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Abstract

This paper proposes new point estimates for predictive regressions. Our estimates
are easily obtained by the least squares and the instrumental variable methods. Our
estimates, called the plug-in estimates, have nice asymptotic properties such as median
unbiasedness and the approximated normality of the associated t-statistics. In addition,
the plug-in estimates are shown to have good finite sample properties via Monte Carlo
simulations. Using the new estimates, we investigate U.S. stock returns and find that
some variables, which have not been statistically detected as useful predictors in the
literature, are able to predict stock returns. Because of their nice properties, our methods
complement the existing statistical tests for predictability to investigate the relations
between stock returns and economic variables.
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1. Introduction

Predictive regressions have long been studied in the financial and econometric literature.
One of the difficulties in predicting stock returns by financial variables is that the ordinary
least squares estimate (OLSE) is severely biased, as pointed out by Mankiw and Shapiro
(1986) and Elliott and Stock (1994). Because of the upward bias, the usual ¢ test suffers from

over-size distortions, and hence, we tend to erroneously find evidence of strong predictability.

The bias of predictive regressions comes from the fact that typical predictive variables
are strongly serially correlated and also contemporarily correlated with prediction errors.
Because such persistent variables are known to be well characterized by nearly integrated

models (Phillips, 1987), we consider the following predictive regression model in this paper:

re =y + Bxi—1 + ug, (1)

Ty = g+ pTi1+ ey, (2)

where i, = mg(1—p) with my = E[z;] and p = 1 —6/T with some fixed value of 6. Because
the predictive variable depends on the localizing parameter 6, the OLSE of 5 also depends
on it even asymptotically. As a result, the t-statistic of 5 depends on the nuisance parameter

f, and thus, we cannot control the size of the test.

The problem in the above model is that we cannot consistently estimate the localizing
parameter, and consequently, many efforts have been made to overcome this problem. El-
liott and Stock (1994) considered approximating the distribution of test statistics by the
Bayesian mixture procedure, while Cavanagh, Elliott and Stock (1995) proposed to con-
struct test statistics that are free from the localizing parameter by using three intervals—
sup-bound, Bonferroni, and Scheffe-type. The latter methods have been applied to stock
returns by Torous, Valkanov and Yan (2004), who found evidence of predictability only at
short horizons. Stambaugh (1999) tackled this problem from the Bayesian point of view
and based on his theory, Lewellen (2004) developed the bias adjustment of the OLSE of
B. He found stock returns predictability using new tests by combining the ¢ tests based

on the OLSE of 5 and the bias-adjusted estimate. Campbell and Yogo (2006) discussed



the optimality of predictive regressions. Theoretically, we can construct conditional optimal
tests as developed by Jansson and Moreira (2006) but such tests require advanced compu-
tational methods. Instead, Campbell and Yogo (2006) proposed Bonferroni intervals based
on conditionally optimal tests and found stock return predictability. On the other hand,
Lanne (2002) tested predictability not by estimating (1) but by applying stationarity tests,

and found it difficult to predict stock returns.

Most of these existing articles are mainly concerned with controlling the size of tests with
strongly serially correlated predictors but do not provide the estimation methods. However,
it is often the case that we need the point estimates of 5 once the evidence of predictability is
observed. For example, we need the point estimates when actually forecasting future returns
by predictive regressions. Another example is the case where a change in predictability is
observed, as is often the case with the U.S. stock returns. In this case, we may want to
examine the magnitude of change in predictability, which can be measured by using the
point estimates of 5 in two sub-samples. Note that although the existing testing methods
may give the confidence intervals of 3, they do not necessarily give the point estimates of
5. Hence, we need to develop estimation methods for further investigation of predictive

regressions.

In this paper, we propose new estimates for predictive regressions. We show via Monte
Carlo simulations that our estimates behave quite well in finite samples. The important
finite sample properties of our estimates are (i) the bias is relatively small and the estimates
are almost median unbiased, (ii) the empirical size of the one-sided t tests based on the
new estimates is close to the nominal one, (iii) the coverage rate of the confidence intervals
is close to the theoretical one, and (iv) the power of our ¢ tests is comparable to that of
the Bonferroni Q test by Campbell and Yogo (2006) if the contemporaneous correlation
between two innovations is not so strong, although the latter test dominates the former
in other cases. Considering these favorable finite sample properties, our new estimation
methods will complement the existing testing methods to investigate the predictability of

stock returns.



In the empirical analysis, we first apply our methods to the U.S. monthly and annual
stock returns investigated by Campbell and Yogo (2006). We find the predictability of stock
returns using the same predictor variables as observed by Campbell and Yogo (2006). In
addition, we also find strong evidence of predictability by the dividend-price ratio, which is
not considered as a statistically significant predictor. We then investigate the same stock
returns by extending the sample period. Again, we clearly observe the predictability of

stock returns by the dividend-price ratio.

The rest of the paper is organized as follows. Section 2 explains our new estimation
methods. We investigate the finite sample properties of our new estimates in Section 3.
The predictability of the U.S. stock returns is investigated in Section 4, and the concluding
remarks are given in Section 5. The technical proofs and derivations of the statistical

properties of the new estimates are relegated to the Appendix.
2. Estimation Methods for Predictive Regressions

Let us first consider the following simple predictive regression without a constant:

Ty = Pri—1+ U, (3)

Ty = pTi—1+ e, (4)

fort =1,---,T, where p =1 —0/T, u; ~ i.i.d.(0,02), e; ~ i.i.d.(0,02), and u; and e; are
contemporaneously correlated with covariance o,.. We use this simple model in order to
explain our main logic underlying the construction of new point estimates. The extensions
to general autoregressive models of order p (AR(p)) with a constant will be discussed later
in this section and in the Appendix. Since typical predictors are highly persistent but do not
necessarily have a unit root by economic theory, we consider the local-to-unity specification

for the AR(1) parameter as given by p=1—60/T.

For model (3), it is well known that the OLSE of 3,

Zthl Ti—17T¢ 23:1 Tt—1Ut

T T
Zt:l $t271 Zt:l 95571

8= =B+ : (5)



is shifted and skewed to the right when o, is negative, and hence, B is positively biased.
The main reason of the bias is the strong correlation between u; and e;. In other words, the
OLSE is asymptotically unbiased if those two innovations are uncorrelated. In the case of

infeasible regressions with a known p, model (3) can be transformed as

o o
re = Pri—1 + ﬁ(ajt — pri_1) + <Ut _ :26 €t> ) (6)

€ €

Then, by regressing r; on x¢—1 and (x¢ — px¢—1), the OLSE of 3, denoted by B*, becomes

T

R ET: w1 (ug — %“eet) 1
= : +op( > (7)

=5+ .
D1 37%—1

Since up — (oye/ ag)et is an i.i.d. sequence uncorrelated with a sequence of e;, which drives

x4, we can show that 3* is asymptotically unbiased. Moreover, 3* is more efficient than /3

2

as can be seen from the fact that the variance of the regression error in (6) is 02 — 02, /02,

2

2 in (3). We may also construct the efficient estimate by ignoring

which is smaller than o

the 0,(1/T') term in (7), which is given by

Yoy i (ug — Zrer)

B = B+ = (8)
D1 37?—1
5 Oue Z?:l mtfl(l‘t - pl'tfl)
- B Y T 2 ) (9)
Te doie1 i

where 7, and 62 are consistent estimates of o, and Ug, which can be constructed from the
regression residuals in (3) and (4). See also Campbell and Yogo (2006).

In practice, neither 3* nor * is feasible because we do not know the true value of p-
A natural alternative estimate may be obtained by replacing p in (9) with some estimate.

That is, by letting p be an estimate of p, we construct a new estimate f as

a'ue Zle xt—l(l’t - ﬁxt—l)

b= B~ 52 T

Te D1 T

- 4o Gue Sop—y Te—1 {er — (p— p)ri—1}

= =2 T
Oe D1 T
. T

~ g Z _1 Lt—1€¢ ~

_ 5 f‘;{tTlQ—m—p)}. (10)
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Since p — p = Zthl xi_1€t/ Z?zl z? |, where p is the OLSE of p in (4), 8 becomes

> Oue

B = B—5{(p—p) —(p—p)}

ue (5 p). (11)

Note that there is no meaning in replacing p with the OLSE p because in this case, 8

becomes equal to 3, from expression (11).

Instead of using the OLSE of p, we propose to replace p with the Cauchy estimate, p.,
by So and Shin (1999), which is obtained by the instrumental variable method for (4) with
sign(z;_1) as an instrument, where sign(z) = 1 if 2 > 0 and sign(z) = 0 if z < 03. The
advantage of p. over the OLSE p is that it is an asymptotically median unbiased estimate

of p even for nearly integrated models. Then, 3 becomes

~ ~ & . .
BC - 5 - 5_“26 (p_pc)
e
_ Ak a'ue A~
= B+ 5 (pc—p). (12)

e
Thus, the proposed plug-in estimate can be seen as the sum of the efficient estimate of £
and the centered Cauchy estimate of p. Note that since 3* and pe are T consistent for S

and p, the plug-in estimate is also T" consistent.

The limiting properties of the plug-in estimate (mean-adjusted) are investigated in Ap-
pendix B. Although the expression of the limiting distribution of B. is complicated, it
is almost median unbiased. That is, the limiting probability of taking positive values,
lim7 oo P(T(B: — 8) > 0), is almost 0.5. This implies that when the true value of 3 equals
0, the probability of BC > 0 is almost the same as the probability of Bc < 0. This contrasts

sharply with the asymptotic property of the OLSE . Tt is well known in the literature and

3Tt is also possible to replace p with other estimates. We considered the lag-augmented method by
Choi (1993) and Toda and Yamamoto (1995) and its modified version by Kurozumi and Yamamoto (2000),
combined with several detrending methods. Although the estimates of 8 based on these methods can be
shown to be asymptotically normal, they do not perform better than the estimate based on the Cauchy
estimation in finite samples in view of size and power. The weighted symmetric estimate by Park and Fuller
(1995) may be a possible estimate, but it assumes normality in e;. Because this assumption is too strong in
empirical finance, we did not consider this estimate.



also confirmed in Appendix B that the OLSE of 3 is severely biased and that the limiting
probability of T(ﬁ — ) > 0 is close to one for the nearly integrated predictors, and as such,
we tend to find evidence of predictability even if the true value of 5 equals zero. Note that
the median unbiasedness has been considered as one of the nice properties of estimates in

the econometric and statistical literature (in particular, in the unit root literature).

Another nice property of the plug-in estimate is that the limiting distribution of the
t-statistic based on the plug-in estimate is well approximated by a standard normal distri-
bution not only for the covariance stationary predictors but also for the nearly integrated
variables. As a result, we do not have to tabulate critical values depending on 6; we only
need to refer to a table of standard normal distribution and can also easily construct the
confidence interval for any significance level. These two nice properties, the median unbi-
asedness of the plug-in estimate and the asymptotic normality of the t-statistic, are very

useful in investigating the predictability of stock returns.

In practice, we usually have a constant term in the regressions, and thus, B and p
should be obtained from regressions (1) and (2). On the other hand, we do not use the
conventional demeaning method for the Cauchy estimation but implement the recursive

OLS mean adjustment as suggested by So and Shin (1999). For AR(1) model (2), the

recursive OLS mean adjusted process is given by

Ty — Tty = p(Tr—1 — Te-1) + €,
where z;_1 = Zi;ll zs/(t—1) and ¢ = e; + (mgy — T4—1)(1 — p). Then, the Cauchy estimate
is obtained by the instrumental variable method with sign(z;—1 — Z;—1) as an instrument:

5 — ZtT=1 Sign(‘rt—l — Et—l)(xt — jt—l)
Pec,rols = T — . (13)
Dot |Tt—1 = T

Using pe rois; we have the following plug-in estimate:

- R Vol R R
/Bc,rols = ﬁ - % (p - pc,'r’ols) 5

e

where 6, and 63 are the consistent estimates of o, and crg constructed from the regression
residuals of (1) and (2). This plug-in estimate with the OLS mean adjustment is valid for

both stationary and nearly integrated predictors.



The above recursive OLS mean adjustment is based on the OLS demeaning up to the
time t — 1. However, if we make use of the information that p is characterized as a local-
to-unity system, we may be able to efficiently estimate p. For this purpose, we combine
the recursive mean adjustment and the GLS detrending method by Elliott, Rothenberg and
Stock (1996). Let 2% and 19 be the quasi-differenced series of z; and 1, that is, 29 = z;
and lgd =1fort =1 and :L'gd =z — (1 —7/T)x4—1 and lgd = 7/T for t > 2. Then, by
regressing 2% on 1% for s = 1,---,t, we obtain the recursive estimates of m, at time ¢,
denoted by My g4, for £ = 2,---,T. Using a sequence of these estimates, we construct the

Cauchy estimate of p with the recursive GLS mean adjustment and then obtain

Bergls = B — % (D — Peyrgls) »
where pcrgis is defined in the same way as pcros in (13) with z;—; being replaced by
Mg rglst—1- Oince p is estimated more efficiently, we can expect ngls to be more efficient
than chmls, which, in fact, is confirmed in the next section and in Appendix B. Note that

Pergls is a valid estimate only for nearly integrated predictors because the GLS detrending

is meaningful only for the local-to-unity system.

To summarize the asymptotic properties of the two plug-in estimates, both Bc,mls and
ngls are almost median unbiased and the distributions of the ¢-statistics based on these
estimates can be approximated by a standard normal distribution. While Bc’rgls is more
efficient than chols for nearly integrated predictors, Bwols is valid for both covariance
stationary and nearly integrated variables. Because of this trade-off between robustness and
efficiency, we recommend using chgls if we are confident that p is close to unity. Otherwise,

we may rely on Bgmls to investigate the predictability.
3. Finite Sample Properties

In this section, we investigate the finite sample properties of the estimates developed in the
previous section by Monte Carlo simulations. The data generating process is the same as

(3) and (4) with uy ~ .i.d.N(0,1), e; ~ i.i.d.N(0,1), Cov(ug, er) = oye, and xg = 0. We



set 5 =0, p=0.7,0.8, 0.9, 0.95, and 0.99; gy = —0.95 and —0.55; and T" = 50, 100, 250,
and 500. Although the true values of u, and p, equal zero, the models are estimated with
a constant term. The number of replications is 10,000 and all computations are conducted

by using the GAUSS matrix language.

Table 1 summarizes the simulation results when o, = —0.95. In Panel (a), we report
the bias of Bc,mls, Bc,rglsa and B, and the mean squared error (MSE) multiplied by 100
of the corresponding estimates in parentheses. From the table, we can see that the bias
is successfully reduced by the new methods. In particular, the plug-in estimate with the
recursive OLS mean adjustment is less biased in a wide range of p and for 7' > 100, while
the plug-in estimate with the recursive GLS mean adjustment has a small bias only when
p is close to unity. This tendency is consistent with the asymptotic theory developed in
the previous section. On the other hand, the MSE of the OLSE is smaller than our plug-in
estimates when p moderately deviates from unity. However, as p approaches unity, our
plug-in estimates have smaller MSE than the OLSE. Since Bc,rgls has the smallest MSE

when p > 0.95, we can see that chgls is more efficient than the other two estimates.

Panel (b) shows the probabilities of taking positive values: P(Bc,mls > 0), P(ﬁcmgls > 0),
and P (B > 0). We can see that the OLSE of /3 takes positive values with probabilities greater
than 0.8 when p is close to one, whereas both P(Bc,mls > 0) and P(Bc,mls > 0) are close to
0.5, and hence, we confirm that our plug-in estimates are almost median unbiased even in

finite samples.

Panel (c) reports the sizes of the one-sided ¢ tests based on Bc,rols and ngls and the
Bonferroni Q (BF-Q) test proposed by Campbell and Yogo (2006). As in the table, the size
of tcro1s can be well controlled for any p and T, while the t test based on ngls tends to
be slightly oversized when p moderately deviates from unity. On the other hand, we can
control the size of the BF-Q test only when p is close to unity; it is oversized for smaller
sample sizes but undersized for larger sample sizes when p is not close to one. Again, these
properties are consistent with the asymptotic theory; Bwol s 1s robust to the values of p while

chrgls and the BF-Q test are valid only for the nearly integrated models.



In Panel (d), we report the coverage rates of the 90% confidence intervals based on Bc,ml s
Bc,mls, and the BF-Q test. We can see that the coverage rates based on our estimates are
close to 0.9 for any p and T, while those based on the BF-Q test tend to be greater than

0.9 for large sample sizes, even if p is close to one.

The above estimates are less biased in the case of o, = —0.55 as compared to in the
case of o, = —0.95. However, the sizes and the coverage rates of the tests in the case of
oye = —0.55 are similar to those in the case of o, = —0.95. Since the relative performances
of the estimates and the tests are preserved in this case, we do not report the details to save

space.

Finally, we compare the powers of t. s, tergis, and the BF-Q test. From Figure 1, we
can see that the BF-Q test is more powerful than our tests when p = —0.95, whereas the
difference between the powers of the BF-Q test and .. .45 is only slight when the innovations
are moderately negatively correlated. This is because the BF-Q test takes into account the
possible range of 6 (or p) based on the ADF-GLS test by Elliott, Rothenberg and Stock
(1996), whereas our plug-in estimate with the recursive GLS mean adjustment uses only the
fact that p is characterized as the local-to-unity system and does not restrict the possible
range of #. It might be possible to construct a new estimate using the information about
based on the ADF-GLS test as suggested by Cavanaugh, Elliott and Stock (1995), but such
an estimate may have a complicated distribution and may not be median unbiased. Because
our main purpose is not to develop a powerful test but to construct reliable estimates, we

do not pursue such an estimate in this paper.

To summarize the simulation results, our plug-in estimates perform quite well in finite
samples and the ¢ tests based on them are comparable with the existing test in some cases.
Because of the good finite sample properties, our plug-in estimates complement the existing

testing procedures in empirical analysis.
4. Predictability of U.S. Stock Returns

In this section, we implement our estimation method on U.S. equity data, taking the previous



findings of Campbell and Yogo (2006) as the benchmark of the comparison.
4.1. Description of data

We use five different series of the U.S. stock returns. The first three series are the returns on
the annual S&P 500 index, the monthly and annual Center for Research in Security Prices
(CRSP) data. These return data, along with the financial ratio variables—the dividend-
price ratio and the earnings-price ratio—are used as the predictor variables. The series
and the same sample period are the same as in Campbell and Yogo (2006)*. These data
are taken from Motohiro Yogo’s website®. The estimation results using these data series
are presented in Panels A, B, and C of Table 2, respectively. In addition, we also use the
updated annual return on the S&P 500 index and the monthly data. These data and the
financial ratio variables are taken from Robert Shiller’s websiteS. The estimation results

using these data series are presented in Panels D and E of Table 2, respectively.

To compute the excess returns of stocks over risk-free return, we use the one-month T-
bill rate for monthly series and roll over the one-month T-bill rate for the annual series. In
our analysis, we use two additional predictor variables, the three month T-bill rate and the
long-short yield spread, following Campbell and Yogo (2006). As in Fama and French (1989)
and other previous researches, the long yield used to compute the yield spread is Moody’s
seasoned Aaa corporate bond yield. The short rate is the one-month T-bill rate. The T-
bill rates and the Moody’s seasoned Aaa corporate bond yield are from Yogo’s and FRB’s

7

websites’. Following the usual convention, the excess returns and the predictor variables

are in logs.

4.2. Persistence of the predictor variables

We use the 1880-2002 and 1880-1994 samples for the annual S&P 500 index; the 1926M12-2002M12,
1926M12-1994M 12, and 1952M1-2002M12 samples for the monthly CRSP data; and the 1926-2002, 1926-
1994, and 1952-2002 samples for the annual CRSP data.

Shttp://www.nber.org/ myogo/

Shttp://www.econ.yale.edu/ shiller/data.htm

"http://www.federalreserve.gov /releases/h15/data.htm

10



In the fifth and sixth columns of Table 2, we report the estimated coefficients and standard
errors for the autoregressive root p for the log dividend-price ratio (d-p), the log earnings-
price ratio (e-p), the three-month T-bill rate (3my), and the long-short yield spread (ys)
using two different methods. As discussed in Section 2, we call them the plug-in estimate
with the recursive OLS mean adjustment (j ro1s) and the plug-in estimate with the recursive
GLS mean adjustment (p.q1s). The difference in these two methods is described in Section
2 and the Appendix. The autoregressive lag length p € [1,p] for the predictor variable is
determined by the Bayes information criterion (BIC). We set the maximum lag length p as
four for annual data and eight for monthly data. The estimated lag lengths are reported in

the fourth column of Table 2.

As discussed in the literature, the high persistence of these typical predictor variables
suggests that the first-order asymptotics, that is, the t-statistic based on the OLSE being
approximately normal in large samples, can possibly lead to misleading results. It should
also be noted that whether or not the conventional inference based on the t-test is reliable
depends on the correlation (§) between the innovations to the excess returns and to the
predictor variable, in addition to the true value of p. We report the point estimates of § in
the seventh column of Table 2. The correlations of the innovations to stock returns with
the financial ratios are negative and large, but those with the interest rate variables (3my
and ys) are much smaller. The former result indicates that the movements in stock returns
and in financial ratios mostly come from the movements in the stock price. The latter
finding suggests that for the interest rate variables, the conventional t-test perhaps provides
approximately valid inference. These findings are essentially the same as those obtained by

Campbell and Yogo (2006).
4.3. Estimating and testing the predictability of the U.S. stock returns

Following the methodology discussed in Section 2, we calculate our plug-in estimates (/éc,rolsa
ﬁwgls) to test the predictability on the U.S. stock returns. In the eighth and ninth columns

of Table 2, we report our plug-in estimates and the corresponding p-values. As mentioned in

11



Section 3, ngls is more efficient for persistent series, and hence, we discuss our estimation
results based on Bmgls. We see from Panel A that the log dividend-price ratio (d-p) has
return predictability at the 5% significant level and the log earnings-price ratio (e-p) at
the 1% significant level for the U.S. annual S&P 500 index data with the Campbell and
Yogo (2006) sample. Drawing a comparison between our findings and those of Campbell
and Yogo (2006), we also report the confidence intervals of each of our plug-in estimates
in the tenth and eleventh columns of Table 2. In the last column of Table 2, we report
the result of the BF-Q test proposed by Campbell and Yogo (2006)%. Compared to these
confidence intervals, our test based on chrgls rejects the null of no predictability for the log
dividend-price ratio (d-p) and the log earnings-price ratio (e-p), whereas the BF-Q test does
not reject the null hypothesis for the log dividend-price ratio (d-p) for the annual S&P 500

index data series in both samples.

For the monthly CRSP series with the Campbell and Yogo (2006) sample, reported in
Panel B, the p-values of our test for the log earnings-price ratio (e-p) are almost 5% except
for in the 1952M1-2002M12 sample, whereas both tests reject the null for the log dividend-
price ratio (d-p). These findings are almost the same as those observed by Campbell and
Yogo (2006). For the three-month T-bill rate (3my) and the long-short yield spread (ys),
we reject the null hypothesis. Given that the correlation estimate 6 reported in the seventh
column is negative but very small, the conventional inference based on the t-test leads to

an approximately valid inference, as discussed in the previous subsection®.

In panel C, we report the result for the annual CRSP series with the Campbell and
Yogo (2006) sample. We see that the log dividend-price ratio (d-p) has return predictability
at the 5% significant level and the log earnings-price ratio (e-p) at the 1% significant level
for the 1926-2002 and the 1926-1994 samples, but both predictors are insignificant for the
1952-2002 sample. Compared to these confidence intervals, our test based on chrgls and the
BF-Q test reject the null of no predictability for the log dividend-price ratio (d-p) and the
log earnings-price ratio (e-p) for the 1926-2002 and the 1926-1994 samples, but not for the

8The figure is somewhat different in Campbell and Yogo (2006), but the conclusion is the same.
9This point is also discussed in Campbell and Yogo (2006).
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1952-2002 sample.

For the longer and more recent monthly sample, reported in Panel D, we reject the null
hypothesis at the 1% level for the log dividend-price ratio (d-p), the log earnings-price ratio
(e-p), and the long-short yield spread (ys) based on the Bmgls point estimate. According
to the 5% confidence intervals by the plug-in estimates and the BF-Q test, we also reject
the null for these three series. Note that there is no difference between the confidence
intervals based on chrgls and the BF-Q test. Judging from these findings, we observe that
the log dividend-price ratio (d-p) and the log earnings-price ratio (e-p) are more likely to
has predictability on this monthly sample. However, as to the long-short yield spread (ys),

there is room for reconsidering the interpretation, as stated above.

For the updated longer annual sample reported in Panel E, we reject the null at the
5% level for the log dividend-price ratio (d-p), but not for the log earnings-price ratio (e-p)
based on the ngls point estimate. According to the confidence interval based on 5077«915,

the log dividend-price ratio has predictability, whereas the BF-Q test fails to reject the null.

In summary, with regard to the empirical results using the U.S. equity data series, we get
that our plug-in estimates are as well as or better than the BF-Q test by Campbell and Yogo
(2006) in finding predictability. Since our estimation method gives asymptotically median
unbiased point estimates, our estimates and tests are useful to investigate the predictability

of stock returns and complement the existing statistical methods such as the BF-Q test.
5. Conclusion

In this paper, we proposed new point estimates for predictive regressions. They are easily
obtained by the least squares and the instrumental variable methods. Our estimates have
nice asymptotic properties such as the (almost) median unbiasedness and the approximated
normality of the associated t-statistics. In addition, the proposed estimates are shown to
have good finite sample properties via Monte Carlo simulations. Using the new estimates,
we investigated the U.S. stock returns and found that some variables, which have not been

statistically detected as useful predictors in the literature, are able to predict stock returns.
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Because of their nice properties, our methods complement the existing statistical tests for

predictability to investigate the relations between stock returns and economic variables.
Appendix
A. Construction of the estimates and their variances

A.1. AR(1) case

We first explain the construction of the plug-in estimates for an AR(1) model and then
consider a more general AR(p) model. Note that if we consider only the nearly integrated
predictors, we do not have to construct the plug-in estimates as given in A.2 but it is
sufficient to follow A.1 even when x; is an AR(p) process. See also Appendix B.2. A.2. is

required for 8. s to be valid even when z; is covariance stationary.

1. Estimate (1) and (2) by OLS and obtain 3 and . Based on the regression residuals

d; and é;, construct G, = 7, Uér)T, 62 = S.F | &2/T, and 62 = S| a3/T.
2. Estimate (2) by the instrumental variable method. The estimate with the recursive

OLS mean adjustment is defined as

N . 23:2 sign(ri—1 — T4—1) (s — Te—1)
Pc,rols = T —
Dt [Te—1 — T

where 7,1 = Y.'_] x/(t — 1). For the estimate with the recursive GLS mean adjust-

9

ment, construct iL'gd and 1§d as follows:
qd 1 ot =1 qd 1 : t=1
Ty = 7 . Lim=9 7 .
Tt — FTt—1 ¢ t>2, T ot t> 2.
Obtain 7, 415+ by regressing 29% on 17 for s = 1,---,t
t d_qd
“ 2521 1g xg
My glst = 7 odea

S (12

The Cauchy estimate of p with the recursive GLS mean adjustment is defined as

_ 23:2 Sign(xt—l - mx,gls,tfl)(xt - m:p,gls,tfl)

ﬁc,rgls - A
ZtTZQ |xt—1 - mx,gls,tfl‘
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3. The plug-in estimates of 8 are obtained as

~ s Oue .~ = 5 Oue . -
ﬁc,rols = B - % (P - pc,rols) and Bc,rgls = /8 - ﬁ (:0 - pc,rols) .
e e

4. The variance estimates of 3. s and S 4 are defined as the sum of the variances of

the efficient estimates 3* and the Cauchy estimates of p. That is,

Oue

2
V(”'(Bc,rols) = VQT(B*) + < ) Var(ﬁc,r,ols)v (14)

52
O¢

T .2
242 ~2 §
e9u — Oye ~ _ t=2 ec,rols,t
———— and Var(peros) =

~ T ~9
POARE (S w1 — 701

where Z; = x; — T, and €¢ o5t = (Tt — T4—1) — Perols(Ti—1 — Ty—1) is the residual from

where Var(3*) =

27

the instrumental variable estimation. Similarly, the variance of the plug-in estimate

with the recursive GLS mean adjustment is obtained by replacing Var(per o1s) with

T 42
Zt:2 ec,rgls,t

T . 27
<Zt:2 |xt71 - mx,gls,t—1|)

where €crgist = (Tt — My gist—1) — Pergls(Tt—1 — My gist—1) is the residual from the

Var (ﬁc,rgls) =

Cauchy estimation. We can construct t.,qs and t.,qs by using Bwols, Var(BC,TOZS),

Bc,rglm and Var(Bc,rgls)~
A.2. AR(p) case

We now consider the case where z; is an AR(p) process given by
Tt = g + pTi—1 + V1A 1+ -+ V1 Axp_py1 + e, (15)
where p1; = my,(1 — p), A is a differencing operator, and p =1—0/T.
1. As in the AR(1) case, estimate (1) and (15) by OLS and obtain 3, 6y, 62, and 62.

2. In order to estimate (15) by the instrumental variable method, express (15) in the

recursive OLS mean adjustment form as follows:
T — T—1 = p(x4—1 — Tp—1) + 1Az + -+ Yp 1 ATp_pi1 + € (16)
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Obtain the instrumental variable estimates pe. s, gZA)Lc’mls, cee 1[11)_17677,015 with sign(z;—
Zy—1) and Azy_q, -+, Azy_py1 as instruments. Denote the estimate of the p x p vari-
ance covariance matrix by the instrumental variable estimation as ﬁlc’rols. Similarly,
Pergls and f]cmls are obtained by replacing Z;—q in (16) with 7, g1s1—1, as in the

AR(1) case.

3. Let éc,rols,t =Tt — ﬁc,rolsfit—l - ¢1,c,rolsAxt—1 - wp—l,c,rolsAxt—p—‘rla where 7y and
Z;_1 are obtained by regressions x; and x;_1 on a constant. Similarly, define €. g5 by

replacing Pe,rols> ¢1,c,rols> T 7¢p—1,c,r0ls in éc,rols,t with Peyrglss wl,c,rglsa T 7wp—1,c,rgls-

Then, the plug-in estimates are defined as

A~ T ~ ~ N T ~ ~
Oue thg Tt—1€c rols,t and B o B Oue th? Tt—1€crgls,t
c,rgls — P —

) T 2 ) T =3
T¢ dima T Te dima T

ﬁc,rols = /8 -

4. The variance estimate of chls is given by (14) with the same Var(B*) but with

Var(pe,rois) being replaced by

T =~ T ~
Doim1 T—1Am D1 Tt—1ATpi

T ~ ) ) T ~
>t 1’%—1 D1 x%—l

Var(perois) = J'f)wolsj where J = |1,
Similarly, Var(pe rqis) is obtained by replacing ﬁ]c,mls with flc’rgls.
B. Asymptotic distributions of the plug-in estimates
B.1. Case where p < 1 is fixed

For the AR(1) case, as given in (12), chols is expressed as

(ﬁc,rols - 6) - (B* - /8) + %(ﬁc,rols - P) (17)

From (8), the weak law of large numbers (WLLN), and the central limit theorem (CLT), we

can see that

S (@1 — mg) (g — Zey) 2
- = t;1 T 2 & + Op(]‘) i> N <07 u~e> s (18)
T Zt:l(xt—l —my)

16
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2 2

— 2 /2 _ -
where o7, = 05 — 05./0: and v, = Var(x;), while

0_2
+o,(1) -L N <o, M) . (19)

ﬁ Z?:Q Sign(xt—l - mw)et

% ZtT:2 |zt—1 — My

\/T(ﬁc,rols - P)

Moreover, since a sequence of [(xy—1 — my){us — (Oue/0e)er}, sign(zi—1 — my)e] for t =
2,---,T forms a martingale difference sequence with zero covariance, we can see that the

limiting distributions (18) and (19) are independent. As a result, we have

N 2 2 1
\/T(ﬁc,rols - 5) i> N (0, Tuwe + Tue > s

Yo o 02 (Elzy —mgl)?
and then, we can see that the associated t-statistic is asymptotically distributed as N (0, 1).

For the AR(p) case, Bc7rol5 is expressed as

N T - “
3 S Oue D=0 Tt—1T_1(Pe,rols — @) 1
Berots — B) = (B = B) + —5 : +o, | — |, 20
( c,rols ) ( ) O_g 2;1“:2 fi'?_l p \/T ( )
where ﬁt—l - [i.t_l’ Amt_l’ T Axt_l’-i-l]a ¢ = [P, ¢17 R %—1]7 and éc,rols = [ﬁc,rol.sw 1/;1,0,1"0[37 .

Then, we can see that (18) still holds whereas the second term on the right-hand side mul-

tiplied by v/T becomes

\/TZ;F:Z ‘%t—lﬁé—l ((ch,mls - (b)

T -~
> t=2 331:2—1

= J,\/T(Qgc,rols - ¢)
L N (0, Bl |Seras ELT]) (21)

because J — E[J] by the WLLN, while letting 1,1 = [z4—1 — Zy—1, Azp—1, -, ATp_py1]

and ne—1 = [sign(xs—1 — T4—1), Axs_1,- -+, Axs_py1], we have

T -1 T
A 1 , 1 d
% T(‘bc,rols _¢) - <T tzg nc,t—lnt_1> <\/T ;nc,t—let> +0p(1) — N (0, Ec,rols) ) (22)

by the WLLN and the CLT, where Sc o5 = 02(E[neni]) " Elne ). ) (Elnem!.;]) . Then,
from (18) and (22), we conclude that

5 2 2
\/T(/Bc,rols - 6) i> N (07 O;;L'e + O;LIE[J/]EC,TOISE[J]> ’

and that the associated t-statistic weakly converges to a standard normal distribution.

17
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B.2. Case where p=1-0/T

For the AR(1) case, we have, by the functional central limit theorem,
[T's] Uue [T's] 1 p
\f Z o2 — Waye(s) \F Z e —% We(s), and ﬁ(qips}—mx) — Wy(s)
(23)
jointly for 0 < s < 1, where W,..(s) and W,(s) are Brownian motions with variances
2. and o2, respectively, Wy(s) is the Ornstein-Uhlenbeck process defined by Wy(s) =
Jg e9dW,(t) and Wy.(s) is independent of W(s) and Wy(s). Using (23), we can see
that

g

-ON d fo W9 quE()
B —-B) — 2 )ds

where Wy(s) = Wy(s fo Wy(t)dt. On the other hand, as in So and Shin (1999), we have

(24)

LZ _osign(zi—1 — Ti—1)ey L sign (W, dw,
T £=t=2 +Op(1) i} fo Slgn( 9,0(8)) 6(3>

_ 1 +%
T Lta | Tt-1 — T Jo [Wo.c(s)lds

T(ﬁc,rols - ,0) = (25)

from (23) and the continuous mapping theorem, where W .(s) = Wy(s) — (1/s) Jo Wa(t)dt
From (24) and (25), the plug-in estimate with the recursive OLS mean adjustment weakly

converges to

a Jo Wo(s)dWue(s) | 0ue folsign(Wgﬁ(s))dWe(s)‘

T(Bc,rals - ﬂ) ~ (26)
o We(s)ds o2 i Wa o(s)|ds
For the AR(p) case, we can see that as in (20),
N 1 T ~ ~/ n
= ~ ue T x c,rols =
T (Bt — ) = T(3" - §) + T L= BT Oerts Z0) 1) )

Te 7 i T
In this case, since the weak convergences in (23) hold with Wy(s) being redefined by Wy(s) =
N /=W, (t), where W, (t) is a Brownian motion with the long-run variance induced from
(15), we can see that (24) still holds. On the other hand, as in So and Shin (1999), we can
see that
T _ .

ﬁ Do sign(zi1 — Tp—1)ey d fol sign(Wp c(s))dWe(s)

il T — +o0p(1) — =

VT 2i=g [Tt—1 = T Jo [Wo.c(s)lds

T(/sc,rols - P) = ’ (28)
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whereas @@j’c,mls — 1 = O,(1/V/T) for j = 1,---,p — 1. Then, since 23:2 7 = 0,(T?)
while 2322 Zi—1Axi—j = Oy(T) for j =1,---,p — 1, we can show that the second term on
the right-hand side of (27) becomes
T Soto 1Ty (Degrots — @)
77 ima Fiy
Then, from (27), (28), and (29), we have the same convergence as given by (26) with
Wo(s) = [y /=AW, (t).

= T(ﬁc,rols - p) + Op(l)' (29)

For the plug-in estimate with the recursive GLS mean adjustment, we can show that

1 . d
ﬁ(x[Ts} - mx,gls,tfl) — WG(S) (30)

for both the AR(1) and AR(p) cases. As a result, we can see that

d JS Wo(s)dWael(s) o2, [ sign(Wo(s))dWe(s)

HBergs =0) = T Cas T 0 T We)lds .

In order to see the asymptotic properties of the plug-in estimates, we draw the probability
density functions of the limiting distributions given by (26) and (31) for various values of
0 with 02 = 02 = 1 and 0, = —0.95 and —0.55 in Figure 2!0. As is well known in the
literature, the OLS estimate is severely biased when d = —0.95 and @ is small. However,
our plug-in estimates are located to the left, and hence, the biases of the plug-in estimates
are smaller than that of the OLS estimate. Moreover, the plug-in estimates are almost
median unbiased as we have lim P(T(Bc,mls — ) > 0) ~ 0.5 and lim P(T(ﬁwgls - B) >
0) ~ 0.5 in Table 3. Note that the median unbiasedness has been considered as one of the
desirable properties of estimates in the econometric and statistical literature; in fact, the
median unbiased estimates of the AR(1) coefficient have been developed by, for example,
Andrews (1993) and So and Shin (1999). We can also see from Figure 2 that Bc7rgl5 is more
efficient than Bwols because the probability density function of a normalized ngls is more

concentrated around the 0 axis than Bc,mls.

10Brownian motions are approximated by the scaled partial sums from 2,000 i.i.d. standard normal random
variables. The densities are drawn for the range 1-99% points by the kernel method with a Gaussian kernel.
The smoothing parameter, h, is decided by equation (3.31) in Silverman (1986): h = 0.9AT'/® where
A = min(standard deviation, interquartile range/1.34).
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We now investigate the deviation of the t-statistics based on the plug-in estimates from
the standard normal distribution. Figure 3 draws the g-q plots of the limiting distributions
of the t-statistics against a standard normal distribution. From the figure, we can see that
the g-q plots of the t-statistics are almost linear, which implies that the limiting distributions
of the t-statistics are well approximated by N(0,1). In particular, the g-q plots based on the
plug-in estimate with the recursive GLS mean adjustment are almost on the diagonal line.
On the other hand, the limiting distribution of the t-statistic based on the plug-in estimate
with the recursive OLS mean adjustment are located slightly to the left as compared to the
standard normal distribution when 6 is large. This implies that the one-sided test based on

this ¢-statistic would be slightly conservative if the critical values of N(0,1) are used.
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Figure 1: Finite Sample
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Figure 2: The limiting pdfs of the estimates
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Figure 3: The g-q plots



