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Abstract

In this paper we present a test for the maximal rank of the matrix-valued volatility
process in the continuous Itd semimartingale framework. Our idea is based upon a
random perturbation of the original high frequency observations of an It6 semimartin-
gale, which opens the way for rank testing. We develop the complete limit theory for
the test statistic and apply it to various null and alternative hypotheses. Finally, we
demonstrate a homoscedasticity test for the rank process.
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It6 semimartingales, rank estimation, stable convergence.
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1 Introduction

In the last years asymptotic statistics for high frequency observations has received a lot of
attention in the literature. This interest was mainly motivated by financial applications,
where observations of stocks or currencies are available at very high frequencies. As under
the no-arbitrage condition prices processes must be semimartingales (see e.g. [4]), a lot of
research has been devoted to statistics of high frequency data of semimartingales. We refer
to a recent book [10] for a comprehensive study of infill asymptotic for semimartingales.

This paper is devoted to testing for the maximal rank of the matrix-valued volatility
process in the continuous [t6 semimartingale framework, and more specifically for a d-
dimensional continuous It6 semimartingale X which is observed at equidistant times over
a fixed time interval [0, T]: we observe (X;a, Jo<i<(T/A,], and the high-frequency approach
consists in assuming A,, — 0.
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Université Pierre et Marie Curie), Email: jean.jacod@upmec.fr

TDepartment of Mathematics, Heidelberg University, INF 294, 69120 Heidelberg, Germany, Email:
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A continuous It6 semimartingale can be written as
dXy = bydt + ordWr, (11)

where W is a Brownian motion, and there are many representations of this form, with
different Brownian motions W and, accordingly, different volatility processes ¢. What
is “intrinsic” is the drift coefficient b; and the diffusion coefficient (“squared volatility”)
¢t = 00y, in the sense that they are uniquely determined by X, up to a Lebesgue-null set
of times (throughout the paper o; denotes the transpose of the matrix o).

For modeling purposes and economical interpretation we would like to find, and often
choose, the smallest possible dimension of the Brownian motion W in the representation
(1.1). Assuming further that ¢ — ¢; is continuous, this smallest possible dimension is the
supremum in time of the rank of the R¥%-valued process ¢ over the time interval [0, T].
We are further interested in homoscedasticity testing for the rank process.

A partial answer to this question was given in [9]. The authors of this paper studied the
problem of testing the null hypothesis sup;cjo ) rank(ct) > ro against sup,c(o 1y rank(c;) <
ro for a given number ry. However, their method does not extend to testing null hypotheses
of other types, e.g. sup;cjo ) rank(c;) = ro against sup;cjo ) rank(c) # ro (which is much
more useful). In the classical setting of i.i.d or weakly dependent data various estimation
methods for the rank of an unknown covariance matrix (and related objects) have been
proposed. We would like to mention Gaussian elimination method with complete pivoting
of [3] and the test suggested in [13] among others. Unfortunately, these procedures can
not be applied to our statistical problem as the probabilistic structure of the process X is
more complex and the rank is time-varying.

Our method is based upon a random perturbation of the original data and determinant
expansions. The main idea can be described as follows: if we compute det(c; + he;) for
a positive definite d x d matrix e; independent of ¢; and h | 0, then, under appropriate
conditions, its rate of decay to 0 depends on the unknown rank of ¢;. Hence, the ratio
det(ct + 2het)/ det(cr + het) asymptotically identifies the rank of ¢;. Indeed, our main
statistic is a partial sum of squared determinants of matrices build from d consecutive
increments of the process X and the random perturbation is performed by a properly
scaled Brownian motion W’ which is independent of all ingredients of X. We remark that
perturbation methods (and matrix expansions as well) find applications in various fields
of mathematics; we refer for instance to [11] whose authors apply matrix perturbation
methods to determine the number of components in a linear mixture model from high
dimensional noisy samples. Furthermore, the methods of [2] also rely upon a generation
of a new Brownian motion W’ although in a completely different setting.

The paper is structured as follows. Section 2 is devoted to model assumptions, testing
hypotheses and test statistics. We present the asymptotic theory for our estimators and
apply it to maximal rank testing in section 3. In section 4 we develop a test for the null
hypothesis of constant rank. All proofs are deferred to section 5.
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2 Model, assumptions and a random perturbation

2.1 The setting and testing hypotheses

Our process of interest is a d-dimensional continuous [t6 semimartingale X, given on
some filtered probability space (2, F, (Ft)t>0,P). In vector form, and with W denoting a
g-dimensional Brownian motion, it can be written as

t t
Xt_X0+/ bsds+/ o5 dWs, (2.1)
0 0

where b; is a d-dimensional drift process and oy is a R*9-valued volatility process, assumed
to be continuous in time (and indeed much more, see Assumption (H) below). We set

¢ = ooy, r = rank(c;), R, = 31[1p) Ts. (2.2)
s€|0,t

We remark that the maximal rank Rp is not bigger than the rank of the integrated
volatility fOT ctdt, but may be strictly smaller. As already mentioned, it is suitable to use
the smallest possible dimension for W, on the time interval [0,7]. This is the P-essential
supremum of w — Rp(w), but, since a single path ¢t — X;(w) is (partially) observed,
the only available information is Ry itself. So the problem really boils down to finding
the behavior of the process r, and for this the choice of the dimension of W in (2.1) is
irrelevant.

The rank r; is the biggest integer r < d such that the sum of the determinants of
the matrices (¢;’); jes, where J runs through all subsets of {1,---,d} with r points, is
positive (with the convention that a 0 x 0 matrix has determinant 1); see e.g. [9, Lemma
3]. Since ¢ is continuous, this implies that for any r the random set {t : r(w) > 7} is
open in [0,7), so the mapping ¢ — 7, is lower semi-continuous. In particular, the set
{t€[0,T) : r(w) = Rr(w)} is a non-empty open subset. These properties also yield that
the process r; is predictable and that the following subsets of €2, which later will be the
“testing hypotheses”, are Fp-measurable:

Q. = {w: Rr(w) =1}
Q7 = {w: r(w) = Ry(w) for all t € [0,T]} (2.3)

Q? = {w: t+ ry(w) has finitely many discontinuities and is
not Lebesgue-a.s. constant on [0,7]}.

Notice that we impose that 7 = Ry in (07, whereas the lower semi-continuity only implies
in general that rp < Rp. Observe also that a priori t — r; may be Lebesgue-a.s. constant
and still have discontinuities (even infinitely many) on [0,77]. So, Q7 and Q? are disjoint

but QU Q? # () in general. The main aim of this paper is testing the null hypothesis {2
against Q}ér = Ur/;,,gnog,,/ngTT/ (and related hypotheses) and testing the null hypothesis of
Q7 against Q7Té
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2.2 Matrix perturbation

In order to explain the main idea of our method, we need to introduce some notation.
Recall that d and ¢ are the dimensions of X and W, respectively. Then M is the set of
all d x d matrices, M, for r € {0,--- ,d} is the set of all matrices in M with rank r, and
M’ is the set of all d x ¢ matrices. For any matrix A we denote by A; the ith column of
A; for any vectors w1, ..., xq in R? we write mat(z1,--- ,24) for the matrix in M whose
ith column is the column vector x;. For r € {0,--- ,d} and A, B € M we define

MZLB = {G eEM: Gl = AZ‘ or Gz = Bi with #{Z : Gz = Az} = ’l“}. (2.4)

In other words, M p is the set of all matrices G € M with r columns equal to those of
A (at the same places), and the remaining d — r ones equal to those of B. Let us define

Ww(A,B)= Y det(G). (2.5)

GeEM?, 4

We demonstrate the main ideas for a deterministic problem first. Let A € M be an
unknown matrix with rank r. Assume that, although A is unknown, we have a way of
computing det(A+ hB) for all h > 0 and some given matrix B € M. The multi-linearity
property of the determinant implies the following asymptotic expansion

det(A + hB) = h%",.(A, B) + O(hT" 1), (2.6)
which is the core of our method. Thus, if v, (A, B) # 0, we have

det(A + 2hB)

d—r
Aet(A T hB) — 2 as hl]O. (2.7)

and this convergence identifies the parameter r. However, it is impossible to choose a
matrix B € M which guarantees v,.(A, B) # 0 for all A € M,. To solve this problem
we can use a random perturbation. As we will show later, for any A € M, we have
v (A, B) # 0 a.s. when B is the random matrix whose entries are independent standard
normal. This idea will be the core of our testing procedure.

2.3 Assumptions and the test statistic

Before we proceed with the definition of the test statistic, we introduce the main assump-
tions. We need more structure than the mere Equation (2.1), namely that the processes
b; and oy, and also the volatility of oy, are continuous It6 semimartingales. In view of the
previous discussion, it is no restriction to assume that all these are driven by the same
g-dimensional Brownian motion, provided we take ¢ large enough. This leads us to put

Assumption (H): The d-dimensional semimartingale X, defined on (Q, F, (F)t>0,P),
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has the form . .
X; = Xo+ [ybsds + [, o5 dW,

at:ao—i—fotasds—l—fgvdes
by = bo + [y alds + [) vl dW,
vy :vo+fg a;’dsﬂ—fg v dWs,

where W is a g-dimensional Brownian motion, and b; and a} are Révalued, o, a; and
v} are R>%valued, v; and a/ are R¥*7%9-valued, and v} is R¥*9%9%4_yalued, all those
processes being adapted. Finally, the processes as,v;,v; are cadlag and the processes
aj,ay are locally bounded. 0

(2.8)

At this stage it is not quite clear why the full force of assumption (H) is required. In
the standard limit theory for high frequency data of continuous [t6 semimartingales, see
e.g. [1, 7], only the first two representations of (2.8) are assumed. We will further explain
condition (H) once we introduce the test statistic. When b, = ¢1(X}), oy = g2(X¢) with
g1 € C2(RY) and g € C*(R?), then (H) is automatically satisfied, due to Itd’s formula.

Remark 2.1 Since oy is not uniquely specified, whereas ¢; is, and since we really are
interested in specific properties of ¢;, it would be much nicer to replace the structural
assumption on oy (second equation in (2.8)) by a similar assumption on the process ¢
itself.

This is of course a trivial matter when ¢; is everywhere invertible: in this case ¢; is
a continuous Itd6 semimartingale if and only if o; is. But here we are precisely trying to
describe the rank of the matrix ¢, so it is out of the question to assume that it is a priori
invertible. Unfortunately, we were unable to replace the assumption on o by a similar
(and de facto weaker) assumption on c. O

Motivated by the matrix perturbation at (2.6), our tests will be based on statistics

involving sums of (squared) determinants. The test function will be the nonnegative map
f on (RY)? defined as

f(x1,...,24) = det(mat(zy,--- ,xq))> (2.9)

The authors of [9] used the following statistics

[t/An]—d+1
An > FATPX/Any A 1 X VAL, ATX = Xia, — X_1)a,, (2.10)
i=1

to test for the full rank, thus allowing for efficient testing of the null hypothesis Qtdr' On
the sets (0, with r < d, however, it exhibits complex degeneracies and becomes difficult to
study. In order to be able to analyze the asymptotic behavior of the preceding statistics,
we introduce a random perturbation of the original process X as motivated at the end of
Subsection 2.2 (a somewhat similar idea in a different context was applied in [2]). More
specifically, we choose a non-random invertible d X d matrix ¢ and generate a new process

/ ~ /!
Xt — UWt?
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where W is a d-dimensional Brownian motion independent of all processes in (2.8)(without
loss of generality, for the mathematical treatment below we may assume that it is also
defined on the space (2, F, (F¢)t>0,P)). Following the ideas of section 2.2, we add to
X this new process X', with a multiplicative factor going to 0. As a matter of fact we
introduce two such additions, and for k = 1 or 2 we set

ZM = Xy 4+ kA, X (2.11)

Hence, with the notation of section 2.2, we use h = v/A,,, which leads later to the optimal
rate of convergence.

Another problem arises, namely in (2.10) successive summands partly use the same
increments of X, and this causes problems for the Central Limit Theorem. These problems
can actually be overcome, at the expense of quite many additional technicalities, and with
the advantage of a smaller asymptotic variance for our estimators below. However, in our
case the crucial point is the choice of the tuning “parameter” o: this choice has an impact
on the asymptotic variance as well, and since an “optimal” choice of & seems out of reach,
we will content ourselves with an arbitrary choice of o and with a version of (2.10) with
no overlapping of increments between the successive summands. This leads us to use the
following two basic statistics:

[t/2dAn]—1 Zn 1 Zn',l M 1 _gm 1
S = 924A., (2id+1)A, 2idA, e (2id+d)Ap (2id+d—1)Ap 519
t 2 7 ( VIR, R, (2.12)
2dA -1 n,1 n,1 n,1 n,1
G2 _ 9dA v Z] f Z(siar2ynn, ~ ZL(ziayan, Z(siarad) A~ L (2id+2d-2)An,
! ! 2, C 28, ‘

Notice that the statistics S;"' and S} are essentially the same, except S} is computed
using the frequency 2A,,. At stage n one observes the increments A X and simulates the
increments A’ X’ for ¢ < [t/A,], so one “observes” all variables incurring in the definition
of these two statistics.

Remark 2.2 Now, let us explain why the assumption (H) and the random perturba-
tion in (2.11) are required. A direct stochastic expansion of the increments A'Z™ under
assumption (H) implies the decomposition

mat(APZ" /Dy, ., Ay 1 27N A) = ol + VAR (BM1) + B1(2)) + Op(Ay), (2.13)

where the matrices o' = mat(afy, ..., o), B (k) = mat(B7 (k), ..., 8]4(k)), k = 1,2, in
M are given by

o= Ao A, AT W,

ﬁ ,]( ) - b(z DA, + A V(i-1)An f((;_:_j) DA (W W(H—] 1A, )dW (214)
n /2~ An
n(2) = A PAr W

We remark that the matrices o, 8*(1), 8/*(2) are Op(1). In the case r; < d—1 for all ¢, the
first order term o', which depends on the process oy, gives a degenerate limit when plugged
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in into the statistics (2.11) or (2.12). Hence the second order term /A, (8(1) + B87(2)),
which involves the processes b; and v;, becomes important. Indeed, we will see in section
3 that it affects the limits. Furthermore, it is important to control the error of the above
decomposition, and this is done by using the last two equations in (2.8).

The asymptotic expansion in (2.13) is a stochastic analogue of the perturbation pre-
sented in (2.6) (up to an error term) with A = o', B = 7(1) + 87(2) and h = V/A,,.
Under assumption (H) the term [}*(1) already constitutes a random perturbation of the
leading matrix «oj'. However, this perturbation does not guarantee that the quantity
Yr(af, Bi*(1)) defined in (2.5) does not vanish when rank(o;_1)a,) = r (which is essential
for our method). To illustrate this problem let us give a simple example. Let d = 3, ¢ = 1
and define the processes

dX] = oldW,,  dol =vldW,,  j=1,2,3.

(so W is a one-dimensional Brownian motion.) Then rank(a]") = 1, rank(8}*(1)) = 1, and
hence v;(al', B7*(1)) = 0. The presence of the new independent process X', and thus of
the term (]'(2), regularizes the problem. Indeed, we will show that (o, 57*(1) + 87(2))
does not vanish whenever rank(o;_1)a,) = r. Finally, the perturbation rate h = VA, in
front of the process X' is chosen to achieve the best rate of convergence for the normalized
versions of the statistics Sj"", 57", O

Following the expansion (2.6) we know that that the order of det(al + /A, (B%(1) +
f31(2)))? is increasing in r = rank(o(;_1)a, ). Consequently, as in (2.7), the ratio Si? /st
is expected to identify (asymptotically) the maximal rank Rp. The complete asymptotic
theory is presented in the next section.

3 The asymptotic results and test for the maximal rank

3.1 Notation

In order to present the main asymptotic results we need to introduce a few more notation.
We define the function F, on (R??)4 by

Fp(v1,...,0q) = yr(mat(zy, -, 2q), mat(yy, - ,yq))?> if v; = < z] > eR¥™.  (3.1)
j
Next, let 4 = M’ x M x R%* x R?, whose points are u = (a, 3,7, a), where a € M’ and
B e Mand e R%* and a € R?. Let us denote by W and W’ two independent Brownian
motions with respective dimensions ¢ and d, defined on some space (Q,F, (F;),P). If
u €U and kK = 1,2 and ¢ > 1 we associate the 2d-dimensional variables with the following
components for [ =1,--- ,d:

U (u, ’Q)i = ﬁ Dot alm(WZi - W;n(i—l))

W, W) = a8 = W)+ et L TR
(3.2)
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With the notation (3.1) we can then define the variables
F.(u,r) = F, (\Il(g, K)o U(u, /{)d). (3.3)

The two sequences (¥ (u, x));>1 are not independent, but they have the same (global) law,
for k = 1,2. Therefore if u = (o, 3,7, a) we can set

Fr(ﬂ) = E(FT(@a 1)) = E(Fr(ﬂa 2))
I (u) =E(F,(u,1)%) — Ty (u)? = E(F,(u,2)?) — Ty (u)? (3.4)
F;{(Q) = E(Fr(ﬂ> 1) Fr(ﬂv 2)) - I (2)2

We then obtain the following crucial properties
Lemma 3.1 Let u = (o, 5,7v,a) € U with B € My. Then if r € {0,1,--- ,d},
rank(a) =r = T,.(u) >0, T} (u)>T7(u) (3.5)

rank(a) <r = T,(u) =T (u) =T (u) =0.

3.2 The limiting results

The key result is the asymptotic behavior of the processes S™7 as n — oo. These processes
enjoy a Law of Large Numbers and a Central Limit Theorem, the centering being around
one of the following processes, where 7 is any (fixed) integer between 0 and r:

t
S(T)t = / F’/‘(U&a?q}&bs) ds. (36)
0
We will in fact have a CLT for the two-dimensional processes U(r)"™ with components
Uy = o (g S~ S(1) (37)
r)yvt = m=35(r) ). )
VA, (kAR

Of course, the centering process S(r) depends on r, so one needs an additional assumption
related with the particular value of r which is chosen below (in contrast, the centering
term is the same for all components):

Theorem 3.2 Assume (H), and also that r¢(w) < r identically for some r € {0,--- ,d}.
Then we have the stable (functional) convergence in law

Ulr)™ £ U, (3.8)

whereU(r) = (U(r)")x=1,2 is defined on an extension (Q, ]T"7 (]?t)tZ(b ﬁ) of (2, F, (Ft)t>0,P)
and 1is, conditionally on F, a continuous centered Gaussian martingale with conditional
covariance

E K K/ KkK' 2df(;f ]‘_‘;’(0-57571)55 bs) ds if kK = I{',/
EUG U@ | F) = Ve = (3.9)

2d [{ T(05,5,vs,bs) ds if K # K.



A test for the rank of the volatility process 9

Note that in the above setting, if 7 < r’ < d, we also have r; < v’ and thus the results
also hold with 7’ instead of r everywhere. This does not bring a contradiction because, by
(3.5), in this case the processes S(r’) and U(r’) are identically vanishing.

Now, these processes S™/ are only tools, and at the end we will be interested, for any
T > 0 fixed, in “estimators” for Ry, which are

log (S5 /Spt)

R(n,T)=d— og 2

(3.10)

The quantity is a transformed analogue of the term on the left side of (2.7). The following
corollary is then a simple consequence of the previous theorem:

Corollary 3.3 Assume (H), and let r € {0,--- ,d} and T > 0. Then the following stable
convergence in law holds:
I 5 —s
m(R(n,T) —r) £33 S(T)  on the set O, (3.11)

where S(T') can be realized as S(T) = @ UMy —=U(r)2)/S(r)r and is thus defined on

an extension (0, F, (.B)t>0, P) of (2, F, (Ft)t>0,P) and is, conditionally on F, a centered
Gaussian variable whose conditional variance is

E((S(T)* | F) = V(T),

where V(T) is a.s. positive and given by

1 V()R + V() —2v(r)y®

V(T = Togape B)r)?

on each set (V. (3.12)

In order to make this result feasible, we need consistent estlmators for V(T'). For the
denominator S(r)2 we can of course take the square of A7~¢ S, As for the numerator,

we need estimators for V (r )T . Up to normalization, natural ones are as follows:

[t/2dAn]— AN _ gk ZnH _ gk
VRE A2 A Z f (2zd+n)An 2idAn  “(2id+rd)Ay, (2id—+r(d—1))Ap
! " VEA, T kA,
xf Z(n2f7d+n )A Z§7§An ) Z&Zi+n’d)A Z&Zum'(d 1))A,

(3.13)

Proposition 3.4 Assume (H).
a) If ry(w) < r identically for some r € {0,--- ,d}, we have for K,k =1,2:

W v hir! % 2d fO rﬂ W dS, where
oA _ { I (0s,0,vs,bs) + (05,0, vs,b5)%  if k=K' (3.14)
r =

[(0s,0,vs,bs) + Tp(0s, T, vs,bs)%  if K # K.
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b) We have

n,11 n,22 R(n.T)—dx n,12
V +22( R(n,T)— d)VT — 91+R(n,T) dVT

7 og 2y = ). (3.15)
T O

V(n,T):=

Remark 3.5 The numerator of the right side of (3.12) is also 2(V (r)X — V(r)3?). There-
fore we have
V;,n . 21+§("7T)_dV{f’12

V'(n,T) = S 25 V(T) on the set
T

as well. However, V(n,T) > 0 by construction (and it is even a.s. positive unless r; = 0
identically on [0,T7]), a property not shared by V'(n,T). O

Now, by the delta-method for stable convergence in law, the two previous results
immediately yield:

Corollary 3.6 Under (H) and for any T > 0 we have

®, (3.16)

where ® ~ N(0,1) is defined on an extension (0, F, (F)i=0,P) of (Q, F, (Fi)iz0,P) and
is independent of F.

3.3 Tests for the maximal rank

So far, it seems that }A%(n,T) are estimators for the maximal rank Ry, which equals r
on the set €27, and even feasible estimators if we use Corollary 3.6. In particular, this
corollary seems to allow us to easily construct confidence intervals for Ryp.

However, what precedes does not make much statistical sense: the parameter Rp to
be estimated takes its values in {0, 1,--- , d}, whereas the estimators }A%(n T') are of course
not integer-valued and can even be negative, or bigger than d. One could overcome this
problem by taking the integer closest to R(n T), say R’(n T), and then use R”(n Y) =
0V (R'(n,T) Ad) as the final estimator. Note that R”(n,T) enjoys the same CLT as
E(n,T) does, on each QF, with 1 <r < d — 1, but of course not when Ry =0 or Ry = d,
in which cases the limiting law of the normalized error is “half Gaussian and half a Dirac
mass at 0”. Furthermore, confidence intervals have little meaning in this context, except
perhaps when the dimension of X is very large.

So, it seems more appropriate here to do testing: we can test the null hypothesis that
the path lies in €27, for some r, against the alternative that it is in Q”Tl for another specific
" # 7, or for all ¥ > r or all ¥ < r, or all ¥ # r. We may also use composite null
hypotheses, such as being in {7, for some r smaller, or bigger, than a given value ro.
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We start with the problem of testing the null hypothesis €27, against the alternative
Q}ér = UW#T,OST’SdQTT,- For any a € (0,1), and with z, being the symmetric a-quantile
of N(0,1) defined by P(|®| > 2,) = a when ® ~ N(0,1), we take the critical (rejection)

region R
Cla)yy™ ={w: [R(n,T) — 7| > 2a/Ap V(n,T)}. (3.17)

Proposition 3.7 Under (H), the tests (3.17) have the asymptotic level o for testing the
null U, in the sense that

AcCQp, P(A)>0 = PCla)r " |4) =« (3.18)

(above, P(. | A) is the usual conditional probability). They are also consistent for the
alternative Q;T, in the sense that

P(C(a)p™" NQZ") — Q7). (3.19)

One constructs one-sided tests in the same way. For example, if we want to test the
null hypothesis Q%T = UTISTQTT/ against the alternative Q7" = UT/>TQE:, and if 2/, is the
one-sided a-quantile defined by P(® > z/) = «, we take the critical region

Cla)p”" ={w: R(n,T)>r+ 2/A, V(n,T)}. (3.20)

Exactly as above, one obtains the following proposition.

Proposition 3.8 Under (H), the tests (3.20) have the asymptotic level at most o for
testing the null Q=" and indeed satisfy

ACQF, P(A) >0 = PC(a)y™" | A) = aP(Q} | A) <a, (3.21)

and are consistent for the alternative Q7.

The tests for the null Q%T against (05" are obtained analogously.

Remark 3.9 Let us link our testing procedure with some other statistical problems:

a) In [5, 6] parametric estimation methods for the so called integrated diffusions have
been developed. An integrated diffusion is a process that satisfies the first and the third
equations of assumption (H) with o = 0, i.e.

dX; = bydt,

where b; is a continuous Itd semimartingale. We refer to [5] for various applications of
these models in natural sciences. Given high frequency observations of X, testing the
null hypothesis of integrated diffusion versus the alternative of a diffusion with a present
volatility part o is equivalent to testing QOT versus Q?O.
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b) Another potential application of our method is a test for “perfect correlation” between
the process X and the unobserved volatility o. The problem can be formulated as follows:
Let X and ¢ be two one-dimensional continuous It6 semimartingales of the form

dX, = bdt + o, dW;, do? = aydt + v;dBy,

where W and B are one-dimensional Brownian motions with the bracket process [W, B]; =
pt, |p| < 1. For financial applications testing the hypothesis |p| = 1 versus |p| < 1 is of
certain interest. Note that |p| = 1 appears in the SDE case, i.e. when oy = ¢g(X;) with
g € C%(R). We refer to testing local volatility hypothesis in [12] for a more detailed
discussion (see also [14] for related statistical problems). The aforementioned problem
is equivalent to testing QIT Versus Q;l = Q2T for the two-dimensional process (X, o?).
Since the process o is unobserved, it has to be locally estimated from the high frequency
observations of X first (see e.g. [12] for more details). O

4 A test for a constant rank

This section is devoted to a seemingly different topic, namely whether the a priori time-
dependent rank is constant or not. Our test statistics will be based on a distance measure
between the rank process r; and the maximal rank Rz, which vanishes if and only if the
rank is constant almost surely. For the formal testing procedure we will need some limiting
results for the “spot estimators” of the rank. By this, we mean estimators for ry, for any
given t, at least under the assumption that rg is equal to r; for all s in some right or left
neighborhood of ¢.

To describe these spot estimators we pick a sequence k,, > 1 of integers going to infinity,
and such that k,A,, — 0 (as for spot volatility estimators), and precise specifications for
k,, will be given later, although we always assume k,, > 4d. For any integer ¢ > 1 we set

~ log Sn ~ Sgcﬁz‘ﬂ)k Ay T S;lc’l?k:nAn
RM=d-— R (4.22)
log 2 Sy S

2d(i+1)knAn  V2dikn Ay

Then ﬁ?, more or less, plays the role of an estimator of the maximum of r; over an interval
of length 2dk,A,, around the time 2idA,,, and we set for any p > 0:

A(p)y = 2dkp A, ST A2 0B A (d 4 1)P) o

~

B(n,p,T) = A(p)} —a(n, T)(R(n,T))?, a(n,T) = 2dk,Ap ([T/QdknAn] — 1).
The asymptotic results for the quantity B(n,p,T') are as follows.

Theorem 4.1 Assume (H), and let T > 0, p > 0 and ky, be such that kn A 5 o0 and
knA, — 0.

a) If t — ri(w) is continuous except at finitely many points on [0,T], hence piecewise
constant, we have

T
B(n,p,T) —— /0 (rs)? ds — T(Rp)P. (4.24)
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b) We have the stable convergence in law:

1 — _
N B(n,p,T) £ B(p,T) in restriction to the set Q7 N {Ry > 1}, (4.25)
where B(p,T) is defined on an extension (Q,F, (ft)tzg,f”) of (,F,(Ft)t>0,P) and is,

conditionally on F, a centered Gaussian variable with conditional variance V(p,T) =
E(B(p,T)* | F) given on each set 2. by

_ ~(prP! 2 T 1 T ’ 11 2 $
V(p,T)—<log2>/0 (I‘r(gsjﬁ,fus,bs) S(r)T> (@V(r)s' +dv(r); 2dv(r()22)67)

with V()™ being defined at (3.9).
Notice that the right side of (4.24) is 0 on the set 27, and strictly negative on Q?

Remark 4.2 The reader will notice that in the definition of A(p)j’ the summands are
\ﬁﬂp A (d+1)¢, instead of the more natural ]ﬁﬂp We could take this more natural form
for (b) above, but it is useful (and innocuous from a practical viewpoint) to “bound” the
summands, in order to obtain (a). We could bound them by dP instead of (d + 1)? and
still have (4.24), but then (4.25) would then fail in case r = d is the maximal rank: we
would obtain a CLT with a non-Gaussian and non-centered limit. O

Remark 4.3 In the setting of (b) above, we will in fact prove a joint convergence for the
variables A(p)% — a(n,T)r? and R(n,T) — r, both normalized by 1/v/A,, (the second one
being as in (3.11)), and from which (4.25) follows. Such a joint CLT even holds under the
assumptions of (a), with a complicated limit, but this refinement is not useful for us in
this paper.

Remark 4.4 One can also prove a joint convergence for the variables A(p)} — a(n,T)r?
with different values of p, and still normalized by 1/v/A,,. However, when p > p’ > 0 it
turn out that the difference \/% (A(p)% — a(n, T)=P'/P (A(p/)2)P/?") converges to 0, and
no known normalization gives a proper CLT. O

As before, we need consistent estimators for the conditional variance V(p,T). Such
estimators are constructed in a way analogous to (3.13). That is, we set with k,, as above:

[t/2dAn]—kn—1

S B 2dk, A T \2

) _ 2 A 14+2d—2R(n,T nean

VIR = 4q2AL COEEDY o T Sml)

=0 2d(i+kn)An — P2idAn T
ZZ;Zi—&-H)An — Zaiin, Z(néfchmd)An - Zle’Zl-i-n(d—l))An

VEA, AN

" f<Z?2721+n’)An — Ziiin, Z(@Zi—kn/d)An - Z(Tléiil—kn’(d—l))An)

VKA, ’ ’ VKA, ’
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Theorem 4.5 Assume (H), and let T'> 0, p > 0 and k,, be such that knAzM — oo and
koA, — 0. Then we have

J— fay _ 2 - N o
V(n,p,T) := (M) (v 1y 92(R(nT)- d)V;,22 B 21+R(n,T)—dV¥,12)

log 2 (428)
N V(p,T) on the set QF.
Moreover, the variables
B T
Z(n,p,T) = — (n.p. T) (4.29)
VAV, T) A (1/V/A)
have the following asymptotic behavior, where ® ~ N(0,1) is as in Corollary 3.6:
Z(n,p,T) £ g in restriction to the set Q7 N{Rp > 1} (4.30)

Z(n,p,T) L _ 5 in restriction to the set Qf

Having all instruments at hand we proceed with testing. What is easily available is a
family of tests for the null Q7, whereas the alternative is restricted to Q; One does not

know how to test the null Q?

For this purpose we use the statistic B(n,p,T). In fact, (4.30) gives us the behavior
of this statistic on Q7 N {Ry > 1}, and this is the null which is tested below. Now, Q7 is
the union of QF N {Ry > 1} and QY so if we are interested in testing the whole QT one
can do a double test, using what precedes and Proposition 3.8 with » = 0.

We propose to use the following critical region, where p > 0 is chosen arbitrarily and
2! is again the one-sided a-quantile of AV(0,1):

Cla)p= ={w: B(n,p,T) < —z \/A V(n,p, )/\(1/@))} (4.31)

Exactly as in the previous section we obtain the following result.

Proposition 4.6 Under (H), the tests (4.31) have the asymptotic level « for testing the
null Q7 N {Ryp > 1}, in the sense of (3.18), and are consistent for the alternative Q;‘Té

5 Proofs

Before we start presenting the formal proofs, let us give the road map. Subsection 5.1
demonstrates some technical results on expansions of determinants. They are applied in
Subsection 5.2 to prove Lemma 3.1. This Lemma implies that the process S(r); defined
at (3.6) is strictly positive on the set €., which is crucial for our method.

The first main result of our paper is Theorem 3.2 whose proof is rather involved. First,
we will show that the standard localization procedure (see e.g. Section 3 in [1]) implies
that all processes in (H) may be assumed to be bounded without loss of generality. This
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first step considerably simplifies the stochastic treatment of various quantities. A second
crucial step is the stochastic expansion explained in Remark 2.2: we have (2.13) and (2.14).
Subsection 5.3 deals with the formal justification of this expansion, for which we will use
slightly different notation.

It turns out that the stochastic order of the error term related to the decomposition
(2.13), namely Op(A,), is not sufficient to show its asymptotic negligibility. However, we
will prove that the error terms are martingale differences, so they will not affect the stable
central limit theorem at (3.8). A similar treatment will be required for the error term
connected with the stochastic version of the expansion (2.6).

The proof of Proposition 3.4 (consistent estimation of the asymptotic conditional co-
variance matrix) is somewhat easier. Corollary 3.3 follows essentially from Theorem 3.2
by the delta method for stable convergence. The proofs of these results are collected in
Subsection 5.4. In particular, we apply a stable central limit theorem for semimartingales
(see e.g. [8, Theorem IX.7.28]) to prove Theorem 3.2.

The proof of Theorems 4.1 and 4.5, which is presented in Subsection 5.5, is a bit
more involved than one of Theorem 3.2, although the main techniques are similar. The
additional difficulty comes from the fact that we need to use the stable convergence of
Theorem 3.2, but for processes evaluated at random times. Corollary 3.6 and Propositions
3.7, 3.8 and 4.6 are straightforward consequences of the previous results.

5.1 Expansion of determinants.

We first prove some general and easy facts about determinants. Below ||A| denotes the
Euclidean norm of a matrix A € M.

For m > 1 we call P,, the set of all multi-integers p = (p1,- - ,pm) With p1+---+py, =
d, and Zp, is the set of all partitions I = (Iy,---,Ip) of {1,---,d} such that I; contains
exactly p; points (so I; = 0 if p; = 0). If p € Py, and I € 7, and Ay, -+, Ap, € M,
we write Gi\l,--- A, for the matrix whose ith column is the ¢th column of A; when i € I;.
Letting A, B,C € M, we can rewrite (2.5) as

w(A,B)= > det(Ghp), (5.1)
IGI(T’d,”
and we set
WABC)= > det(Ghyp o) (5.2)
IeI('r,df'rfl,l)

In the following two lemmas we present some technical results on determinant expansions.

Lemma 5.1 For any m > 1 and Ay, -+, Ay € M we have

det(Ar+ -+ Am) = > Y det(Gh . 4) (5.3)

PEPm I€lp
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Proof. Letting Sy be the set of all permutations of {1,--- ,d} and sign(s) be the signature
of s € §, we have

d
det(A + B) — Z Slgn(s H s(1),8 + bs i) 2)
s€Sq i=1
_ Z Z s1gn s Has(z i Hbs(i),i _ Z det(G(I Ie ))_
Ic{1,,d} s€Sq i€l il Ic{1,-,d}

This readily implies that if (5.3) holds for some m, it also holds for m + 1. Since (5.3) is
obvious for m = 1, the result follows by induction on m. O

Lemma 5.2 There is a constant K such that, for all ™ =0,--- ,d, all h € (0,1] and all
A,B,C,D € M with rank(A) < r we have, with A = |A|| + ||B|| + ||C|| + || D|| and with
the convention v_1(A, B) = 0:

| det(A + hB + h*C + h?D) — k%", (A, B) — k4" (y,_1(A, B) + 7,.(4, B,C))|

< Khr—d+1Ad—1(hA+ ||D||)7 (5'4)

| 5=z det(A+ hB + h*C + h?D)? — ~.(A, B)?

2y (A, B) (31 (A, B) +1(A, B,C))| < Kha¥1(ha + D). D)

Proof. Let p € Py and I € Z,,. Then det(GA hBR2CH2D) = hP2+2p3t2ps det(GAB o))

vanishes when p; > r, and has absolute value smaller than KhP2F2Ps+2Pa \d=P1|| D],
Then (5.4) readily follows from (5.3), and by taking squares in (5.4) we deduce (5.5). O

With the same notation, and if further A’, B’,C’, D' € M with rank(A’) < r also and
N = A+ B +IC'|| + |||, and k" € (0,1], the same argument shows that
| ) 2d o= det(A + hB + h2C + h?D)? det(A’ + W B' + h2C' + W2D')?

(A, B2y, (A B2| < K (h+ H)(A N (56)

5.2 Proof of Lemma 3.1.

1) The results about T'.(u). We write V; and V; for the d-dimensional variables
whose components are respectively the d first and the d last components of ¥(u,1);,
for which we can take W = W and W/ = W', and we set A = mat(Vy,---,Vy) and

B=mat(Vy, -, Va). AW =W — Wj(’jl, we have

q d q
=> AW, Vi=d+ ) AW+ > AR g (W), (5.7)
m=1 m=1 m,k=1
where each h; , is a function of the path of W. Note also that F',(u, 1) = v,.(A, B)2.

Assuming first that the rank of a is (strictly) smaller than r, we observe that the rank
of A is also smaller than r, implying by (5.1) that ~,(A, B) = 0, hence I';(u) = 0.
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Next we assume that the rank of « is r, and proceed to prove I';y(u) > 0. We first
simplify the problem as follows. The matrix 3 is invertible and the rank of S~ laa*B~1*
is r, so we can write St = ITA, where IT € M is an orthonormal matrix and A € M is
a diagonal matrix whose diagonal entries \; satisfy A; # 0 if 7 < r and A\; = 0 otherwise.
Then, setting V} = 11371V, and V;- = II*3~'V;, the sequence (Vj',V;.) has the form
(5.7), upon replacing W’ by II*W’ (another Brownian motion) and u = («,3,7,a) by
v = (o/,J,,d'), where J is the identity in M and o/ = II*3~'a = A and 79! =
Zd (II*B=1)imamil and o’ = II*B~1a. Furthermore, A’ = mat(V{,---,V}) = I*3~14

m=1 _ _
and B = mat(V},--- ,V)) = I*37! B, implying v, (A’, B') = det(II*37!)7, (4, B), which
in turn yields I, (u) = W I, (u'), because det(II) = 1.

In other words, it is enough to prove the result when 8 = J and a = A is diagonal as
above, and below we assume this. The two matrices A and B can thus be realized as

MNP o NP Ti+0{ -+ Ti4+0)
A= |y B={ | 63
)\d@cli e )\dq)g Til + @il e Tg + @g

where all <I>§- and T; are i.i.d. M (0,1) and the variables @; are independent of the Y! s
(note that we have incorporated the constant a’ in each variable @;)

Let J, be the class of all subsets of {1,---,d} with r points. Since \; # 0if j < r
and \; = 0 otherwise, we see that, if I = (1,I¢) with I = {ji < --- < j} € J, and
I¢ = {ji < - <4, .}, we have det(GL ) = e/ det(As) det(By), where A; and By are
the r x r and (d —r) x (d — ) matrices with entries AlI’m = AJ™ and BlI’m = B and
er takes values in {—1,1}. Thus

(A, B) = erdet(As) det(By).
1€J:

In this sum we single out the I’s which contain d, and those which do not, and for the
former ones the product det(As)det(B) does not depend of the vector Y4. For those
which do not contain d, we develop det(By) along the last column, which involves the
determinants of the matrices By; which are the restrictions of B to the last d — r lines
except 4, and to the column indexed by the complement I¢ of I, except d. We thus get

d—r
WA, B)=Z+Y (1) (Y7 + ez, Zi= > erdet(Ar) det(Bry), (5.9)
i=1 I€J,, d¢I

where Z and all Z] and @Z‘H are independent of the vector Y. Since this random vector
T, has a density, it follows that the variable v, (A, B) also has a density, provided Z] # 0
a.s. for at least one value of 1.

At this stage, we observe that Z/ has exactly the same structure as v,(A, B), except
that the dimension of each By; is (d —r — 1) x (d —r — 1) instead of (d —r) x (d —r),
and that the last column of the original problem has totally disappeared. We can repeat
the argument, to obtain that Z/ has a density and is thus a.s. non-vanishing, as soon as
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some similar quantity (where the last two columns of the original problem no longer show
up) is a.s. non-vanishing. Then, after an obvious induction, we deduce that v, (A, B) has
a density as soon as det(Ay) # 0 a.s. for I = {1,--- ,r}.

However, since the entries of this last A; are /\ifbé fori,5 =1,---,r, and all those \;
are non zero, it is well known (and also a simple consequence of the previous proof, in
which we develop det(Aj) according to its last column and perform the same induction
procedure) that det(A;) has a density. This indeed shows us that 7, (A, B) has a density,
hence E(v,.(4, B)?) > 0 and the proof of the first part of (3.5) is complete. O

2) The results about I').(u) and I'”/(u). When the rank of « is smaller than r, we have
seen that, with the previous notation, v,(4, B) = 0, hence also I'}.(u) = I'//(u) = 0.

Next, we turn to the case when the rank of « is r. Exactly as in the previous proof, it
suffices to show the result when u = (A, J,7,a). Recalling that F,.(u,1) and F,(u,2) have
the same law, we have E((F,(u,1) — F,(u,2))?) = 2(I'.(u) — I'”(u)) and thus the second
part of (3.5) holds unless F,(u,1) = F.(u,2) a.s.

With the previous notation, we have F,(u,1) = 7.(A, B)?, and also F,(u,2) =
(4, E)i, Wllergﬁ and B are given again by (5.8) with the same );’s, and random
vectors (®;,T;,0;) having globally the same distribution as (®;,Y;,0;) (which may of
course be defined for j > d): these two families of vector are not independent, and we
have in fact 1 1

®j = 75 (Boj1 4+ ), T = 5 (Toj1 4+ 0y), (5.10)
plus a more complicated relation relating @j with the ©; for j' < 2j and the vector a.
What we need to prove is then P(|y,.(A, B)| # |v-(A4, B)|) > 0.

We have (5.9), and also, by the same argument,

S

L . d—r ' Tr+i + Tr-l—i N o o o
(A, B) =7+ Z(—l)l(% +O;)Z, Zi= > erdet(A)) det(By),
i=1 I€T,, d¢1

where we have also used the second part of (5.10). Here, the vector Y94 has a density and
is independent of all other terms showing in the above expression, and also independent of
v-(A, B). Therefore, |v.(A, B)| # | (A, B)| almost surely on the set {Z’ # 0}. Now, Z}
is the same as Z!, upon replacing (A, B) by (A, B) everywhere, hence the previous proof
shows that indeed Z # 0 a.s. This shows that in fact P(|y,(4, B)| # |(A, B)|) = 1, thus
ending the proof of the second part of (3.5). O

5.3 Some stochastic calculus preliminaries.

We assume (H) and, by localization (see e.g. section 3 in [1]), we may also assume that all
processes Xy, ot, by, at, vt, ay, vy, a, vy are uniformly bounded in (w,t). The constants
are always written as K, or K, if we want to stress the dependency on an additional
parameter p, and never depend on t,i,n,j. For any process Y, we use the following
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simplifying notation:

Fi' = Foidn,, Y = Yaian,,. (5.11)
For all p,t, s > 0, we have by Burkholder-Gundy inequality
E( sup [Yigu — Vil | Ft) < Kgs¥? if Y = X, 0,b, 0. (5.12)
u€(0,s]
We set
ma= s Y=Yl = \[Epiaa,cas, | FD. (5.13)
u€l0,s], Y=a,v' v
Lemma 5.3 For allt > 0 we have AnE(Zl[-ZSdA"]_I nt) — 0.

Proof. It suffices to prove the result separately when Y =aor Y =v' or Y = v”. Set

Vi = SUPge(0,4dan] [Yirs — Y:||?, so E((n*)?) is smaller than E(v§) when i = 0 and than

ﬁ 22(iid_Alr)szn E(v2)ds when i > 1. Hence by the Cauchy-Schwarz inequality,

[t/2dAn]—1 Vi [t/2dAn]—1 .
t 1/2 1/2
("8 )= e ) e+ [ 0)”
n ; Ui \/ﬁ n ZEZ% (771 ) t Y0 0 Vs
We have 47 < K, whereas the cadlag property of Y yields that v (w) — 0 for all w, and
all s except for countably many strictly positive values (depending on w). Then, the claim
follows by the dominated convergence theorem. O

The proof of Theorem 3.2 is based on a decomposition of the increments Z&i At Ay

Z&z‘ A (1)) An In order to understand better this decomposition, we first deduce from
(2.8) that, for any z < ¢t < s, and with vector notation,

S S
/budu:a1+a2+a3+a4, /auqu:a5—|—a6+a7+ag+ag+a1o+a11,
t t

where
a; =b,(s—t), ag= fts (fzu al, dw)du ag =, ftS(Wu —W,) du,
oy = fts (fzu(v,’w —l) dWw) du
as =0, (Ws —Wy), apg=a, fts(u —2)dWy, a7 = fts (fu(aw —ay) dw) dW,

z

as = v [ (Wy = W2)dWy, ag =[5 ([* ([ aldr) aw, ) aw,

g =0 [} ( [ Wy = W2) dWw) AW, anz: I ( IS ( [E @ = o) dWT) dWw> AW,

A repeated use of the Burkholder-Gundy and Hoélder inequalities shows that, in view of
our assumptions on the various coefficients, and for any p > 1:

K,(s — 2)P/? if j=5

K,(s —z)P if j=1,8
K,y( )3p/2 if j=3,6,10
Ky(s—2)% if j=2,9
Kp(s— 22 B(nf | F2) if j=4,7,11.

E(layl? | F2) <
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We can then apply the previous decomposition with z = 2idA,,, t = (2id+k(j —1))A,
and s = (2id + kj)A,, and add the increment of the process X', to obtain

n,K n,K

g
(Qid+jr)An — Z(2id+(j—1)K)An 7 7 7 7
= \/HTTZ PR = & S B KA AT+ A 8 (5.14)

for k = 1,2, and where (explicitly writing the components)

n,K,l d n,m m
G5 = a2 % Wiiarrpa, = WSiaeni-1)a,)

m=1

n,kK,l n,l 1
B] _bz +/{A

), n

L nimk ((2id4r))An k k m
zk:_lv f(?zd—l—ng 1))A WS = Waian,,) AW

m,

d
1 ~lm m m
+ KAp mzzl 7 (W(Qid+’€j)An - W(Zid+”(j_1))A")

nk,l 1 q n lm (2id+kj) . m
71:] T (kAR)32 ( f21d+f$(Jj 1)) ( o 2sz”) AW
q n,lm 2id+k7)
+ Z_ ’U, f(22d+/<]] 1))A, (W W2sz )d
i imomik ((2id+k5)An s " " m
+m§:1”i Joiainiranan Siarag—na, Wi = Wiiaa,) dW,)dW; )

and 0;;" is a remainder term, and for p > 1 we have the estimates when j < 2d if k = 1
and j < d when k = 2 (recalling n; s < K):

E ([l 2 + 1875 IP + [P | ) < K, 515
E(|575 7 | Fr) < K, (A% 4+ (1)) < K, '

We end these preliminaries with a lemma which compares S™" for k = 1,2 with the
following processes:

n,K [t/2dn] - N BTLKY2
S(r)" =2dA, l;) %(A ), where (5.16)
An Ko mat( o 1 e 70[2,;)’ Bin#-i — mat(ﬁ;iin’ .. ’B:;ln)
It also compares V™% of (3.13) with
[t/2dAn]~1
V)P =4d?A, Y (AP B2 (AP B2, (5.17)
i=0
Lemma 5.4 If ry(w) < r identically for some r € {0,--- ,d}, we have for k,x' =1,2:
1 1 wep.
n,k n,K 1
= ((mn)d—r S™F  S(r) ) ek ) (5.18)
and 1
vl v )"’” =£ 0 (5.19)

(kK! AZ)d=r
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Proof. We denote by & the ith summand in the definition (2.12) of S;"". Besides the
matrices in (5.16), we also define

n,k n,K n,K n,k __ n,K n,K
G =mat(y 1 g ) D;"" =mat(; 7, ,0; ).

3 2

We start with (5.18). Applying (5.5) with h = /KA, the fact that each A" has at
most rank r (because r; < r), and the estimates (5.15) plus the Cauchy-Schwarz inequality,
we obtain

W " =4 (A", B"")2 + 2k A, (7 + Cn " where
Cn,f@ - ’YT(A?’H, B?H)(’YT—I(A?H? B?,m) NI (A;L,K,’ Bin,/f7 Cln,n))

1

E(C")) < KA, + KvVAE@)).

In view of Lemma 5.3, /A, Zy/gdA"]_l EZ.”’” L2 (). Since S/ = 2dA, z[t/QdAn] 1 &
it remains to prove that A, Z[t/QdA”] ! ¢t E=20.

For this purpose we use the decomposition ([ = (™" + ¢/"™", where (" = E({"" |
F'). By Doob’s inequality, (5.15) and the fact that ¢/ is /' ;-measurable, we have

b8t » [t/2dAn]—1 Kt
E(ilg)( ; Ci’)>§2+E< ; |Cn|> AL

Thus A, th:/gdA”]*l ¢;"™" 2220, and the result will hold if we can prove that ;" = 0.
We even prove the stronger statement that E(("" | g v Fl') = 0, where G"' is the
o-field generated by the whole process W/, and this is implied by

Ie I(r d—r)> I'c I(r—l d—r+1)> I" € I(r,d—'r—l,l) =
(det(GAn < prr) det(ng < o) | GV'VFr) =0 (5.20)
E(det(GAnn nn) det<GAnn nn nn) | gW/\/Fn) :O

The variables o/ L B ! and ’y;ff’l have the form ®(w, (W (w)2iaa, +t — W (w)2iaa, )i>0),
with @ a (G v F) ®Cd measurable function on  x C(Ry,R%), where C(R,,R?) is the
set of all continuous R%valued functions on R, and C? is its Borel o-field for the local
uniform topology. When & = Oz?fl or ® = ’yffl the map = — ®(w,z) is odd, in the

sense that ®(w, —z) = ®(w,z), and it is even when & = B’} *

n (5.20), the three variables det(GAn " B "), det(GAn " BT ), det(GAn " BT o

associated with three functions ¥, ¥/ U of the same type. What precedes y1elds that ¥
is even (resp. odd) if r is even (resp. odd), and both ¥ and ¥” are even (resp. odd) if r
is odd (resp. even). Consequently, the products WU and ¥¥” are odd in all cases. Since
the W' v F*-conditional law of (Waida, ++ — Waiaa,, )t>0 is invariant by the map x — —x
on C(Ry,R%), we deduce (5.20), hence (5.18) holds.

) are
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Finally, we turn to (5.19). Let 67 be the ith summand in the right side of (3.13), for
k, k' fixed. We can apply (5.6) with h = /kA,, and h = /k’A,, and (5.14) and (5.15)
again, to get

1 n n,K n,K\2 n.k' 5\ 2
a0 — (A B k! pn, < .
]E() (kw/ AZ)d=T 0;" — v (A", B )" v (A, B ) D < K\/Kn

(5.19) follows, and the proof is complete. O

5.4 Proof of Theorem 3.2, Corollary 3.3, and Proposition 3.4.

1) Observe that, with the notation (3.2) and (3.3), and upon taking

— Wy — Wy, —, W - Wy
W = (o700 B, Ty = 2 d—i—t)AnA 22, W = (2 d+t)AnA 2idA,

1 LA A )
we have 7, (A", BI"")? = F(u?, k). We consider the two-dimensional variables £ with
components

, (5.21)

5?’{ =2d V An (’YT(A?yﬁa Bz‘n’ﬁ)2 - Fr(u?))v R = 1) 2. (522)

Since ' is F;'-measurable, whereas the processes W and W’ above are independent of
F7', we deduce from (3.4), and from (5.15) for the estimate below, that

B [ F) =0,  E(IE | F) < KA

n e |y | APALTL(ul) if k=K (5.23)
d

2) By (5.18), for Theorem 3.2 it is enough to prove the stable convergence U’ (r)™ £ Ur),

where U’(r)" is the two-dimensional process with components U’(r)™" = \/% (S(r)mr —
S(r)) and the quantity S(r)™" is defined in (5.16). We have U'(r)" = Y™ + Y™, where
[t/2dA,] 1
ye= e
= [t/2dAn]—1
vim = A= (2aa, L ol = [y Tr(os,3,0s,b) ds).

and £ is given in (5.22). Since the three processes o, v, b are It6 semimartingales, whereas
I, is a C*™ function, it is well known that Y™ == 0 (see e.g. section 8 in [1]). We are
thus left to prove that
Y OES U@r). (5.24)
By virtue of the first two parts of (5.23), a standard CLT for triangular arrays of martingale
(see [8, Theorem IX.7.28]) increments shows that, for (5.24) to hold, it suffices to show
the next two properties:
[t/2dAn] 1
> EEETIF) S v (5.25)
i=0
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[t/2dAn]—1
n (3 P
> E(§ (Nagtnda, — Naian,) | F) — 0 (5.26)
=0

for all ¢ > 0 and for any bounded martingale N orthogonal to (W, W’) and also for
N =W™or N =W for any m.

The last part of (5.23) and the cadlag property of o, v, b, plus the fact that '} and T/
are polynomials, immediately gives us (5.25) by Riemann integration.

The proof of (5.26) is also standard: By construction, £ is a two-dimensional variable
of the form ®(w, (Waiaa,+t(w) = Waida,, (@))ez0, Waiga, 4+(@) = Wiga, (w))iz0) similar
to the functions occurring in Lemma 5.4, and since in the definition of £ one takes
squared determinants, all these functions ® are globally even in the sense that ®(w, z,y) =
®(w, —x,—y) for any two d-dimensional functions z,y on Ri. So, on the one hand,
after multiplying the function ® corresponding to &' by z™(2dA,) or y™(2dA,), one
gets an odd function, and (5.26) when N = W™ or N = W' follows. On the other
hand, by the representation theorem one can write &' as the sum of two integrals over
(2idA,,, 2(i + 1)dA,,] with respect to W and W, for suitable predictable integrands; thus
when N is orthogonal to W and W', the increment N, (2(i+1)dA, —V2ida,, has Fj'-conditional
correlation 0 with both those integrals, thus yielding (5.26) again.

Therefore, the proof of Theorem 3.2 is complete. O

3) A simple calculation shows that
- 1 1+ VA, U(r)p' /S
B(n,T) — 1 = - log -V on U /80
log2 =14+ VA, U(r)p"/S(r)r

hence on the set Q.. Since the sequence U (r)7} is tight, it follows from a Taylor expansion
that

if S(T)T > 0,

1 = 1
R(n,T)—7r)— ——
\/E( (n,T) =) S(r)r log2 (
on Q7 again. Then Corollary 3.3 follows from Theorem 3.2, upon observing that the
F-conditional variance of U(r)}. — U(r)2 is the numerator of the right side if (3.12). O

Urmt —Urn?) 50 (5.27)

4) Now we turn to the proof of (3.14), and by (5.19) it suffices to prove the convergence
of V(r)™**'. We suppose that x = &/, the proof in the case x # k’ being analogous. We
set

g =w(APS Bt =R F, =
As for (5.23), we deduce from (3.4) and (5.15) that
0t =2d(00(w)) —Tr(w)?),  E(n"*) < K.
On the one hand, the same argument as for proving (5.25) shows that 4d?A,, Z[t/ 2dAn]—1 nr
converges in the u.c.p. sense to the right side of (3.14) (for x = £’). On the other hand,
since 7™ is a martingale increment relative to the filtration (F");>0, we deduce from
Doob’s inequality that 4d>A,, ZWMA n=1 n™ == 0. We then deduce (3.14). O

7
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5) Finally, for (3.15) it is enough to show the convergence in probability in restriction to
each set 7, for r = 0,--- ,d. For this we use the following convergence properties, which
readily follow from (3.8), (3.11), in restriction to the set Q7.

1
AT
together with (3.14) applied at time T, which also holds on .. Then (3.15) follows after

a (slightly tedious) calculation, in view of the form (3.12) of V(T') on Q}.: the proof of
Proposition 3.4 is complete. O

~

s B Sy >0, R(n,T) 2>,

5.5 Proof of Theorems 4.1 and 4.5.

We begin with a lemma. Its setting apparently extends the setting of the theorem to be
proved, but this will be useful for the proof itself. The extension concerns the fact that we
replace the non-random terminal time 7" by a stopping time, still denoted by 7', which is
positive and bounded. In this case, the notation (2.3) still makes sense, as well as A(p)7}

and a(n,T) and V%"ml, as given by (4.23) and (4.27).

Lemma 5.5 Assume (H) and ry = r for all t < T with T a positive finite stopping time
and r € {0,--- ,d}. Then for allp >0, k,k" € {1,2} and ©3"" as in (3.14) we have

Alp)n 25 TP (5.28)

1 k! P T 1 T \2 ,
S VA 2d — OnF ds. 5.29
(kk/A2)d=r =T — /0 (Fr(as,ﬁ,vs,bs) S(r)T> s 5 ( )

Moreover, if r > 1, the following stable convergence in law holds, where U(r) is defined in
Theorem 3.2:

(U(r)" 75 (AP)F — a(n,T) rp)) Lo

T Van et 7 1 1 , (5.30)
(U Bz o iy (U} = aU(r)?)).

Proof. 1) Let v = I'y(0¢, 0, v, by), which is a continuous process, positive on [0,77] by
Lemma 3.1. Thus T,, = m AT Ainf(t : v < 1/m) satisfies P(T,,, = T) — 1 as m — oo and,
if any one of the claimed convergence holds for each T, (instead of T'), it also holds for T'.
In other words, we can assume 7' < A and 1/ < A for some constant A and all ¢t € [0, 7.
Moreover, I', is a polynomial, so the process ~; is a continuous It6 semimartingale, and
by localization again one can assume that for some other constant A’,

Elyis —ul2) < As. (5.31)

The sequence U (r)" converges in law toward a continuous process, so the moduli of continu-
ity p(n, z) = sup([U(r)fss — UG} = £ < A', |3| < ) satisfy limgy limsup, P(p(n, ) >
1) = 0, and thus with the simplifying notation w, = 2dk,A, we have

P(Q,) — 1, where ,, = {||U(7‘)?+S —Ump<1Vt< A s< wn}. (5.32)
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2) Observe that

L og StVBan!
log 2 g Cin_,'_\/fnn?aa

’k 7k ,k

where

ﬁ?:r+

Recalling 1/v; < A, and since ¢! = wp(Y2iaa, + pI), where E(|pl'?) < A"w,, by (5.31),

one has
Wy, 1

G V2idA,

)

Moreover, take o € (0,1/2) such that % < 1/2. For n large enough we have

AVA, Jw, < a because knA%/4 — oo. In this case, in restriction to the set €, for all
i < [T'/2dAy) — k, — 1 we have with a constant K (varying from place to place below):

o<ir<a, K
)

‘2) < A2A"w,. (5.33)

\/ATL W?’k AVAn 1 ATL \/An 77?71_77?72 Ay
‘ 138 TR D Ri_r_logZ 58 SKzTg

(5.34)

rz1 = B < KA L r—0 = RIS KB AL

Wn, Wn,
3) Recalling (4.23) and T' < A, when r = 0 the last estimate above yields

AP/

n

which goes to 0 because kA, — 0o. Thus in view of (5.32) one gets (5.28) when r = 0.

4) At this stage, we start proving (5.30), and thus assume r > 1. We observe that

[T/wn]=2
1 1 ~
Yy i= —— (A(p)b—a(n, T) rP) = wy, " where £ = —— (|R%. [PA(d+1)P—rP).
VA, AW e D)) =, 3 € where i (RE PA+1 =)

(5.34) implies that for n large enough, \ﬁﬂ < d+1 (recall r < d), hence a Taylor expansion
of the function x +— |r + x|P — P imply, again for n large enough:

VAn

2
Wy,

p—1 n,l  n2
prt " Mg, — ik,
n

log 2 ik

<K

&' — on €, and for i < [T'/wy,] — 2.

Upon using (5.33), and by the Cauchy-Schwarz inequality, it follows that

p—1 pol _pn2 VA
B(|er - B e |10 ) < KO0 4 K,
log2 wy, Yi—1)wn wn,
hence
p—1 [T/wp]-2 n,1  n2

E(|Y, —Y;|1q,) — 0, where Y, =

n

pr Mk, — Miky,
log 2 ; Vi-ywn
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because k, AY* — 00. Recall also (5.27). Then, by virtue of (5.32), the convergence (5.30)
will follow from

Tpfl T
R YD S @), Y=ts [ ! - ). (6:3)

5) By Theorem VI.6.15 of [8] it follows from (5.23) and (5.25) that not only does the
sequence of processes U(r)" converge in law, but it also enjoys the so-called P-UT prop-
erty (predictable uniform tightness). By a trivial extension of Theorem VI.6.22 in [§],
this implies that if a sequence H™ of adapted cadlag two-dimensional processes on )
is such that the pair (U(r)", H") £ (U(r), H) (functional convergence for the Sko-
rokhod topology), the bi-dimensional processes (U(r)™, fg H? dU(r)?) converge stably

in law to (Z/{(r),féj H,_ dU(r)s), and since U(r) is continuous and T is F-measurable,

this in turn implies the stable convergence of the variables (U(r)%, fo H? dU(r)?) £
U(r)r, fOT Hy_ dU(r)s). At this point, (5.35) follows, by taking the processes H" and H

with components

5 prP7!

pre~1 . ) ) L
ift S ((’L*l)’l[)n, (an)/\T], Ht = 7Ht = m ]'{tST}

H = —H = s
Y(i—1)wn 0og

(Note that the joint stable convergence (U(r)™, H™) £ (U(r), H) holds because 1/~ is
continuous.) This ends the proof of (5.30).

6) Since (5.30) implies (5.28) when r > 1, we are left to prove (5.29). We fix ,x’. Our
first observation is that, since U (7). 5 u (r)r follows from (3.8) as seen before, the proof
of (3.11) carries over to the case T is a stopping time. Therefore (R(n,T)—7) log A, =0
because here 7, = €2, and thus AFCD=r By Tt follows that (5 29) amounts to proving

’I’LHKZ ’I'LK/H

which is the same as V7,
A1+2d 2R(n T) with A711+2d 2r

the same result for the variable V except that in front of
the sum we substitute

With 67 being as for Proposition 3.4, the ith summand in the right side of (3.13), we
have

~ k! 2 TAd—T i [T/2dAn]—kn—1
= O (T ) B where B =480 3wl a0
J= iz '
2
v(0); = (MW) , v(1)F = —2 WWFW v(2)F = 1.

Combining (5.33) and (5.34), we obtain for i < [T'/2dA,] — k, — 1 and all n large enough:

A,
2 110,) < K (224 ).
,‘}/Q’LdA wn

E()u(o)? - ‘ 1Qn> +E(‘ (7 +

(721dA

Since by localization we may assume that the processes oy, vt, by are bounded, we may also
assume ¢} < K, and upon using (5.32) once more, we then deduce that B(j)} as the same
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asymptotic behavior as B’(j)}. which is given by the same formula, with v(j)7 substituted
with the following variables v'(j):

1 1
V() = ——, V(1) = -2 , V() =1
© (V2idA,)? @ Y2idAn @)
This allows us to get, with T(0) = %2, T(1) = % and T(2) = 1:
1 pum /TT( .07 d (5.37)
(rr' A THT o T '

(indeed, the case j = 2 is (3.14), and the other two cases follow from a standard argument,
similar to Step 5 above, but simpler because the integrand is a cadlag bounded process not
depending on n, and 0] > 0). Using further TA‘fL_T/S;f’1 N T/S(r)r and recalling (5.36),
and upon expanding the square in the right side of (5.29), we obtain this convergence and
the lemma is proved. O

Proof of (a) of Theorem 4.1. Since ﬁ(n, T) = Ry by (3.11), it suffices to prove that

T
A B Ap)r = /0 (ro)? ds. (5.38)

The assumption implies the existence of a sequence of stopping times 7; increasing to
infinity, such that 79 = 0 and 7; < 7541 if 7; < 0o, and such that the process r; takes a
constant (random) value p(j) on the time interval J; = (75-1,7;), with p(j) # p(j + 1) if
0 < 7j < oco. In view of the discussion preceding (2.3), the values r,, is necessarily smaller
than or equal to p(j) A p(j + 1), but is irrelevant to our discussion. We also denote by Np
the biggest j such that 7; < T

With an empty sum being set to 0, we have

(i AT)/wn] =2

Nr
APF =Y YD+ Zn,  Y(@u=wn > |RIP,
7j=1 i:[‘rj,l/wn]+1

and where Z,, is the sum of at most 3Nz terms of the form wn(|§?|p A (d+1)P). Since Np
is finite and w, — 0, we have Z]' — 0 (pointwise), and it suffices to show that for each
7 > 1 we have

Y — Y(§) = (T A7) = (T A1jm1)) p(5)P. (5.39)

We then fix j. The variable Y (j),, is the process A(p)" evaluated at time T; = T'A7; —7j_1
relative to the underlying process X (j); = XTj_1+t, up to at most two border terms. We
thus might be tempted to apply (5.28) right away, and indeed X (j) satisfies (H) for the
filtration F(j); = Fr;_1+t, relative to which T} is a positive bounded stopping time. There
are, however, a few problems to overcome:

1. The rank (X (j)) associated with X (j) is equal to p(j) for all ¢ € (0,T}), but not
necessarily for ¢ = 0, nor for ¢t = Tj;
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2. This rank p(j) is random, albeit F(j)o-measurable;

To solve these problems we fix ¢ > 0 and consider the process X(j,¢)¢ = Xr,_jtett,
satisfying (H) for the filtration F(j,e); = Fr,_ 1e1t, and the F(j,€);-stopping time

T(j,e) =T AN1j —T N Tj—1 — 2¢. The associated rank is thus p(j) for all ¢ € [0,7(j,¢)],
and we will show that if A(p,j,¢) is associated with X (j,¢) by (4.23), we have

AP J,)Vpey — TG pG) = (T A1j—T Arjy —2¢) p(j)P. (5.40)

Indeed, it suffices to prove this in restriction to each set Q) = {p(j) = r} satisfying
P(92)) > 0. If P, denotes the (usual) conditional probability P(- | £2).), the process X (j,¢),
on the space (2., F N QL (F(j,e)e N QL),P,), still satisfies (H) and the associated rank
is now r on the time interval [0,7(j,¢)]. Then Lemma 5.5 yields the convergence (5.40)
under P,, hence under P in restriction to each €2/, hence under P on € itself.

Finally, the difference Y (j), — A(p, J, 5)%(]. 5
one smaller than w,(d + 1)?, so this difference is smaller than Ke, as is the difference

between the two right sides of (5.39) and (5.40). Hence (5.39) follows from (5.40), by
taking first n — oo and then € — 0. This completes the proof. O

is a sum of at most 2[¢/wy] terms, each

Proof of (b) of Theorem 4.1. Exactly as in the previous proof, it is enough to prove
the result when ry = r > 1 identically, for some non-random r € {1,--- ,d}. By a standard
localization procedure we can assume that I'y. (o, 0, v, b ), which is positive everywhere, is
bounded from below by a constant 1/A with A > 0, so the assumptions of Lemma 5.5 are
satisfied. Therefore, (5.27) and (5.30) yield that, with Y, and J as in the proof of Lemma

5.5 and with Z,, = \/27 (R(n,T)—r) and Z = m U(r)y —U(r)3), we have
(Yo, Za) 55 (9, 2). (5.41)

Then we obtain
a(n,T)
VA,

1
mB(n,p,T)zY,ﬁ— (rp—‘r—}— \/AnZn‘p).
On the one hand, a(n,T) — T. On the other hand, since Z, converges in law and
r > 1, we have by the mean value theorem

! (r? = |r+ VAL Z0|) +prrt Z, 0.

b

Hence (5.41) yields

1
VA

The pair (), Z) being F-conditionally centered Gaussian, the same is true of B(p,T'), and
the form (4.26) of its conditional variance is easily checked, by virtue of (3.9). O

B(n,p,T) 53 B(p,T) =Y — Tpr? ' 2.
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Proof of Theorem 4.5. It is easy to construct a process X’ which satisfies the assump-
tions of (a) of Theorem 4.1 and such that X; = X; for all ¢ < T on the set Q? . Then
on this set B(n,p,T) is the same, when constructed upon X or upon X', and thus it
converges in probability on this set to a strictly negative variable. On the other hand,
Z(n,p,T) is B(n,p,T) divided by a quantity which by construction is smaller than A}/ 4
Then the convergence Z(n,p,T) — —oo on Q? is clear.

It suffices to prove (4.28) on the set Q7 N, for any r € {0, - ,d} such that P(Q%.) >
0. For this we can argue under the conditional probability P, = P(- | {ro = r}), or
equivalently suppose that we have in fact rg = r. As above, one can construct a process
X’ which satisfies the assumptions of Lemma 5.5 for some stopping time 7" which satisfies
T' > T on the set 7, and we can apply (5.29) to X’ and the stopping time 7" A T'. This
gives us (5.29) for X, in restriction to the set Q7.

At this point, (4.28) follows from (5.29) by exactly the same calculations as (3.15)
follows from (3.14).

Finally, since V(n, p,T) N V(p,T) on QF, we have Z(n,p, T) = B(n,p,T)//AnBV (n,p,T)
on a set Q) whose probability goes to 1. The first part of (4.30) than follows from (4.25)
and (4.28) by delta method for stable convergence. O

5.6 Proof of Corollary 3.6.

The same stopping argument as in Step 2 of the previous proof allows us to show that,
without assumptions on the rank process 7, the stable convergence in law (3.8) holds in
restriction to the set ., as soon as we restrict our attention to the time interval [0, 7.

At this stage, the claim of Corollary 3.6 follows from (3.11), an application of the delta
method, (3.15) and classical properties of stable convergence in law. O

5.7 Proof of Propositions 3.7, 3.8 and 4.6.

(3.18) is an obvious consequence of the stable convergence (3.16). For the alternative-
consistency, it suffices to prove that for any r’ # r we have

P(C()=" N QL) — P(QF). (5.42)

On the set Q. we have S(n,T) L5 247" and by (3.15) the variables V(n,T) converge
in probability to a limit which is [0, co)-valued (actually, it is a.s. positive, but we do not

use this fact here), so that A, V(n,T') 2, 0. Since ' # r, (5.42) readily follows from the
definition of C(a)7 ™.

Propositions 3.8 and 4.6 are proved analogously, the alternative-consistency in the
latter case following from the second part of (4.30). O
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