00 230002011000
gogoboooogoo

Some Financial Applications of
Backward Stochastic Differential Equations with jump
— Utility, Investment, and Pricing —

ugoboboooobobooooonon
gogoboboooooood
gooo

1 DOOoOoog
0O0000000o00ooooo.

0 10 Introduction
1.1 Motivation for this study
1.2 Abstract and focus for each chapter
0 20 Stochastic Differential Utility whose states are driven by jump diffusion process
2.1 Introduction
2.2 Problem formulation
2.2.1 Backward stochastic differential equations with jumps
2.2.2 The utility process
2.2.3 The wealth process
2.2.4 Problem formulation of the maximization of recursive utility
2.3 Backward formulation of the maximization problem
2.4 Maximum principle
2.5 Forward-Backward system
2.6 Normalized SDU
2.7 An application to inverse problem
2.8 Summary and conclusions
2.9 Appendix
2.9.1 Proof of Theorem 2.2.2
2.9.2 Proof of Proposition 2.4.1
2.9.3 Proof of Theorem 2.4.2
2.9.4 Proof of Theorem 2.4.3



0O 30 Dynamic Investment Strategies to Reaction-Diffusion Systems Based upon Stochastic Differential

Utilities
3.1 Introduction
3.2 Maximum Principle in the Model with Stochastic Differential Utility
3.2.1 Optimal investment in regime-shifting assets
3.2.2 Non-synchronous regime shift model
3.3 Numerical computation
3.3.1 Nested PDE system of synchronous regime shift model
3.3.2 Nested PDE system of non-synchronous regime shift model
3.4 Summary and Concluding Remarks
0 40 A BSDE Approach to Utility Indifference Pricing and Reserving
4.1 Introduction
4.2 Problem formulation
4.2.1 Notation
4.2.2 The financial market and the wealth process
4.2.3 Utility indifference pricing and reserving
4.2.4 Literature review
4.3 Case of Brownian motion
4.4 Case of Poisson jump
4.5 Numerical computation
4.6 Conclusion and Remarks
0 50 Conclusion

2 OOOoDOoOog

gobooooo,0od0oobbo00o0obboo0oobobObOoooo0bObODoooOobL,oooboobo
00O (Backward Stochastic Differential Equations; BSDES)D D000 000000000000 0OOO
. U000 UUUU T
000000,000000,0000000 Stochastic Differential Utility; SDOO OO OO O OO (Utility
Indifference Pricingl 00 0D O0O0O0O0OoO0OO0OO0OOO.

goooo,0boobbdoo0booobooobooobbo0oobD bbb oDbooobooo.
0000000000000 0D00000,00000000000000 von Neumann- Morgenstei [
O0Do000o0oDo0oo0ooo0ooOoo.00o0oo0oooooooo0,000000o 200000
0,0000000000000.000,000000000000000000. Mehraand Prescott (1985)
[40|0000000000000 (equity premiumpuzzle) 00 0000000000O0.0000,000
goooooobbo,0jdoggooobobbo, 0o bobbboo0oodoooobboogga
0.00000000000000, Epsteinand Zin(1989)[14), 0000000000000 O000OO0OO
O00000o0o000,00000000,000000000000000000UO0OO00O000. Epstein
andZinODOOOO [15100,000000000000000000000000000000O0OOOO0O



O000O0000. Duffie and Epstein (1992) [1Q) , Epsteinand Zim 0000000000 O0OO0O0OOOO
googdoooboboobob.ooooobbbb, bbb bbbbbdooooUoL b b
0o0oo0o.0o0o00,000o0b00d00o0bb o000 0000000000 ooDooOooon
O000000000000000000000000000. Duffieand Epsteid 00 00O [11] O O, Duffie
and Skiadas (1994) (130 000000000000 0C0O0O0OOO,00000000000O0OOOOODO
O0000,00000000000000000D0O00C0OO0OOO0OO0O00. ElKaroui, Peng, and Quenez
[16,17]0,00000000000000000CDOOO0OODOOOOOOOOOOOOOOOOOO.

000000 200000 ElKaroui, Peng,and Quenez [17]000,000000000000O00000O
o, oo ooobooboobOobObObO.J0dddddgg,dgd
goooooboooo, 0000 b bbb b0 o0obbooDoooooooo,
forward-backward system O 000 oo od.

go,0oggooboboboboboboooog.goboobobbbbbbobdddooooooobobobooobn
goooobooboooboboooboobooboboobooboobboUg, bbb, D0boUobbo
goooobbbboodoooogoboobobbbooo, g0 bbb bbb ooooobobo
I A A I A
Becherer and Schweizer (2005) 3,0 00 0000000000000 O0O0OOOOOOOOOOOO0O0O
goodooooooooobbo, bbb b0 oo.ooooooDoo,ooboobo
gobooboobbooboboobuoobob,0bobobobbooboobobooobo.

000000 300000,0200000000000000,00000000000000000O
g,0oooobuooobbooobbooobooobbo.bboo,bboobbboobboobboo
goooobbbboododoo,ggobbbbboddoooub bbb bbb oLobnbobobo
0.00,000000ooooobbobbobbb oo ooooo,oboooobon
oo.0booboboobooboboo, bbb booboooDbooboOobobooboo.

go,00dodoboboogoobbodoobbo .00 b b oo bbooooobo
goobob.bobboooooobobbobo, oo bb bbb bbb obDbDbbUuUoo
goodo.ggoooo,boobbbbbbbbooodddddddgooobobob,bbbobo
gooooobooboodoobo,boobbooobooobboobobooobboOo.ob,o0bboobbUoo
0/00000000U00UUUU0,00000U00U0U0UUU0D0oO0oOooDoOooOOO0OoOoOoOULOOOOOUU
Jgoddooo.ooo,oonoooobbobbbboo, oo ooooonoooobbn
goboooobooboooboobuoobobooboobUoUbL,D0booboobbooboobUuOoo
0000000000000000000. 00000 Hodges and Neuberger (1989) (220000000
goboobooboboobo,0boobboobo0obbooboobboobooobo.

00000000000000000000000000000000000000000. Gerber (1976)
[l19)00000000000,000000000000000000000O0.00000,0000000
ooobooobobooo, bbb boo0obbooo0DbObooUbo bbb booooboboo
D00000000.00000000000000000000, Rouge and El Karoui (2000) [47] O 0O O
.U UUUU0UU0UUUUUUUUUUU O
0,0000000000000000000000O0O0O00.000000, Milleretal. (2005) [24]0 Lim
[30,3l]00 0000000000000 DOOOOOOOOOOn.

Oo0o0000 400000,0000000000000000000000O00O000O0O0.0000R0O



gooooooooboocoooooooobooo,00coooo0oobo0oooobOOo0oOobOo0OooOooOoboOono,on
000000000000 000000000000DD0UD0O0UDO0DUOo0oUO. 0O, MaliavinODOOO
oooooooo,0o0o00ooooooooon.

oo, 000o0ocooboooooocooboboooooboon.

3 0O 20 Stochastic Differential Utility whose states are driven by jump

diffusion process

000000000000000000000000000000000000000000000000
00000.0000000000000000000,00000000000000000000000
00000000.00000,0000000000000000000000.0000000,0000
0000000000000000000000000000.0000000,000000000000
000000000000000000000000.00,0000000000, Situ(2005)[510000
000000000,000000000000,0000000000000000000000000.0
000000000000000000000 forward-backwardsystem 000 00000.000,000
000000000 aggregatoll 0000 000000,000 400000000 aggregatofl 1000 .

4 0O 30 Dynamic Investment Strategies to Reaction-Diffusion Systems

Based upon Stochastic Differential Utilities

gobooobooboobooboooobooobooboobooboobobob.obboo,bobbo
gobobooboo=00bodb —00b00bbobb —bhoobboob.0boob,0b0bOo0boo
I A A A A I A
gobooooooboobooooboboooobobobooobobobooboboobooboo,bobobooo
googooog.

5 0O 40 A BSDE Approach to Utility Indifference Pricing and Reserving

000000000o0oU0oo0o0o0o0o0o0ooo0o0oo/00D0O0000000Do0O0DoooUooOo
cooooo.oco,0oboooocoooooboooboooOobo.o0obooobobocoooboOoobobocOooobooOoo
ogoooooogooobooooooobogooboooooooooooDb,bboooboobooooboboobbOoDboO
cobooooooobo.booooo,00,00co0b000o0o0oooc0obO0oOoOo0obObocOobOOoOo.0000o0O
oooooobooo,0obooobooobooooooobboooboobo0ooo0.ooboobo,0o00o0Db00
O,000b0000000o0oobooobooooooobobooboo0ooooobooooboOo.ogn,o0o00ad
ocoboooboooooooooooobooooboo,0bo0ooooboobooboooboooobooooooobo.boon,
Maliavin0 OO0 0D0O00O0O000,000000000000.



6 0oood

ooo,00obfd0ooboooobooob oo ooooo, 000000 obooooooOoo
ooboobooono.

02000,00000000000000000000000D0000000O0O00O0O0O0OO0O0.000
gooooooobob,boooobbobo bbb bo0o0gU. 00, booboobobo,
0000000000000 00000, forward-backward system 0000000000000 0O.000O0
g,gooobbooooobobobbooooobobbbobooooob bbb bbboo.0oo
oooboooboboooboboooobbooo, bbb bbb boooobooboa
0000000000000oo00.000000o000 3000000000 o0.00,00000040040o
00000000 aggregatorl 000,000 400000000.0000000 aggregatol 00000
0000000000000 0000000.000,00000 belefs00D00000D0O0O0OOOOOOO
000000,0000000000000000000, beliefsOO0OO00000O0O0OO0OOOOO0OOOO
0000.0000000000000000000O0 aggregator] belefs0 0000000000000
ogooooao.

0 3000,0000000000000000000D0O00O0O00OO.O0000,0 2000000000
godo,0ddouoooooboobooooooobooooooo.oooooo,ooouoooobooon
oooboooboooooboboo,bboobboo0bbooobooobboob0.oobobo,ob0boo
000 FBSDEO four-stepscheme [33] , 0 00 0000000000000 0O, 000000000000
g.goobooboooob,boooboboooo. bbb, DbbboooobbboOoo
Kreps-Porteus] 0 aggregatofl 0 0000000000000 0O0. 000000 aggregatof] 00000
doooodboooboobooboobobooboob. 000000000, D000 obooOooao
0000000000000 00o000o00o00o00o00ooU. 000000 El Karoui, Kapoudjian,
Pardoux, Peng, and Quenez (1997) (8 OO0 00, reflected BSDEI OO OO O0OO0OO0OO0OO0OOOOO
OO00000. Cvitaric, Karatzas, and Soner (1998) QU 0 0 00000000 OOOOOOO. OO0OO
O0000,00000000000000000000000D000D000O0O0O0OO. OO, Bechererand
Schweizer (2005) (SO0 00000000, 000000000000O000O0O0OO0OOOOOOOO0O
ooobooboboooogoobobooo.oooobobbbooooooobDbboooUg,oobbboUo o
doddoobooooboooooooobooobooooooooon.

04000,000000000000000000D000D0O00D0OCO00O0O0OO0O0ODOO0ODOOODOO
godooo,gooboooobooboooboooobooooooo.oooo,0ooobouoooboon
goooooboooooboo,bboobobooob bbb bOo.Dboo,bboobb oo
ooooooooooobooobbooobo.goo, bbb obooo,boa
O000000000000000o000o0.o0,MaliavinOOCOOODOOO0ODOOOOOOOOOOOO.

ggobooboooooo,b0boooogobbo.booogbLbo,bbooobobbo,o0Uoo
DDDDDDDDDDDDDDDDDDDDDDDDDDDDDD.DD,ygzyODDDDDDDDDDDD,
goooboobobooooooobboodoo.oooobbbboooo, bbb bbbUuUoo
goooooooooooo.obooobouobo, bbb oo oooboooboon
goooboboooo.oobbooooobbboooobDbboooUobDbboooobbbbo.0Ooo



go,0ooobooobooboooboo,boobboooooobooboobooboobbooobob. oo,
gooboooobooboboobboobbooobooobooob,o0obboobbooboboobn.
gooooboooobboooobobouooobboooobbooobDbooobDbooO,bboboobb o
gooboobobobooooobooboobobobooo.

oo



goon

[1] Applebaum, D..Lévy Processes and Stochastic Calcu304, Cambridge studies in advanced mathematics.
[2] Barles, G., R. Buckdahn and E. PardoBSDESs and Integral-Partial Differential Equationk997, Stochas-
tics, 60, 57-83.
[3] Becherer, D. and M. Schweize€lassical Solutions to Reaction-Diffusion Systems for Hedging Problems
with Interacting Ib and Point Processe2005, The Annals of Applied Probability,5, 1111-1144
[4] Bielecki, T. R., M. Jeanblanc, and M. Rutkowskidifference Pricing and Hedging of Defaultable Claims,
2004, Paris-Princeton Lectures on Mathematical Finance 2004
[5] Bielecki, T., M. Jeanblanc and M. RutkowskPDE Approach to Valuation and Hedging of Credit Deriva-
tives 2005, Quantitative Financdy, 257-270.
[6] Bismut, J. M.,Conjugate Convex Functions in Optimal Stochastic Contt6lr3, Journal of Mathematical
Analysis and Applications44, 384—-404.
[7] Cvitani€, J., and I. Karatzad4edging Contingent Claims with Constrained Portfolid€993, The Annals of
Applied Probability, 3, 3, 652-681.
[8] Cvitanic, J., and |. KaratzasBackward Stochastic Differential Equations with Constraints on the Gain-
Process, 1998, The Annals of Probability26, 4, 1522-1551.
[9] Cuvitanic, J., |. Karatzas and H. SoneBackward Stochastic Differential Equations with Constraints on the
Gains-Process1998, The Annals of Probability26, 1522—1551.
[10] Duffie, D., and L. G. EpsteinStochastic Differential Utility1992, Econometricag0, 353—-394.
[11] Duffie, D., and L. G. EpsteirAsset Pricing with Stochastic Differential Utilit§ 992, The Review of Finan-
cial Studies,5, 411-436.
[12] Duffie, D., and P. Lions:PDE Solutions of Stochastic Differential Utiljitf992, Journal of Mathematical
Economics,21, 577-606.
[13] Duffie, D., and C. SkiadasContinuous-time Security Pricing: A Utility Gradient Approad®94, Journal
of Mathematical Economics23, 107-131.
[14] Epstein, L., and S. ZinSubstitution, Risk Aversion, and the Temporal Behavior of Consumption and Asset
Returns; A Theoretical Framewaqrk989, Econometrica57, 937—969.
[15] Epstein, L., and S. ZinSubstitution, Risk Aversion, and the Temporal Behavior of Consumption and Asset
Returns: An Empirical Analysid991, Journal of Political Econom9, 2, 263—-286.
[16] El Karoui, N., S. Peng, and M. C. Quene2ackward Stochastic Differential Equations in Finané897,
Mathematical Finance?, 1-71.
[17] El Karoui, N., S. Peng, and M. C. QuendeDynamic Maximum Principle for the Optimization of Recursive
Utilities under Constraints2001, The Annals of Applied Probability, 1, 664—-693.
[18] EIl Karoui, N., C. Kapoudjian, E. Pardoux, S. Peng and M. C. QueRedlected Solutions of Backward
SDE'’s and Related Obstacle Problems for POR897, Annals of Probability25, 702—737.
[19] Gerber, H. U.:A Probabilistic Model for (Life) Contingencies and a Delta-Free Approach to Contingency
Reserves 1976, Transactions of the Society of Actuari@8, 127-148.
[20] Gerber, H. U., and G. Pafumidtility Functions: From Risk Theory to Financel998, North American



Actuarial Journal,2, 74-100.

[21] Henderson, V., and D. Hobsorutility Indifference Pricing — An Overview,August, 2004, Volume on
Indifference Pricing, Princeton University Press.

[22] Hodges, S., and A. Neubergedptimal Replication of Contingent Claims Under Transaction Co4839,
Review of Futures Markets3, 222-239.

[23] Hou, C., and I. Karatzad:east-Squares Approximation of Random Variables by Stochastic Inte@@(gl,
Advanced Studies in Pure Mathematiekl, 144—-161.

[24] Hu Y., P. Imkeller, and M. Niller: Utility maximization in incomplete market2005, The Annals of Applied
Probability, 25, 1691-1712.

[25] Karatzas, I., and D. OconeA Generalized Clark Representation Formula, with Application to Optimal
Portfolios 1991, Stochastics and Stochastics Rep@t5,187-220.

[26] Kobylanski, M.: Backward Stochastic Differential Equations and Partial Differential Equations with
Quadratic Growth, 2000, The Annals of Probability28, 558—602.

[27] Kreps, D. and E. Porteu§eemporal Resolution of Uncertainty and Dynamic Choice Thet®y8, Econo-
metrica, 46, 185—-200.

[28] Kusuda, K.:Consumption-based CAPM and Option Pricing under Jump-diffusion Uncert&@63, Dis-
cussion Paper 317, Center for Economic Research, Department of Economics, University of Minnesota.

[29] Lazrak, A., and F. Zapater&fficient Consumption Set under Recursive Utility and Unknown Belie@s,
Journal of Mathematical Economicdp, 207-226.

[30] Lim, A. E. B.: Quadratic Hedging and Mean-Variance Portfolio Selection with Random Parameters in an
Incomplete Market 2004, Mathematics of Operations Researgh, 132-161.

[31] Lim, A. E. B.: Mean-Variance Hedging When There are Jump80p5, SIAM Journal on Control and Opti-
mization, 44, 1893-1922.

[32] Lekka, A.: Martingale Representation, Chaos Expansion and Clark-Ocone Foril8&89, MPS-RR 1999-
22, MaPhysSto.

[33] Lakka, A.: Martingale Representation of Functionals oé\ly Processe2004, Stochastic Analysis and
Applications, 22, 867—892.

[34] Luenberger, D.Optimization by Vector Space Method969, John Wiley.

[35] Ma, J., P. Protter, and J. Yon&olving Forward-backward Stochastic Differential Equations Explicitly — A
Four Step Schem@&994, Probability Theory and Related Fiel®8, 339-359.

[36] Ma, J., P. Protter, J. San Mart and S. TorresNumerical Method for Backward Stochastic Differential
Equations 2002, Annals of Applied Probability] 2, 302—-316.

[37] Ma, J. and J. YongForward-Backward Stochastic Differential Equations and Their Applicatidré99,
Lecture Notes in Mathematics, 1702, Springer.

[38] Malliavin, P.: Stochastic Analysjd997, Springer-Verlag, New York.

[39] Mas-Colell, A.: The Recoverability of Consumers’ Preferences from Market Demand Behd9¥f, Econo-
metrica, 45, 6, 1409-1430.

[40] Mehra, R., and E. C. Prescofthe Equity Premium: A Puzzl&985, Journal of Monetary Economicéb,
145-161.

[41] Nakamura, N.Numerical Approach to Asset Pricing Models with Stochastic Differential UtRidp4, Asia-



Pacific Financial Markets11, 267-300.

[42] Nualart, D.:The Malliavin calculus and related topic$995, Springer-Verlag, Berlin.

[43] Nualart, D., and J. VivesAnticipative Calculus for the Poisson Process Based on the Fock Spaes,
in: Séminare de Probabilés XXIV, in: Lecture Notes in Mathematics, Vol. 1426, Springer-Verlag, Berlin,
Heidelberg, New York.

[44] Dksendal, B.An Introduction to Malliavin Calculus with Applications to Economit897, Working Paper
No. 3, at the Norwegian School of Economics and Business Administration, Bergen, Norway.

[45] Pardoux, E., and S. G. Pengdapted Solution of a Backward Stochastic Differential Equatl®®0, System
& Control Letters, 14, 55-61.

[46] Pardoux, E., F. Pradeilles and Z. Ra@robabilistic Interpretation of A System of Semi-Linear Parabolic
Partial Differential Equations1997, Annales de I'Institut Henri Poincare (B) Probability and StatistdS;,
467-490.

[47] Rouge, R., and N. El KarouPricing via Utility Maximization and Entropy2000, Mathematical Finance,
10, 2, 259-276.

[48] Schroder, M., and C. Skiada®ptimal Consumption and Portfolio Selection with Stochastic Differential
Utility, 1999, Journal of Economic Theor§9, 68—126.

[49] Shouda, TThe Indifference Price of Defaultable Bonds with Unpredictable Recovery and their Risk Premi-
ums 2005, Graduate School of International Corporate Strategy, Hitotsubashi University, Working paper.

[50] Situ, R.: On Solutions of Backward Stochastic Differential Equations with Jumps and Applicali®8g,
Stochastic Processes and their Applicatiobg,209—236.

[51] Situ, R.:Theory of Stochastic Differential Equations with Jumps and Applicat@®85, Mathematical and
Analytical Techniques with Applications to Engineering, Springer.

[52] Tang, S., and X. Li:Necessary Conditions for Optimal Control of Stochastic Systems with Random, Jumps
1994, SIAM Journal of Control and OptimizatioB2, 5, 1447-1475.

[53] Yong, J. and X. Y. Zhou:Stochastic Controls:Hamiltonian Systems and HIJB Equati®899, Springer-
Verlag, New York.

[54] Young, V. R.: Equity-Indexed Life Insurance: Pricing and Reserving using the Principle of Equivalent
Utility, 2003, North American Actuarial Journal,7, 1, 68—86.



