerful is the test. Note that ip~(e; H~) = c~(9; H~) = ip~(e; H~), ip~(e; H~) = 

c~(6;H~) = c~(6;Ht) and c~(e;H~) = c~(e H5) cg(6 H~) and they are drawn m 

Figures 2a-2d. 

4. Testing for Stationarity against Nonstationarity with Unknown Roots 

In the previous section, we considered the null hypothesis of stationarity against the alter-

native hypothesis of nonstationarity with particular roots. We can test the hypothesis using 

the LM statistic Si if we are interested in such particular roots. 

However, in some cases, econometricians do not have interest in particular roots and wish 

to know only whether the observed variable is stationary or nonstationary. Then, in this 

section, we consider the test for the null hypothesis of stationarity against the alternative 

of nonstationarity with unknown roots, that is, we consider the following testing problem: 

2
 Ho p O vs H1 p-~2' (2-19) 

We can interpret the alternative hypothesis H1 as 

7
 

Hl = U '･ (2 - 20) H~ 
i=1 

Then H1 is a composite alternative hypothesis, even if we fix the value of p, so that there 

exists no LBI test for the testing problem (2-19). That is, we can not derive an optimal test 

for (2-19). 

Instead of the LBI test, Iet us consider the test which is LBI against a particular alterna-

tive H1 and consistent against the other hypotheses H1 for m ~ i. Then it seems that the m 

29 



possible test statistic is one of the LM tests derived in the previous section, since S~ is the 

LBI test against H{ and might be consistent against the other hypotheses H~ for m ~ i . 

If so, our interest may be which test statistic is desirable among Si (i = 1, ' ' ' , 7) in view of 

the power. 

Let us consider the test statistic St for a fixed i. Since H1 can be interpreted as 

(2 20) we mvestigate the power properties of SA under each H~ for m ~ i. Note that 

y - N(Xp, a~(/~;mPLmL~ + IT)) under Hr and that ~2 converges to a~ in probability as 

in the previous section. Then it iS enough to consider the following statistic: 

~Fim /~i z!L(M('~;mPL~Lm + IT)MLiZ 
~ 2 " 
= 

 

l~~i ,. ~L;MLi)(j,h) + remc I l j'k=1 (L;MLm) (j, l) ~ (L~MLi) (1, k) f zk ~
 

~
 

z
3
 

~
 N N l =1 

In the same way as the previous section, we can see that 

( ) , ~(L;MLm)(j,k) = Fim ~'~ +0(N~1) (2_21) 

for all j, h, where 

( j k~ ( j l) i! _ I (K2 (~'~7) ~KI (~,~)) Vi/1e4e4Vml' _, 3 h Fim ~V'~7 =K VIVml 4 ) 2~N N 
Then, from the same discussion as in the previous section, it is enough to consider 

N fei z/ F' ( j i) /emc2 N j I I k ( ) ( )} S~im = ~ Fim Fmi zk ~
 j s ~' + N N N N'~ ~V'IV N j'k=1 l=1 N 

 

d fei 

 
z
J
(
 
I
 
P
/
F
i
 
(
~
,
 
~
)
 
p
 

~N j'k=1 
/~)mc2~~ / (j I I k 

)
 
P
}
 
z
 ) ( k p p/ Fmi + N ~fPFim ~N'~f ~'N (2-22) 

The following lemma is important to investigate the limiting power properties. 

Lemma 2 4 For each pair of (i, m) = (1, 2), (1, 3), (1, 6), (2, 3), (2, 5), and (3, 4); 

jk 
(
 
,
 

)
 

p/Fim N'~F P=0 (2-23) 
for all j, k, N. 
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From this lemma, we can see that the second term in the braces of (2-22) vanishes for 

some pairs of (i, m), so that c has no influence on the limiting distribution of Sim under 

the alternative. That is, the LM test statistic is inconsistent for these pairs of (i, m) . For 

example, if we use the test statistic St and under the alternative of H~ that {rt} has a 

negative unit root, the limiting power of St does not increase under H~ and then S~ is an 

inconsistent test. Since Ai(1~) and Am(1~) have no common roots for each pair of (i, m) in 

Lemma 2.4, we can say that the test is inconsistent if the alternative hypothesis we assume 

and the true data generating process (D.G.P.) have no common roots. This tendency has 

been observed in Canova and Hansen (1995), Hylleberg (1995) and Caner (1998) by Monte 

Carlo simulations. Their results show that if we consider the test against a negative unit root 

(A2(E}) = (1+1~)) but the data generating process has annual unit roots (A3 (~) = (1+~)2), 

the power of the test does not increase and vice versa. Our investigation of power functions 

supports their results theoretically. 

Table 4 shows whether each pair of (i, m) Ieads to a consistent or inconsistent result. 

Since the same result as (i, m) holds for the pair of (m, i), the upper right of the table has 

no entry. From this table, we can see that if we suppose the alternative hypothesis (2-20), 

the LM test statistic Si derived in the previous section, except for S7, Is inconsistent in the 

sense that the power will never increase under some speciflc alternatives. Then S~ is only 

a consistent test statistic against the alternative hypothesis H1 m the limit. This also holds 

in the cases B and C, that is, S~ and S~ are only consistent tests among SiB and SiC for 

i = 1, ･ ･ ･ ,7. 

From the above result, our interest is concentrated on the power properties of S7 under 

H1' Then we investigate S7m for m = 1, ･ ･ ･ , 6, since we have already studied the limiting 

properties for m = 7 in the previous section. To derive the limiting distribution and the 

characteristic function of S'7m in the case A, we have to evaluate the equation in the braces 

of (2-22). From some algebra, we can prove the following lemma similar to Lemma 2.2. 

Lemma 2.5 V7/1Vml and V7/1e4e~Vml (m 1 = 

 
'
 
'
 
'
 
,
 
6
)
 
a
r
e
 
b
l
o
c
k
-
d
i
a
g
o
n
a
l
i
z
e
d
 
u
s
i
n
g
 
t
h
e
 
m
a
t
r
i
x
 

P. 

p/V7'1VllP = diag(4, O, O, O). P!V7/1e4e4V11P = 4 X diag(4, O, O, O). 
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　　　　P’141Vう、P＝伽9（0，4，0，0）．

　　　　P／V》凸1P＝伽9（0，0，2，2）。

　　　　P’耀、砺・P＝d乞α9（2，2，0，0），

嚇P　（呵一ll］＞

喘P一吻（呵1－1］）・

P’Vl、e4ε範・P＝0．

P／14、ε4εaVil・P＝0．

P’％ε4εa砺、P＝4×伽9（2，0，0，0），

P’耀、θ4ε鵬、Pニ4×伽9（2，0，0，0），

P’ 、e4θ乞V6・Pニ0，

　In　the　same　way　as七he　previous　section，we　can　derive七he　limi七ing　distribution　of　Sヂ

under　E罫for　m＝1，…，6and　i七s　charac七eris七ic　function　using　the　above　lemma．

The・rem2．7TんεL愉ε3観αオ蹴Sヂc・π剛ε鋤伽オ7伽伽秘π4e沼窃・7mニ

1，…，6απ疏8cんα7α・擁3オ¢c血πc伽，φヂ（θ；岬），乞39乞uεη勾

φヂ（θ1研）一［P・（4（乞θ＋一θ2＋8乞c2θ））P・（4（乞θ一一θ2＋8乞c2θ））］｝1／2×［D2（8乞θ）1－3／2・

φヂ（θ；Eぞ）一［P・（8乞θ）1－1／2×［P2（4（¢θ＋一θ2＋8乞・2θ））P2（4（乞θ一一θ2＋8乞c2θ））1『1／2

　　　　　　×［P2（8乞θ）］一1．

φヂ（θ；Ef）一［P、（8¢θ）r1／2×［P2（8乞θ）］一1／2

　　　　　　×［P2（4（乞θ＋一θ2＋4乞c2θ））P2（4（¢θ一θ2＋4乞・2θ））1－1・

φヂ（θ1瑳）一［P・（4（乞θ＋一θ2＋4乞c2θ））P・（4（¢θ一θ2ギ4乞c2θ））］一1／2

　　　　　　×［P2（4（乞θ＋一θ2＋4乞c2θ））P2（4（乞θ一θ2＋4¢c2θ））1一1／2×［P2（8憾θ）r1・

φヂ（θ；Ef）一［P・（4（¢θ＋一θ2＋4乞c2θ））P・（4（乞θ一一θ2＋4乞・2θ））］一1／2×［P2（8乞θ）］一1／2

　　　　　　×［D2（4（¢θ＋一θ2＋2乞c2θ））P2（4（憾θ一θ2＋2乞c2θ））］一1

φヂ（θIEf）一［D・（8可θ）r1／2×［P2（4（乞θ＋一θ2＋4乞・2θ））P2（4（乞θ一θ2＋4葛c2θ））1－1／2

　　　　　　×［P2（4（乞θ＋一θ2＋2憾c2θ））P2・（4（憾θ一θ2＋2乞c2θ））1｝1・

　In　the　cases　B　and　C，the　following　theorems　can　be　obtained　in七he　same　way　as　in　the

c麗eA．
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Theorem 2.8 The LM test statistic S7B conver9es in distribution under Hr for m = 

1, ' ' " 6 and zts character~st~c functzon cB(e H~), ss 9wen by 

c~(e; H~) = ip~(6; H~) 

) ( l/2 x [D2 (8i6)]~3/2 )
]
 

D 4(ie+Vl~~T~~) D2 4(ie VI~TT~~~~~) ~ 
= 

 
2
(
 
-
 
-

c~(e; H~) = c~(e; Ht) 

' 2 (4(i6 - ~r~~r~~~~~))lJ x [D (8~e)] 
= 

D2 (4(i6 + Vl~~~~~~)) D 

c~(6; H~) = c~(e; H~) 

)
]
 

= 

 

[
 

2 4(ig+Vl~T~~) D2 4(i6-~r~Tlr~~~~~') ~ 

' )] ~1 x [D2 (8ie)]~1/2 ' 2 (4(ie - r~~~~~) x 
D2 (4(i6 + ~r~~~~~~)) D 

Theorem 2 9 The LM test stat~st~c S~ converges in distribution under Hr for m = 

1, ' ' ' , 6 and ~ts charactertst~c function, ip~(6; Hr), is 9zven by 

ip~(e; H~) = c~(e; H~) 

i 3 (4(ie - ~r~~l~~~) 1/2 x [D3 (8i6)]~3/2 . )]-
= 

D3 (4(i6 + Vl~~~~~~~~)) D 

cc7 (6; H~) = c~(e; Ht) 

3 ' - l~TT~~~~~))lj x [D3 (8ie)]~1 . = 
D3 (4(ie + Vl~T~~~~~~)) D (4(c6 

ip~(6; H~) = c~(6; Hf) 

= 
D3 ~4(ie + VI~!'~~~~)) D3 (4(ie - ~r~~T~~~~~) 

X D3 4(i6 + r~~T~~~~)) D3 (4(ie - ~r~~~~~) ~1 [ ( )] x [D3 (8cg)] 1/2 
As in the previous section, we can obtain the limiting powers, g~(c; Hr) for m = 1, ' ' ' , 7 

and j = A, ~, C, by inverting the characteristic functions. Figures 3a-3c show the limiting 

powers 9~(c; H~), 9~(c; Hr), and 9~(c; Hr) for m = 1, ' ' ' , 7 in the cases A, B, and C, 

respectively. From Figure 3a, we can see that S~ under Hi (corresponding to 9~(c; H~)) 

is least powerful overall while S~ under H~ (corresponding to 9~(c; H~)) is most powerful. 

Figure 3b is similar to Figure 3c. They show that, for small values of c, the powers are 

almost same for each alternative and, as c increases, the test becomes more powerful as the 

33 



number of roots included under the alternative increases. Then we can say that the test 

statistic S7 is least powerful under H~ in each case. 

Next let us compare the power of S7A with that of SAm under the alternative of Hr in 

Figures 4a-4f. From Figure 4a, we can see that, under H~ , the test statistic S~ is rather 

less powerful than St while, from Figure 4f, S~ has almost the same power as S6A under 

H~･ These results are two extreme cases and, as shown in Figures 4b-4e for m = 2, ･ ･ ･ , 5, 

S~ is less powerful than SAm under Hr but the divergence between them is moderate in 

comparison with the case of m = 1. 

Figures 5a-5c and 6a-6c correspond to the cases B and C. In both cases, S7 is less powerful 

than Sm under H~ for m 1, ･ ･ ･ , 6 as in the case A, though the divergence between them 

is not so much for all m. 

5. Concluding Remarks 

We have investigated the LM test for the null hypothesis of stationarity against the alterna-

tive hypothesis of nonstationarity using the quarterly seasonal model. If we are interested 

in particular roots, we can use the test statistic Si while if we are interested in whether the 

observed variable is stationary or nonstationary, it is only S7 that is consistent against the 

alternative H1 ' Though these results were derived under the assumption of normality, we 

can relax this assumption, as is well known in the literature. 

Since our interest is the limiting properties of seasonal and/or non-seasonal unit roots 

tests, we did not consider the serial correlation in the error term. If we want to apply our 

tests to a practical analysis, we have to modify them to have the same limiting distributions 

as derived in this chapter under the assumption of the serial correlation. This modification 

can be achieved in the same way as Canova and Hansen (1995) and Caner (1998). 
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Appendix2．

Proof　of　Theorem2．1：W6prove　only　fo頁＝5。The　other　cases　can　be　proved　in　an

en七irely　analogous　way　and七hen　a　proof　of　them　is　omitted。

　Sinceκ5＝2，wehave，丘・m毛heequati・n（2－11）andLemm乱22，

　　　洗一芳、急娼（論鞭

　　　　　鵬、シ／蝶，寿）戸噛P

　　　　　　－1（K・（涛，舟）一K・（寿，舟））戸曜・磯・P｝Z・

　　　　　磯、嘉掴調吻（一）

　　　　　　一（K・（寿，舟）一K・（論）協α9（生卿｝β・

　　　　　一寿、象・角（寿，寿）一＋寿、急・鴫舟）如，

wぬere｛z1ゴ｝and｛z2ゴ｝are　independent　and1〉1D（0，1），1〉II）（0，12），respectivel茅Applying

Lemma2．1，we　have

　　　　　　　ノ　　　　　　　　　　　　　　　　　　　　　　　　芳、Σ、4K・（涛，舟）馳一器zも

　　　　　　　ヱ　　　　　　　　　　　　　　　　　　　
　　　　　　寿、譲12蝶，舟）輌三慧z撚

where｛Z1π｝and｛Z2η｝are　independent　andハ「∫D（0ラ1），！V1五）（0，12），respectively，and　join七

c・nvergence・ftheab・veals・＆PPliessince｛z・ゴ｝and｛之2ゴ｝areindependent・Then，the

hmiting　dis七ribution　of　S5is　given　by

　　　　　　　　　4　008　　　004　　　　　　　　s5→暑巫z監＋暑耳躰・

　The　chaエacteristic　function　of　the　limiting　distribution　is　given　by

　　　軸）一［意（・一2乞θ鑑）「×［意（・一2¢θ意）「2

　　　　　　　一［P、（16¢θ）］『1／2×［P2（8乞θ）］一1，
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applying　Lemma2．Lロ

Proof　of　Theorem2．2：From　the　equ＆tion（2－15）and　Lemma2。2，we　have

　　　洗鵬、シ／蝶，舟）グ恥p／菟

　　　　　一芳、シ｛礁舟）蜘（卿｝籍

　　　　　一寿、急蝋寿，舟）一＋芳、急2碗（寿，舟）躰，

where｛z1ゴ｝an（i｛z2ゴ｝are　independent　and／V1五）（0，1），1VII）（0，12），respectively　Applying

Lemma2．1，we　have

　　　　　　　　　4008　　004，　　　　　　　　亀→暑猛z監＋暑詔・z2・，

where｛Z、π｝and｛Z2π｝areindependentandMP（0，1），1〉1P（0，12），respec七ively

　The　characteristic　function　of　the　limi七ing　distribution　is　given　by

　　　軸）一［意（・一2憾θ鑑）「×［且（・一2乞θ鑑）「2

　　　　　　　一［P2（16乞θ）】一1／2×［P2（8乞θ）］一1，

applying　Lemma2ユ，

　The　other　cases　ca皿be　proved　in　an　en七irely　analogous　wa酔□

Proof　of　Theorem2・4：Le七us　consider　S5．From　the　equa七ion（2－18）and　Lemma22，we

have

　　洗疇、シグ／鴫舟）＋鷺瑞（繍瑞（寿，舟）栖

　　　一葺、ゑ｛・斑（煮，舟）＋離斑（繍斑（寿，舟）｝一

　　　　＋寿、ゑ｛・鴫舟）＋塾（寿，寿）殉（寿，舟）／船
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where｛z1ゴ｝and｛z2ゴ｝are　independent　and　IV1五）（0，1），ノVπ）（0712），respectively．Applylng

Lemma2．3，we　have

　　　　　一嵩（鑑・繋）・監・慧（意・誓）・悔

where｛Z1π｝乱nd｛Z2π｝are　in（iependent　and　IVID（0，1），1V∫五）（0，12），respectivelア

　The　ch乱racteristic　function　of　the　limiting　distribution　is　given　by

槻一
掛一脚（鑑＋繋）門［掛一甥（塩＋誓）ゾ］2

　　　　一［P・（8（乞θ＋一θ2＋2乞・2θ））P・（8（乞θ一一θ2＋2乞・2θ））］一1／2

　　　　　×［D2（4（乞θ＋一θ2＋2乞c2θ））D2（4（乞θ一θ2＋2乞c2θ））］一1，

aPP三ying　Lemma2，3．

　The　other　results　are　obtained　in　an　analogous　wa酔□

Proof　of　L，emma2．4：Some　algebra　reveals七hatヲ£or　each　pair　of（乞，7η），P’巧左脇2PニO

and　Pノ巧短4砥脇2－Pニ0，so七hat　we　ob七ain（2－23）from七he　defini七ion　of昂m（ゴ／！〉，κ／1V）。□

ProofofTheorem2・71Let　us　consider　when　m＝5・No七e　that，sinceκ5＝2andκ7＝4，

編酷、シ｛蝋寿舟）P＋罎蝋緑）鴫（寿・舟）p／妬

From　Lemma2．2，we　can　see　that

　　蝋寿，舟）P一略舟）吻（・，・，・，・）

　　　　　　　　　一（略舟）一K・（調）d乞α9（・川

　　　　　　　　一K・（寿，舟）伽（・川＋碗（寿，舟）吻（銑叫

　In　the　same　way，we　have，from　Lemma2，5，

蝋寿，舟）P

一略舟）吻（呵｝111）一（碗（煮，舟）一角（寿，舟））d血9（卿

一魚（寿，舟）蝋似・）＋略，舟）吻（呵一111），　（宴24）
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andthen

書蝋涛，寿）P蝋寿，舟）P　　　　（325）

一書斑（寿，青）角（寿，舟）蝋似・）＋施（寿，喬）蝶舟）㈱砿乳2）・

From（2－24）and（2－25），S75can　be　expressed　as

　　砺酷、象｛角（涛，舟）＋鷺鴫寿）角（寿，舟）／徽

　　　　＋寿、シ（調躰

　　　　＋痔、急｛施（調＋巽施（寿，寿）蝶・舟）｝躯

where｛z1ゴ｝，｛z2分，and｛23分are　independent　and／V1．D（0，1），！VII）（0，1）7and　IV11）（0，∫2），

respectively．Then　the　limiting　distribution　of　S7is　given　by

　　膳義（鑑・誓）・監・義静・暑（急・霧）輪

where｛Z1π｝，｛Z2π｝and｛Z3脆｝are　independent　and！〉∫五）（0，1），ノ〉1．D（0，1），and　IV∫五）（0，∫2），

respectively

　The　char哉cteristic　function　is　given　by

細一
意｛・一・・θ（急＋繋）ゾ］・［茸（レ・・θ意）r

　　　　　　・［茸｛・一・・θ（鰐）ジト

and　the　result　of　the　theorem　is　obtained，

　Wie　can　prove　the　other　results　in　an　analogous　way　and　then　omi七the　proo£口
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Table1．Percent　Points　of　the　Limiting　Null　Dis七ributions　of　S診（Case　A）

9
9
0 　

3
9
　
5
　
3
　
6
　
5
　
ー
　
ハ
U
3
　
Q
ソ
　
9
　
9
　
6
　
∩
∠
　
Q
》
Q
Q
　
Ω
u
　
Q
O
　
∩
∠
　
∩
∠
　
∩
∠
　
1
4
　
　
。
F
D
　
p
D
　
Q
ぜ
　
一
了
　
7
’
　
1
3
　
｛
上
　
8
　
6
　
4
　
7
　
F
D

5
9

n
∠
　
8
　
2
　
1
　
Q
ソ
　
ィ
⊥
　
3
6
　
1
　
0
　
イ
⊥
　
7
　
2
　
4
6
　
8
　
Q
》
　
O
O
　
「
⊥
　
8
　
8
3
　
3
　
Q
ぜ
　
n
∠
　
6
　
4
　
∩
∠

0
n
∠
　
7
　
5
　
4
　
0
D
　
F
Q
　
4

9
5
　
Q
ソ
　
3
　
り
O
　
G
ツ
　
ー
　
3
ワ
ー
　
6
　
6
　
6
　
9
　
∩
∠
　
7
0
　
r
D
　
F
D
　
一
了
　
4
　
4
　
4
Q
ぜ
　
ビ
ひ
　
8
　
り
0
　
0
　
5
　
β
U

0
1
　
5
　
4
　
Q
J
　
3
　
4
　
3

1
n
∠
　
∩
∠
　
8
　
4
　
Q
》
　
7
　
Q
ぜ
6
　
6
　
7
　
0
　
ド
0
　
6
　
∩
∠
4
　
3
　
5
　
8
　
4
　
n
∠
　
8
4
　
7
　
0
　
7
　
Q
ぜ
　
∩
∠
　
噌
⊥

0
0
　
0
　
｛
⊥
　
0
　
0
　
叫
⊥
　
－

5
0

F
O
　
八
U
　
4
　
∩
∠
　
8
　
∩
∠
　
9
4
　
5
　
r
D
　
｛
⊥
　
6
　
Q
ぜ
　
6
一
了
　
8
　
一
了
　
6
　
つ
⊥
　
3
　
（
∠
り
O
　
r
D
　
8
　
6
　
8
　
0
　
0

0
0
　
0
　
0
　
0
　
0
　
1
　
1

1
0 3

　
8
　
6
　
8
　
4
　
4
　
1
6
　
6
　
0
　
5
　
0
　
6
　
0
一
了
　
Q
ソ
　
3
　
9
　
3
　
7
　
0
∩
∠
　
3
　
6
　
4
　
6
　
一
了
　
O
O

0
0
　
0
　
0
　
0
　
0
　
0
　
凸
U

）
）
）
）
）
）
）
珊
鰯
輪
琉
珊
砺
鞠

．
　
7
　
　
　
畳
　
，
　
　
　
，
　
，
　
　
　
■
　
，
　
　
●
　
，
　
　
●
　
フ
　
　
O
　
，
灘
　
Z
　
Z
　
ω
　
置
　
灘
　
Z
（
（
（
（
（
（
（

1
A
2
A
3
A
4
A
5
A
6
且
7
σ
σ
σ
σ
σ
σ
σ

Table2．Percent　Points　of　the　Limiting　Null　Distributions　of　Sア（Case　B）

0．01 0．05
0
．
1

0
．
9

0．95 0．99

σ1（の1πo） 0．3968 0．5850 0．7362 5．5569 7．3818 11．8953

確（Zlπ。） 0．6306 0．8754 1．0578 4．8563 5．9802 8．5893

確（錫π。） 0．7764 1．0392 1．2267 4．5421 5．4821 7．7221

σグ（コ9；π。） 0．9242 1．2026 1．3945 4．2524 4．9492 6．4905

Table3，Percent　Points　of　the　Limiting　Null　Distributions　of　S9（Case　C）

0．01 0．05
0
．
1

0
．
9

0．95 0．99
σ1（Zlπo） 0．5514 0．9034 1．2246 19．1331 26．4918 44．5993
σξ（鱗E。） 1．0153 1．5924 2．0825 16．4977 20．9924 31．4289
σ9（Zlπ。） 1．3701 2．0713 2．6327 15．2650 19．0218 27．9910
σ9（灘；∬。） 1．7504 2．5648 3．1854 14．1639 16．9358 23．0816

Table4，Consistency　a，nd　Inconsistency　of　S¢

H讐

，
Z
l

E

珊（1） 碑（一1） Ef（士乞） 瑳（±1） Hf（1，±乞） Hf（一1，±乞） Eヱ（土1，土乞）

E1（1） 十

Eぞ（一1）
一 十

Ef（士乞）
一 一 十

瑳（±1） 十 十 一 十

碑（1，±乞） 十 一 十 十 十
碑（一1，士乞）

『 十 十 十 十 十
E1（士1，±乞） 十 十 十 十 十 十 十

“＋”and“一”den・tethatthepair・f（蜘）1eadst・c・nsistencyandinc・nsisteucy，respective1弘

The　numbers　in　parences（ienote　the　corresponding　unit　roots。
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Figure la. The Limiting Powers; g~(c; H{) (Case A) 
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Figure lb. The Limiting Powers; g~ (c; Hj) (Case B) 
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Figure lc. The Limiting Powers; 9~(c; Hj) (Case C) 
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1
 Figure 2a. The Limiting Powers; under H1 
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 Figure 2b. The Limiting Powers; under H1 
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5
 Figure 2c. The Limiting Powers; under H1 
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 Figure 2d. The Limiting Powers; under H1 
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1
 

Figure 3a. The Limiting Powers; 9~(c; Hr) (Case A) 
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Figure 3b. The Llnuting Powers g~(c; H~) (Case B) 
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Figure 3c. The Limiting Powers; 9~(c; H~) (Case C) 
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1
 

Figure 4a. The Limiting Powers; under Hi (Case A) 
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Figure 4b. The Limiting Powers; under H2 (Case A) 1
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 Figure 4c. The Limiting Powers; under H1 (Case A) 
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1
 

Figure 4d. The Limiting Powers; under H4 1
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Figure 4e. The Limiting Powers; under H5 1
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Figure 4f. The Limiting Powers; under H6 l
 

(Case A) 
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Figure 5a. The Limiting Powers; under Hl 1
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l
 Figure 6a. The Limiting Powers; under H1 (Case C) 

1
 

0.9 

0.8 

0.7 

0.6 

0.5 

o.4 

0.3 

o.2 

0.l 

o
 

9~ (*; Hi ) 

9~ (*; Hi ) 

o
 

1
 

2
 

3
 

4
 

5
 
c
 

6
 

7
 

8
 

9
 

10 

l
 

Figure 6b. The Limiting Powers; under H~ (Case C) 
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Figure 6c. The Limiting Powers; under H~ (Case C) 
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Chapter 3. 

Testing for Periodic Stationarity 

In this chapter we investigate the test for the null hypothesis of periodic stationarity against 

the alternative hypothesis of periodic integration. We derive the limiting distribution of the 

test statistic and its characteristic function, which is used to tabulate the percent points of 

the limiting distribution by numerical integration. We flnd that some parameters, which we 

have to assume under the alternative, have an important role on the limiting power and we 

should carefully choose such parameters. The Monte Carlo simulation reveals that the test 

has the reasonable power but also is affected by the lag truncation parameter which is used 

for the nuisance parameter correction. 
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1. Introduction 

In this chapter, we investigate the test for the null hypothesis of periodic stationarity against 

the alternative of periodic integration. The testing procedures for periodic integration are 

developed in such as Boswijk and Franses (1995, 1996) , Boswijk, Franses and Haldrup (1997) 

and Franses and Paap (1995). The tests in these papers assume that the null of periodic 

integration against the alternative of no periodic integration, and, as in the case of the 

seasonal unit roots test, the test for the null of periodic stationarity seerns to be useful 

and to complement the periodic integration tests investigated in the above papers. The 

derived test statistics in this chapter are free from nuisance parameters and critical points 

are tabulated. 

The plan of this chapter is as follows. Section 2 briefly reviews the properties of periodic 

integration. Section 3 derives the test statistic using the error-components model. We 

investigate the limiting properties of the test both under the null and under a sequence of 

10cal alternatives. Section 4 considers the limiting behavior of the test statistic using the 

PAR model and also proposes the slightly modifled test statistics. Section 5 investigates the 

flnite sample properties of the tests through the Monte Carlo simulation, and the empirical 

applications are illustrated in Section 6. Section 7 concludes this chapter. All proofs are 

given in Appendix 3. 

2. Periodic Integration 

In this section; we briefly review the properties of periodic integration. Throughout the 

chapter, we will concentrate on the quarterly time series, but our results would be extended 

to the other seasonal models such as the monthly model. Let us consider the following 

quarterly periodic autoregressive model of order p (PAR(p)): 

4
 
4
 

yt = ~ c~$Dstyt I + + ip;sDstyt-p + ut, (3 - 1) 
･･･ 

 

s=1 s=1 
where {ut} - i.i.d.(O, cr~) and Dst is the seasonal dummy variable which takes I when the 

period t is in a season s and O otherwise. Note that the AR parameters vary with seasons, 

so that the structure of the model also varies with seasons. For example, the effect of the 

flrst quarter on the second one may be different from that of the third one on the fourth 
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one . 

For notational convenience, we represent the PAR(p) model (3-1) as, when t is in a 

season s, 

yt = cIs~/t-1 + ' ' ' + ippsyt-p + u (3 - 2) 

where ci~' i = 1, . . ･ , p, are periodically varying parameters. 

Stacking each variable to the annualized vector, such as Yj = [y4j-3, y4j-2, y4j-1, y4j]', 

we may represent (3-2) as 

~oYj = ~~1Yj-1 + ' ' ' + ~'pYj-p + Uj, (3 ~ 3) 

where P = [(p - 1)/4] + I with [x] denoting the largest integer ~ x and each ~i is deflned 

appropriately. Following Franses (1994), we call {Yj} the vector of quarters (VQ) process 

of {yt}. We can easily see that whether {Yj} is stationary or not depends on the roots of 

~o - ~1z - ' ' ' P (3 - 4) - pz = 
O
.
 

We call {yt} is periodically stationary if all roots of (3-4) are outside the unit circle, and 

periodically integrated of order one, PI(1), if one root of (3-4) is I and the other roots are 

outside the unit circle. We also say that the periodically stationary process is periodically 

integrated of order zero, PI(O). See also Definition I of Boswijk and Franses (1996). Though 

we can think of a situation where (3-4) has more than one unit root (multiple unit roots), 

we will consider the PI(O) or PI(1) process in this chapter. Note that, in general, {yt} is 

not stationary even if it is periodically stationary. 

The VQ process {Yj} has the error correction representation, 

AY r AYJ I + +rp I~Yj-p+1 +11Yj-1 + U3t, (3- 5) 

where n - ~1~P ~). r･ = ~~1~)~ I ~,i, Uf = ~,~IUj and AY･ = Y･ - Yj I Note that ~~~o Li=1 c' t o = 3 3 3 - ' 
rank(H) = 3 when {yt} is PI(1) so that we may interpret that {Yj} is cointegrated of order 

(1,1) with cointegrating rank 3. In this case, it is shown that, with some normalization, the 

4 x 3 cointegrating matrix can be expressed as 

[ -62 1 O O J 
O -63 1 O 
O O- -64 1 
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for some 5s ~ O, s = 2, 3, 4. Deflning 51 = 1/(628364), Boswijk and Franses (1996) showed 

that y4j+1 - 6ly4j becomes stationary. Then we may see that two successive seasons are 

cointegrated. In other words, (yt - 6syt-1) has a stationary VQ representation with 61 = 

1/(626364), though {yt} is a nonstationary and nonstable process. According to Johansen 

(1991, 1992), {Yj} is expressed as Yj = H* ~sL1 Ui* +0p(1) with rank(n*) = 1, and then we 

may see that {Yj} is driven by a single stochastic trend as in the case of a unit root process. 

The PAR(p) model (3-2) can be extended to have the periodic moving average distur-

bance such as ut = et + 6ls6t-1 + ' ' ' + 6qset_q where {et} - i.i.d.(O, a~)･ This model may 

be seen as an extension of the ARMA model with seasonally varying parameters. 

The properties of the PI(1) process are discussed in Boswijk and Franses (1995, 1996), 

Boswijk, Franses and Haldrup (1997), Franses (1994, 1996), Franses and Paap (1994), Ghy-

sels, Hall and Lee (1996), while those of the PI(O) process are in Osborn (1991), Osborn and 

Smith (1989), Pagano (1978), Tiao and Grupe (1980), Troutman (1979), among others. 

3. Testing for Periodic Stationarity 

In this section, we derive the test statistic for the null of periodic stationarity and investigate 

its properties. Though our concern is the PAR model, we introduce the error-components 

model which is convenient to derive the test statistic, but slightly different from the pure 

PAR model. Such a model is considered in KPSS (1992), in which the test for stationarity 

is developed. We will see in the next section that the test derived in this section is also 

useful for the pure PAR model. 

Let us consider the following error-components model. 

yt = xfps + wt, wt = rt + ut, ipps(~)ut = vt, rt = 6srt_1 + 6t, (3 - 6) 

for s = 1, ･ ･ - , T with N = T/4 an integer, where {xt} is a seasonally varying , 4 and t = 1, ･ ･ -

deterministic component, cps = I - ipls~ - ･ ･ - - pps~P with which {ut} is periodically sta-

tionary, 61, 62, 63, 64 satisfy the condition 61626354 = I so that {rt} is periodically integrated, 

and {vt} and {et} are independent and NID(O, cr~) with (T2 > O, NID(O, ~~) with (T2 ~: O, 

respectively. We set ro = O without loss of generality, and for a while, we assume {6s } are 

known. The unknown case will be treated on page 62. 
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We denote the VQ representation of (3-6) as 

Y Xp+W3' Wj=Rj+Uj' ~(~)U:i=Vj' eoRj=elRj-1+Ej' (3-7) 

for j = 1, . . . , N, where, e.g., Yj = [y4j-3, y4j-2, y4j-1' y4j]/, ~(~) = ~o - ~1i~ - . . . - ~p~P 

with P = [(p - 1)/4] + 1, 13Uj = Uj-1 when B operates on the annualized vector Uj' and 

1 O O O O O O 61 
-62 1 O O O O O O (3_8) eo e 1 ~ 

 -63 1 O ' ~ O O O O ' 

O O -84 1 O O O O 
Since {Uj} is stationary, ~(~) is invertible and we have the MA representation of {Uj} as 

oo 

= IVj l' say (3 - 9) U ~(B) IVj ~ -
l =0 

We define the deterministic term Xj as 

Case I ; no determmlstic 

Case 2 ; a seasonally varying constant; Xj = 14, 

Case 3 ; a seasonally varying constant and linear trend; Xj = [14,jl4], 

where In denotes the n x n identity matrix. 

Note that when (T2 = O, wt = ut and the model (3-6) is expressed as yt = x~ps + ut, or 

equivalently, 

cps(~)yt = xtp~ + vt. 

Then, in this case, the model (3-6) is the pure PAR(p) model. On the other hand, when 

(T2 > o, we can easily show that a root of leo - elzl = O is 1, so that {rt} is periodically 

integrated of order one. Thus, {yt} has both PI(1) and PI(O) components in this case, 

though (3-6) can not be expressed as the pure PAR rilodel. 

Since {yt} is periodically stationary when (T2 = O while periodically integrated when 

cr2 > o, we consider the following testing problem: 

H : p = O v.s. H1 : p = N2' (3~ 10) 
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where p = a2lcr2 and c is a constant, so that (3-10) signifies the testing problem, the 

null hypothesis of periodic stationarity against a sequence of local alternatives of periodic 

integration. 

Stacking each variable from j = I to N, we have 

[
 

where, e.g., y := Yl' ' ' " 

y = Xp + w, 

Y!N]!, X = [Xi, ･ ･ -

Lo 
Ll 

L= 
Ll 

w =: r + u, r = Lc, 

, X~]!, and 

Lo 

O
 

,
 

Ll Lo 

with 

1 1 61 53 64 61 64 61 O O O 
1 51 82 64 61 62 Lo 62 62 (3 ~ 11) 1 OO Ll 

~ 253 63 1 O ' ~ 6263 63 1 81 62 63 

626364 6364 64 1 625364 6364 64 1
 

Note that L-1 has 1's in the diagonals, 6s's immediately below the diagonals and O's in the 

other elements. Then, each component of L-1rt = ct corresponds to (1 - 6sl~)rt = et. 

To derive the LM test statistic for (3-lO), we consider the special case when {ut} -

NID(O, ~~), as in KPSS (1992). This simplification is only for expository purpose, and we 

will investigate the derived test statistic assuming the model (3-6). 

Since y - N(Xp, a~(pLL! + IT)) with the above simple model, it is easily derived that 

the LM test for (3-10) is given by 

1~ ~ y MLL My = ~2 L Sm = 7T G!.G-33 
" =1 

as rejecting Ho when Sm takes large values, for m = 1, 2 and 3 according to the definition 

of the deterministic component X, where M = IT for m = I and M = IT - X(X/X)-1X' 

for m = 2 and 3, ~~~ = y!My/T, Gj = L~U~j + Li~~j+1U~i for j = 1,･･ ･,N - I and 

GN = L~UN with {Uj} denoting the regression residuals of Yj on a constant term, Xj' The 

second expression is convenient to calculate the test statistic in practice. Note that this LM 
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test is equivalent to the locally best invariant test as discussed in such as King and Hillier 

(1985). 

Now we investigates the limiting properties of the test statistic Sm with the model (3-6). 

As shown in the proof of Theorem 1, the test statistic Sm is of order N2 and the limiting 

distribution of Sm/N2 depends on the '10ng-run variance' of {Uj} as well as {8s} and is 

proportional to ~) = fe!~fe, where !~ = {1 + 1/6~ + 1/(5~6~) + 1/(6~8~642)}1/2 [1, 62, 6283, 626364]/ 

and ~ is the long-run variance of {Uj}' ~ = cr2AA! with A = ~lOO_o Al' Then we consider 

the following test statistic: 

1
 S~1 = i~N2 y!MLL My (3 - 12) 

where i~, = /~f~/~ and ~ is a consistent estimator of ~ of the form 

~ ~ )
 

~ = r(O) +zJw(i,~l) ~r(i) +t(i)/ , 

i=1 

with r(i) a consistent estimator of the covariance matrix of {Uj}' f(i) = ~~~i U~j~Uj+i/N 

and w(i, ~1) the Bartlett kernel, w(i, ~l) = I - il(~I + 1) for ~1 = o(Nl/2). 

The limiting distribution of (3-12) is given in the following theorem. 

Theorem 3.1 i) The LM test statistic Sml converges in distribution under Ho, 

= Sml -~> I n2, (3~13) ~
 n=1 A~,~ 

and its characteristic function, c~(6; Ho), is given by 

cm(6,Ho) = Iim E [eies~1 = [D~(2i6)]~1/2 J
 N~= 

for m = 1, 2 and 3 according to the definition of the deterministic component X, where 

{Zn} ~ NID(O, 1) and both {Am,n} and Dm(') are defined in Appendix 3. 

ii) The LM test statistic Sml converges in distribution under Hl' ~
(
 
)
 

oc 222 S d I c ava)1 ml -~> Zn' (3 ~ 14) +
 n=1 A a)~~n m,n 

and its characteristic function, ipm(6; H1)' is given by 

ipm(6; H1) = [[Dm (ie + VL~~ll~,,~,T~~T:e2 + 2ic'-(T~a)~6l~)) Dm ~1/2 - ~ -( )J , ee Ve2 + 2ic2(T~c,)~ela) 

(3 - 15) 
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for m = 1, 2 and 3 according to the definition of the deterministic component X, where 

cL;1 = '~//~' 

Though this theorem is proved using the assumption of normality, we can relax it as discussed 

in Nabeya and Tanaka (1988). 

From the above theorem, the limiting distribution function, Fm(x; Ho), can be obtained 

by inverting the characteristic function ipm(6; Ho) using L6vy's inversion formula, that is, 

, = 
1 roo I - e~sex 

ipm(e; Ho)J de, Fm(x Ho) 7r Jo Re ie 

for m = 1, 2 and 3. Table I shows percent points of the limiting distributions, which are 

calculated by numerical integration. From the table, the limiting distribution of Sml shifts 

to the left as the deterministic terms become complicated. 

As shown in Theorem 3.1 (ii), the limiting distribution under H1 depends not only on c 

but also on {6s} and ~ through ~)1 and cu. To investigate the limiting properties of this test 

statistic under H1' Iet us consider the simple case when {ut} is an independent sequence, 

{ut} = {vt} - NID(O, (T~)･ In this case, A = 14 and then c') = a2/~/fe = g2a)1' so that ~
(
 
)
 

d I c2cL)1 oo 

Sml '-~' Zn2 + A A~ n n=1 m,n 
under H for m 1 2 and 3 Then for c')a > cvb we can easily see that 

l, 

( ( , ) ~ ( ( ) ) 
o
o
=
 

o
0
=
 

P I c cvl c cvl Zn2 > xa 1
 ~

 
Z~ > xa) > p ~

 Amn + A~ n A~ n +
 A

 m,n nl nl 
for a given critical value xa' and then the test against the alternative of periodic integration 

with the larger eL)1 is more powerful than with the smaller one. Figures la-1c give the limiting 

power of S31 as a function of c for some values of c')1 in the cases 1, 2 and 3, respectively. 

These power functions are given by 

~ 
1 foo I - e~t6x l 

cm(6; H1)J de, 1 7r Jo Re i6 (3 ~ 16) 
as a function of c, where the characteristic function ipm(e; H1) is given by 

1/2 cm(e;H1) = [Dm (ie+ ~r~~~~~~~~l~) Dm (i6 - Vl~~T~~~~~;~ ~ . 
)
]
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We calculate (3-16) by numerical integration using the upper 5% point, xa = xo.05. As 

discussed above, the limiting power function with the larger cvl dominates the power function 

with the smaller cvl for each case. Note that the above test is consistent in the sense that 

the limiting power reaches at I as c goes to infinity for each m = 1, 2 and 3. 

In the above discussion, 

1 1 1 cvl = /~; /~; = 

1 + 6~ + 8~5~ + 6~6~6~) (1 + 6-22 + 6262 626262) 
+ 

23 234 
plays an important role and it also affects the power of the test in the dependent case as 

shown in (3-14). From some algebra, we can see that a)1 ~ 16 and, especially, eL)1 = 16 when 

{6s} e A = A1 U J42 with 

A1 = {{1,1,1,1},{-1,-1,-1,-1}{ 1,1, 1 1} {1 1,1, 1}} 

A2 = {{-1,1,1,-1},{-1,-1,1,1},{191, 1 1} {1 1 1 1}} 

And the farther some of 16s I's deviate from one, the larger does cL'I become. Then we might 

see ~)1 as a measure of deviation of {6s} from A and, especially, if all 6s's are positive, we 

could regard ~)1 as a measure of the degree of periodic integration. For example, we say that 

the degree of periodic integration of the model with {61, 62, 63, 84} = {1, 2, 1, 1/2} (eL'I = 25) 

is stronger than that with {61, 62, 63, 64} = {1, 5/4, 1, 4/5} (eL'I = 16.81). Then, as discussed 

above, the more stronger the degree of periodic integration is, the more powerful is the test. 

In other words, when 5s > O for all s, the more {6s} fluctuate, the easier to detect periodic 

integration. 

The above investigation of the limiting power is based on the assumption that {6~} of the 

true process are identical to {6s} we assumed under the alternative. Here, we investigate 

the effect of misspecifying the alternative hypothesis, that is, we assume {6s} under the 

alternative but the true process is the model (3-6) with {5~} instead of {8s}' The following 

corollary gives the limiting power under such a situation. 

Corollary 3.1 Suppose that Sml is constructed usin9 {6s} and {yt} follows the model (3-6j 

with {6~} instead of {6s} and c > o. Then, 

( 22) oo 1
 c gvnl Sml -~ ~; Zn2, (3 ~ 17) + CL'A~ n A

 m'n n= l 
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cm(e' H ) - 
Dm ~i6 + vL~Il~~~~~~~1;e2 + 2ic2(T~~16la)) Dm l/2 te V/1~~1~~~~~7~;a9_ + 2ic2a~~lelc')) ~ , 

v
 
J
 

(
 
2
 ' 1~[ ( ~ v '~ ~ 

for m = 1' 2 and 3, where 7 = fe/L~L~//~ and L~ = L1 in (3-11) with {6~} instead Of {6s}' 

At first sight, this corollary is almost the same as Theorem 3.1 except for the difference 

between cL)21 and 7･ However, 7 has an important role on the limiting power since it is 

possible for 7 to be zero, which means that the limiting power does not increase and remains 

at the signiflcance level under the alternative. This would occur if fe is orthogonal to the 

space spanned by the columns in L~ ･ For example, if we assume the unit root (61 = 

= ) under the alternative but the true process has a negative unit root 62=63=64 
-1), then, we can see that L~/fe = O, so that the limiting power of the (6~ = 6~ = 6~ = 840 = 

test does not increase. This non-increasing power was observed for the seasonal unit roots 

test in Caner (1998), Canova and Hansen (1995) and Hylleberg (1995) through the Monte 

Carlo simulation and analytically investigated in Chapter 2. In Corollary 3.1, we proved 

the similar result for the periodic integration test. 

Note that if both {6s} and {6~} belong to Al or A2 with {6s} ~ {6~}, we can show from 

direct calculation that L~!!~ = O which implies ~ = O. When {6s} belongs to Al (A2) and 

{6~} to A2 (A1), nr = 64, which is smaller than 256 when {6s} = {6~}. Then, we deduce 

that n/ takes a small value if signs of {6s} we assume are difilerent from those of {8~} of the 

true process, so that the limiting power of Sml would be very low. To illustrate how the 

power is affected by them, Iet us consider the simple case when {ut} = {vt} - NID(O, (T~) 

and A = 14 as in the case of Figures la-1c and we construct Sml with 81 = 62 = 53 = 64 = 1. 

That is, we are going to test against the alternative of a unit root. In this case, the limiting 

distribution of Sml in (3-17) becomes (
 
)
 

Sml --~ I c2~/ Zn2, oo 
~
 

+ n=1 A u)1A~n m,n 

since ~) = (T a)1 m this case. Then the power depends on ~rlcL;1 and c2. Figures 2a-2c 

draw the limiting power as a function of c in the cases 1, 2 and 3 for {6~, 6~, 8~,8~} = 

{1, 1, 1, 1}, {1.5, 1.5, 2/3, 2/3}, {1.5, 1.5, -2/3, -2/3} and {-1.5, -1.5, -2/3, -213}, and the 

corresponding values of ~/l~)1 are 16, 14.79, 4 and 0.24, respectively. As shown in figures, 

the misspeciflcation of signs of {6s} affects severely on the limiting power. On the other 
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hand, Sml under the alternative of {6~, 8~, 6~, 640} = {1.5, 1.5, 2/3, 2/3} is less powerful but 

still have a moderate power in comparison with the case when {6~, 6~, 6g, 640} = {1, 1, 1, 1} 

Then, we should carefully assume signs of {6s} under the alternative in view of the limiting 

power. 

4. Extension to a PAR Model 

So far, we have considered the model (3-6) and investigated the LM test for periodic sta-

tionarity. However, in econometric analysis, it is often the case that the pure PAR model 

is considered instead of the model considered in the previous section. Then, in this section, 

we consider the limiting behavior of Sml for the PAR model. 

Let us consider the following model. 

yt = xtps + ut, cps(B)u vt (3 - 18) 

where ipps = 1-cIsl~- ･ . ･ -ipps~P, {vt} - i.i.d.(O, (T~), and xt denotes the same deterministic 

component as in the previous section. Since the above model can be expressed as ipps(B) (yt-

x~ps) = vt; we may see (3-18) as the PAR(p) model with a periodic deterministic term. The 

VQ representation of (3-18) is expressed as 

Yj=Xjp+Uj, ~(~)Uj=Vj, (3-19) 
where ~(~) is the lag polynomial of order P = [(p - 1)/4] + 1. Since we are interested in 

whether the model (3-18) is PI(O) or PI (1), not allowing it to be a explosive model, we 

assume that all the roots of 1~(z) I = O are outside the unit circle or equal to one and do not 

assume multiple unit roots. 

Since we can not deflne the parameter p for the model (3-18), we consider the following 

testing problem: 

H/o : I~(1)1 ~ O v.s. H{ : I~~(1)1 = O. 

Then, under the null hypothesis H6, the model (3-18) is periodically stationary whereas, 

under the alternative hypothesis Hi, it is periodically integrated of order one. 

Firstly we consider the limiting distribution of Sml under H/o' Since {ut} is periodically 

stationary under Ho/, the model (3-18) is the same as the model (3-6), so that if we construct 
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the test statistic Sml in the same say as the previous section, we have the same limiting 

null distribution as Theorem 3.1 (i) and we can refer to Table I for the asymptotic critical 

point. 

On the other hand, under Hi , {ut} is PI(1) and then, according to Boswijk and Franses 

(1996), the PAR(p) model of {ut} can be expressed as 

p-1 
~; ipis(ut 6s sut ~ l) + vt, ut - 6sut_1 = (3 - 20) 
i=1 

where 51626364 = 1, 6s-4k 8 for a positrve mteger k and (1 - ipls~ - ･ ･ ･ - ipp_1,s~P-1) is 

a periodic autoregressive polynomial of order p - I whose coefflcrents are deflned from the 

following backward recursion, 

ipps = O, Vs, 

~ -6 ~is ~ i+1,s i+1,s e p 1,...,1. 
~ s-i 

Then the VQ representation of {ut} is given by 

~(B) (eo - elB) Uj = Vj' 

where eo and el were defined in (3-8), and then 

eoUj = elUj-1 + V3t with V3~ = W(~)-lVj' (3 - 21) 

because of invertibility of ~(1~). Noting that the VQ representation of {yt} is given by 

(3-19) with {Uj} given by (3-21), we have, in the stacked form, 

y=Xp+u, u=Lv*. 

Using this expression, the numerator of the test statistic Sml Is expressed as 

y'MLL/My = v"L/MLL/MLv'. (3 - 22) 

In the same way as the proof of Theorem 3.1 (ii), we can show that (3-22) is of order 

N4 while ~ = Op(~1N) by Phillips (1991) and KPSS (1992). Then, as a whole, Sml is 

Op(N/~1) under Hi and then the power of Sml would increase to I as N goes to infinity 

since ~1 = o(N1/2), that is, Sml is consistent. 
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The above testing procedure includes the estimation of the long-run variance of {Uj} 

using a nonparametric method, but sometimes this estimation procedure causes severe size 

distortions of the test under the null hypothesis in a small sample. Thus, instead of the 

nonparametric estimator of ~, Iet us consider an autoregressive spectral density estimator. 

For simplicity, we assume p ~ 4. This assurnption is not too restrictive since, according to 

Franses and Paap (1994) and Boswijk and Franses (1996), many economic time series are 

well approximated by the PAR(p) model with p at most 4, and our following procedure can 

be easily extended to the case when p > 4. 

Under the assumption of p ~ 4, the VQ representation of {Uj} is 

~,oUj = ~lUj-1 + Vj 

and that of {yt} is given by 

(~o - ~1~) Yj = (~o - ~1B) Xjp + Vj' 

Under the null hypothesis, {Yj} is a stationary process with a deterministic component and 

then by inverting (~)o - ~l~) = ~;o(14 - ~;~1~;l~), we have 

oe 
Y Xjp + ~ ~!ri~,o IVj-i, 

i=0 

where W = ~~1~1 The long run vanance ~ Is expressed as 

oo 
~ = ~2CC/, where C = ~ri~)o 1 ~

 i=0 

Then the autoregressive spectral density estimator ~ is given by ~ = ~2dd/ with d = 

~f~o ~i~o I , where ~~, ~o and ~l are consistent estimators of cr~, ~o and W1, respectively 

and ~2 -> oo. The consistent estimator of each element of ~~0 and ~~1 will be obtained by 

regressions, 

yt = pos + plsj + iplsyt-1 + ' ' ' + ippsyt-p + ~t, (3 - 23) 

where j = [(t - 1)/4] + 1, and the consistent estimator of a2 is given by ~2 = ~~ 1 v~/T. 

Note that we do not necessarily estimate all the elements of ~o and ~1 but only the unknown 
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elements of these matrices. For example, if we consider the PAR(1) model, we will obtain 

~1s by regressions (3-23) and ~o and ~1 should be constructed as 

1 O O O O O O $n 
-~12 1 O O O O O O ~o = ~1 O -~13 1 O ' ~ O O O O 
O O -~14 1 O O O O 

Using these estimators, a) is consistently estimated by /~f~fe. 

On the other hand, under the alternative, I~o - ~lzl = O has a root on the unit circle 

and (~o - ~l~) is not invertible, which means that ~f=0 ~i ~> oo as ~2 goes to inflnity. 

Since (T2 and each element of ~)o and ~1 are consistently estimated by regressions (3-23) 

under the alternative, C and then ~ will diverge, and the rate of divergence is important 

for the consistency of the test. Since y/MLL'M~//N2 in (3-12) is Op(N2), ~ should be of 

the smaller order than Op(N2) in order for the test to be consistent. Note that if we use the 

truncation parameter ~2 where ~2 is of order Nd with O < d < 1, (~ = ~{~o ~i~~I = Op(Nd) 

and ~ = ~2d(~' = Op(N2d). Then, the test statistic is Op(N2(1-d)) under the alternative, 

which means that the test is consistent. Since this C converges to C in probability under 

the null hypothesis even if we restrict ~2 = O(Nd) and then ~ = ~2ddl is the consistent 

estimator of ~ under the null, we consider the test statistic Smll deflned by 

1
 Smll = ~N2 y!MLL My 

where C; = !~/~/~. 

We also consider slight modification of Smll' In the constructron of C Iet us consider 

the weighted sum of ~, 

- C
 

i=0 

where w(i,L3) is the kernel defined in the previous section and ~3 = O(Nd) as ~2. Then 

deflne the test statistic 

1
 SmIII = ~,N2 y/MLL My 

where ~; = ~2/~/(~(~//i;. Though this modiflcation has no effect asymptotically, it might enable 

us to avoid accumulation of the bias of the estimator ~i. 
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So far, we have investigated testing procedures assuming that {6s} are known, but in 

practical analyses, we often encounter the situation where we have interest in only whether 

the observed variable is periodically stationary or nonstationary and no interest in a par-

ticular set of {6.}. Even in such a case, we have to set values of {6s} since we use them to 

construct the test statistics. As shown in the previous section, the power of the test crucially 

depends on {6s} assumed under the alternative and especially in some special cases, the lim-

iting power might stay in the significance level set by the researcher and not increase. Then 

we have to carefully determine which set of values of {8* } should be assumed in construction 

of the test statistics developed above. 

One candidate for {5s} used in the test statistics is the estimates of {5s} under the 

restriction of 81826364 = 1, since {6*} must satisfy this restriction. Since this restriction is 

adequate under the alternative, we can estimat~ { 6s } consistently underHi by regressions of 

(3-23) with such a restriction, that is, by the nonlinear least squares (NLS) method. Then, 

we can easily see that the test statistics S~1, S~II and SmIII, constructed by using the NLS 

estimates, {6.}, have the same limiting properties as those using the true {6.} under H{-

Turning to H!o, the NLS estimates of {6s} have no meaning since the restriction 61625364 = 

1 is inadequate under Ho!. In practice, we would obtain the estimates of {8.} which have 

no meaning. However, for a given set of values of {6s}, the limiting distributions of the test 

statistics do not depend on {6*} under H!o, so that we could expect that the finite sample 

distributions of the test statistics with {6*} would be well approximated by the limiting 

distribution (3-13) if only {6s} satisfy the restriction 61626364 = 1. Note that this strategy 

is similar to "cointegrating regression" discussed in Engle and Granger (1987), in which the 

cointegrating vector is identifled only under the alternative. 

In sum, for the PAR(p) model (3-18) with {6s} unknown, our testing procedure is that i) 

obtain {6.} by NLS regressions of (3-23) with the restriction 61626364 = 1, ii) construct the 

test statistic using {6s}, iii) reject the null hypothesis when the test statistic is larger than 

a critical value (95%, say) in Table 1. Here we should keep in mind that the test statistic 

considered in this section is no longer the LM statistic, since the model (19) is different from 

(6). However, the test statistic is still consistent and then useful. 
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5. Finite Sample Properties 

In this section, we investigate the flnite sample properties of the test statistics derived in 

the previous section through the Monte Carlo simulation. We use the quarterly PAR(1) 

process as a simulation data generating process: 

yt ::: 6syt-1 + 6t, 

where {6t} - NID(O, 1), s = 1, ･ ･ ･ , 4 and the sample slze T Is 100 and 200 Note that 

616263641 < I under the null of periodic stationarity whereas 61626364 = I under the alter-

4 since many economic time native of periodic integration. We set 8e > O for s = 1, ･ ･ ･ , 

series are positively autocorrelated. From the discussion of Section 3, (L;1 may be seen as a 

measure of the degree of periodic integration and affect the limiting power under the alter-

native. Then, we conduct the simulation for several values of (J)1, and for a given eL;1, consider 

three sets of {6s}' 61 = 62 = 63 = 64, 61 = 262 = 63 = 264 and 61 = 62 = 263 = 254･ We 

select (/)1 = 16, 18 and 20 under the alternative, which imply {61, 62, 63,64} = {1, 1, 1, 1}, 

{1.414, 0.707, 1.414,0.707} and {1.414, 1.414, 0.707, 0.707}, respectivelyL For the null hy-

pothesis, we assunle 61825384 = 0.2. 0.4, 0.6 and 0.8 and the relation arnong {8s} is propor-

tional to the alternative. For example, we set {61, 62, 63, 64} = {0.669, 0.669, 0.669, 0.669}, 

{0.946, 0.946, 0.473, 0.473} and {0.946, 0.473, 0.946, O, 473} for 81826384 = 0.2. To construct 

the test statistics, we used not the true {6s} but the NLS estimates of them, {6s}' The 

upper 5% critical value is used and the level of signiflcance is set equal to 0.05. The number 

of replication is 1,000 in all experiments. 

Table 2 reports the frequencies of rejection of Sml, Smll and SmIII for T = 100. We 

investigate each test statistic for several values of the lag truncation parameter. We used 

~1 = 2, 4, 6 and 8 for Sml, ~2 = 1, 2, 3 and 4 for Smll, and ~3 = 2, 4, 6 and 8 for SmIII, 

respectively. From the table, we can see that, under the null hypothesis of 61626364 = 0.2, 

0.4, 0.6 and 0.8, the lag truncation parameter has much influence on the empirical size, 

especially the empirical size of Sml is very sensitive to the truncation parameter. In most 

cases, the larger 61626364 is, the longer lag truncation parameter does each statistic need to 

have the empirical size close to 0.05. 

The power of each test, corresponding to the row of 61626364 = 1, also varies according 
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to the lag truncation parameter. Though we should carefully see the results since the 

empirical power is not size-adjusted, it seems that S~1 is less powerful than the other two 

test statistics which have the reasonable power. Comparing the cases 1, 2 and 3, the case 1 

is most powerful and the case 3 is least powerful, Iike the other unit root tests. 

Table 3 shows the result when T = 200. We used ~1 = 4, 6, 8 and 10 for S~1, ~2 = 1, 

2, 3 and 4 for S~II, and ~3 = 4, 6, 8 and 10 for S~III, respectively. We can see that the 

relative performance of the tests is preserved without the fact that they require the longer 

lag truncation number to have the empirical size close to 0.05 compared with the case when 

T = 100. 

6. Empirical Applications 

In this section, we illustrate the empirical applications of the testing procedure derived in 

the previous section. Since our test assumes the null of periodic stationarity, it is useful 

to use our method in conjunction with the procedure developed in Boswijk and Franses 

(1996), in which the test for the null of periodic integration is proposed. We investigate two 

Japanese macroeconomic time series: Real national consumption expenditure (CP) and real 

disposable income of household (YDH) for 1955.1-1996.4 measured in logarithms. Figure 3 

plots CP and YDH. Since both series have a seasonal pattern and increase with time, we 

include a seasonal dummy and a seasonal linear trend for the models of both series through 

all the testing procedures conducted below. 

Firstly we test for the null of periodic integration against the alternative of no integration 

and next for the null of periodic stationarity. We take the same model selection procedure 

proposed in Franses and Paap (1994): i) decide the order p of the periodic autoregression, ii) 

test for the presence of periodicity, and iii) if the null of no periodicity is rejected, then test 

for periodic integration. By use of the Schwarz-Bayesian information criterion, we decide the 

order p of the PAR(p) model as two for both CP and YDH. Then, we assume the following 

PAR(2) model for both series: 

yt = /d;o* + ktl*j + ut, ut = ipl*ut_1 + ip2*ut_2 + vt, (3 - 24) 

where j = [(t - 1)/4] + I and s = 1, ･ ･ ･ , 4. The model of {ut} can also be expressed as 

(1 - 5*~)(1 - ip*~)ut = vt, (3 - 25) 
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where 6s + ips = ipls and 6saps = ~c2s for s = 1, . . . , 4. If {ut} is PI(O), both (1 - 8s~) and 

(1 - ipsB) constitute stationary VQ parameters whereas, if {ut} is PI(1), we assume that 

(1 - 6sB) constitutes periodically integrated VQ parameters, that is, 81826384 = 1. 

Next step is to test for the null of no periodicity against the alternative of periodicity. 

The null hypothesis is expressed for the model (3-24) as 

HONP : c11 = c12 = c13 = ipl4 and ip21 ip22 ip23 c24 

The likelihood ratio (LR) test is investigated in Theorem 2 (i) of Boswijk and Franses (1996) 

and for both CP and YDH, we reject the null hypothesis HONP with a 5% significance level, 

so that the PAR(2) model is appropriate for both series. 

Now we test for the null of periodic integration. The LR test statistic is given by 

1~~ I T ~ - )
 

(
 
,
 

= T 

I
n
 
(
 

LR ~: ~f ~ ~ ~ v (3 - 26) In 

where T = 166 is the number of observations, {~t} are the NLS residuals with the restriction 

61626364 = I and {~t} are the (unrestricted) Ieast squares residuals. Table 4 reports the 

values of the test statistic LR and the NLS estimates of {6s}' According to Theorem I of 

Boswijk and Franses (1996), the null of PI(1) is rejected when LR is larger than the square 

of the critical value of Fuller's (1976) T^. statistic, and the null is not rejected both for CP 

and YDH with a 5% signiflcance level. 

Next, we test for the null of periodic stationarity against the alternative of periodic 

integration using S31' S311 and S3111 developed in the previous section. Since we have to 

decide the values of {6s}' we use the NLS estimates of {6s} in Table 4 to construct the test 

statistics. Note that, from our calculations, there seem to be many local minima in the 

objective function of the NLS, especially when we conduct the NLS using one of the j4 as 

starting values of {8s}' we obtained the estimates of {6s} with same signs as the starting 

values. Since signs of {6s} have an important role on the power of the tests as discussed in 

Section 3, we should carefully estimate {6s} which minimizes the objective function globally. 

Table 5 reports the values of the test statistics. Since the lag truncation parameters 

have an effect on the empirical size and power, we calculate the statistics for several values 

of them. Using the critical value of Table 1, all the test statistics reject the null of periodic 
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stationarity for both CP and YDH with a 59~:o significance level. Then, with the results of 

Table 4, it seems that both CP and YDH are periodically integrated. 

Though we rejected the null of no periodicity, it is possible that either of {6*} or {ip*} in 

(3-25) are not periodic. Noting that integration in a usual sense is a special case of periodic 

integration, we test the null of a unit root, 61 = 82 = 53 = 54 = 1, within the periodically 

integrated model, which is investigated in Theorem 2 (ii) of Boswijk and Franses (1996). The 

test statistic is the same as LR in (3-26) in which {~t} are the least squares residuals with 

the restriction 61 = 62 = 53 = 64 = I and {~t} are the NLS residuals with the restriction 

61626364 = 1. Under the null hypothesls the test statistic rs asymptotically chi squared 

distributed, and we reject the null for CP whereas do not reject for YDH, that is, YDH 

has a (non-periodic) unit root and the periodicity of YDH seems to be due to the stable 

parameters . 

To conclude, both CP and YDH can be expressed as a PAR(2) process and CP is 

periodically integrated whereas YDH is integrated in a usual sense. 

7. Concluding Remarks 

We investigated the test for the null of periodic stationarity against the alternative of pe-

riodic integration. We derived the several test statistics which fundamentally are the same 

but different in the correction of nuisance parameters. We found that the limiting power 

of the test is much affected by signs of {6s}, and in a finite sample, the lag truncation 

parameter affects both the size and the power through the Monte Carlo simulation. 

Though we do not consider multiple unit roots which correspond to the case when 

rank(H) = O, I or 2 in the equation (3-5), our tests should have the considerable power 

against such a case. But we should carefully decide {6s} to be used for the test statistics so 

as not to lose the power by a bad selection of them as discussed in Section 3. 
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Appendix3．

ProofofTheorem3。11（i）Firstly　notethat鴫＝防・under　Ilo　and｛Ul・｝canbeexpressed

as

　　　　　　　　　　　　　　　　　　　砺・＝・4巧十巧一1一巧，

where巧＝Σ窪oん巧＿i　with、4ε＝Σ毘1＋1。4b　and　in　the　stacked　form，

　　　　　　　　　　　　　　　　　　　　脱＝ΩAu十〇＿1一砥

whereΩA　is　a　block　di我gonal　matrix　with　each　block、4，ΩA＝d乞αg｛z4…z4｝。Then，we　can

express　the　test　statistic3ηLI　as

　　　　　　　　　　　　　　　　l
　　　　　　　　　　Sm1　＝　　　　ω’MLL’ハ4ω
　　　　　　　　　　　　　　　の聖2

　　　　　　　　　　　　　一のN2u’Ω気MLL’MΩAU＋・P（1）

　　　　　　　　　　　　　　　　　　
　　　　　　　　　　　　　4轟2／L’MΩAΩ気漁＋・P（・）

　　　　　　　　　　　　　　　　σ2　2v　　1
　　　　　　　　　　　　　一誹Σ之1万（L’MΩAΩμ）（ゴ，κ）z丸＋・P（1），

　　　　　　　　　　　　　　　　　　ゴ，た＝1

wherez一［zi，z条，…，z分］’～N（0，恥），些den・tesequalityindistributi・n，andtheexpressi・n

（∬）（ゴ，κ）denotes七he（ゴ，た）block　of　a　T×T　matrix　E　when∫丑s　decomposed　into1〉x！〉

blocks　wi七h　each　block　a4×4matrix．The　third　equality　in　distribution　is　due　to　normality

of勿．

　　Let　us　consi（ier　the　case3．Note　that

　　1　　　　　　　　　　　　　　　　1　　　　　　　　　　　1
万（五’MΩAΩ気ML）（ゴ，κ）一万（L’ΩAΩ気L）（ブ，た）一万（五’ΩAΩ気X（X’X）一1X’L）（ゴ，κ）

　　　　　　　　　　　　　　　　　　　　1
　　　　　　　　　　　　　　　　　　　一π（L／X（X’X）一1XノΩAΩ気L）（剃

　　　　　　　　　　　　　　　　　　　　1
　　　　　　　　　　　　　　　　　　　＋π（L’X（X’X）一1X’ΩオΩ気X（X’X）一1X’L）（ゴ・κ），（3－27）

and　fどom　direct　calcula七ions，each　term　is　expressed　a8

　　　　　　　　寿（〃ΩAΩ気L）（殖）一←一max（調）哩L1＋・（N一・），

　　　　　　　1
　　　　　　　万（ゐ’ΩAΩ気X（X’X）一1X’L）（ゴ，κ）

　　　　　　　　　　　　　　　　　　　　　　　　　67
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+0(N~1), (3-28) 
and the third and fourth terms of (3-27) have the same expression as (3-28) except for the 

O(N-1) term. Then (3-27) can be expressed as 

= 

 

,
 
(
 

~(L/M~A~AML)(3 k) K3 ~'Iv LiAA/LI + O(N~1), 

where 

K3(s t) = I -max(s,t) -4(1 -s)(1-t) +3(1-s2)(1-t) 

+3(1 - s)(1 - t2) - 3(1 - t2)(1 - s2) 

= 
in(s,t) - 4st + 3st(s + t) - 3s2t2. 

From the above relation and Lemma 3 of Nabeya and Tanaka (1988), we have 

E I ; ~] j k z;･LiAA!Llzk -> O, j'k=1 j'k=1 ( ) 1
 

1
 z/._ (L!M~A~~ML) (j, k)zk - K3 ~ ~ ~f ' ~ 3N 

so that the above difference in determinant converges to zero in probability by Markov's 

inequality. Then, since ~ ~> ~ and ~' L~~ cL) under Ho where J~~ denotes convergence in 

probability, it iS enough to consider the limiting distribution of 

a2 N j h~ (
 

S3*1 a)N ~ z/.L/ AA/LIZk K3 ~'~) J 1 
j'k=1 

To denve the linutmg distributron of S31' we use Lemma 2.1, and to apply it to this 

case, we diagonalize the matrix LiAA/LI by the 4 x 4 orthogonal matrix P, 

P = ~l p2 p3 p4] 

1 -616263(8~6~ + 1) O
 

-1 

1 816364 O 6364(6263 + 6184) 1
 

1
 

1
 

-1 
~ /~~ 6164 ' ~/~~ ' 1/~~ 8263 ' ~/~~: -61(8~642 + 1) ' O

 

61 6263 + 6164 6364 O
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wheree＆chg乞isan。rmalizerf・rp乞t・haveauni七1en帥，Especially，9・一（1＋δ吾δ覆＋

δ多δ彗δ量），Thenナsince　Llp2＝0£or乞＝2β，4，we　have

　　　　　　　　　　P’Li朋’L、P＝伽9（κ’舶ノκ，0，0，0），　　　　（3－29）

whereκ＝LIP1＝（1十碑十砕確十碍δ3δ2）1／2［1，δ2，δ2δ3，δ2δ3δ41’．No七e七hat　P’LILIP＝

漉αg（κ’κ，0，0，0）andκ’κis　a　nonzero　eigenvalue　of　L左L1．By（3－29）and　Lemma2．1，we

h＆ve

　　　　　　　　　　　　2　2〉S
ぎ
1

d

ム

藷、Σ、輪（寿，舟）考P酬職

嘉、毒、蝶舟）脚9｛一似・｝・ん

σ2κん4’κ。。　1

”ω混孫z盆

oo 1
暑孫z盆， （3－30）

slnceω一σ暑κ’舶’κ，where｛λ3，η｝isasequence・feigenvalues・fK3（5，孟）。SincetheHed－

holm　determinant　of　K3（5，亡）is

　　　　　　　　　　D3（λ）一畢（2一孤sin孤一2c・s孤），

（seeNabeyaandTanaka，1988），thech飢acteristicfuncti・n・f（3－30）islP3（2乞θ）1－1／2by

Lemma2．1．

　For　the　cases　l　and2，we　can　show七hat

　　　　　　寿（蜘Ω気M五）（あん）一蝶，舟）醐・五・＋・（N－1）

for　m＝1and2，where

　　　　　　　　K1（3，孟）＝1－max（8，亡），K2（8，孟）＝min（3，古）一5オ，

and　the　corresponding　Fredholm　determinants　are

　　　　　　　　　　　　　　　　　　　　　sin〉宏　　　　　　　　　　　D、（λ）一C・S孤，P2（λ）一　　．□
　　　　　　　　　　　　　　　　　　　　　　孤
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（ii）Since，underE、，ω一Lξ＋ΩAu＋O一、一〇and（L6＋ΩAu）～N（0，σ君（ρLLノ＋ΩAΩ気）），

wehave

　　　　lS而＝　　ω’MLゐ’Mω
　　　φ望2

　　4轟2zノ（躍＋ΩAΩ気）1／2MゐLIM（ρL〃＋ΩAΩ気）1／2z＋・P（・）

　　　　　　　4轟2z’L／M（ρLゐ’＋ΩAΩ気）MLz＋・P（・）

蓋、シ（寿（　Ω気卿ん）＋多（一卿））副

一藷、シ（弄（　Ω気卿）＋多書涛（刀卿）寿（Ll卿））欄

In　the　same　way　as（i），we　can　derive七ha七

　　　　　　　弄（蜘（あκ）一驚（涛，舟）LIL・＋・（N－1），　（3－3・）

for七he　case3，and　sinceΩ一為Ωunder　EI　and　from七he　same　discussion　as（i），it　is　enough

to　investigate　the　limi七ing　distribution　of

畷一藷、シ／鞠（調五1幽＋芳（熱（寿，弄）蝶，舟））（L1研／妬

　Since　P’Li。4。4切1P＝碗αg（κ’，4。4’κ，0，0，0）from（3－29）and　P’4ゐ1P＝漉αg（κ’κ，0，0，0）

by　direc七calculationsラwe　have，using　Lemma2，3，

　　　碍一藷、かP｛鴎，舟）戸五i鵬P

　　　　　　　＋秀（シ（静（鋤（戸Ll玩P琳

　　　　　諜、シ｛鴫舟）螂臨卿

　　　　　　　＋秀（シ（寿，寿）輪（寿，舟））蜘（欧伽・）｝愚

　　　　　ム誓暑（響＋讐）2）鴫

　　　　　一慧（意＋響）4　　　　（＆32）
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Then，by　Lemma2．3，the　limiting　characteristic　function　is　given　by（3－15）。

　For　the　cases　l　and2，no七e　that

　　　　　　　寿（L脇）（殖）一塩（寿舟）4L・＋o（N－1），

for㎜＝1and2，and　the　theorem　is　proved　in　the　same　way　a8above　for　these　cases．口

Proof　of　Coro11肥y3．1：Sinceω＝Zンo∈十鴛where　Lo＝L　with｛δ2｝instead　of｛δ、｝りwe

have，as　in　the　proof　of　Theorem3ユ（ii），

　　　　　S　4器’L’M（ρ五〇LO’＋ΩオΩ気陥＋・P（・）

諜、業、考（寿（一気一＋落弄（〃蜘）涛（ゐα卿））妬＋妬（・）・

In　the　same　way　as（3－31），we　have

　　　　　　　弄（L’協0）（殖）一塩（涛，舟）ゐ宝L空＋0（N－1），

f…一・，2an己3．Then，sinceLIP一［κ，0，0，01，wehave

　　　　　　　　亀・嬉慧（κ幾κ＋02響κ）鴫

　　　　　　　　　　一暑（詣・礁）鴫

in　the　same　way　as（3－32）．目
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Table 1. Percent Points of the Limiting Null Distribution of S~I 

S11 

S21 

S31 

0.01 0.05 0.1 0.5 0.9 0.95 0.99 

0.0345 

0.0248 

0.0173 

0.0565 0.0765 O,2905 1,1958 1.6557 
0.0366 0.0460 0.1189 0.3473 0.4614 
0.0234 0.0279 0.0555 0,1192 0.1479 

2 . 78 75 

0.7435 

0.2177 
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Table 2. The Size and Power of S~1, S~II and S~III with 5% Asymptotic Critical Value: 

T=100 

73 



Table 3. The Size and Power of S~1, S~II and S~III with 5% Asymptotic Critical Value: 

T=200 
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Table 4. The Test for Periodic Integration 

Table 5. The Test for Periodic Stationarity 
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Figure la. Limiting Powers in the Case 1 
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Figure lb. Limiting Powers in the Case 2 
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Figure lc. Limiting Powers in the Case 3 
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Figure 2a. Effects of Signs of {6s} in the Case l 
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Figure 2b. Effects of Signs of {6.} in the Case 2 
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Figure 2c. Effects of Signs of {6*} in the Case 3 
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Figure 3. Log of Real National Consumption Expenditure and Log of Real Disposable Income of Household 
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Chapter 4. 

Testing for Stationarity with a Break 

In this chapter, we investigate the test for the null hypothesis of stationarity with a structural 

change against a unit root. We derive the limiting distribution of the LM test statistic and 

its characteristic function under a sequence of local alternatives. We also propose the test 

statistic which does not depend on the fraction of a break date to the sample size. Applying 

our tests to the Nelson-Plosser data, we find that for some macroeconomic time series, for 

which the tests proposed by Perron (1997) and Zivot and Andrews (1992) reject the null of 

a unit root, our tests accept the null of stationarity with a break. 
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1. Introduction 

In this chapter, we propose testing procedures for the null hypothesis of stationarity with a 

structural change against a unit root . According to the empirical studies reviewed in Section 

4 of Chapter 1, there are several cases that the null hypothesis of a unit root is rejected. In 

such cases, the researcher may guess that the time series obey a stationary process possibly 

with a break, but the rejection of a unit root does not necessarily imply stationarity of the 

data since the tests for a unit root may have the power against more general alternatives. 

Then, once the null of a unit root is rejected, the test for the null of stationarity with a 

break becomes of primary interest. As in the tests for the null of a unit root possibly with 

a break, we suppose that the fraction' of the break date to the sample size is constant, and 

the limiting distribution of our test based on the LM principle also depends on its fraction. 

We also propose the test statistic which does not depend on the fraction under the null 

hypothesis in some cases as in Park and Sung (1994) (we call that test the PS test). The 

limiting properties of the tests proposed in this chapter are compared under a sequence of 

local alternatives, and, as suggested in theory that the LM test is locally best invariant 

(LBI) under the assumption of normality, the limiting power of the LM test dominates that 

of the PS test under the alternative close to the null, though this is not always the case 

when the local alternatives diverge from the null. 

The plan of this chapter is as follows. Section 2 sets up the model and assumption. Two 

test statistics are proposed in Section 3 and the limiting properties of them are investigated. 

Finite sample properties are investigated in Section 4 and the tests proposed in this chapter 

are applied to the U.S. macroeconomic data in Section 5. Section 6 concludes the chapter. 

2. The Model and the Testing Problem 

Let us consider the following error-components model 

yt=z;p+xt, xt=n/t+ut, nrt=7t_1+ct, ut=vt, (4-1) 

where zt denotes a deterministic component which includes a trend break, {vt} - NID(O, cr~) 

with a2 > O, {ct} - NID(O,~~) with a2 > o and {u } and {ct} are mdependent We set 

t = I , ･ ･ ･ , T and ~(o = O without loss of generality since zt mcludes a constant term as 
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deflned below. We suppose that a structural change occurred at time TB (1 < TB < T), 

and that ~) = TB/T is flxed. For the deterministic component, zt, we consider the following 

four cases. 

Case O : a constant with a break; zt = [1,DUt]/, 

Case I : a constant with a break and a linear trend; zt = [1,DUt,t]/, 

Case 2 : a constant with no break and a linear trend with a break; zt = [1,t, DTt]!, 

Case 3 : a constant and a linear trend both with a break; zt = [1, DUt,t, DTt]/, 

where DUt = 1(t > T1~) and DTt = 1(t > TB) x (t - TB) with 1(･) denoting an indicator 

function. The case O corresponds to the model without a linear trend such as an interest rate 

and the purchasing power parity as discussed in Perron ( 1990) and Perron and Vogelsang 

(1992a, b) , whereas the cases I to 3 the model with a linear trend such as the gross domestic 

product and many macroeconomic variables. Perron (1989) called the case I the "crash 

model" while the case 2 the "changmg growth model" . The case 3 allows for a "sudden 

change in leve_1 followed by a different growth path" 

Basically we will investigate the above "additive outlier model" , that is, we suppose that 

a shock affects the observation only at one time, but we will later discuss the case that 

the effect of a structural change pervades the variables with lags, which may be called the 

'innovational outlier model>' . 

We also assume that the break point is known. As discussed in the literature, this 

assumption might be inadequate and the unknown break point emerges. However, when 

the observation obeys a stationary process, the testing procedures for a structural change are 

proposed in the literature and the consistent estimator of the break point has been developed 

and is available. Then, our analysis below can be established using such an estimator even 

with an unknown break point. See, for example, Andrews (1993), Andrews and Ploberger 

(1994) and Vogelsang (1997) for the tests of the structural change, and Bai (1994, 1998) 

and Nunes, Kuan and Newbold (1995) for the consistent estimation of the break point. 

The model (4-1) can be expressed as the vectorized model by stacking each variable, 

y=Zp+x, x=~+u 7 Le u=v, 
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where, e.g., y = [yl , ' ' ' , yT]/ and L is a lower triangular matrix with lower elements 1's, 

- 

 

1
 
O
 [
 

L-
1
 
1
 

To test for the null hypothesis of stationarity with a break, we consider the following 

testing problem: 2 2 Ho : p = (Te (4 _ 2) O vs H p=~~' (T2 

where c is a constant. Then, under the null hypothesis, a2 = O so that {yt} is (trend) 

stationary with a break. On the other hand, under Hl, xt contains a unit root component 

n/ So that {yt} becomes a unit root process with a break. By considering a sequence of the 

local alternatives, not a fixed alternative, we can derive the local limiting power functions 

and we will investigate the properties of the test statistics by drawing such functions. 

3. Testing for Stationarity 

3.1. The LM Test 

For the testing problem (4-2), it is well known that the LM test statistic is proportional 

to y!MLL'My where M = IT - Z(Z!Z)-lZ!. See, for example, Kwiatkowski, Phillips and 

Schmidt (1992) for its derivation. We will consider the limiting distribution of y!MLL/My 

multiplied by T-2. Note that, under the assumption of normality, the LM test is equivalent 

to the LBI test as discussed in King and Hillier (1985). 

Here we allow for dependence of {ut} since the assumption of independence is too re-

strictive. We suppose that 

oo oo ut = ~ajvt_j, ~Ljlajl < oo. 

j=0 j=1 
We also assume that a = ~J~c=0 aj ~ O. Note that a finite-order autoregressive moving 

average (ARMA) process satisfies the above condition. 

Since the limiting distribution of the LM test statistic depends on a nuisance parameter 

as shown in the proof of Appendix 4, we consider the following statistic. 

1 ;_: (t~1 xt , (4 - 3) 
= 

 

1
 ~._ ~~_ ST = ~~2T2 y/MLL My 

5~2T2 
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where 
7(O) + 2 ~ w(i, ~)7(c) 

~2 = (4 - 4) i=1 

with ~(i) = ~tT=1s xtxt+i/T and w(i, ~) = I - i/(L + 1) the Bartlett window for g = o(N112), 

and ~t are regression residuals of yt on zt, 

T -1 T 
~ = _/ 

 

xt yt zt ~ ~ztyt ztzt 

t=1 t=1 
The second expression of (4-3) is convenient for the practical calculation of the test statistic, 

though we mainly use the first expression for the theoretical explanation. 

The following theorem gives the limiting distribution of ST and its characteristic function 

for each case. For notational convenience, we deflne the following functional of a standard 

Brownian motion as a generic form, 

G(~; c2) = J(1 1~(r)2dr - X(~)!A-1X(1~) + c o ~1 (~ ~(s)ds - (r)/A-lX(B)) dr, 
where ~(') is a standard Brownian motion and X(~) denotes a functional of ~('). Since 

the null hypothesis is a special case of the alternative (c = O), we give the result only under 

the alternative. 

Theorem 4.1 Consider the model (~-1). (i) For the cases O ar~d 3, under a sequence of 

local alternatives. H1' 

ST JL> ~)2G(B1; c2~)2/a2) + (1 - ~))2G(B29 c2(1 - (L'2)la2), (4 - 5) 

and its characteristic function is expressed as 

~
 = D ieL;2e + v -LL)462 + 2 c(e; c) VC~~~1~~~~1~~T~cu'4e2 + 2ic2cv4e/a2 i(L'2e ic2cc)4ela2) D -

D ~(1 - (4')2e + -(1 - (A))4e2 + 2ic2(1 - eL))4e/a2 

-1/2 

D 
i(1 - cL;)2e - -(1 - ~))4e2 + 2cc (1 eL))4e/a (4-6) 

- 

)
]
 
,
 

where ~1(') and B2(') are independent ~rownian motions, i = rl, and 

(i-a) for the case O, ~
1
 

X(J~) = ~(r)dr, Z(r) = r, A = 1, 
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Sin ¥/~ 

D(~):= V~ ' 

(i-b) for the case 3, 

X(1~) - foll~(r)dr J ' Z(r)  [[ ~ IJ ' A:= ' 11 1~ ~ olr~(r)dr ~ ~ 
12 )

 
D(A) := ~~ (2 ~ V~SinV~- 2cos~/~ . 

(ii) FOr the cases I and 2, under a sequence of local alternatives' H1' 

ST l> G(B; c2la2), 

and its characteristic function is expressed as 

ip(e'c) ::: [[D (ia + V/JI~;~~~62 + 2ic2ela2) D ~i6 - - 2 ~1/2 , - ~ ( VL~~ll~~~~7~~e2_ + 2ic26/0i2)J , 

where B(') is a standard JBrownian motion and 

(ii-a) for the case 1, 

[ ~ J :=:[ ::= _ ;i, [ 2 2 i2 J
 

j ~(r)dr 1 1-cL' 
X(JB)  fJ, 1~(r)dr Z(r) dt 1-a) 1-a) I ~' A

 
l l-c"2 ~ rB(r)dr 

J
 

,
 

(4 - 7) 

(4 - 8) 

(ii-b) for the case 2, 

fol ~(r)dr r 
::= :=: X(B) fol rJB(r)dr Z(r) 

fcvl(r - ce')1~(r)dr 1(r > c'))(r cv) 

1 (1-(v)2 ~
 A :~ (1-cv) (a'+2) , D(A) := D1(A) +D2(~) +D3(A) ~2 ; (1-6cv)3 (1-_2cv) (1-~') (~;+2) A7/2a)3(1 - cv)3 ' 

with 

D1(A) := Ace)(1 - cv) sin ~1~, 

f' . ~lr~: D A)=:2~sm~/~~~+smVA(1-e'))2 sin~/~( Al/2((4)cosV~:+(1 a))cos A(1 (')) )} 

(
 

D3(A) == A1/2 ~cos ~/~ + cos ~/~~:cos V~7rr~~:A(1 - c'))2) , 

where dtr = 1(r > c')) x (r - eL')' 
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Remark 1: For the cases O and 3, the limiting distribution is expressed as the sum of two 

independent functionals, G(~1) and G(~2), so that its characteristic function is expressed 

as the product of two characteristic functions. This is because the test statistic ST can be 

expressed as the sum of two functions, one is a function depending on the observation before 

the break and the other is after the break. See the proof of Appendix 4. Since ST for the 

cases I and 2 can not be expressed in such a form, its characteristic function becomes a little 

complicated. Though the limiting distributions for the cases O and 3 can also be expressed 

as (4-7), the expression (~5) may be more intuitive to understand why their characteristic 

functions have the form as (4-6). 

Remark 2: Under the null hypothesis, c = O so that ST converges in distribution to 

~)2 (~1 B1(r)2dr X(Bl) A X(~ )) + (1 (/))2 B2(r)2dr - X(~2)/A~1X(B2) 

l _ 
~
1
 (4 - 9) 

for the cases O and 3, and 

~1 B(r)2dr - X(~)/A-1X(~), (4 - 10) 

for the cases I and 2. And their characteristic functions can be expressed more compactly 

as 

-1/2 
4 _ 11) 

c(g) [D (2zcL;2g) D (2i(1 - eL))2e)] , 

for the cases O and 3, and 

c(e) = [D (2ie)]~1/2 (4 _ 12) 

for the cases I and 2. 

Remark 3: Though the proof of Theorem 4.1 depends on normality of disturbances, the 

null distribution can be derived only with i.i.d. assumption on {vt}. For example, Iet us 

consider the case O. From the second equality of (4-3), ST = T-1 ~3T=11 (~-1T-1/2 ~~~=1 xt)2 

and as m the proof we can see that ~-1T-1/2~[Trl] ~t ~~ B(r) - Z(r)/A-1X** E V(r) 

with X** = [~(1), ~(1) - ~(c,))]/ under Ho. Then, using the continuous mapping theorem, 

ST converges in distribution to fol V(r)2dr, which is another expression of the limiting 

distribution different from (4-9). Here we used the invariance principle and then we have 
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only to need the i.i.d. assumption, so that whether normality is assumed does not affect the 

limiting distribution. In this sense, the percentiles of the null distribution tabulated below 

can be used for the model with the more general assumption of disturbances. 

From the above theorem, we can obtain the distribution function F(x) in each case by 

inverting the characteristic function. Since the limiting distribution is nonnegative, we can 

calculate the percent points by numerical integration, using L6vy's inversion formula, 

1 foo I - e~s6x l 
= 

 

F(x) 7r jo Re ie (4 ~ 13) ip(6; c)J de. 

Especially for the null distribution, we set c = O, that is, we use the characteristic function 

(4-11) or (4-12). 

Tables la-Id report the percent points for the cases O to 3. Since, as we can see from 

the characteristic function, the limiting distribution when c,) = cLf is the same as when 

cv = I - c()*, that is, it is symmetric around cL' = 0.5, we tabulate percentiles only for (A) = 0.1, 

0.2, 0.3, 0.4 and 0.5. For a) > 0.5, we can refer to the tables corresponding to I - cL;. 

From the tables, we can see that, for the cases O, 2 and 3, the more centered the break 

point is, the further is the distribution functio~l located to the left. But the properties of 

the distribution for the oase I is different from the others. When cv increases from 0.1 to 

around 0.3, the distribution shifts to the left, whereas as cL, goes up to around 0.5, it moves 

back to the right. 

As in the case of the null distribution, the location of the break point, a), also affects 

the limiting power properties. The limiting power function can also be calculated by the 

numerical integration and is given by I - F(x) as a function of c. Figures la to Id draw the 

power functions for cv = 0.1, 0.2, 0.3, 0.4 and 0.5. As in the case of the null distribution, 

the properties for the cases O, 2 and 3 are similar when c is close to O. For these cases, the 

power for the smaller ~) dominates that for the larger cv (~ 0.5) near the null hypothesis. 

On the other hand, for the case 1, the power function for a) = 0.1 is located higher than 

that for a) = 0.3, but the case of c4) = 0.5 is most powerful among flve values of a) when c is 

close to O. These properties seem to be only for the small values of c and as c increases, the 

above relation does not hold. 
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Next we compare the limiting power functions of four cases for a fixed ev. Figures 2a-2e 

draw them for u) = 0.1, 0.2, 0.3, 0,4 and 0.5. As in the many other tests such as the Dickey-

Puller test, the more complicated the deterministic term becomes, the less powerful is the 

test statistic. We can see that the power function of the case O dominates the other three 

cases, and the test in the case 3 is least powerful. These differences among power functions 

tend to diminish as the value of a) decreases to 0.1, and especially when cL, = 0.1, the power 

functions of the cases 1, 2 and 3 are almost the same, though the power of the case O still 

dominates the others. 

3.2. The Test Independent of the Break Point 

As we can see from Theorem 4.1, the limiting distribution of the LM test statistic depends 

on the break point and then we tabulated the percent points of the null distribution for 

several cL"s. In this section, we consider the test statistic whose limiting distribution does 

not depend on the value of cL' . We can construct such a test not for all cases but only for the 

cases O and case 3, that is, for the cases when there is one time break in all deterministic 

components included in the model. Then we consider only the cases O and 3 in this section. 

Fundamentally our method is the same as Park and Sung (1994). 

Firstly we make the weighted variable y~ following the idea of Park and Sung (1994). 

T/T~yt : t = 1,...,T~, 
yt- T/(T-TB)yt : t=TB+1,..., . T

 

Then, using this variable, we construct the following statistic, which we call the PS statistic. 

SPs I ~:: (Lt=~ x 

*= 

 

T = 
21_T2 y*/MLL My 

~2T2 .= = t , 

where ~2 is defined in (4-4) and ~t are regression residuals of y~ on zt, 

T -1 T 
-* *- 

 

xt = yt ~ ztz ~ ztyt z
 

t=1 t=1 
The following theorem gives the limiting distribution of the PS statistic and its characteristic 

f unction. 
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Theorem 4.2 Consider the model (4-1). For the cases O and 3, under a sequence of local 

alternatives, H1' 

SPTS l~ G(~1; c2eL;2la2) + G(~2; c2(1 - cL')2la2), 

and its characteristic function is expressed as 

) ( -1/2 (4_14) VI~TT~~~~~) J D ie+V~~TT~~~~~~ D ie =[( - - -ip(6; c) 

x 
LD (~e + Ve2 + 2ic2(1 - ce')26)D(i6 - - 2 ~1/2 VL~~ll~~~~T~l~~~~9'_ + 2ic2(1 - a))2e)] , 

where G(~1)' G(~2) and D(~) are defined as in Theorem A.1 (i-a) and (i-b) for the cases 

o and 3; respectively' 

Remark 4: Though the above limiting distribution depends on the value of cL' under H1, 

we have, for c = O, 

SPT' ~> (~I ~1(r)2dr - X(1~1)/A~lX(~1)) + (Jf ~2(r)2dr - X(~2)'A~1X(~2)) , 

and ip(6) = [D(2ie)]~1, so that the null distribution does not depend on the break point. 

Remark 5: Note that when a) = 0.5 for the cases O and 3, the characteristic function of 

the LM test (4-6) has the same structure as that of the PS test (4-14). Then, the PS test 

is equivalent to the LM test when the break point is located at center of the sample. 

As in the case of the LM test, we can calculate the percentiles of the PS test under Ho 

by numerical integration using the inversion formula (4-13). Table 2 reports each percent 

points of the PS test for the cases O and 3. As in the case of the L~ test, the limiting 

distribution of the case O is located to the left compared with that of the case3, though both 

distributions of the PS tests are shifted to the right in comparison with those of the LM 

tests. 

Though the null distribution does not depend on the break point, it depends on cL) under 

a sequence of local alternatives as shown by Theorem 4.2, so that the power depends on 

the location of the break point. Figures 3a and 3b draw the limiting power functions of the 

PS tests for the cases O and 3. Again, as the characteristic function is symmetric around 
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cL, = 0.5, we consider only for the cases of ~) = 0.1, 0.2, 0.3, 0.4 and 0.5. The relation among 

ery similar to the case of the LM test. That is, the power function power functions are v 

corresponding to the smaller value of cL; dominates that corresponding to the larger value of 

~). However, the difference among the values of c,) is not so much as the LM test for both 

cases O and 3. 

Now we have two test statistics, ST and SPTs, for the cases O and 3. Then, our interest is 

the difference of the powers of their limiting distributions and whether one dominates the 

other in view of the power. Figures 4a-4d depict the limiting power functions of the LM test 

and the PS test for the case O and Figures 5a-5d for the case 3. From Figures 4a and 4d, we 

can see that the power of the LM test dominates that of the PS test when c,) = 0.1, whereas 

when c() = 0.4, such a relation holds for small values of c but that relation is reversed when 

c increases over 8, though the difference between their powers is slight. Since the LM test 

is LBI, the dominance of the LM test local to the null can be seen as a theoretical result. 

As discussed in Remark 5, their power functions are completely the same when a) = 0.5 and 

then the PS test can be seen as the LBI test in such a case. For the case 3, the relation 

between the LM and the LBI tests are very similar to the case O. 

3.3. The Innovational Outlier Model 

Until now we have investigated the additive outlier model, with which the structural change 

affects the observation only at one time. Here we discuss the innovational outlier model, 

that is, we consider the case when the shock is gradual. 

Let us consider the following model. 

yt = zltpl + ip(~)(z2tp2) + xt, (4 - 15) 

where zlt = I or [1,t]/, z2t = DU;t, DTt, or [DUt,DTt]' according to the cases O to 3, 

ip(~) = I + ~l~ + ･ ･ ･ + apml~m is an m-th order lag polynomial, and xt is defined as in the 

model (4-1). By introducing the lag polynomial ap(1~), the shock of the structural change 

affects yt gradually with lags. 

To test the null of stationarity with a break, we put zt = [zit, z~i]/ with z2t = [z~t, z~t_1' ' ' ' 

and, as in the case of the additive outlier model, construct the test statistic as (4-3). 

89 

' Z~t_m] 



To consider the limiting distribution of the test statistic, we investigate ~t, regression 

residuals of yt on zt. Note that we can write 

~(~)DUt = noDUt + d(t, TB)n', 

ap(1~)DTt = ~oDUt + ~/lDTt + d(t, TB)~/*, 

where no, n' = [nl, ' ' " nm]/, ryo, nrl, and n/* = [~2, ' ' ' , nrm+1]/ are implicitly defined and 

d(t, T1~) = [D(TB)t, ' ' ' , D(TB)t_m] with D(TB)t = 1(t = TB + 1). Some elements of n* and 

~/' might be zero. Then, ~t is equivalent to regression residuals of yt on zt , where 

zt* = [1,DUt,d(t,TB)]' for the case O, 

zt' = [1,t,DUt,d(t,TB)]/ for the case 1, 

zt* = [1,t,DUt,DTt,d(t,TB)] for the case 2 

zt' = [1,t,DUt,DTt,d(t.T~)]' for the case 3. 

However, since d(t, T1~) is asymptotically negligible, ~t can be seen as regression residuals of 

yt on zt* = [1, DUt], [1,t, DUt], [1,t, DUt, DTt], and [1,t, DUt, DTt] for the cases O, 1, 2 and 

3, respectively. Then, for the cases O, I and 3, the limiting distributions of the test statistics 

with the innovational outlier model are the same as those with the additive outlier model, 

whereas, for the case 2, the limiting distribution is the same as in the case 3. Then, if we 

investigate the time series with the innovational outlier model, we can refer to Tables la, 

lb, Id, and Id for the cases O, 1, 2, and 3, respectively. 

4. Finite Sample Properties 

In this section, we investigate the flnite sample behavior of the LM test statistic ST and 

the PS test statistic STPS for the sample size T = 100 and 200. Since the test statistics are 

invariant to p, we consider the following data generating process (D.G.P.) for all cases. 

yt = 7t + ut, 7t = nrt_1 + ct ut aut I + vt (4 - 16) 

where et - NID(O, p), vt - NID(O, 1), {ct} and {vt} are independent, n/o = O and uo = O. 

The size of the test depends on a and a) whereas the power is affected by p as well as 

those parameters. We set a = O, ~0.2, ~0.5 and ~0.8, cL' = 0.1 to 0.9 step by 0.1, and 
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p = 0.01, 1, and 100 In additron both the slze and the power depend on the lag truncation 

number ~ in the equation (4-4), we consider the three values of ~ as a function of T: ~0 = O, 

~4 = [4(T/100)114], and L12 = [12(T/100)114], as in KPSS (1992). The number of replication 

is 1,000 in all experiments, performed by the GAUSS matrix programming language. 

Table 3a reports the empirical sizes of the LM test and of the PS test. The rows 

corresponding to c() = 0.1 to 0.9 are the size of the LM test, and those to "PS" are the size of 

the PS test. Since we used the upper 5% point as the critical value, the nominal size of the 

test is 0.05. From the table, we can see that the size of the LM test is much affected by the 

persistence of the stationary error, a, and the lag truncation number, ~. As a whole, there is 

tendency of the over-rejection when the value of a goes to I and of the under-rejection when 

a is a negative value. We can also say that when the absolute value of the AR parameter, 

lal, is large, we need the longer lag truncation number to obtain the empirical size close to 

0.05. The empirical size of the PS test also depends on the above parameters but not so 

much compared with the LM test, and seems stable especially when the sample size is 200. 

Tables 3b-3d show the simulation results for the cases I to 3. They are similar to the 

case O and the relative performance of the tests is preserved. But for the case 3, the longer 

lag truncation number does not necessarily contribute to the correction of the size distortion 

and tends to cause the over-rejection of the LM test when T = 100 and of the PS test. 

Tables 4a-4f report the power of each test (not size adjusted) . For each c,), we consider, 

as the D.G.P., not only the error components model (4-16) but also the pure random walk 

model, yt = 7t, whose result corresponds to the rows labeled "R.W." 

Table 4a shows the empirical power of the case O. The power increases when the sample 

size becomes large whereas it tends to decrease when we use the longer lag truncation 

number, except for the case when p = 0.01 and a is negative. We can also see that the 

larger value of the signal to noise ratio, p, entails the higher power. For a large value of 

p, the power of the test does not depend on a, especially when p = 100. This is because 

the large value of p means that the nonstationary behavior of the process, n(t, dominates 

the stationary one, ut. On the other hand, when p = 0.01, the empirical power much 

depends on the value of a. Note that when a = O, the lag truncation number ~0 is chosen, 
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and the sample size is 100, the powers, for example, for cv = 0.2 and 0.8 are 0.477 and 

0.491, respectively, which are larger than 0.413 for cL' = 0.5. Though we should carefully 

compare the powers since they are not size-adjusted, the above comparison is adequate 

since the empirical sizes for these cases are close to 0.05. This result is consistent with the 

previous section, that is, the limiting power is higher when the break point is not the middle 

but the ends of the sample for the case O when c is close to O (and when p is small). In 

addition, we can see that the above values, 0.477, 0.413, and 0.477 are not so far from the 

theoretical limiting powers, 0.513, 0.452, and 0.513 corresponding to the case when c = 10 

(p = c2/T2 = I0211002 = 0.01). We also note that the powers for a) and I - a) is very close, 

which is also indicated in the local limiting power analysis. 

As is shown in Tables 4b-4f, we can see that the similar properties are established for 

the other cases. 

5. Empirical Results 

In this section, we apply the testing procedure developed in the previous section to the data 

series of Nelson and Plosser (1982). The Nelson Plosser data are used in various studies, 

and, especially, the existence of a unit root is one of the interesting issues and was analyzed 

in Perron (1997) and Zivot and Andrews (1992), assuming trend stationarity with a break 

under the alternative. Their results are very similar, that is, with the model corresponding 

to our case 1, the unit root hypothesis is rejected for 5 out of 11 macroeconomic time series, 

real GNP, nominal GNP, industrial production, employment and nominal wages, weakly 

rejected (at 10% Ievel) for real per capita GNP, and, with the model corresponding to our 

case 3, the null of a unit root is rejected for common-stock prices. Here we should keep 

in mind that, though their tests are designed to have the power against the stationarity 

alternative, the rejection of a unit root hypothesis does not necessarily indicate stationarity 

of the series since the tests will have the power in detecting more general alternatives. Then, 

once the null of a unit root is rejected, our next interest may be whether the rejected time 

series are well specified as a stationary model with a break. We apply the tests proposed 

in the previous section to the above 7 macroeconomic time series as well as unemployment 

rate originally investigated in Nelson and Plosser (1982). 
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Firstly we should investigate whether the model with the structural change is adequate 

to these time series. Vogelsang (1997) proposed the conservative test for the null of no 

structural change for the I(O) or I(1) model and applied it to the Nelson Plosser data. For 

our 8 time series, their results indicate that the null of no break is rejected for nominal 

GNP and industrial product, weakly rejected for unemployment rate and common-stock 

prices, but is not rejected for the other 4 time series. However, since the Vogelsang's test is 

conservative, the null hypothesis may be accepted too much often. In fact, its conservative 

critical value is derived with the unit root model and, if the model is known to be the I(O) 

process, the critical value becomes more liberal (smaller than the conservative one). As 

mentioned above, the unit root model seems not adequate for our 8 time series and if we 

apply the critical value corresponding to the stationary model (Table I in Vogelsang, 1997), 

the null of no break is rejected for all of our time series, except for employment. Then, more 

or less, the no-break model seems not to be a good specification for those 7 time series, for 

which we proceed to test for the null of stationarity with a break. 

Next we estimate the break point. We use the consistent estimator of the break point 

proposed in Nunes, Kuan and Newbold (1995). Note that it is enough for the estimator to 

be consistent under the assumption of stationarity (not under the alternative of a unit root) 

for our purpose, because we can see that the tests proposed in the previous section have the 

non-trivial power for the unit root model even when the break point is misspecified. The 

third and fourth columns in Table 5 report the estimated break point, TB, and the fraction 

of the break, cL), respectively. The estimated break dates are around either 1929 or 1940. 

Now using the above estimates of the break point, we apply the test for the stationarity 

with a break for 7 time series. The model of the case I is used for all the series except 

for common-stock prices, to which the model of the case 3 is applied. As was seen in the 

previous section, the test depends on the lag truncation number ~, we calculate the statistics 

for ~ = g4 and ~12. We also calculate the PS test statistic for common-stock prices. From 

the table, we can not reject the null of stationarity for unemployment and common-stock 

price, whereas for real GNP, nominal GNP and nominal wages, there is a weak tendency 

against stationarity, but, since the tests tends to over-reject the null from the finite sample 

simulation of Section 4 when we use g4 as the lag truncation number, the stationary model 
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with a break may be adequate for these series. On the other hand, there is a strong tendency 

of rejection of stationarity for the real per capita GNP and industrial production. Then, 

for these series, both the null of a unit root and stationarity are rejected, and the further 

investigation may be required for them, possibly trying other models than the simple I(O) 

and (1) models. 

6. Conclusion 

In this chapter, we developed the testing procedure for the null hypothesis of stationarity 

with a break against nonstationarity. We proposed the LM test and also the PS test which 

does not depend on the fraction of the break point, cL,, under the null hypothesis. The 

local limiting power is also investigated and the tests are shown to be consistent against 

the alternative of a unit root. The simulation experiment reveals that the finite sample 

properties depend on some parameters and, especially, we should be careful in selecting the 

lag truncation number. By applying our tests to the Nelson Plosser data, some of the time 

series for which the null of a unit root is rejected in Perron (1997) and Zivot and Andrews 

(1992) are well specifled as the stationary process with a break, but the others are not. 

Though the several testing procedures are proposed to test for the null of a unit root 

against stationarity with a break, our tests suppose the null of stationarity. Then, they do 

not compete but complement each other to investigate the persistence of the time series. 
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Appendix 4. 

Proof of Theorem 4.1: Firstly we prove (4-5) and (4-7). Since we can easily see that 

~ 

 P = a2 cr2 under Hl ' where -~ denotes convergence in probability, we can re-deflne 

a -~a 
ST = a~2T-2y/MLL/My instead of (~~3) as far as the limiting distribution is concerned. 

(i) Let us consider the case O. Since [1 - DUt,DUtl spans the same space as [1, DUt], we 

can replace zt = [1, DUt] by zt = [1 - DU:t, DUt] and then replace the orthogonal projection 

matrix M by M* = diag{M(L, Mb}, where Ma and Mb are the TB XTB and (T-TB) x (T-T~) 

orthogonal projection matrices on a constant, zat = I and zbt :~ 1, respectively. Then, we 

have the relation L/My = L/M*y. Hereafter9 we use the subscripts a and b to denote 

that the vector or the matrix is associated with the data before a break and after a break, 

respectively. 

T The typical j-th element of LIM*y is ~ ~ but from the property of the regression, we 
t= j 

can see that ~tT=TB+1 xt = O so that ~ ~~tT_BJ x for J ~ TB. Then, we have ~ j xt = 

~Tt-1 xt TB ~ ~
~
 
t=1 xt 

L!M*y = - ~;tT-TB ~t 
= 

[
 
=
 

/
 
J
 

~TB L/~ 
~ ;tT=TB+1 xt ~Tt=TB+1 xt O Lb ~b 

XT XT (4 - 17) 

where La and Lb are the TB X TB and (T - TB) x (T - TB) matrices with the same structure 

as L, L* = diag{La' Lb}, ~a = [~l' ~T13]/ and ~b = [~TJ3+1 

Next we decompose the stationary component ut as 

ut avt + vt_1 - ~t, 

where ~t = ~ ~~o ajvt_j with ~j = ~koo=j+1 ak. Then we can write the stochastic component 

of yt as xt = n/t + avt + ~t_1 - ~t, of which the last two terms are asymptotically negligible. 

Noting that under H1' nrt + avt - N(O, a~(a21T + pLL/)), we have, using the relation 

(4- 1 7) , 

ST = I x!M*L.L~M.x 
a2T2 
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　　　　　　　　　　　　　　　　4σ穿2ン’（α2∫T＋ρLL’）1／2螂・収（α2∫T＋ρ五L’）1／2レ＋・P（・）

　　　　　　　　　　　　　　　　塁σ穿2y’収（α2毎ナρLL’）M・L・レ＋・P（・）

　　　　　　　　1　　　　　　　c2
　　　　　　一西魂M＊砂＋α2T4y’4M＊LL／M＊砂＋・P（1），　　（4－18）

whereレーレ5，y舌］’～N（0，毎）and4den・tesequalityihdistributi・n。Thethirdrelati・n

holds　because　of　normality　ofレ。From七he　definition，we　have

　　　　　　　　　　　鵜一［L學轟。］・　（4一・9）

In　addition，in　the　same　discussion　as七he　equation（4－17），since砿L＊ンis　the　regression

residual　of　L＊レon　the　space　sp＆nned　by［1一五）U乞，PU乞1，the　following　equiv＆lence　holds、

　　　　　　　　　嵐属［蹴H躍謝・　（4－2・）

Using（4－18），（4－19）and（4－20），the　LM　test　statis七ic　is　expressed　as

　　　　　　　ST4轟・a｛幅＋α券2（幅）2／％

　　　　　　　　　　　＋轟ン1｛ゐ陥＋α券2（ゐ隔）2｝砺＋％（・）

　　　　　　　　　＝SαT＋SδT＋・P（1），say・　　　　　　　　　（4－21）

Since殉andレb　are　independent，we　can　investiga七e　the　limiting　distribu七ions　of　Sαand　Sわ

separately．W6first　consider七he　limiting　distribution　of　SαT，Denoting　theかth　element　of

Lαレαasηα亡，we　have

　　　　　　　　　　　　　　　　　　　［窃7】　　　　　　　　　　　　1　　　　　1　　　　d　　　　　　　　　　　砺η・阪］＝砺暑り→酬，

whereβ1（・）is　a　standard　Brownian　motion　and回denotes　the　larges七integer≦p．W6can

a，1so　see　tha七

　　　　　鎗　ム沌1酬診≡卿套卿一・≡へ

whereT一巧1／2．Then，

霧4　一繕・飛套　・）（套　T）雑丁一）

　　　　　　　　踊1B・（T）24T一卿A一・X（B・）・　　　（生22）
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Next , denoting regression residuals of nat on zat as ~at ' we have 

1 [Ti3r] [TBr] [TBr] TB I TB 
- ( ) ( = 

 

1
 T3/2 ~ T zat z~t T ~ T zatnat ~

]
 

~
 

z
L
t
 
T
 

~
;
 

nat nat TL~312 

t=1 t=1 JL ~ t=1 t=1 t=1 
d ~r --~ Bl (s)ds - Z(r)!A-1X(~1)' 

Since the typical t-th element of L~MaLava = TB := ~ ~);~~~aj because L~~a is ~ ' ~aj 
3=t 

~T3~l ~j ::: O in the same reason as (4-17), we have 

a2TB4v~(L~MaLa)2va ::: 2 :~: (3 ~cLj)2 / 1 2 c ~_ ~.=1 
a2TB4 t 

2 rl r d (~ Bl(s)ds - Z(r) A X(~1)) dr (4 23) 
--> ~JO o 

From (4-22) and (4-23), we obtain 

TB2 1 T4 c2 SaT == ~ ~vf Lf MaLava + ~: a2TB4 v~(L~MaLa)2va 
T2TB2 a a 

2 1 1 2 ~ (~r } d ~ (r)2dr - X(~ )/A-lX(~l) + c2aa)2 1 1~1(s)ds - Z(r)/A-1X(~l))2 dr 
{
~
 

-~cv 
== ~)2G(~I ; c2a)2la2) . 

Completely in the same way as SaT' we obtain SbT l> (1 - a))2G(~2; c2(1 - c'))2la2) 

with T = (T - TF)-1/2 where ~2(') is a standard Brownian motion independent of ~1 (')' 

and then (4-5) iS established' 

For the case 3, we can replace zt := [1,DUt't,DTt] by zt ::= [1 - DUt'DUt' 1(t ~ 

T13) x t, DTt] and then replace the orthogonal projection matrix M by M* ::= dia9{Ma' Mb}, 

where Ma and Mb are the orthogonal projection matrices on a constant and a linear trend, 

zat = [1,t] and zbt ::: [1,t] , respectively, Then, in an analogous way as the case o, putting 

T = dia9{T1~:~1/2,T~3/2} or dia9{(T - TB)-1/2, (T - TB)-312}, the relation (4-5) can be 

established' 

(ii) For the cases I and 2, we can not decompose M as diag{Ma' Mb}. But in the same way 

as (4-18), we have, 

a2 ST ~ v vl(a21T +pLL')1/2MLL/M(a21T+pLL/)1/2~/+0p(1) 
cr2T2 
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i (T2 VIL!M a21T + LL' MLV + op(1) 
(T2T2 ( P ) 

1 c2 v/ (L/ML)2v + op(1) . (4-24) = -v/L/MLv+ a2T4 T2 

We also have, as (4-22) and (4-23), 
~
1
 

1
 -V!L'MLV ~> ~(r)2dr - X(~)!A-lX(~), 
T2 

and 

= 
r
 

a2T4v/(L/ML)2v a2~4 ;_: (3 nj d c2 1 (~ ~(s)ds - Z(r) A X(~)) dr 
- -~~;~~ ~_ ~.=1 

using T-1/2 ~)lTrj vt ~> L~(r), where ~(') is a standard Brownian motion and ~t Is con-

structed as ~at with the full sample. Then, (4-7) is established. 

Next we derive the characteristic function of the limiting distribution. Note that, in 

general, as shown in Theorem 5.13 of Tanaka (1996), if S*T rs defined by 

1 nr = v/~ v + -v/~2 v S'T ~ T T2 T ' (4 ~ 25) 
where v [vl' ' ' " llT]!, {vt} - i.i.d.(O, 1) and BT Satisfies 

l (j h~ l
 

lim axll~T(j,k) - K ~~'~) = ' (4~26) O
 T-oo j'k 

with K(s, t)(~ O) a symmetric, continuous and nearly deflnite function, Lemma (2.3) can 

be applied to S'T. Then, we have only to check (4-25) and (~~26) so as to apply Lemma 2.3 

to ST. 

(i) For the cases O and 3, cL;~2SaT has the same expression as (4-25) with ~T = TB IL~MaLa 

and n( = c2ev2la2. Moreover, from some algebra, we can see that the (j, k)-th element of 

TL? IL~MaLa is expressed as K(jITB, kITB) + O(T~~1) with 

K(s,t) = min(s,t) - st, and K(s,t) = min(s,t) - 4st + 3st(s + t) - 3s2t2 

for the cases I and 3, respectively, so that both K(s, t)'s satisfy the condition (4-26). Then, 

by Lemma 2.3, the characteristic function of the limiting distribution of SaT is given by 

Tli_.moQ [etes.T = Iim [ei(a)20)(cv~2s~T)] J
 T-eO 

( ,., ' o^'-" ' - '~ = D ice'26 + Vu)4e2 + 2ic2c')4610i2) D Vu)4e2 + 2ic2a)46/a2 ieL)2e ,., ' o'- ' ' - ' 
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where the Fredholm determinants of Ko(s, t) and K3(s, t) are given in the Theorem 4.1, as 

shown by Theorern 6 of Nabeya and Tanaka (1988) and by the equations (5.34) and (9.94) 

of Tanaka (1996, p.139 and p.369). 

The characteristic function corresponding to SbT is obtained similarly, and since SaT 

and SbT are independent, we have the expression (4-6). 

(ii) For the case 1, ST in (4-24) has the same expression as (4-25) with 1~T = T-lL/ML and 

n/ = c2/a2 and we can flnd the kernel K(s, t) satisfying the condition (4-26). Then the next 

step is to find out the Fredholm determinant of K(s, t). Here note that the characteristic 

function of the limiting distribution of S'T m (4-25) with n/ = O is given by [D(2ia)]-1/2 as 

in Lemma 2.1. Then, if we derive the characteristic function of the null distribution of ST 

corresponding to the case when c = O, we can obtain the Fredholm determinant D(A). 

To derive the characteristic function under the null, we follow the method used by Perron 

(1991), and use the expression of the limiting distribution (4-7) with c = O. Denote by uB 

and uY the measures induced by the processes ~(･) and Y(.) which is generated by the 

following stochastic differential equation: 

dY(t) = -bY(t)dt+ d~(t), Y(O) = ~(O) = O. 

Then the measures ktB and ,~Y are equivalent and the Radon-Nikodym derivative d,~B /d,hY 

evaluated at y is given by 

duL~/dkeY(y) exp [[bJf y(t)dy(t) + b2/2J( y(t)2dt] . 

See, for example, Liptser and Shiryayev (1977) and Theorem 4.1 of Tanaka (1996). Then, 

we obtain 

c(6;O) = E 
exp{eJ( ~(r)2dr eX(1~) A X(B) / -1 ]

 [ f ~ ~~~ Y(t)2dt}J 
b
2
 
1
 

E exp e 

 
Y
(
r
)
2
d
r
 
-
 
e
X
(
Y
)
/
A
-
l
X
(
Y
)
 
+
 
;
(
Y
(
1
)
2
 
-
 
1
)
 
+
 

r fb e~b/2E Lexp I ~ eX(Y)/A-1X(Y) }] Y(1)2 -

e~b/2E [exp {F/AF}] 

ebll 2~AI ~1/2 ( - ) , 
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wherewepu七b2一一2θ，F一［y（1），X（y）’1ノ，且＝d乞α9｛b／2，一θA－1｝，andΣisthevariance－

covariance　matrix　of　F．The　last　equali七y　follows　from　normality　of　F．Making　use　of　the

c。mpu七erized　algebraMAPLEV，we　obtainthe　characteristic　functionφ（θ10）＝P（2乞θ）一1／2

where－D（λ）is　given　in　Theorem4ユ．

　The　characteris七ic　func七ion　for　the　case2can　be　obtained　similarly　and　we　omit　the

proo£巳

Proof　of　Theorem4．2：As　in　the　equation（4－21）ofthe　LM七est　sta七istic，we　have

　　　　　　S絆訓幅＋α券・（幅）2／ぜ

　　　　　　　　　　＋訓韓b＋α券2（興b）2｝ず＋・p（・）

　　　　　　　　　；　　S盤十S那十〇P（1），　sayラ

whereレ85＝T／TBンαand婿3＝T／（T一窃）レb，Thenシ

S差多一■“ムL、耶、ン、＋02唱⊥レ乙（嘔L。）2レ。

　　　　　唱　　　　α2T2場
　　　ム％1B・（7）2…（B・）ノAX（β・）＋暫1（だβ・（5）dε一Z（r）’A一・X（β・））2d7

　　　一σ（B、IC2ω2／α2）．

Similarly，

S静沌1B2（7）2d7－X（B2）’AX（B2）＋c2（1壽ω）2蕗1（倉2（8）d8－Z（7）’A一・X（B2））247

　　　＝σ（B21・2（1一ω）2／α2），

and　then　the　limiting　dis七ribution　of　S饗can　be　derived。

　　The　characteris七ic　func七ion　of七he　hmi七ing　dis七ribu七ion　is　obtained　in　an　analogous　way

as七he　LM七est　and　we　omit七he　proo£□

100



Table la. Percent Points of the Null Distribution of the LM test: Case O 

Table lb. Percent Points of the Null Distribution of the LM test: Case 1 

Table lc. Percent Points of the Null Distribution of the LM test: Case 2 

Table Id. Percent Points of the Null Distribution of the LM test: Case 3 

Table 2. Percent Points of the Null Distribution of the PS test 
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Table3a，。The　Size　of　the　Case　O

α 40
Tニ100
　ピ4 412

　　　　T

0
＝200
4 ピ12

ω＝0．1

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，794

，356

，108

，039

，013

，000

，000

0，256

，089

，047

，040

，031

，022

，002

0，101

，053

，044

，044

，042

，029

，014

0，845

，346

，122

，044

，009

，002

，000

0，283

，097

，062

，050

，036

，020

，002

0，122

，062

，056

，048

，045

，039

，018

ω＝0．2

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，814

，356

，117

，049

，014

，000

，000

0，253

，098

，057

，038

，032

，021

，001

0，107

，068

，055

，046

，036

，027

，022

0，864

，359

，122

，040

，012

，001

，000

0，287

，091

，049

，040

，031

，017

，006

0，110

，072

，055

，050

，040

，030

，016

ω＝0．3

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，862

，399

，124

，048

，013

，000

，000

0，263

，089

，056

，044

，038

，021

，000

0，114

，057

，052

，045

，037

，035

，019

0，921

，412

，129

，047

，011

，000

，000

0，308

，106

，057

，047

，033

，017

，003

0，113

，067

，052

，050

，047

，039

，023

ω＝0。4

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，929

，478

，153

，054

，014

，000

，000

0，277

，101

，053

，041

，032

，025

，002

0，105

，062

，055

，050

，047

，044

，033

0，953

，502

，129

，038

，009

，000

，000

0，347

，090

，050

，038

，031

，011

，002

0，098

，053

，044

，041

，038

，025

，014

ω＝0．5

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，934

，514

，179

，056

，011

，000

，000

0，323

，113

，054

，038

，029

，018

，003

0，064

，044

，041

，035

，032

，027

，023

0，958

，508

，138

，037

，005

，000

，000

0，365

，096

，045

，034

，022

，015

，001

0，075

，038

，031

，031

，030

，025

，018
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Table3a．The　Size　of　the　Case　O（continued）

α
召0

7「＝100

　乏4 412 40
T・＝200

　乏4 412

ωニ0．6

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，922

，498

，164

，047

，016

，000

，000

0，305

，103

，055

，040

，034

，018

，002

0，085

，060

，051

，049

，044

，034

，018

0，953

，473

，139

，045

，008

，000

，000

0，326

，105

，059

，042

，032

，015

，001

0，095

，052

，045

，040

，036

，030

，018

ω＝0．7

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，876

，419

，144

，054

，013

，001

，000

0，280

，106

，058

，046

，036

，022

，002

0，110

，065

，059

，049

，043

，035

，019

0，916

，396

，123

，045

，010

，000

，000

0，274

，101

，057

，042

，037

，027

，000

0，105

，061

，050

，046

，045

，039

，025

ω＝0．8

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，833

，392

，130

，043

，013

，000

，000

0，291

，101

，058

，039

，028

，Ol5

，001

0，122

，056

，039

，034

，031

，023

，014

0，866

，359

，115

，040

，011

，000

，000

0，266

，095

，049

，039

，029

，019

，001

0，101

，054

，043

，038

，037

，029

．Oio

ω＝0．9

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，806

，353

，111

，035

，008

，000

，000

0，276

，083

，047

，032

，022

，014

，001

0，088

，047

，033

，031

，024

，019

，008

0，846

，376

，122

，045

，010

，001

，000

0，289

，092

，052

，040

，030

，017

，003

0，098

，048

，039

，035

，032

，028

，017

PS

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，763

，377

，138

，056

，013

，000

，000

0，113

，058

，057

，057

，054

，046

，021

0，010

，051

，084

，099

，114

，143

，187

0，866

，449

，165

，054

，012

，000

，000

0，203

，092

，064

，058

，048

，029

，006

0，055

，067

，077

，084

，083

，083

，078

103



Table3b．The　Size　of七he　Case1

α 40
T＝100
　44 412 40

T＝200
　乏4 412

ω＝0．1

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，964

，541

，190

，058

，011

，000

，000

0，377

，139

，078

，061

，042

，021

，003

0，140

，085

，074

，064

，061

，052

，031

0，978

，565

，146

，047

，011

，000

，000

0，395

，103

，060

，044

，034

，019

，003

0，120

，056

，047

，044

，040

，033

，024

ω二〇．2

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，968

，611

，197

，067

，008

，000

，000

0，358

，120

，069

，053

，040

，028

，001

0，126

，079

，077

，073

，069

，071

，053

0，989

，617

，161

，039

，008

，000

，000

0，413

，111

，054
．04玉

，027

，017

，001

0，113

，066

，051

，043

，038

，031

，018

ω＝0．3

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，978

，634

，205

，061

，011

，000

，000

0，364

，115

，063

，048

，039

，023

，004

0，102

，081

，080

，080

，084

，077

，067

0，993

，636

，153

，039

，008

，000

，000

0，445

，103

，050

，038

，032

，015

，003

0，100

，053

，048

，043

，041

．03王

，017

ω＝0．4

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，951

，552

，160

，056

，014

，002

，000

0，322

，107

，058

，046

，038

，019

，006

0，126

，091

，076

，074

，063

，062

，034

0，982

，568

，154

，036

，008

，000

，000

0，378

，103

，056

，037

，031

，015

，001

0，123

，067

，049

，047

，041

，034

，020

ω＝0．5

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，940

，501

，165

，057

，013

，002

，000

0，341

，136

，078

，058

，040

，021

，007

0，175

，104

，086

，078

，067

，055

，026

0，959

，499

，130

，045

，008

，000

，000

0，339

，097

，058

，044

，033

，017

，003

0，120

，070

，053

，047

，044

，031

，015

104



Table3b．The　Size　of　the　Case1（continued）

α 40
T＝100
　乏4 乏12 召0

T＝200
　44 ピ12

ω＝0．6

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，952

，543

，168

，059

，015

，000

，000

0，359

，127

，076

，057

，044

，033

，006

0，178

，092

，081

，077

，075

，061

，043

0，979

，529

，129

，041

，008

，000

，000

0，353

，088

，053

，041

，033

，016

，000

0，115

，053

，048

，045

，045

，034

，019

ω＝0，7

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，974

，603

，181

，052

，010

，000

，000

0，367

，108

，049

，038

，027

，018

，001

0，111

，083

，077

，074

，070

，070

，067

0，991

，651

，172

，038

，005

，000

，000

0，431

，098

，049

，034

，028

，013

，001

0，109

，045

，033

，032

，031

，028

，019

ω＝0，8

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，970

，599

，166

，045

，013

，000

，000

0，341

，109

，055

，042

，031

，017

，001

0，121

，092

，088

，086

，084

，076

，058

0，992

，642

，172

，053

，010

，000

，000

0，436

，121

，060

，048

，036

，018

，001

0，117

，067

，057

，051

，050

，043

，023

ω＝0．9

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，952

，546

，161

，058

，016

，000

，000

0，345

，110

，065

，046

，036

，018

，004

0，107

，073

，063

，059

，058

，045

，025

0，982

，587

，163

，042

，008

，000

，000

0，427

，116

，054

，043

，033

，018

，000

0，127

，073

，064

，057

，049

，038

，017

105



Table3c．The　Size　of七he　Case2

α
ピ0

T＝100
　44 412 40

Tニ200
　ピ4 乏12

ω＝0．1

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，961

，557

，183

，065

，009

，000

，000

0，394

，136

，075

，058

，043

，022

，001

0，131

，077

，062

，059

，051

，039

，Ol6

0，981

，560

，144

，049

，011

，000

，000

0，391

，109

，061

，045

，034

，018

，003

0，111

，061

，047

，044

，039

，031

，015

ω＝0．2

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，968

，558

，182

，068

，012

，000

，000

0，378

，134

，075

，056

，043

，021

，001

0，163

，091

，084

，076

，066

，049

，019

0，986

，569

，146

，051

．0王2

，000

，000

0，407

，104

，059

，047

，036

，017

，001

0，124

，065

，057

，051

，042

，039

，020

ω＝0．3

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，964

，598

，178

，057

，009

，000

，000

0，368

，127

，067

，047

，032

，021

，002

0，157

，092

，074

，064

，057

，053

，032

0，988

，600

，157

，045

，009

，000

，000

0，420

，103

，052

，038

，029

，017

，003

0，123

，062

，049

，045

，038

，029

，016

ω＝0．4

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，974

，629

，180

，052

，009

，000

，000

0，376

，105

，053

，040

，034

，017

，002

0，137

，080

，070

，068

，061

，055

，041

0，994

，651

，169

，046

，005

，000

，000

0，441

，103

，050

，034

，025

，015

，001

0，102

，057

，049

，043

，042

，029

，017

ω＝0．5

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，976

，633

，175

，052

，006

，000

，000

0，359

，093

，053

，041

，029

，012

，001

0，120

，074

，066

，056

，056

，052

，041

0，994

，672

，175

，049

，003

，000

，000

0，463

，102

，048

，038

，027

，013

，001

0，114

，059

，047

，041

，040

，032

，011

106



Table3c．The　Size　of　the　Case2（continued）

α
乏0

Tニ100
　ゑ4 412 乏0

T＝200
　44 412

ω＝0．6

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，974

，614

，172

，048

，011

，000

，000

0，338

，095

，053

，043

，033

，012

，002

0，108

，077

，069

，063

，058

，051

，036

0，992

，654

，179

，043

，006

，000

，000

0，449

，118

，051

，039

，022

，010

，002

0，125

，070

，058

，053

，045

，030

，010

ω＝0．7

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，965

，571

，140

，045

，012

，000

，000

0，332

，094

，053

，036

，030

，014

，002

0，115

，077

，063

，061

，056

，051

，025

0，990

，632

，178

，053

，008

，000

，000

0，432

，116

，062

，042

，029

，014

，001

0，129

，062

，053

，050

，048

，043

，016

ωニ0．8

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，957

，557

，155

，049

，015

，000

，000

0，333

，113

，055

，042

，034

，016

，002

0，113

，072

，067

，061

，057

，046

，016

0，982

，579

，169

，054

，011

，000

，000

0，433

，118

，060

，047

，030

，016

，001

0，133

，072

，052

，046

，042

，035

，013

ω；0．9

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，955

，547

，159

，057

，014

，001

，000

0，347

，114

，065

，045

，036

，018

，002

0，108

，064

，053

，047

，043

，029

，013

0，982

，576

，152

，042

，010

，000

，000

0，425

，113

，050

，039

，033

，020

，001

0，130

，062

，048

，041

，036

，025

，012

107



Table3d．The　Size　of　the　Case3

α 60
T＝100
　ピ4 ぞ12 40

T＝200
　44 ピ12

ωニ0．1

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，965

，546

，197

，062

，014

，000

，000

0，393

，152

，085

，070

，048

，023

，002

0，150

，090

，087

，072

，066

，054

，032

0，977

，566

，150

，047

，011

，000

，000

0，415

，109

，061

，047

，036

，021

，003

0，126

，061

，053
．049’

，044

，035

，022

ωニ0．2

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，957

，562

，181

，064

，008

，000

，000

0，393

，145

，088

，062

，048

，029

，004

0，196

，128

，107

，101

，095

，083

，057

0，980

，563

，153

，042

，009

，000

，000

0，421

，115

，056

，039

，030

，018

，002

0，155

，082

，066

，060

，051

，045

，024

ωニ0，3

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，969

，606

，185

，063

，016

，000

，000

0，390

，140

，084

，070

，059

，035

，005

0，235

，171

，160

，142

，136

，143

，132

0，993

，623

，176

，040

，009

，000

，000

0，422

，120

，053

，038

，030

，016

，001

0，150

，075

，065

，065

，058

，053

，027

ω＝0．4

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，984

，692

，201

，059

，012

，000

，000

0，396

，133

，075

，052

，041

，025

，007

0，248

，228

，245

，258

，256

，270

，292

0，999

，731

，202

，045

，010

，000

，000

0，491

，136

，063

，043

，032

，020

，002

0，140

，091

，072

，070

，066

，057

，038

ω＝0．5

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，991

，735

，221

，056

，007

，000

，000

0，402

，125

，056

，045

，033

，011

，001

0，225

，278

，321

，341

，366

，393

，450

0，999

，773

，234

，054

，008

，000

，000

0，548

，150

，067

，041

，030

，016

，000

0，143

，087

，072

，069

，065

，056

，036

108



Table3d．The　Size　of　the　Case3（continued）

α 40
T＝100
　44 乏12 乏0

T＝200
　44 a2

ω＝0．6

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，982

，704

，204

，047

，009

，000

，000

0，391

，137

，072

，054

，038

，019

，001

0，244

，221

，245

，251

，256

，267

，268

0，998

，745

，208

，043

，008

，000

，000

0，503

，130

，065

，045

，028

，013

，000

0，147

，079

，071

，066

，061

，050

，023

ω＝0．7

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，958

，600

，169

，050

，014

，000

，000

0，367

，139

，075

，052

，036

，020

，002

0，206

，165

，160

，162

，156

，137

，120

0，995

，651

，164

，045

，009

，000

，000

0，437

，117

，055

，039

，032

，015

，001

0，143

，089

，080

，071

，064

，045

，029

ωニ0．8

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，956

，558

，165

，049

，014

，000

，000

0，391

，129

，071

，055

，042

，023

，001

0，182

，128

，117

，116

，108

，084

，056

0，988

，602

，163

，055

，010

，000

，000

0，437

，135

，075

，055

，042

，019

，002

0，160

，089

，079

，074

，066

，052

，024

ω＝0，9

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，955

，550

，168

，059

，018

，000

，000

0，366

，126

，073

，051

，040

，020

，005

0，124

，081

，068

，060

，053

，043

，021

0，981

，583

，167

，045

，008

，000

，000

0，453

，127

，061

，045

，035

，018

，000

0，147

，081

，067

，062

，051

，039

，014

PS

0．8

．5

．2

0
－
0
．
2
－
0
．
5
－
0
．
8

0，909

，452

，175

，060

，018

，001

，000

0，123

，054

，077

，094
．1王8

，183

，194

0，010

，056

，144

，216

，334

，518

，668

0，959

，601

，180

，054

，006

，000

，000

0，212

，079

，064

，058

，053

，049

，023

0，024

，074

，118

，149

，176

，257

，400

109



Table4a，The　Power　of　the　LM　Test：the　Case　O

T＝100 T＝200
α

ピ0 ピ4 612 ピ0 ピ4 ピ12

R．W。 0，996 0，838 0，607 0，999 0，947 0，704
0
．
8

0，849 0，334 0，157 0，893 0，504 0，287

0．5 0，643 0，331 0，234 0，827 0，588 0，476
0
．
2

0，567 0，421 0，327 0，808 0，699 0，582

ρ；0，01
0
．
0

0，532 0，474 0，382 0，795 0，749 0，621

一〇，2 0，511 0，512 0，416 0，783 0，772 0，642

一〇．5 0，428 0，550 0，440 0，732 0，804 0，660
一〇，8 0，247 0，504 0，443 0，587 0，770 0，662

0
．
8

0，982 0，777 0，542 0，996 0，922 0，704
0
．
5

0，987 0，799 0，584 0，998 0，930 0，706

0．2 0，985 0，816 0，587 0，999 0，934 0，707

ω；0．1 ρ＝1 0．0 0，985 0，824 0，592 0，999 0，936 0，705
一〇。2 0，984 0，826 0，593 0，999 0，937 0，705
一〇。5 0，979 0，826 0，597 0，999 0，937 0，705
一〇．8 0，962 0，825 0，603 0，996 0，937 O，706

0．8 0，996 0，835 0，606 1，000 0，943 0，704
0
．
5

0，996 0，836 0，606 0，999 0，945 0，704

0．2 0，996 0，837 0，607 0，999 0，946 0，703

ρニ100
0
．
0

0，996 0，837 0，608 0，999 0，946 0，703
一〇．2 0，996 G，836 0，607 0，999 0，946 0，703
一〇．5 0，996 0，836 0，607 0，999 0，946 0，703
一〇．8 0，996 0，837 0，607 0，999 0，946 0，704

R．W． 0，996 0，802 0，589 1，000 0，926 0，712

0．8 0，852 0，347 0，171 0，919 0，470 0，263

0．5 0，589 0，294 0，218 0，817 0，566 0，458
0
．
2

0，525 0，369 0，295 0，797 0，665 0，572

ρ＝0．01 0．0 0，477 0，431 0，342 0，780 0，709 0，605
一〇．2 0，445 0，475 0，378 0，758 0，749 0，632
一〇．5 0，367 0，505 0，412 0，690 0，778 0，662
一〇．8 0，196 0，454 0，426 0，525 0，743 0，657

O
．
8

0，974 0，753 0，540 1，000 0，915 0，703
0
．
5

0，979 0，780 0，572 1，000 0，917 0，709
0
．
2

0，981 0，789 0，588 1，000 0，923 0，711

ω＝0．2 ρ＝1
0
．
0

0，980 0，797 0，592 1，000 0，923 0，710
一〇．2 0，981 0，803 0，592 1，000 0，923 0，711
一〇．5 0，976 0，800 0，589 0，999 0，925 0，710
一〇．8 0，953 0，794 0，587 0，997 0，922 0，711

0
．
8

0，994 0，807 0，591 1，000 0，927 0，710

0．5 0，995 0，804 0，588 1，000 0，926 0，713

0．2 0，996 0，803 0，588 1，000 G，926 0，712

ρ；100
0
．
0

0，996 0，803 0，587 1，000 0，926 0，712
一〇，2 0，996 0，803 0，587 1，000 0，926 0，712
一〇．5 0，996 0，803 0，588 1，000 0，926 0，712
一〇．8 0，996 0，803 0，588 1，000 0，926 0，711
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Tab三e4a．丁五e　Power　of　the　LM　Test：the　Case　O（continued）

T＝100 T＝200
α

乏0 44 乏12 40 44 乏12

R．W． 0，996 0，767 0，530 1，000 0，945 0，688

0．8 0，903 0，326 0，154 0，949 0，450 0，221
0
．
5

0，620 0，261 0，179 0，815 0，512 0，388
0
．
2

0，479 0，316 0，249 0，774 0，629 0，497

ρ＝0。01
0
．
0

0，434 0，365 0，291 0，762 0，678 0，558

一〇．2 0，391 0，418 0，325 0，735 0，715 0，587

一〇．5 0，301 0，465 0，359 0，648 0，761 0，618

一〇，8 0，123 0，402 0，366 0，469 0，717 0，621
0
．
8

0，988 0，722 0，484 0，999 0，914 0，675

0．5 0，986 0，742 0，519 1，000 0，937 0，682

0．2 0，986 0，748 0，528 1，000 0，939 0，689

ω＝0．3 ρ＝1 0．0 0，987 0，751 0，533 1，000 0，939 0，689

一〇．2 0，985 0，755 0，537 1，000 0，939 0，689
一〇．5 0，982 0，759 0，534 1，000 0，941 0，689
一〇．8 0，962 0，758 0，535 0，997 0，939 0，692

0．8 0，996 0，765 0，534 1，000 0，944 0，687
0
．
5

0，996 0，765 0，531 1，000 0，947 0，688
0
．
2

0，996 0，766 0，530 1，000 0，946 0，688

ρ＝100
0
．
0

0，996 0，768 0，530 1，000 0，946 0，688

一〇．2 0，996 0，768 0，530 1，000 0，946 0，689
一〇。5 0，996 0，768 0，530 1，000 0，946 0，689
一〇．8 0，996 0，768 0，530 1，000 0，946 0，689

R．W． 0，998 0，821 0，483 1，000 0，961 0，712
0
．
8

0，929 0，313 0，120 0，963 0，462 0，191
0
．
5

0，655 0，234 0，126 0，827 0，472 0，334
0
．
2

0，480 0，263 0，187 0，795 0，600 0，450

ρ＝0．01 0．0 0，404 0，305 0，233 0，764 0，669 0，505
一〇．2 0，342 0，351 0，270 0，728 0，723 0，552
一〇．5 0，225 0，402 0，301 0，637 0，770 0，588
一〇．8 0，080 0，339 0，305 0，405 0，725 0，597

0
．
8

0，996 0，742 0，424 1，000 0，940 0，671

0．5 0，997 0，776 0，465 1，000 0，957 0，703

0．2 0，996 0，793 0，468 1，000 0，958 0，704

ω＝0．4 ρ＝1
0
．
0

0，995 0，799 0，472 1，000 0，959 0，706
一〇．2 0，995 0，803 0，475 1，000 0，960 0，710
一〇．5 0，991 0，806 0，475 1，000 0，959 0，712
一〇。8 0，977 0，802 0，477 1，000 0，961 0，711

0
．
8

0，999 0，813 0，478 1，000 0，964 0，712
0
．
5

0，999 0，815 0，484 1，000 0，963 0，712
0
．
2

0，998 0，817 0，484 1，000 0，962 0，713

ρニ100
0
．
0

0，998 0，818 0，484 1，000 0，962 0，713
一〇．2 0，998 0，818 0，484 1，000 0，962 0，714
一〇，5 0，998 0，820 0，484 1，000 0，962 0，714
一〇。8 0，998 0，820 0，484 1，000 0，962 0，714
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Table4a．The　Power　of　the　LM　Testl　the　Case　O（continued）

T＝100 T＝200
α 40 乏4 ε12 40 44 召12

R。W． 0，999 0，862 0，508 1，000 0，979 0，763
0
．
8

0，950 0，343 0，069 0，973 0，485 0，164
0
．
5

0，671 0，205 0，093 0，840 0，513 0，314
0
．
2

0，484 0，265 0，130 0，788 0，649 0，474

ρ＝0。01
0
．
0

0，413 0，322 0，164 0，773 0，713 0，547
一〇。2 0，339 0，375 0，199 0，745 0，747 0，600
一〇。5 0，203 0，412 0，242 O，659 0，795 0，630

一〇．8 0，041 0，311 0，241 0，396 0，757 0，638
0
．
8

0，996 0，794 0，427 1，000 0，954 0，726
0
．
5

0，995 0，830 0，483 1，000 0，961 0，763
0
．
2

0，995 0，843 0，498 1，000 0，966 0，768

ωニ0．5 ρニ1
0
．
0

0，995 0，850 0，499 1，000 0，966 0，769
一〇。2 0，996 0，850 0，497 1，000 0，968 0，770
一〇．5 0，993 0，855 0，497 1，000 0，971 0，768
一〇。8 0，979 0，852 0，496 1，000 0，971 0，768

0
．
8

1，000 0，858 0，504 1，000 0，974 0，769
0
．
5

0，999 0，860 0，503 1，000 0，976 0，765
0
．
2

0，999 0，862 0，504 1，000 0，976 0，764

ρ＝100
0
．
0

0，999 0，863 0，507 1，000 0，976 0，764
一〇．2 0，999 0，863 0，507 1，000 0，976 0，764
一〇．5 0，999 0，863 0，507 1，000 0，976 0，764
一〇．8 0，999 0，862 0，507 1，000 0，976 0，763

R。W． 1，000 0，847 0，493 1，000 0，963 0，695
0
．
8

0，921 0，320 0，089 0，957 0，486 0，174

0．5 0，649 0，229 0，111 0，838 0，495 0，321
0
．
2

0，473 0，285 0，186 0，779 0，626 0，462

ρニ0．01
0
．
0

0，409 0，325 0，227 0，763 0，692 0，532
一〇．2 0，350 0，370 0，263 0，734 0，736 0，553
一〇．5 0，239 0，405 0，302 0，650 0，771 0，591
一〇．8 0，072 0，340 0，294 0，407 0，730 0，601

0．8 0，996 0，766 0，426 1，000 0，940 0，673
0
．
5

0，995 0，804 0，466 1，000 0，953 0，687
0
．
2 　　　　■，996 0，821 0，483 1，000 0，958 0，691

ω＝0．6 ρ＝1
0
．
0

0，995 0，827 0，488 1，000 0，959 0，691
一〇．2 0，994 0，828 0，489 1，000 0，959 0，694
一〇．5 0，992 0，828 0，491 0，999 0，958 0，693
一〇．8 0，978 0，827 0，489 0，997 0，958 0，693

0
．
8

1，000 0，845 0，492 1，000 0，962 0，697
0
．
5

1，000 0，847 0，491 1，000 0，962 0，693
0
．
2

1，000 0，849 0，489 1，000 0，963 0，694

ρ＝100
0
．
0

1，000 0，849 0，489 1，000 0，963 0，694
一〇．2 1，000 0，849 0，489 1，000 0，963 0，694
一〇．5 1，000 0，848 0，490 1，GOO 0，963 0，694
一〇。8 1，000 0，848 0，490 1，000 0，963 0，694
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Table4a．The　Power　of　the　LM　Test：the　Case　O（continued）

T＝100 T＝200
α 40 44 412 40 44 ピ12

R．W． 0，997 0，791 0，558 1，000 0，949 0，681
0
．
8

0，896 0，313 0，119 0，938 0，444 0，224
0
．
5

0，610 0，259 0，160 0，800 0，511 0，380
0
．
2

0，483 0，325 0，237 0，766 0，621 0，502

ρ＝0。01
0
．
0

0，435 0，366 0，292 0，745 0，672 0，540

一〇．2 0，396 0，413 0，338 0，720 0，710 0，567
一〇。5 0，295 0，453 0，377 0，642 0，738 0，593
一〇．8 0，130 0，398 0，373 0，450 0，709 0，609

0
．
8

0，988 0，729 0，499 1，000 0，920 0，658

0．5 0，993 0，749 0，534 0，999 0，937 0，671
0
．
2

0，993 0，768 0，543 0，999 0，946 0，677

ω＝0．7 ρ；1 0．0 0，994 0，770 0，546 0，999 0，947 0，680
一〇．2 0，992 0，773 0，550 0，999 0，947 0，683
一〇。5 0，989 0，777 0，550 0，999 0，946 0，680
一〇．8 0，976 0，774 0，550 0，997 0，947 0，683

0．8 0，996 0，788 0，550 1，000 0，949 0，682
0
．
5

0，997 0，793 0，555 1，000 0，950 0，682
0
．
2

0，997 0，791 0，555 1，000 0，949 0，681

ρ＝100 0．0 0，997 0，790 0，556 1，000 0，949 0，681
一〇．2 0，997 0，790 0，556 1，000 0，949 0，681
一〇．5 0，997 0，790 0，556 1，000 0，949 0，681
一〇．8 0，997 0，790 0，556 1，000 0，949 0，681

R．W， 0，992 0，796 0，595 1，000 0，933 0，715
0
．
8

0，854 0，333 0，145 0，907 0，454 0，255
0
．
5

0，602 0，287 0，189 0，812 0，561 0，441

0．2 0，525 0，379 0，292 0，803 0，669 0，547

ρ＝0，01
0
．
0

0，491 0，432 0，346 0，788 0，704 0，585
一〇．2 0，460 0，466 0，395 0，756 0，749 0，617
一〇．5 0，365 0，496 0，427 0，702 0，781 0，645
一〇．8 0，188 0，458 0，428 0，507 0，751 0，654

0
．
8

0，973 0，762 0，558 0，999 0，914 0，699

0．5 0，981 0，770 0，588 0，999 0，925 0，716

0．2 0，983 0，777 0，594 0，999 0，930 0，710

ω＝0．8 ρ＝1
0
．
0

0，983 0，782 0，602 0，999 0，930 0，714
一〇．2 0，983 0，780 0，603 0，999 0，930 0，714
一〇．5 0，977 0，783 0，600 0，998 0，931 0，714
一〇．8 0，961 0，786 0，598 0，996 0，931 0，715

0．8 0，989 0，796 0，595 1，OOO 0，934 0，714
0
．
5

0，991 0，798 0，593 1，000 0，933 0，713

0．2 0，991 0，796 0，594 1，000 0，932 0，713

ρ＝100
0
．
0

0，991 0，796 0，594 1，000 0，932 0，713
一〇，2 0，991 0，796 0，594 1，000 0，932 0，714
一〇．5 0，991 0，799 0，593 1，000 0，932 0，715
一〇．8 0，991 0，799 0，593 1，000 0，932 0，715
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Table4a，The　Power　of　the　LM　Testl　the　Case　O（continued）

Tニ100 Tニ200
α

乏0 乏4 ε12 乏0 44 412

R．W． 0，993 0，828 0，603 0，999 0，937 0，710
0
．
8

0，847 0，361 0，144 0，893 0，496 0，273
0
．
5

0，621 0，349 0，225 0，838 0，597 0，477
0
．
2

0，551 0，434 0，331 0，816 0，682 0，571

ρ＝0，01 0．0 0，533 0，487 0，387 0，803 0，731 0，622

一〇．2 0，505 0，521 0，430 0，781 0，775 0，637

一〇，5 0，429 0，551 0，461 0，738 0，801 0，658

一〇．8 0，242 0，511 0，461 0，558 0，776 0，659
0
．
8

0，980 0，778 0，559 0，996 0，913 0，697
0
．
5

0，984 0，804 0，586 0，997 0，934 0，713

0．2 0，988 0，813 0，597 0，996 0，936 0，712

ω＝0。9 ρ＝1 0．0 0，988 0，813 0，601 0，997 0，935 0，714

一〇，2 0，988 0，814 0，602 0，997 0，937 0，715

一〇．5 0，988 0，814 0，602 0，997 0，937 0，715

一〇，8 0，965 0，814 0，602 0，995 0，937 0，715

0．8 0，993 0，821 0，604 0，999 0，938 0，715
0
．
5

0，992 0，824 0，605 0，999 0，936 0，712
0
．
2

0，992 0，825 0，602 0，999 0，935 0，712

ρ＝100
0
．
0

0，992 0，825 0，602 0，999 0，935 0，712

一〇．2 0，992 0，825 0，602 0，999 0，935 0，712

一〇．5 0，992 0，827 0，602 0，999 0，936 0，712

一〇．8 0，992 0，828 0，602 0，999 0，936 0，712
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Table4b。The　Power　of　the　PS　Test＝the　Case　O

T＝100 T＝・200
α

’0 44 612 40 44 412

R．W， 0，989 0，712 0，249 0，998 0，886 0，570
0
．
8

0，803 0，195 0，018 0，915 0，405 0，135
0
．
5

0，625 0，232 0，073 0，832 0，519 0，346
0
．
2

0，534 0，332 0，130 0，783 0，618 0，456

ρ＝0．01
0
．
0

0，485 0，391 0，157 0，760 0，661 0，489

一〇．2 0，432 0，436 0，178 0，731 0，692 0，512
一〇。5 0，326 0，462 0，204 0，660 0，724 0，529
一〇．8 0，149 0，407 0，229 0，481 0，689 0，534

0．8 0，977 0，648 0，194 0，998 0，859 0，561
0
．
5

0，973 0，688 0，233 0，997 0，875 0，570
0
．
2

0，975 0，699 0，243 0，997 0，879 0，568

ωニ0．1 ρ＝1
0
．
0

0，972 0，706 0，242 0，997 0，878 0，567
一〇．2 0，970 0，706 0，242 0，997 0，882 0，567
一〇．5 0，965 0，705 0，244 0，997 0，883 0，568
一〇．8 0，943 0，705 0，246 0，995 0，882 0，568

0
．
8

0，985 0，712 0，246 0，998 0，888 0，568
0
．
5

0，987 0，711 0，248 0，998 0，887 0，568

0．2 0，987 0，710 0，249 0，998 0，886 0，570

ρ＝100
0
．
0

0，988 0，710 0，249 0，998 0，887 0，570
一〇。2 0，989 0，710 0，249 0，998 0，887 0，570
一〇．5 0，989 0，710 0，249 0，998 0，887 0，570
一〇．8 0，989 0，710 0，249 0，998 0，887 0，570

R。W． 0，995 0，767 0，331 1，000 0，934 0，646
0
．
8

0，885 0，275 0，055 0，966 0，452 0，157
0
．
5

0，670 0，253 0，096 0，867 0，524 0，344
0
．
2

0，535 G，305 0，168 0，817 0，651 0，444

ρニ0．01
0
．
0

0，455 0，360 0，190 0，787 0，693 0，505

一〇．2 0，388 0，404 0，213 0，753 0，737 0，533
一〇。5 0，286 0，436 0，239 0，657 0，770 0，562
一〇，8 0，112 0，373 0，241 0，442 0，724 0，569

0
．
8

0，982 0，710 0，297 1，000 0，916 0，619

0．5 0，987 0，731 0，334 1，000 0，928 0，641

0．2 0，988 0，740 0，338 1，000 0，934 0，652

ω＝0。2 ρ＝1
0
．
0

0，988 0，748 0，339 1，000 0，937 0，650
一〇，2 0，988 0，749 0，338 1，000 0，935 0，648
一〇．5 0，986 0，752 0，338 0，999 0，936 0，646
一〇．8 0，964 0，751 0，334 0，997 0，935 0，646

0
．
8

0，994 0，764 0，329 1，000 0，935 0，644
0
．
5

0，994 0，767 0，330 1，000 0，935 0，646
0
．
2

0，994 0，766 0，331 1，000 0，933 0，647

ρ＝100
0
．
0

0，994 0，766 0，331 1，000 0，933 0，646
一〇．2 0，994 0，766 0，331 1，000 0，933 0，646
一〇．5 0，994 0，765 0，331 1，000 0，934 0，645
一〇．8 0，994 0，766 0，331 1，000 0，934 0，645
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Table4b。The　Power　of　the　PS　Test：the　Case　O（continue（i）

Tニ100 Tニ200
α 40 44 412 40 44 ε12

R，W。 0，997 0，812 0，428 1，000 0，955 0，712
0
．
8

0，943 0，324 0，052 0，963 0，480 0，174

0．5 0，688 0，231 0，091 0，851 0，511 0，320
0
．
2

0，518 0，282 0，142 0，809 0，641 0，468

ρニ0．01
0
．
0

0，448 0，339 0，181 0，772 0，701 0，527
一〇．2 0，361 0，383 0，212 0，741 0，738 0，571
一〇．5 0，229 0，422 0，246 0，659 0，769 0，610
一〇．8 0，080 0，332 0，239 0，402 0，734 0，618

0．8 0，992 0，761 0，363 1，000 0，924 0，678

0．5 0，985 0，786 0，398 1，000 0，945 0，700
0
．
2

0，988 0，799 0，408 1，000 0，953 0，701

ωニ0。3 ρ＝1 0．0 0，989 0，802 0，413 1，000 0，953 0，706
一〇．2 0，988 0，803 0，415 1，000 0，954 0，706
一〇．5 0，985 0，803 0，416 0，999 0，953 0，706
一〇。8 0，964 0，801 0，416 0，998 0，952 0，705

0
．
8

0，997 0，810 0，426 1，000 0，955 0，708
0
．
5

0，997 0，815 0，428 1，000 0，955 0，708
0
．
2

0，997 0，814 0，426 1，000 0，955 0，709

ρ＝・100
0
．
0

0，997 0，813 0，427 1，000 0，956 0，711
一〇。2 0，997 0，812 0，427 1，000 0，956 0，711
一〇．5 0，997 0，812 0，427 1，000 0，955 0，711
一〇．8 0，997 0，812 0，426 1，000 0，955 0，711

R．W． 0，999 0，832 0，482 1，000 0，968 0，766

0．8 0，945 0，348 0，067 0，962 0，478 0，174
0
．
5

0，665 0，213 0，074 0，833 0，492 0，324

0．2 0，492 0，271 0，127 0，786 0，612 0，460

ρニ0．01 0．0 0，413 0，315 0，167 0，764 0，689 0，516
一〇．2 0，328 0，365 0，202 0，732 0，742 0，570
一〇。5 0，207 0，406 0，241 0，644 0，784 0，611
一〇．8 0，046 0，309 0，242 0，388 0，733 0，620

0
．
8

0，995 0，769 0，421 1，000 0，941 0，710
0
．
5

0，998 0，798 0，449 1，000 0，961 0，753
0
．
2

0，997 0，811 0，468 1，000 0，964 0，758

ω＝0．4 ρ＝1 0．0 0，996 0，818 0，474 1，000 0，963 0，758
一〇．2 0，995 0，824 0，474 1，000 0，963 0，759
一〇．5 0，991 0，825 0，479 1，000 0，967 0，760
一〇．8 0，979 0，823 0，477 1，000 0，967 0，763

0
．
8

1，000 0，829 0，481 1，000 0，968 0，762
0
．
5

1，000 0，828 0，481 1，000 0，968 0，764

0．2 0，999 0，829 0，481 1，000 0，967 0，765

ρ＝100
0
．
0

0，999 0，830 0，482 1，000 0，968 0，765
一〇．2 0，999 0，831 0，482 1，000 0，968 0，765
一〇．5 0，999 0，831 0，482 1，000 0，968 0，765
一〇．8 0，999 0，830 0，483 1，000 0，968 0，766
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Table4b．The　Power　of　the　PS7est：the　Case　O（continued）

T＝100 T＝200
α

ε0 44 召12 40 44 412

R。W． 0，999 0，862 0，508 1，000 0，979 0，763
0
．
8

0，950 0，343 0，069 0，973 0，485 0，164

0．5 0，671 0，205 0，093 0，840 0，513 0，314
0
．
2

0，484 0，265 0，130 0，788 0，649 0，474

ρ＝0，01
0
．
0

0，413 0，322 0，164 0，773 0，713 0，547

一〇．2 0，339 0，375 0，199 0，745 0，747 0，600

一〇．5 0，203 0，412 0，242 0，659 0，795 0，630

一〇．8 0，041 0，311 0，241 0，396 0，757 0，638
0
．
8

0，996 0，794 0，427 1，000 0，954 0，726
0
．
5

0，995 0，830 0，483 1，000 0，961 0，763
0
．
2

0，995 0，843 0，498 1，000 0，966 0，768

ω＝0。5 ρ＝＝1

0
．
0

0，995 0，850 0，499 1，000 0，966 0，769
一〇。2 0，996 0，850 0，497 1，000 0，968 0，770
一〇．5 0，993 0，855 0，497 1，000 0，971 0，768
一〇．8 0，979 0，852 0，496 1，000 0，971 0，768

0．8 1，000 0，858 0，504 1，000 0，974 0，769

0．5 0，999 0，860 0，503 1，000 0，976 0，765

0．2 0，999 0，862 0，504 1，000 0，976 0，764

ρニ100 0．0 0，999 0，863 0，507 1，000 0，976 0，764
一〇．2 0，999 0，863 0，507 1，000 0，976 0，764
一〇．5 0，999 0，863 0，507 1，000 0，976 0，764
一〇，8 0，999 0，862 0，507 1，000 0，976 0，763

R。W． 1，000 0，860 0，478 1，000 0，961 0，752
0
．
8

0，930 0，361 0，065 0，967 0，504 0，167
0
．
5

0，677 0，219 0，080 0，856 0，517 0，313

0．2 0，509 0，276 0，133 0，809 0，654 0，478

ρ＝0．01
0
．
0

O，417 0，328 0，176 0，788 0，717 0，558
一〇．2 0，352 0，373 0，213 0，748 0，753 0，608
一〇．5 0，210 0，409 0，248 0，669 0，781 0，653
一〇．8 0，050 0，326 0，258 0，407 0，750 0，660

0
．
8

0，998 0，800 0，413 1，000 0，939 0，708
0
．
5

0，993 0，828 0，460 1，000 0，954 0，737
0
．
2

0，992 0，839 0，468 1，000 0，958 0，741

ωニ0．6 ρ；1
0
．
0

0，993 0，844 0，468 1，000 0，958 0，743
一〇．2 0，993 0，848 0，471 1，000 0，959 0，744
一〇．5 0，993 0，851 0，472 1，000 0，960 0，746
一〇。8 0，982 0，849 0，473 0，999 0，961 0，749

0．8 1，000 0，861 0，481 1，000 0，964 0，750
0
．
5

1，000 0，858 05478 1，000 0，962 0，753
0
．
2

1，000 0，858 0，479 1，000 0，962 0，753

ρ＝100
0
．
0

1，000 0，858 0，479 1，000 0，962 0，752
一〇．2 1，000 0，859 0，479 1，000 0，962 0，752
一〇．5 1，000 0，859 0，479 1，000 0，962 0，752
一〇。8 1，000 0，859 0，480 1，000 0，962 0，752
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Table4b．The　Power　of　the　PS　Test：the　Case　O（continued）

T＝100 T＝200
α 40 44 a2 40 44 召12

R．W， 0，998 0，814 0，420 1，000 0，958 0，684
0
．
8

0，927 0，330 0，085 0，959 0，492 0，168
0
．
5

0，666 0，244 0，090 0，856 0，512 0，327
0
．
2

0，500 0，291 0，141 0，809 0，636 0，456

ρ＝0、01
0
．
0

0，429 0，340 0，164 0，775 0，693 0，509

一〇．2 0，362 0，372 0，196 0，736 0，727 0，542
一〇．5 0，239 0，407 0，230 0，651 0，767 0，578
一〇．8 0，066 0，338 0，221 0，398 0，726 0，597

0
．
8

0，998 0，747 0，373 1，000 0，938 0，664
0
．
5

0，994 0，771 0，410 1，000 0，943 0，678
0
．
2

0，995 0，791 0，419 0，999 0，952 0，681

ω；0．7 ρ＝1 0．0 0，994 0，792 0，420 0，999 0，953 0，683
一〇．2 0，994 0，797 0，424 0，999 0，955 0，688
一〇．5 0，993 0，800 0，423 0，999 0，958 0，688
一〇。8 0，978 0，798 0，417 0，998 0，955 0，688

0．8 0，998 0，815 0，419 1，000 0，958 0，686

0．5 0，998 0，816 0，419 1，000 0，958 0，6870
．
2

0，998 0，816 0，420 1，000 0，958 0，686

ρ＝100 0．0 0，998 0，816 0，419 1，000 0，958 0，686
一〇．2 0，998 0，815 0，420 1，000 0，958 0，686
一〇．5 0，998 0，815 0，420 1，000 0，958 0，686
一〇．8 0，998 0，814 0，420 1，000 0，958 0，685

R，W． 0，995 0，761 0，329 1，000 0，933 0，616
0
．
8

0，895 0，288 0，069 0，952 0，455 0，176
0
．
5

0，677 0，236 0，100 0，858 0，521 0，324
0
．
2

0，519 0，303 0，153 0，802 0，617 0，441

ρ二〇．01
0
．
0

0，457 0，351 0，176 0，770 0，669 0，477
一〇．2 0，381 0，396 0，189 0，736 0，718 0，506
一〇。5 0，269 0，434 0，217 0，653 0，749 0，536
一〇，8 0，109 0，374 0，226 0，420 0，705 0，543

0．8 0，981 0，713 0，291 1，000 0，908 0，590
0
．
5

0，982 0，731 0，317 1，000 0，922 0，609
0
．
2

0，984 0，753 0，317 0，998 0，923 0，612

ω＝0．8 ρニエ
0
．
0

0，986 0，755 0，319 0，998 0，925 0，612
一〇．2 0，985 0，755 0，320 0，998 0，928 0，612
一〇．5 0，979 0，753 0，322 0，997 0，928 0，612
一〇．8 0，963 0，750 0，324 0，996 0，927 0，614

0
．
8

0，996 0，759 0，328 0，999 0，932 0，613

0．5 0，996 0，763 0，327 1，000 0，932 0，616
0
．
2

0，996 0，760 0，325 1，000 0，932 0，616

ρ＝100 0．0 0，996 0，760 0，325 1，000 0，932 0，616
一〇．2 0，996 0，759 0，326 1，000 0，932 0，616
一〇．5 0，996 0，759 0，327 1，000 0，932 0，616
一〇．8 0，995 0，759 0，327 1，000 0，932 0，616
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TabIe4b．The　Power　o£the　PS　Tbst：the　Case　O（continued）

Tニ100 T＝200
α 40 44 412 40 44 612

R．W， 0，991 0，715 0，238 0，999 0，876 0，567
0
．
8

0，836 0，200 0，026 0，914 0，403 0，142

0．5 0，635 0，228 0，065 0，859 0，517 0，330
0
．
2

0，539 0，337 0，113 0，798 0，612 G，434

ρ＝0。01 0．0 0，489 0，389 0，145 0，766 0，661 0，470
一〇．2 0，441 0，431 0，174 0，739 0，696 0，487
一〇．5 0，340 0，482 0，210 0，650 0，719 0，514
一〇．8 0，141 0，471 0，278 0，454 0，681 0，532

0
．
8

0，973 0，654 0，196 0，998 0，860 0，549
0
．
5

0，979 0，689 0，230 0，997 0，874 0，558
0
．
2

0，981 0，707 0，237 0，998 0，872 0，562

ω＝0．9 ρニ1
0
．
0

0，981 0，710 0，241 0，998 0，870 0，563

一〇．2 0，977 0，710 0，243 0，996 0，872 0，562
一〇，5 0，970 0，708 0，241 0，996 0，872 0，561

一〇．8 0，949 0，706 0，244 0，995 0，870 0，562
0
．
8

0，989 0，711 0，238 0，998 0，873 0，560
0
．
5

0，990 0，712 0，238 0，998 0，876 0，563

0．2 0，990 0，713 0，240 0，999 0，876 0，563

ρ＝100
0
．
0

0，990 0，714 0，241 0，999 0，876 0，564
一〇。2 0，990 0，715 0，240 0，999 0，876 0，564
一〇．5 0，990 0，715 0，238 0，999 0，876 0，565
一〇．8 0，990 0，715 0，240 0，999 0，876 0，565
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Table4c．The　Power　of　the　LM　Tlest：the　Case1

T＝100 T＝200
α 60 忽 ぞ12 40 64 召12

R，W． 0，998 0，834 0，441 1，000 0，957 0，654
0
．
8

0，958 0，393 0，130 0，992 0，445 0，176
0
．
5

0，660 0，197 0，109 0，809 0，382 0，249
0
．
2

0，418 0，205 0，144 0，704 0，511 0，375

ρ＝0。01
0
．
0

0，307 0，231 0，169 0，649 0，573 0，432
一〇。2 0，218 0，260 0，197 0，596 0，631 0，467
一〇．5 0，098 0，286 0，217 0，481 0，682 0，507
一〇，8 0，014 0，198 0，211 0，234 0，617 0，510

0
．
8

0，993 0，742 0，360 1，000 0，914 0，615
0
．
5

0，995 0，768 0，412 1，000 0，937 0，639
0
．
2

0，993 0，787 0，421 1，000 0，943 0，649

ω；0．1 ρ＝1
0
．
0

0，992 0，803 0，427 1，000 0，946 0，650
一〇．2 0，990 0，807 0，427 1，000 0，946 0，649
一〇．5 0，986 0，813 0，428 0，999 0，948 0，651
一〇。8 0，967 0，807 0，430 0，999 0，948 0，650

0
．
8

0，998 0，829 0，432 1，000 0，954 0，652
0
．
5

0，998 0，830 0，441 1，000 0，958 0，651
0
．
2

0，998 0，833 0，442 1，000 0，958 0，652

ρニ100
0
．
0

0，998 0，836 0，442 1，000 0，958 0，652
一〇．2 0，998 0，837 0，443 1，000 0，958 0，652
一〇．5 0，998 0，837 0，443 1，000 0，957 0，652
一〇．8 0，998 0，837 0，443 1，000 0，957 0，652

R。W． 0，998 0，816 0，419 1，000 0，976 0，630
0
．
8

0，964 0，366 0，137 0，994 0，484 0，154

0．5 0，680 0，161 0，130 0，842 0，354 0，204
0
．
2

0，369 0，173 0，150 0，694 0，463 0，320

ρ＝0．01
0
．
0

0，247 0，199 0，171 0，643 0，548 0，389
一〇．2 0，160 0，217 0，195 0，577 0，613 0，442
一〇．5 0，066 0，242 0，216 0，435 0，655 0，491
一〇．8 0，010 0，151 0，211 0，149 0，581 0，489

0
．
8

0，994 0，722 0，355 1，000 0，937 0，581

0．5 0，996 0，744 0，390 1，000 0，960 0，615
0
．
2

0，995 0，780 0，405 1，000 0，971 0，618

ωニ0。2 ρニ1
0
．
0

0，996 0，791 0，408 1，000 0，972 0，621
一〇．2 0，996 0，799 0，414 1，000 0，974 0，625
一〇．5 0，994 0，800 0，418 1，000 0，972 0，623
一〇．8 0，965 0，793 0，415 0，998 0，970 0，624

0
．
8

0，998 0，819 0，421 1，000 0，975 0，628
0
．
5

0，998 0，818 0，416 1，000 0，976 0，6310
．
2

0，998 0，817 0，418 1，000 0，976 0，631

ρ＝100
0
．
0

0，998 0，816 0，418 1，000 0，976 0，631
一〇，2 0，998 0，816 0，418 1，000 0，976 0，629
一〇．5 0，998 0，816 0，418 1，000 0，976 0，629
一〇．8 0，998 0，816 0，418 1，000 0，976 0，629
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Table4c．The　Power　of　the　LM　Tbst：the　Case1（continue（1）

T＝100 T＝200
α 40 ぞ4 412 40 ピ4 412

R．W． 1，000 0，851 0，450 1，000 0，974 0，705
0
．
8 0，973 0，396 0，102 0，990 0，534 0，136
0
．
5

0，706 0，176 0，098 0，851 0，385 0，203
0
．
2

0，380 0，176 0，123 0，715 0，487 0，326

ρ＝0，01
0
．
0

0，261 0，196 0，154 0，640 0，569 0，407
一〇．2 0，166 0，216 0，182 0，585 0，625 0，450
一〇．5 0，059 0，239 0，212 0，445 0，674 0，508
一〇．8 0，005 0，160 0，187 0，133 0，608 0，526

0
．
8

0，999 0，756 0，365 1，000 0，934 0，643

G．5 0，997 0，799 0，425 1，000 0，960 0，691

0．2 0，998 0，821 0，431 1，000 0，968 0，706

ω＝＝0．3 ρ＝1
0
．
0

0，998 0，830 0，433 1，000 0，968 0，708
一〇．2 0，998 0，834 0，440 1，000 0，969 0，706
一〇．5 0，997 0，839 0，439 1，000 0，972 0，706
一〇．8 0，974 0，834 0，446 0，999 0，971 0，706

0
．
8

1，000 0，848 0，445 1，000 0，975 0，708

0．5 1，000 0，847 0，453 1，000 0，973 0，709
0
．
2

1，000 0，846 0，451 1，000 0，973 0，706

ρ＝100
0
．
0

1，000 0，847 0，451 1，000 0，973 0，705
一〇．2 1，000 0，848 0，451 ユ．000 0，973 0，705
一〇．5 1，000 0，849 0，451 1，000 0，973 0，705
一〇．8 1，000 0，850 0，451 1，000 0，973 0，705

R．W． 0，999 0，796 0，476 1，000 0，946 0，640
0
．
8

0，961 0，347 0，154 0，979 0，453 0，172
0
．
5

0，631 0，197 0，144 0，795 0，373 0，239

0．2 0，392 0，217 0，183 0，688 0，481 0，344

ρ＝0．01
0
．
0

0，302 0，237 0，210 0，635 0，553 0，402
一〇．2 0，221 0，269 0，229 0，577 0，603 0，446
一〇．5 0，111 0，302 0，257 0，447 0，642 0，487
一〇，8 0，021 0，226 0，248 0，216 0，576 0，497

0
．
8

0，992 0，699 0，418 1，000 10，903 0，588
0
．
5

0，994 0，744 0，461 0，999 0，933 0，614
0
．
2

0，992 0，763 0，471 1，000 0，942 0，625

ω＝0．4 ρ＝1
0
．
0

0，992 0，774 0，471 1，000 0，943 0，626
一〇．2 0，991 0，777 0，469 1，000 0，945 0，629
一〇．5 0，983 0，782 0，471 1，000 0，945 0，632
一〇．8 0，957 0，782 0，468 1，000 0，945 0，632

0
．
8

1，000 0，796 0，471 1，000 0，947 0，634
0
．
5

0，999 0，795 0，472 1，000 0，946 0，639
0
．
2

0，999 0，796 0，473 1，000 0，946 0，640

ρ＝100
0
．
0

0，999 0，796 0，474 1，000 0，946 0，640
一〇．2 0，999 0，797 0，474 1，000 0，946 0，639
一〇．5 0，999 0，797 0，474 1，000 0，946 0，639
一〇．8 0，999 0，797 0，475 1，000 0，946 0，640
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Table4c．The　Power　of　the　LM　Test：the　Case1（continued）

T＝100 T＝200
α

乏0 44 412 ε0 44 412

R．W． 0，998 0，758 0，507 1，000 0，944 0，641
0
．
8

0，938 0，344 0，194 0，969 0，425 0，196
0
．
5

0，610 0，201 0，159 0，786 0，394 0，278

0．2 0，407 0，225 0，203 0，666 0，495 0，404

ρ＝0．01
0
．
0

0，318 0，254 0，242 0，614 0，553 0，445
一〇。2 0，243 0，291 0，274 0，574 0，590 0，484
一〇．5 0，137 0，323 0，300 0，480 0，633 0，512
一〇．8 0，033 0，258 0，286 0，270 0，579 0，518

0
．
8

0，990 0，685 0，461 1，000 0，893 0，586

0．5 0，990 0，710 0，483 1，000 0，920 0，618
0
．
2

0，992 0，734 0，495 1，000 0，929 0，629

ω＝0，5 ρニ1
0
．
0

0，990 0，747 0，501 1，000 0，931 0，636
一〇．2 0，989 0，748 0，503 1，000 0，933 0，641
一〇。5 0，984 0，752 0，505 1，000 0，934 0，641
一〇。8 0，955 0，749 0，504 0，999 0，936 0，640

0．8 0，999 0，761 0，508 1，000 0，942 0，641
0
．
5

0，999 0，764 0，512 1，000 0，944 0，641

0．2 0，998 0，762 0，508 1，000 0，945 0，640

ρ＝100
0
．
0

0，998 0，760 0，508 1，000 0，945 0，640
一〇。2 0，998 0，758 0，507 1，000 0，945 0，640
一〇．5 0，998 0，758 0，507 1，000 0，945 0，641
一〇．8 0，998 0，758 0，507 1，000 0，945 0，641

R．W。 0，998 0，803 0，470 1，000 0，946 0，651

0．8 0，953 0，357 0，179 0，985 0，451 0，181

0．5 0，635 0，188 0，135 0，816 0，398 0，257

0．2 0，390 0，206 0，182 0，690 0，511 0，380

ρ＝0。01
0
．
0

0，286 0，225 0，209 0，654 0，575 0，436
一〇．2 0，200 0，263 0，230 0，602 0，631 0，468
一〇．5 0，107 0，291 0，256 0，471 0，674 0，493
一〇．8 0，017 0，212 0，248 0，223 0，596 0，499

0
．
8

0，997 0，708 0，417 1，000 0，911 0，601
0
．
5

0，990 0，752 0，447 1，000 0，925 0，626
0
．
2

0，992 0，782 0，458 1，000 0，934 0，639

ω＝0．6 ρ＝1 0．0 0，991 0，789 0，460 1，000 0，940 0，643
一〇．2 0，991 0，795 0，468 1，000 0，942 0，643
一〇．5 0，987 0，796 0，470 1，000 0，941 0，648
一〇．8 0，950 0，786 0，468 0，998 0，941 0，648

0
．
8

0，998 0，809 0，473 1，000 0，946 0，649
0
．
5

0，998 0，809 0，472 1，000 0，944 0，651

0．2 0，998 0，806 0，471 1，000 0，945 0，650

ρ＝100 0．0 0，998 0，804 0，470 1，000 0，945 0，650
一〇．2 0，998 0，804 0，468 1，000 0，945 0，650
一〇．5 0，998 0，803 0，469 1，000 0，946 0，650
一〇，8 0，998 0，803 0，469 1，000 0，946 0，650

122



Table4c．The　Power　of　the　LM　Testl　the　Ca8e1（continued）

T＝100 Tニ200
α

乏0 64 412 40’ 24 412

R，W． 0，999 0，851 0，455 1，000 0，974 0，689

0．8 0，972 0，412 0，124 0，990 0，490 0，131
0
．
5

0，717 0，179 0，111 0，864 0，370 0，195
0
．
2

0，405 0，174 0，146 0，719 0，480 0，322

ρ＝0．01
0
．
0

0，262 0，199 0，180 0，651 0，560 0，400

一〇．2 0，170 0，224 0，203 0，591 0，629 0，452
一〇．5 0，059 0，252 0，218 0，427 0，692 0，503

一〇。8 0，003 0，167 0，220 0，144 0，601 0，518
0
．
8

0，998 0，759 0，381 1，000 0，942 0，632
0
．
5

0，994 0，806 0，425 1，000 0，964 0，671
0
．
2

0，994 0，828 0，436 1，000 0，965 0，681

ω＝0．7 ρ＝1
0
．
0

0，994 0，835 0，441 1，000 0，965 0，681
一〇．2 0，991 0，839 0，445 1，000 0，966 0，683
一〇．5 0，988 0，841 0，446 1，000 0，967 0，684
一〇．8 0，968 0，839 0，444 0，999 0，966 0，681

0
．
8

0，999 0，854 0，454 1，000 0，971 0，682

0．5 0，999 0，853 0，456 1，000 0，972 0，684
0
．
2

0，999 0，852 0，456 1，000 0，973 0，685

ρニ100
0
．
0

0，999 0，852 0，458 1，000 0，974 0，686
一〇．2 0，999 0，853 0，458 1，000 0，974 0，688
一〇．5 0，999 0，852 0，457 1，000 0，974 0，688
一〇．8 0，999 0，852 0，457 1，000 0，974 0，688

R．W， 1，000 0，814 0，436 1，000 0，969 0，637
0
．
8

0，976 0，360 0，王33 0，988 0，485 0，149

0．5 0，650 0，183 0，126 0，829 0，366 0，204

0．2 0，376 0，190 0，162 0，680 0，468 0，338

ρ＝0。01
0
．
0

0，271 0，209 0，186 0，610 0，530 0，373
一〇．2 0，177 0，231 0，204 0，549 0，586 0．4i4
一〇．5 0，071 0，251 0，220 0，403 0，635 0，463
一〇．8 0，007 0，162 0，213 0，161 0，556 0，474

0
．
8

0，995 0，711 0，372 1，000 0，925 0，572

0．5 0，990 0，740 0，406 1，000 0，953 0，618
0
．
2

0，991 0，767 0，420 1，000 0，957 0，626

ω＝0．8 ρ＝1
0
．
0

0，991 0，778 0，424 王．000 0，959 0，627
一〇．2 0，993 0，789 0，426 1，000 0，960 0，631
一〇．5 0，990 0，793 0，431 1，000 0，964 0，632
一〇．8 0，961 0，789 0，434 0，998 0，961 0，633

0
．
8

0，999 0，803 0，431 1，000 0，969 0，634
0
．
5

1，000 0，811 0，437 1，000 0，968 0，638
0
．
2

1，000 0，811 0，439 1，000 0，968 0，638

ρ＝100
0
．
0

1，000 0，811 0，437 1，000 0，968 0，638
一〇．2 1，000 0，811 0，437 1，000 0，968 0，638
一〇．5 1，000 0，812 0，437 1，000 0，968 0，638
一〇．8 1，000 0，812 0，438 1，000 0，968 0，638
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Table4c．The　Power　of　the　LM「目est：the　Case1（continued）

T＝100 Tニ200
α 40 乏4 412 召0 乏4 412

R．W。 0，999 0，815 0，454 1，000 0，953 0，648
0
．
8

0，953 0，370 0，132 0，985 0，474 0，167
0
．
5

0，645 0，200 0，113 0，806 0，384 0，239
0
．
2

0，410 0，211 0，142 0，685 0，489 0，344

ρ＝0，01 0．0 0，305 0，239 0，177 0，638 0，554 0，399

一〇．2 0，226 0，277 0，198 0，593 0，617 0，443

一〇，5 0，100 0，302 0，238 0，467 0，655 0，491

一〇．8 0，020 0，209 0，233 0，227 0，606 0，504

0．8 0，993 0，734 0，386 1，000 0，911 0，589
0
．
5

0，995 0，769 0，429 1，000 0，935 0，623
0
．
2

0，994 0，793 0，439 1，000 0，946 0，635

ωニ0。9 ρ＝1 0．0 0，993 0，798 0，445 1，000 0，947 0，637
一〇，2 0，991 0，807 0，449 1，000 0，949 0，638
一〇，5 0，989 0，811 0，447 1，000 0，947 0，638
一〇．8 0，966 0，804 0，448 0，998 0，946 0，639

0．8 0，999 0，818 0，452 1，000 0，955 0，643

0．5 0，999 0，817 0，454 1，000 0，954 0，645

0．2 0，999 0，818 0，454 1，000 0，954 0，646

ρ＝100
0
．
0

0，999 0，817 0，454 1，000 0，954 0，646

一〇．2 0，999 0，818 0，455 1，000 0，954 0，647
一〇，5 0，999 0，818 0，455 1，000 0，954 0，647
一〇．8 0，999 0，816 0，455 1，000 0，954 0，649
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Table4d．The　Power　of　the　LM　Test：the　Case2

Tニ100 丁瓢200

α 40 64 412 ピ0 44 412

R．W， 0，999 0，829 0，424 1，000 0，958 0，647
0
．
8

0，960 0，404 0，117 0，992 0，470 0，172
0
．
5

0，675 0，199 0，103 0，827 0，391 0，250

0．2 0，426 0，212 0，138 0，706 0，526 0，373

ρ＝0．01 0．0 0，327 0，240 0，165 0，661 0，590 0，419

一〇，2 0，229 0，271 0，195 0，615 0，647 0，464
一〇．5 0，113 0，306 0，217 0，496 0，689 0，502
一〇．8 0，013 0，211 0，198 0，255 0，627 0，512

O
．
8

0，993 0，746 0，352 1，000 0，923 0，595
0
．
5

0，996 0，778 0，399 1，000 0，945 0，641

0．2 0，996 0，802 0，409 1，000 0，952 0，651

ω；0．1 ρ＝1 0．0 0，995 0，800 0，412 0，999 0，955 0，651
一〇．2 0，994 0，809 0，413 0，999 0，953 0，651
一〇．5 0，992 0，816 0，421 0，999 0，954 0，652
一〇．8 0，969 0，813 0，421 0，998 0，952 0，652

0
．
8

0，999 0，827 0，425 1，000 0，957 0，648

0．5 0，999 0，830 0，425 1，000 0，958 0，649

0．2 0，999 0，832 0，425 1，000 0，958 0，649

ρ＝100
0
．
0

0，999 0，830 0，425 1，000 0，959 0，648
一〇．2 0，999 0，830 0，426 1，000 0，958 0，648
一〇．5 0，999 0，829 0，425 1，000 0，958 0，647
一〇．8 0，999 0，828 0，425 1，000 0，958 0，648

R．W． 0，997 0，815 0，435 1，000 0，956 0，654
0
．
8

0，955 0，392 0，151 0，988 0，453 0，171
0
．
5

0，643 0，190 0，123 0，808 0，363 0，229

0．2 0，394 0，199 0，134 0，679 0，487 0，359

ρニ0．01 0．0 0，279 0，221 0，159 0，634 0，559 0，424
一〇．2 0，193 0，247 0，192 0，579 0，623 0，458
一〇．5 0，086 0，267 0，221 0，459 0，657 0，496
一〇．8 0，011 0，185 0，209 0，199 0，599 0，509

0
．
8

0，992 0，727 0，372 1，000 0，915 0，604
0
．
5

0，992 0，749 0，415 玉。000 0，933 0，637
0
．
2

0，993 0，776 0，425 1，000 0，948 0，646

ω＝0．2 ρ＝1
0
．
0

0，993 0，787 0，431 1，000 0，953 0，651
一〇．2 0，990 0，787 0，432 1，000 0，954 0，651
一〇．5 0，980 0，793 0，434 1，000 0，954 0，649
一〇，8 0，954 0，790 0，432 0，998 0，954 0，650

0
．
8

0，998 0，805 0，438 1，000 0，957 0，653
0
．
5

0，998 0，813 0，435 1，000 0，957 0，6510
．
2

0，997 0，813 0，436 1，000 0，958 0，652

ρニ100
0
．
0

0，997 0，812 0，435 1，000 0，957 0，652
一〇．2 0，997 0，813 0，435 1，000 0，956 0，652
一〇．5 0，997 0，813 0，435 1，000 0，956 0，652
一〇．8 0，997 0，814 0，435 1，000 0，956 0，653

125



Table4d。The　Power　of　the　LM　Tlest：the　Ca8e2（continued）

T＝100 Tニ200
α

乏0 ε4 召12 40 44 412

R。W． 0，998 0，782 0，414 1，000 0，952 0，608
0
．
8

0，965 0，373 0，156 0，992 0，464 0，162
0
．
5

0，652 0，172 0，114 0，821 0，342 0，205
0
．
2

0，360 0，172 0，133 0，670 0，448 0，319

ρニ0．01
0
．
0

0，238 0，193 0，156 0，613 0，526 0，388
一〇．2 0，166 0，212 0，182 0，554 0，589 0，432
一〇．5 0，064 0，232 0，210 0，417 0，633 0，483
一〇．8 0，009 0，153 0，203 0，144 0，560 0，494

0
．
8

0，993 0，700 0，348 1，000 0，907 0，576

0．5 0，990 0，727 0，394 1，000 0，934 0，598
0
．
2

0，989 0，761 0，406 1，000 0，941 0，605

ω＝0．3 ρニ1
0
．
0

0，989 0，762 0，409 1，000 0，946 0，604
一〇．2 0，988 0，768 0，413 1，000 0，949 0，606
一〇．5 0，979 0，774 0，414 1，000 0，949 0，610
一〇．8 0，951 0，767 0，410 0，997 0，947 0，609

0
．
8

0，999 0，784 0，417 1，000 0，953 0，610
0
．
5

0，998 0，785 0，416 1，000 0，953 0，608
0
．
2

0，998 0，783 0，413 1，000 0，953 0，609

ρ＝100
0
．
0

0，998 0，782 0，414 1，000 0，953 0，609
一〇．2 0，998 0，782 0，414 1，000 0，952 0，609
一〇．5 0，998 0，782 0，414 1，000 0，952 0，607
一〇．8 0，998 0，782 0，414 1，000 0，952 0，608

R．W， 1，000 0，777 0，395 1，000 0，960 0，585
0
．
8

0，971 0，382 0，141 0，995 0，491 0，134

0．5 0，711 0，171 0，105 0，833 0，330 0，184

0．2 0，347 0，151 0，121 0，659 0，423 0，290

ρ＝0．01
0
．
0

0，220 0，166 0，157 0，580 0，500 0，349
一〇，2 0，136 0，184 0，179 0，511 0，565 0，391
一〇．5 0，049 0，200 0，203 0，350 0，622 0，440
一〇。8 0，007 0，125 0，204 0，105 0，528 0，453

0
．
8

0，996 0，675 0，329 1，000 0，914 0，545
0
．
5

0，994 0，713 0，369 1，000 0，940 0，580

0．2 0，992 0，741 0，380 1，000 0，950 0，587

ω＝0．4 ρ＝1
0
．
0

0，991 0，753 0，380 1，000 0，956 0，585
一〇．2 0，990 0，759 0，384 1，000 0，957 0，587
一〇．5 0，984 0，762 0，385 1，000 0，960 0，588
一〇．8 0，946 0，755 0，384 0，999 0，959 0，587

0
．
8

0，999 0，778 0，383 1，000 0，963 0，5880
．
5

0，999 0，777 0，387 1，000 0，961 0，586

0．2 1，000 0，778 0，391 1，000 0，961 0，585

ρ＝100 0．0 1，000 0，778 0，392 1，000 0，961 0，585
一〇．2 1，000 0，777 0，393 1，000 0，961 0，586
一〇．5 1，000 0，777 0，393 1，000 0，961 0，586
一〇．8 1，000 0，777 0，396 1，000 0，960 0，586
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T＆ble4d。The　Power　of　the　LM　Testl　the　Case2（continued）

T＝100 T＝200
α

乏0 44 乏12 乏0 乏4 a2
R．W。 0，999 0，776 0，368 1，000 0，965 0，562

0
．
8

0，985 0，383 0，133 0，995 0，507 0，126

0．5 0，730 0，158 0，105 0，847 0，324 0，170

0．2 0，351 0，150 0，131 0，640 0，391 0，256

ρニ0．01
0
．
0

0，209 0，159 0，150 0，564 0，475 0，296

一〇．2 0，125 0，174 0，174 0，486 0，539 0，343

一〇。5 0，046 0，193 0，195 0，327 0，579 0，392

一〇．8 0，002 0，121 0，192 0，097 0，482 0，393
0
．
8

0，992 0，678 0，315 1，000 0，919 0，502
0
．
5

0，992 0，719 0，343 1，000 0，947 0，536

0．2 0，992 0，742 0，361 1，000 0，957 0，545

ω＝0．5 ρ＝1 0．0 0，990 0，754 0，357 1，000 0，959 0，551

一〇．2 0，988 0，764 0，355 1，000 0，962 0，556
一〇，5 0，983 0，765 0，360 1，000 0，964 0，559
一〇。8 0，957 0，759 0，358 1，000 0，961 0，557

0
．
8

0，999 0，779 0，362 1，000 0，963 0，557

0．5 0，999 0，779 0，362 1，000 0，965 0，560

0．2 0，999 0，777 0，364 1，000 0，965 0，562

ρ＝100 0．0 0，999 0，776 0，364 1，000 0，964 0，561

一〇．2 0，999 0，777 0，363 1，000 0，964 0，561
一〇．5 0，999 0，777 0，363 1，000 0，965 0，561
一〇。8 0，999 0，776 0，365 1，000 0，964 0，561

R．W． 0，999 0，771 0，355 1，000 0，955 0，568
0
．
8

0，978 0，352 0，137 0，993 0，487 0，124
0
．
5

0，696 0，160 0，109 0，830 0，321 0，169

0．2 0，365 0，156 0，137 0，638 0，394 0，255

ρニ0。01 0．0 0，225 0，168 0，156 0，544 0，464 0，306
一〇．2 0，137 0，197 0，172 0，472 0，529 0，353
一〇．5 0，054 0，211 0，207 0，330 0，576 0，387
一〇．8 0，003 0，132 0，187 0，110 0，481 0，399

0
．
8

0，998 0，672 0，331 1，000 0，917 0，501
0
．
5

0，993 0，706 0，342 1，000 0，934 0，543
0
．
2

0，995 0，731 0，359 1，000 0，945 0，555

ω＝0．6 ρ＝1 0．0 0，996 0，741 0，359 1，000 0，949 0，557
一〇。2 0，993 0，747 0，360 1，000 0，950 0，557
一〇．5 0，984 0，757 0，358 1，000 0，951 0，564
一〇．8 0，944 0，747 0，356 1，000 0，948 0，562

0
．
8

0，999 0，768 0，359 1，000 0，952 0，565
0
．
5

0，999 0，770 0，358 1，000 0，953 0，567
0
．
2

0，999 0，769 0，357 1，000 0，954 0，566

ρニ100 0．0 0，999 0，770 0，358 1，000 0，954 0，569
一〇．2 0，999 0，771 0，358 1，000 0，955 0，569
一〇．5 0，999 0，768 0，356 1，000 0，955 0，568
一〇，8 0，999 0，769 0，355 1，000 0，955 0，568
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Table4d．The　Power　of　the　LM　Tlest：the　Case2（continued）

Tニ100 T＝200
α 40 44 412 40 44 412

R．W． 1，000 0，782 0，406 1，000 0，949 0，587

0．8 0，965 0，353 0，144 0，985 0，454 0，148
0
．
5

0，662 0，179 0，124 0，809 0，341 0，195

0．2 0，362 0，179 0，147 0，631 0，426 0，289

ρ＝0。01
0
．
0

0，258 0，205 0，171 0，556 0，482 0，345

一〇．2 0，166 0，235 0，190 0，496 0，534 0，382
一〇。5 0，071 0，241 0，209 0，379 0，595 0，420

一〇．8 0，005 0，151 0，204 0，145 0，513 0，432
0
．
8

0，995 0，699 0，349 1，000 0，907 0，536
0
．
5

0，990 0，729 0，385 1，000 0，927 0，569

0．2 0，989 0，751 0，384 1，000 0，938 0，580

ω＝0．7 ρ＝1 0．0 0，989 0，759 0，393 1，000 0，942 0，581
一〇．2 0，988 0，765 0，401 1，000 0，942 0，581
一〇．5 0，976 0，769 0，402 0，999 0，945 0，583
一〇．8 0，942 0，762 0，402 0，997 0，944 0，582

0
．
8

1，000 0，780 0，404 1，000 0，950 0，587
0
．
5

1，000 0，779 0，404 1，000 0，951 0，586
0
．
2

1，000 0，780 0，404 1，000 0，949 0，588

ρニ100 0．0 1，000 0，781 0，405 1，000 0，949 0，587
一〇．2 1，00G 0，782 0，407 1，000 0，950 0，587
一〇．5 1，000 0，782 0，407 1，000 0，950 0，588
一〇，8 1，000 0，782 0，407 1，000 0，950 0，588

R。W。 1，000 0，806 0，428 1，000 0，942 0，636

0．8 0，960 0，363 0，134 0，983 0，460 0，163
0
．
5

0，634 0，191 0，119 0，797 0，371 0，220
0
．
2

0，390 0，204 0，149 0，642 0，461 0，335

ρ＝0．01
0
．
0

0，280 0，230 0，172 0，589 0，511 0，378
一〇．2 0，197 0，242 0，192 0，538 0，571 0，407
一〇，5 0，085 0，265 0，221 0，420 0，629 0，448
一〇．8 0，013 0，190 0，211 0，194 0，562 0，467

0
．
8

0．993’ 0，723 0，366 1，000 0，907 0，559
0
．
5

0，990 0，747 0，405 1，000 0，931 0，608

0．2 0，990 0，769 0，417 1，000 0，935 0，626

ω＝0．8 ρ＝1
0
．
0

0，992 0，778 0，419 1，000 0，935 0，629
一〇．2 0，990 0，781 0，424 1，000 0，936 0，633
一〇．5 0，984 0，785 0，424 1，000 0，938 0，633
一〇．8 0，960 0，783 0，422 0，997 0，937 0，6350

．
8

0，999 0，803 0，425 1，000 0，940 0，638
0
．
5

0，999 0，808 0，427 1，000 0，942 0，6390
．
2

1，000 0，809 0，427 1，000 0，941 0，639

ρ＝100
0
．
0

1，000 0，807 0，426 1，000 0，941 0，638
一〇．2 1，000 0，807 0，425 1，000 0，941 0，638
一〇．5 1，000 0，808 0，425 1，000 0，942 0，638
一〇．8 0，999 0，808 0，425 1，000 0，942 0，638
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Table4d，The　Power　of　the　LM　Test：the　Case2（continued）

T＝100 Tニ200
α

ピ0 44 412 40 召4 召12

R．W． 0，998 0，816 0，425 1，000 0，957 0，639
0
．
8

0，957 0，379 0，128 0，981 0，470 0，168
0
．
5

0，640 0，202 0，G99 0，811 0，393 G，244

0．2 0，428 0，207 0，130 0，697 0，497 0，351

ρ＝0，01 0．0 0，318 0，245 0，163 0，655 0，577 0，411

一〇．2 0，229 0，277 0，2Q2 0，607 0，632 0，454

一〇，5 0，108 0，300 0，230 0，486 0，680 0，494

一〇，8 0，023 0，220 0，220 0，234 0，621 0，508
0
．
8

0，991 0，724 0，368 1，000 0，917 0，574

0．5 0，998 0，766 0，412 0，999 0，946 0，611
0
．
2

0，995 0，793 0，424 0，999 0，953 0，624

ω＝0．9 ρ；1 0．0 0，995 0，801 0，424 1，000 0，954 0，627
一〇．2 0，993 0，803 0，428 1，000 0，956 0，627
一〇，5 0，991 0，808 0，429 0，999 0，958 0，631
一〇，8 0，972 0，799 0，428 0，999 0，957 0，634

0．8 0，998 0，818 0，427 1，000 0，961 0，637
0
．
5

0，998 0，820 0，428 1，000 0，960 0，638

0．2 0，998 0，817 0，427 1，000 0，959 0，639

ρ＝100 0．0 0，998 0，817 0，427 1，000 0，959 0，640
一〇．2 0，998 0，817 0，426 1，000 0，959 0，639
一〇．5 0，998 0，817 0，426 1，000 0，959 0，639
一〇．8 0，998 0，817 0，426 1，000 0，958 0，640
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Table4e．The　Power　of　the　LM　Test：the　C麗e3

T＝100 Tニ200
α

ピ0 ピ4 ピ12 40 44 ピ12

R。W． 0，998 0，843 0，452 1，000 0，961 0，662
0
．
8

0，959 0，418 0，147 0，991 0，460 0，191
0
．
5

0，669 0，214 0，125 0，806 0，395 0，266
0
．
2

0，424 0，222 0，151 0，705 0，525 0，393

ρニ0．01 0．0 0，314 0，245 0，177 0，655 0，587 0，447
一〇．2 0，223 0，274 0，206 0，598 0，639 0，476
一〇。5 0，101 0，298 0，238 0，480 0，689 0，520
一〇．8 0，014 0，203 0，216 0，236 0，624 0，521

0
．
8

0，994 0，760 0，365 1，000 0，918 0，627

0．5 0，994 0，786 0，418 1，000 0，942 0，653
0
．
2

0，993 0，810 0，434 1，000 0，949 0，659

ω＝0．1 ρ＝1
0
．
0

0，992 0，821 0，437 1，000 0，954 0，658
一〇．2 0，990 0，824 0，438 1，000 0，954 0，661
一〇．5 0，987 0，828 0，442 0，999 0，954 0，664
一〇．8 0，967 0，827 0，445 0，999 0，954 0，664

0
．
8

0，998 0，835 0，443 1，000 0，959 0，664

0．5 0，998 0，841 0，450 1，000 0，961 0，665
0
．
2

0，998 0，842 0，449 1，000 0，961 0，664

ρ；100
0
．
0

0，998 0，843 0，450 1，000 0，961 0，662
一〇．2 0，998 0，843 0，450 1，000 0，961 0，661
一〇．5 0，998 0，842 0，451 1，000 0，961 0，661
一〇．8 0，998 0，842 0，452 1，000 0，961 0，662

R．W， 0，997 0，820 0，485 1，000 0，951 0，688
0
．
8

0，951 0，414 0，208 0，990 0，481 0，181

0．5 0，633 0，194 0，167 0，799 0，355 0，244

0．2 0，356 0，201 0，197 0，657 0，466 0，365

ρニ0．01
0
．
0

0，243 0，209 0，219 0，603 0，543 0，441
一〇．2 0，155 0，241 0，250 0，549 0，605 0，480
一〇．5 0，072 0，253 0，272 0，427 0，642 0，523
一〇。8 0，010 0，166 0，256 0，152 0，575 0，531

0
．
8

0，990 0，739 0，420 1，000 0，909 0，618

0．5 0，989 0，757 0，467 0，999 0，940 0，652
0
．
2

0，985 0，785 0，477 0，999 0，948 0，665

ω＝0．2 ρ＝1
0
．
0

0，986 0，794 0，481 0，999 0，950 0，670
一〇．2 0，982 0，807 0，480 0，999 0，951 0，670
一〇．5 0，979 0，815 0，483 0，999 0，952 0，674
一〇。8 0，949 0，805 0，478 0，997 0，948 0，674

0
．
8

0，997 0．8ヱ9 0，485 1，000 0，954 0，678

0．5 0，997 0，820 0，487 1，000 0，951 0，6800
．
2

0，997 0，820 0，487 1，000 0，951 0，685

ρニ100 0．0 0，997 0，820 0，485 1，000 0，952 0，685
一〇．2 0，997 0，821 0，485 1，000 0，952 0，685
一〇．5 0，997 0，821 0，484 1，000 0，952 0，688
一〇．8 0，997 0，822 0，484 1，000 0，952 0，687
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Table4e。The　Power　of　the　LM　Test：the　Case3（continued）

T＝100 T＝200
α

40 乏4 412 乏0 44 412

R．W． 0，998 0，770 0，494 1，000 0，951 0，623

0．8， 0，977 0，413 0，247 0，995 0，461 0，175
0
．
5

0，681 0，179 0，210 0，809 0，327 0，217

0．2 0，334 0，167 0，221 0，622 0，399 0，324

ρ＝0．01
0
．
0

0，209 0，175 0，241 0，528 0，469 0，387
一〇，2 0，117 0，195 0，263 0，459 0，526 0，423
一〇．5 0，042 0，207 0，290 0，321 0，571 0，461

一〇．8 0，006 0，129 0，293 0，087 0，487 0，483
0
．
8

0，997 0，693 0，431 1，000 0，897 0，573
0
．
5

0，995 0，718 0，472 1，000 0，928 0，613
0
．
2

0，990 0，735 0，488 1，000 0，943 0，613

ω＝0．3 ρ＝1 0．0 0，989 0，750 0，492 1，000 0，945 0，617
一〇．2 0，984 0，757 0，494 1，000 0，945 0，620
一〇．5 0，975 0，769 0，494 1，000 0，947 0，620
一〇．8 0，922 0，760 0，492 0，997 0，946 0，620

0
．
8

0，998 0，780 0，491 1，000 0，951 0，622

0．5 0，997 0，777 0，495 1，000 0，951 0，621
0
．
2

0，997 0，774 0，497 1，000 0，951 0，622

ρ＝100
0
．
0

0，997 0，773 0，495 1，000 0，951 0，623
一〇．2 0，997 0，771 0，494 1，000 0，950 0，623
一〇．5 0，997 0，770 0，493 1，000 0，950 0，622
一〇．8 0，997 0，770 0，495 1，000 0，950 0，623

R，W． 0，999 0，777 0，463 1，000 0，961 0，606
0
．
8

0，988 0，414 0，268 0，998 0，508 0，155
0
．
5

0，747 0，172 0，263 0，843 0，307 0，182
0
．
2

0，351 0，133 0，294 0，627 0，357 0，257

ρ＝0，01
0
．
0

0，180 0，153 0，314 0，498 0，411 0，301
一〇．2 0，090 0，165 0，329 0，401 0，472 0，340
一〇．5 0，025 0，181 0，361 0，222 0，532 0，379
一〇．8 0，000 0，101 0，373 0，039 0，410 0，398

0
．
8

0，998 0，662 0，407 1，000 0，921 0，522
0
．
5

0，993 0，686 0，437 1，000 0，938 0，570
0
．
2

0，988 0，718 0，449 1，000 0，944 0，586

ω＝0．4 ρニ1
0
．
0

0，987 0，737 0，452 1，000 0，948 0，589
一〇．2 0，985 0，745 0，455 1，000 0，949 0，590
一〇．5 0，979 0，750 0，455 1，000 0，951 0，597
一〇．8 0，914 0，735 0，456 1，000 0，948 0，602

0
．
8

0，999 0，781 0，464 1，000 0，961 0，597
0
．
5

0，999 0，777 0，462 1，000 0，961 0，6030
．
2

0，999 0，778 0，460 1，000 0，961 0，605

ρ＝100
0
．
0

0，999 0，777 0，460 1，000 0，960 0，607
一〇．2 0，999 0，776 0，459 1，000 0，959 0，607
一〇．5 0，999 0，776 0，459 1，000 0，959 0，607
一〇．8 0，999 0，777 0，459 1，000 0，959 0，607
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Table4e．The　Power　of　the　LM　Tbstl　the　Case3（continued）

Tエ100 T＝200
α 40 44 412 40 44 412

R，W， 0，998 0，790 0，454 1，000 0，980 0，629
0
．
8

0，994 0，411 0，236 0，998 0，564 0，150
0
．
5

0，758 0，152 0，300 0，874 0，284 0，163

0．2 0，351 0，120 0，345 0，635 0，327 0，222

ρ＝0。01
0
．
0

0，171 0，123 0，374 0，488 0，389 0，281
一〇．2 0，069 0，139 0，390 0，358 0，453 0，328

一〇．5 0，006 0，146 0，425 0，173 0，517 0，379

一〇．8 0，000 0，062 0，473 0，026 0，368 0，394
0
．
8

1，000 0，688 0，397 1，000 0．948’ 0，538

0．5 0，993 0，709 0，435 1，000 0，966 0，591
0
．
2

0，989 0，739 0，449 1，000 0，969 0，609

ω＝0．5 ρ＝1
0
．
0

0，990 0，755 0，454 1，000 0，972 0，612
一〇．2 0，988 0，771 0，460 1，000 0，978 0，617
一〇．5 0，977 0，774 0，460 1，000 0，977 0，617
一〇．8 0，926 0，761 0，461 0，999 0，974 0，618

0
．
8

0，999 0，792 0，454 1，000 0，980 0，628
0
．
5

0，999 0，791 0，453 1，000 0，981 0，630
0
．
2

0，999 0，791 0，455 1，000 0，981 0，632

ρニ100 0．0 0，999 0，790 0，455 1，000 0，981 0，632
一〇．2 0，999 0，789 0，455 1，000 0，981 0，631
一〇．5 0，999 0，789 0，455 1，000 0，981 0，628
一〇，8 0，998 0，790 0，457 1，000 0，981 0，628

R．W． 1，000 0，761 0，470 1，000 0，957 0，576

0．8 0，983 0，396 0，246 0，998 0，515 0，166

0．5 0，754 0，165 0，264 0，855 0，296 0，187

0．2 0，363 0，152 0，299 0，621 0，344 0，262

ρニ0．01
0
．
0

0，201 0，168 0，318 0，492 0，399 0，309
一〇．2 0，098 0，182 0，333 0，381 0，463 0，356
一〇．5 0，018 0，184 0，369 0，229 0，516 0，401
脂0．8 0，000 0，098 G，374 0，042 0，417 0，407

0
．
8

0，998 0，679 0，434 1，000 0，933 0，519
0
．
5

0，990 0，707 0，458 1，000 0，944 0，547

0．2 0，990 0，724 0，462 1，000 0，952 0，558

ω＝0．6 ρ＝1
0
．
0

0，990 0，731 0，465 1，000 0，955 0，560
一〇．2 0，987 0，733 0，468 1，000 0，957 0，562
一〇．5 0，981 0，744 0，466 1，000 0，958 0，564
一〇，8 0，923 0，728 0，468 1，000 0，952 0，5640

．
8

1，000 0，769 0，470 1，000 0，958 0，570
0
．
5

1，000 0，764 0，472 1，000 0，959 0，575

0．2 1，000 0，764 0，468 1，000 0，958 0，574

ρ＝100 0．0 1，000 0，764 0，470 1，000 0，957 0，574
一〇。2 1，000 0，764 0，470 1，000 0，957 0，573
一〇．5 1，000 0，762 0，469 1，000 0，957 0，574
一〇，8 1，000 0，762 0，471 1，000 0，957 0，574
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Table4e．The　Power　of　the　LM　Tlest：the　Case3（continued）

T＝100 T＝200
α

召0 44 a2 40 44 412

R．W， 0，997 ro。780 0，504 1，000 0，954 0，628

0．8 0，965 0，395 0，231 0，996 0，470 0，177

0．5 0，666 0，178 0，207 0，813 0，312 0，216
0
．
2

0，350 0，177 0，246 0，618 0，395 0，306

ρ＝0，01
0
．
0

0，228 0，191 0，258 0，533 0，461 0，351

一〇．2 0，131 0，207 0，287 0，444 0，510 0，400
一〇．5 0，039 0，233 0，318 0，304 0，554 0，446

一〇．8 0，003 0，142 0，295 0，105 0，459 0，456
0
．
8

0，991 0，697 0，459 1，000 0，893 0，561

0．5 0，985 0，722 0，482 1，000 0，919 0，605

0．2 0，981 0，750 0，497 1，000 0，935 0，612

ω＝0，7 ρ＝1
0
．
0

0，982 0，759 0，498 1，000 0，939 0，621
一〇．2 0，979 0，767 0，497 1，000 0，943 0，621
一〇，5 0，968 0，768 0，500 1，000 0，943 0，622
一〇，8 0，909 0，767 0，494 0，998 0，943 0，623

0．8 0，998 0，778 0，506 1，000 0，949 0，627
0
．
5

0，997 0，778 0，507 1，000 0，954 0，630
0
．
2

0，997 0，777 0，507 1，000 0，953 0，628

ρ＝100
0
．
0

0，997 0，778 0，505 1，000 0，953 0，628
一〇．2 0，997 0，779 0，504 1，000 0，953 0，628
一〇．5 0，997 0，779 0，504 1，000 0，953 0，628
一〇．8 0，997 0，779 0，504 1，000 0，953 0，628

R．W． 1，000 0，819 0，487 1，000 0，950 0，675
0
．
8

0，962 0，396 0，212 0，987 0，478 0，188
0
．
5

0，624 0，209 0，193 0，785 0，379 0，250
0
．
2

0，369 0，213 0，215 0，639 0，466 0，372

ρ＝0．01
0
．
0

0，258 0，227 0，242 0，576 0，527 0，417
一〇．2 0，179 0，260 0，256 0，535 0，585 0，453
一〇．5 0，077 0，278 0，286 0，394 0，624 0，489
一〇．8 0，010 0，184 0，264 0，171 0，554 0，496

0
．
8

0，989 0，734 0，426 1，000 0，900 0，622

0．5 0，983 0，762 0，465 1，000 0，930 0，653

0．2 0，984 0，785 0，481 1，000 0，938 0，660

ωニ0．8 ，o：＝1

0
．
0

0，986 0，793 0，488 1，000 0，944 0，666
一〇，2 0，986 0，801 0，488 1，000 0，946 0，669
一〇．5 0，978 0，806 0，490 0，999 0，944 0，670
一〇。8 0，938 0，795 0，490 0，996 0，944 0，670

0
．
8

0，998 0，822 0，489 1，000 0，948 0，675
0．5 1，000 0，822 0，493 1，000 0，950 0，674

0．2 1，000 0，822 0，493 1，000 0，950 0，673

ρニ100
0
．
0

1，000 0，821 0，492 1，000 0，949 0，673
一〇。2 1，000 0，822 0，491 1，000 0，949 0，673
一〇．5 1，000 0，820 0，489 1，000 0，949 0，673
一〇．8 1，000 0，820 0，489 1，000 0，949 0，674
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Table4e．The　Power　of　the　LM　Tbst：the　Case3（continued）

T＝100 T＝200
α

40 ピ4 ピ12 ピ0 ピ4 ピ12

R．W． 1，000 0，825 0，465 1，000 0，958 0，656
0
．
8

0，959 0，397 0，148 0，983 0，490 0，186

0．5 0，654 0，216 0，122 0，808 0，399 0，253
0
．
2

0，415 0，225 0，158 0，686 0，502 0，367

ρ＝0。01 0．0 0，311 0，260 0，192 0，643 O，565 0，416

一〇。2 0，226 0，294 0，224 0，594 0，620 0，463

一〇．5 0，100 0，316 0，249 0，469 0，665 0，504

一〇。8 0，020 0，216 0，245 0，230 0，612 0，517
0
．
8 0，993 0，750 0，395 1，000 0，915 0，605
0
．
5

0，995 0，781 0，437 1，000 0，944 0，635

0．2 0，994 0，805 0，445 1，000 0，952 0，650

ω皿0．9 ρ＝1 0．0 0，993 0，812 0，452 1，000 0，954 0，652
一〇．2 0，992 0，821 0，454 1，000 0，956 0，655

一〇．5 0，989 0，823 0，453 1，000 0，956 0，655

一〇．8 0，970 0，812 0，455 0，998 0，953 0，656
0
．
8

0，999 0，828 0，462 1，000 0，961 0，656

0．5 0，999 0，827 0，461 1，000 0，957 0，657
0
．
2

0，999 0，826 0，466 1，000 0，957 0，657

ρ＝・100
0
．
0

0，999 0，826 0，465 1，000 0，957 0，657

一〇．2 0，999 0，827 0，464 1，000 0，957 0，657

一〇．5 0，999 0，826 0，464 1，000 0，957 0，657
一〇．8 0，999 0，826 0，463 1，000 0，958 0，657
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Table4f．The　Power　of　the　PS　Testl　the　Case3

T＝100 T・＝200

α 60 44 412 60 44 612

R．W． 0，994 0，514 0，000 1，000 0，849 0，306
0
．
8

0，913 0，119 0，006 0，962 0，264 0，036

0．5 0，555 0，086 0，047 0，810 0，265 0，114
0
．
2

0，331 0，125 0，106 0，663 0，398 0，183

ρ＝0．01 0．0 0，219 0，162 0，152 0，587 0，465 0，218

一〇．2 0，139 0，221 0，193 0，495 0，536 0，249

一〇．5 0，048 0，300 0，280 0，331 0，589 0，281

一〇．8 0，005 0，274 0，430 0，125 0，510 0，325

0．8 0，980 0，428 0，002 1，000 0，802 0，267
0
．
5

0，979 0，470 0，002 1，000 0，831 0，296
0
．
2

0，980 0，497 0，001 1，000 0，846 0，304

ω＝0．1 ρ＝1 0．0 0，979 0，499 0，000 1，000 0，849 0，303
一〇．2 0，975 0，505 0，000 1，000 0，849 0，305
一〇，5 0，964 0，510 0，000 0，999 0，851 0，305
一〇．8 0，916 0，507 0，000 0，995 0，848 0，304

0
．
8

0，995 0，521 0，000 1，000 0，850 0，303
0
．
5

0，995 0，517 0，000 1，000 0，848 0，304

0．2 0，995 0，516 0，000 1，000 0，849 0，304

ρ＝100
0
．
0

0，994 0，515 0，000 1，000 O，848 0，304
一〇．2 0，994 0，515 0，000 1，000 0，848 0，304
一〇．5 0，993 0，515 0，000 1，000 0，849 0，304
一〇。8 0，993 0，515 0，000 1，000 0，849 0，305

R。W。 1，000 0，608 0，040 1，000 0，907 0，389
0
．
8

0，963 0，224 0，067 0，994 0，397 0，090
0
．
5

0，686 0，137 0，183 0，859 0，279 0，150
0
．
2

0，362 0，149 0，232 0，668 0，366 0，219

ρ＝0．01 0．0 0，207 0，166 0，256 0，556 0，448 0，247
一〇。2 0，105 0，186 0，263 0，464 0，506 0，275
一〇．5 0，028 0，207 0，295 0，286 0，555 0，296
一〇．8 0，003 0，129 0，385 0，076 0，449 0，319

0
．
8

0，992 0，514 0，061 1，000 0，863 0，349
0
．
5

0，992 0，544 0，051 1，000 0，886 0，375

0．2 0，990 0，578 0，041 1，000 0，900 0，383

ω＝0．2 ρ＝1 0．0 0，987 0，585 0，045 1，000 0，901 0，383
一〇．2 0，984 0，590 0，043 1，000 0，900 0，385
一〇．5 0，975 0，595 0，042 1，000 0，901 0，384
一〇．8 0，916 0，589 0，043 0，997 0，899 0，384

0
．
8

1，000 0，607 0，045 1，000 0，905 0，383
0
．
5

1，000 0，604 0，041 1，000 0，905 0，387
0
．
2

1，000 0，605 0，041 1，000 0，905 0，389

ρ＝100
0
．
0

1，000 0，605 0，040 1，000 0，905 0，389
一〇．2 1，000 0，606 0，041 1，000 0，906 0，389
一〇．5 1，000 0，605 0，040 1，000 0，907 0，389
一〇．8 1，000 0，608 0，040 1，000 0，907 0，389
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Table4f、The　Power　of　the　PS　T蕊t：the　Case3（continued）

T＝100 Tニ200
α

ε0 乏4 召12 40 44 412

R，W． 0，999 0，700 0，205 1，000 0，943 0，483
0
．
8

0，982 0，359 0，188 0，996 0，486 0，124

0．5 0，737 0，154 0，276 0，869 0，286 0，155

0．2 0，373 0，134 0，317 0，651 0，356 0，236

ρ＝0，01 0．0 0，192 0，139 0，328 0，526 0，421 0，279
一〇．2 0，079 0，153 0，326 0，411 0，485 0，306
一〇．5 0，022 0，153 0，357 0，228 0，526 0，348

一〇．8 0，002 0，074 0，420 0，042 0，417 0，360

0．8 0，998 0，606 0，183 1，000 0，902 0，442
0
．
5

0，995 0，632 0，205 1，000 0，924 0，471
0
．
2

0，994 0，675 0，203 1，000 0，932 0，478

ω＝0．3 ρ；1 0．0 0，992 0，684 0，198 1，000 0，933 0，480
一〇．2 0，990 0，686 0，200 1，000 0，935 0，480
一〇．5 0，982 0，687 0，203 1，000 0，935 0，483
一〇．8 0，922 0，675 0，208 0，999 0，934 0，486

0．8 0，999 0，698 0，203 1，000 0，941 0，483

0．5 0，999 0，702 0，204 1，000 0，941 0，484
0
．
2

0，999 0，701 0，202 1，000 0，943 0，484

ρ＝100
0
．
0

0，999 0，700 0，203 1，000 0，942 0，486
一〇．2 0，999 0，701 0，204 1，000 0，942 0，486
一〇．5 0，999 0，701 0，206 1，000 0，942 0，485
一〇．8 0，999 0，701 0，208 1，000 0，942 0，484

R．W． 0，999 0，762 0，375 1，000 0，956 0，595

0．8 0，992 0，419 0，233 0，999 0，523 0，145
0
．
5

0，772 0，146 0，297 0，870 0，302 0，163
0
．
2

0，362 0，127 0，341 0，634 0，358 0，235

ρ＝0．01 0．0 0，173 0，139 0，359 0，502 0，418 0，283
一〇．2 0，082 0，159 0，376 0，397 0，477 0，331
一〇，5 0，011 0，167 0，404 0．王87 0，525 0，365
一〇。8 0，000 0，069 0，446 0，025 0，399 0，371

0
．
8

0，998 0，661 0，335 1，000 0，927 0，530
0
．
5

0，994 0，666 0，355 1，000 0，943 0，576
0
．
2

0，995 0，710 0，362 1，000 0，955 0，590

ω＝0．4 ρニ1
0
．
0

0，994 0，721 0，366 1，000 0，956 0，591
一〇．2 0，991 0，730 0，371 1，000 0，957 0，597
一〇，5 0，978 0，738 0，377 1，000 0，957 0，599
一〇．8 0，929 0，718 0，380 1，000 0，956 0，597

0
．
8

0，999 0，757 0，371 1，000 0，961 0，599

0．5 0，999 0，759 0，368 1，000 0，959 0，598
0
．
2

0，999 0，763 0，367 1，000 0，958 0，598

ρニ100
0
．
0

0，999 0，764 0，369 1，000 0，957 0，597
一〇．2 0，999 0，765 0，371 1，000 0，958 0，597
一〇。5 0，999 0，765 0，373 1，000 0，956 0，597
一〇．8 0，999 0，763 0，374 1，000 0，956 0，597
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Table4f．The　Power　of　tぬe　PS　Tlest；the　Case3（continued）

T＝100 T＝200
α 40 64 412 ぞ0 44 乏12

R．W， 0，998 0，790 0，454 1，000 0，980 0，629

0．8 0，994 0，411 0，236 0，998 0，564 0，150
0
．
5

0，758 0，152 0，300 0，874 0，284 0，163
0
．
2

0，351 0，120 0，345 0，635 0，327 0，222

ρ・＝0．01

0
．
0

0，171 0，123 0，374 0，488 0，389 0，281

一〇．2 0，069 0，139 0，390 0，358 0，453 0，328

一〇．5 0，006 0，146 0，425 0，173 0，517 0，379

一〇．8 0，000 0，062 0，473 0，026 0，368 0，394

0．8 1，000 0，688 0，397 1，000 0，948 0，538

0．5 0，993 0，709 0，435 1，000 0，966 0，591

0．2 0，989 0，739 0，449 1，000 0，969 0，609

ω＝0．5 ρ＝1 0．0 0，990 0，755 0，454 1，000 0，972 0，612
一〇．2 0，988 0，771 0，460 1，000 0，978 0，617
一〇．5 0，977 0，774 0，460 1，000 0，977 0，617
一〇．8 0，926 0，761 0，461 0，999 0，974 0，618

0．8 0，999 0，792 0，454 1，000 0，980 0，628
0
．
5

0，999 0，791 0，453 1，000 0，981 0，630
0
．
2

0，999 0，791 0，455 1，000 0，981 0，632

ρ＝100
0
．
0

0，999 0，790 0，455 1，000 0，981 0，632
一〇．2 0，999 0，789 0，455 1，000 0，981 0，631
一〇．5 0，999 0，789 0，455 1，000 0，981 0，628
一〇．8 0，998 0，790 0，457 1，000 0，981 0，628

R．W． 1，000 0，769 0，376 1，000 0，967 0，575
0
．
8

0，988 0，435 0，268 0，998 0，553 0，159

0．5 0，785 0，184 0，327 0，885 0，283 0，172

0．2 0，384 0，141 0，371 0，643 0，335 0，231

ρ竃0．01 0．0 0，194 0，150 0，389 0，494 0，407 0，273
一〇．2 0，078 0，165 0，402 0，377 0，475 0，307
一〇．5 0，006 0，165 0，431 0，190 0，513 0，351
一〇．8 0，000 0，069 0，486 0，025 0，386 0，358

0
．
8

0，998 0，687 0，358 1，000 0，941 0，501
0
．
5

0，992 0，704 0，380 1，000 0，948 0，543
0
．
2

0，990 0，737 0，385 1，000 0，959 0，556

ω＝0．6 ρ＝1 0．0 0，989 0，745 0，381 1，000 0，961 0，564
一〇．2 0，987 0，753 0，376 1，000 0，962 0，563
一〇，5 0，981 0，753 0，376 1，000 0，963 0，567
一〇．8 0，930 0，741 0，379 1，000 0，962 0，567

0
．
8

1，000 0，774 0，368 1，000 0，967 0，5690
．
5

1，000 0，770 0，371 1，000 0，966 0，574

0．2 1，000 0，770 0，370 1，000 0，965 0，575

ρニ100
0
．
0

1，000 0，769 0，369 1，000 0，965 0，575
一〇．2 1，000 0，769 0，371 1，000 0，965 0，575
一〇．5 1，000 0，769 0，372 1，000 0，965 0，575
一〇。8 1，000 0，770 0，374 1，000 0，966 0，574
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Table4f．The　Power　of　the　PS　Testl　the　Case3（continued）

T＝100 Tニ200
α

乏0 召4 乏12 乏0 44 ε12

R。W． 0，999 0，708 0，206 1，000 0，954 0，468
0
．
8

0，977 0，340 0，194 0，996 0，504 0，158
0
．
5

0，745 0，158 0，297 0，865 0，311 0，168

0．2 0，379 0，146 0，323 0，646 0，361 0，234

ρ＝0。01 0．0 0，188 0，157 0，342 0，524 0，414 0，265
一〇。2 0，089 0，175 0，359 0，401 0，472 0，294
一〇．5 0，021 0，183 0，391 0，229 0，514 0，326

一〇．8 0，001 0，093 0，462 0，048 0，400 0，343

0．8 0，992 0，620 0，209 1，000 0，906 0，417
0
．
5

0，991 0，634 0，210 1，000 0，930 0，457
0
．
2

0，990 0，669 0，210 1，000 0，942 0，461

ω＝0．7 ρ＝1
0
．
0

0，991 0，677 0，208 1，000 0，942 0，465
一〇．2 0，987 0，681 0，205 1，000 0，946 0，466
一〇．5 0，974 0，686 0，204 1，000 0，948 0，468
一〇．8 0，923 0，671 0，204 0，996 0，945 0，469

0．8 0，999 0，711 0，202 1，000 0，953 0，465
0
．
5

0，999 0，707 0，201 1，000 0，953 0，470
0
．
2

0，999 0，706 0，200 1，000 0，954 0，470

ρ＝100 0．0 0，999 0，705 0，200 1，000 0，955 0，471
一〇．2 0，999 0，706 0，200 1，000 0，955 0，472
一〇。5 0，999 0，706 0，200 1，000 0，955 0，471
一〇．8 0，999 0，705 0，203 1，000 0，955 0，470

R．W． 0，998 0，606 0，050 1，000 0，899 0，372
0
．
8

0，958 0，246 0，088 O，994 0，425 0，109

0．5 0，683 0，155 0，185 0，835 0，313 0，156
0
．
2

0，378 0，152 0，231 0，645 0，387 0，212

ρニ0、01
0
．
0

0，211 0，172 0，251 0，552 0，440 0，249
一〇．2 0，120 0，202 0，269 0，447 0，491 0，272
一〇．5 0，033 0，224 0，331 0，285 0，536 0，298
一〇．8 0，002 0，160 0，473 0，070 0，442 0，320

0
．
8

0，992 0，519 0，064 1，000 0，856 0，318
一〇．5 0，989 0，553 0，068 1，000 0，874 0，350

0
．
2

0，984 0，576 0，058 1，000 0，890 0，358

ω＝0．8 ρニ1
0
．
0

0，980 0，581 0，056 1，000 0，896 0，363
一〇．2 0，977 0，587 0，054 1，000 0，899 0，364
一〇．5 0，969 0，595 0，054 1，000 0，898 0，367
一〇．8 0，924 0，584 0，055 0，997 0，897 0，3700

．
8

0，998 0，600 0，047 1，000 0，905 0，3710
．
5

0，998 0，604 0，051 1，000 0，903 0，372
0．2 0，998 0，603 0，051 1，000 0，902 0，372

ρニ100 0．0 0，998 0，605 0，052 1，000 0，901 0，371
一〇．2 0，998 0，606 0，051 1，000 0，900 0，372
一〇．5 0，998 0，606 0，050 1，000 0，900 0，372
一〇．8 0，998 0，606 0，051 1，000 0，901 0，372
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Table4f．The　Power　of　the　PS田est：the　Case3（continue（i）

T＝100 T＝200
α

ぞ0 44 612 乏0 ε4 乏12

R．W， 0，995 0，530 0，000 1，000 0，854 0，307

0．8 0，886 0，117 0，002 0，965 0，286 0，045

0．5 0，576 0，081 0，044 0，797 0，291 0，122

0．2 0，352 0，138 0，119 0，642 0，391 0，187

ρ＝0，01
0
．
0

0，243 0，181 0，156 0，570 0，452 0，213

一〇．2 0，151 0，235 0，205 0，488 0，497 0，238

一〇．5 0，059 0，340 0，313 0，336 0，564 0，269

一〇．8 0，004 0，420 0，530 0，113 0，516 0，341

0．8 0，979 0，441 0，003 1，000 0，784 0，251
0
．
5

0，986 0，485 0，003 0，999 0，818 0，292
0
．
2

0，985 0，508 0，003 0，999 0，836 0，297

ω＝0．9 ρ＝1 0．0 0，985 0，515 0，002 0，999 0，838 0，298

一〇。2 0，982 0，517 0，002 0，999 0，844 0，302

一〇．5 0，977 0，530 0，000 0，998 0，849 0，303

一〇．8 0，920 0，528 0，000 0，994 0，849 0，304
0
．
8

0，995 0，525 0，001 1，000 0，856 0，303
0
．
5

0，995 0，524 0，000 1，000 0，855 0，302

0．2 0，995 0，528 0，000 1，000 0，855 0，303

ρ＝100
0
．
0

0，995 0，528 0，000 1，000 0，854 0，305

一〇．2 0，995 0，528 0，000 1，000 0，854 0，305

一〇．5 0，995 0，529 0，000 1，000 0，854 0，305

一〇．8 0，995 0，529 0，000 1，000 0，854 0，305

139



Table 5. Test for Stationarity 

Series T TB U) ~4 ~12 

Real GNP 
Nominal GNP 
Real per capita GNP 

Industrial Production 

Unemployment 
Nominal Wages 
Common-stock Prices 

62 

62 

62 

lll 

81 

71 

lOO 

1929 

1929 

1940 

1941 

1929 

1930 

1939 
Common-stock Prices (the PS test) 

0.339 

0.339 

0.516 

0.739 

0.494 

0,437 

0.690 

O. 1 1842** 

O. 10164* 

O. 18685** 

0.22738*** 

0.07498 

O. 12002* 

0.03514 

0.11146 

0.09202* 

0.07659 

0.15879** 

0.13382** 

0.06684 

0,09013 

0.05237 

0.16611 
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Figure la. The Limiting Powers (Case O) 
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Figure lc. The Limiting Powers (Case 2) 

0.8 

0.6 

0.4 

0.2 

o
 

cL' :; O.1 

c') =; 0.2 

(L'  O.3 

(~' = O.4 

'!) ; 0.5 

O
 

5
 

lO 15 20 25 30 35 40 

l
 

Figure Id. The Limiting Powers (Case 3) 
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Figure 2a. The Limiting Powers (c,; = 0.1) 
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Figure 2b. The Limiting Powers (~) = 0.2) 
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Frgure 2c The Lunitmg Powers (c,) = 0.3) 
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Figure 2d. The Limiting Powers ((~) = 0.4) 
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Figure 2e. The Limiting Powers (cc) = 0.5) 
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Figure 3a. The Limiting Powers (Case O:PS) 
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Figure 4a. The Limiting Powers (Case O: a) = 0.1) 
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Figure 4c. The Limiting Powers (Case O: ~) = 0.3) 
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Figure 5a. The Limiting Powers (Case 3: a) := 0.1) 
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Figure 5c, The Limiting Powers (Case 3: a) = 0.3) 
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