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Abstract

We will focus on estimating the integrated covariance of two diffusion processes observed in a nonsynchronous
manner. The observation data is contaminated by some noise, which is possibly correlated with the returns of
the diffusion processes, while the sampling times also possibly depend on the observed processes. This situation
is much more realistic than those in which both of the noise and the sampling times are independent of the
diffusion processes. In a high-frequency setting, we consider a modified version of the pre-averaged Hayashi-
Yoshida estimator, and we show that such a kind of estimators has the consistency and the asymptotic mixed
normality, and attains the optimal rate of convergence.

Keywords: Endogenous noise; Hayashi-Yoshida estimator; Integrated covariance; Market microstructure noise;
Nonsynchronous observations; Pre-averaging; Stable convergence; Strong predictability

1 Introduction

In financial econometrics, measuring the covariation of two assets is the central problem because it serves as a
basis for many areas of finance, such as risk management, portfolio allocation and hedging strategies. In recent years
there has been a considerable development of the statistical approaches to this problem using high frequency data.
Such approaches were pioneered by Andersen and Bollerslev [2] and Barndorff-Nielsen and Shephard [5], and their
methods are based on the semimartingale theory. In fact, no-arbitrage based characterizations of asset prices suggest
that price processes must follow a semimartingale (see [14] for instance). Recently, however, it has become common
recognition that at ultra-high frequencies the financial data is contaminated by market microstructure noise such
as rounding errors, bid-ask bounds and misprints. Motivated by this, the statistical inference for semimartingales
observed at a high frequency with additive observation noise has become an active research area during the past
decade.

On the other hand, since in this paper we are interested in the statistical inference for two assets observed
at a high frequency, we face another important problem. That is, we may observe the data in a nonsynchronous
manner. The classical theory of stochastic calculus suggests that the so-called realized covariance can be used for
measuring the covariation of two assets if the sampling is synchronous. Therefore, it is a naive idea that first we fix
a sampling frequency (e.g. per five minutes) and generate new data sampled at this fixed grid by the previous-tick
interpolation scheme and then we compute the realized covariance from the synchronized data. However, Hayashi
and Yoshida [22] shows that this method suffers from a serious bias known as the Epps effect described in [16],
so we need a different approach to deal with this problem. [22] proposed the so-called Hayashi-Yoshida estimator,
which is identical with the realized covariance in the synchronous case and a consistent estimator for the quadratic
covariation of two discretely observed continuous semimartingales even in the nonsynchronous case. The asymptotic
theory of the Hayahsi-Yoshida estimator has further been developed in [21], [23, 24] and [13]. Another important
theoretical approach to nonsynchronicity, a Fourier analytic approach, has been developed in Malliavin and Mancino
[33, 34] and Clément and Gloter [11]; besides Ogihara and Yoshida [37] have recently developed the quasi-likelihood
analysis of nonsynchronously observed diffusions in a parametric setting.

In this paper we consider two diffusion processes observed in a nonsynchronous manner as well as contaminated
by microstructure noise. Our aim is to estimate the integrated covariance of the diffusion processes in a high-
frequency setting by coping with both of the observation noise and the nonsynchronous sampling simultaneously.
Recently, various authors proposed hybrid approaches combining a method to de-noise the data with another method
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to deal with the nonsynchronicity in order to attack this problem. One direction in such approaches is that we
first use the refresh sampling method for synchronizing the data and then construct a noise-robust estimator. This
method was first applied in Barndorff-Nielsen et al. [4] in which the realized kernel method proposed in [3] was used
for de-noising, and further developed by [1], [8], [25], [43] and [45] with using other de-noising methods. Another
direction is using a Hayashi-Yoshida type approach to deal with the nonsynchronicity. Bibinger [6] proposed to
synchronize the data by applying a Hayashi-Yoshida type synchronization called the pseudo-aggregation algorithm
first. In a second step, a multiscale type estimator like in [44] is constructed from this synchronized data. The
obtained estimator is called the generalized multiscale estimator. Christensen et al. [8] proposed to de-noise the data
by applying the pre-averaging method introduced in [40] (and further studied in [27]) first. After that, they construct
a Hayashi-Yoshida type estimator called the pre-averaged Hayashi-Yoshida estimator from the pre-averaged data.
On the other hand, recently Corsi et al. [12] proposed a new estimator which is not the hybrid one.

Our estimation approach is based on the pre-averaged Hayashi-Yoshida estimator in the above, but we slightly
modify this estimator for a technical reason. In Christensen et al. [9] the associated central limit theorem for that
estimator has been shown, but it is restricted to the case when observation times are deterministic (or random
but independent of the observed processes) and some of important sampling schemes in practice, like the Poisson
sampling schemes, are excluded. In fact, the asymptotic variance given in their theorem has a quite complex form
which depends on the special forms of the sampling times considered in that paper, so that the author guesses one
cannot expect to extend this result to more general sampling involving the Poisson sampling schemes. For this
reason, we first synchronize the sampling times partly. After that, we construct the pre-averaged Hayashi-Yoshida
estimator from this new data. Then, we can compute the asymptotic variance due to Lemma 3.1 in Section 3. This
procedure is done in the same spirit as that discussed in Section 6.3 of [7].

In addition to the above problems, we also consider two kinds of endogeneity; one is the dependency between
the microstructure noise and the diffusion processes, and the other is the dependency between the sampling times
and the observed processes. The first one is motivated by an empirical analysis of Hansen and Lunde [19] as well as
some microstructure noise modeling in microeconomics such as [18]. Especially we will involve an asymptotically
non-degenerate term which is correlated with the returns of the diffusion processes in the model of microstructure
noise since [19] indicates the presence of such a structure. On the other hand, the second one is motivated by the
recent studies on this topics in the absence of microstructure noise. See [17], [20], [24], [32] and [38] for details.
Robert and Rosenbaum [42] also considers these two types of endogeneity in a framework different from the model
with additive observation noise, which they call the model with uncertainty zones. In their framework, however,
the observation errors are asymptotically degenerate. In this paper, we will show a central limit theorem for the
estimation error of the proposed estimator in the situation explained in the above (see Theorem 3.1).

Usually a certain blocking technique is used in the proofs of the central limit theorems for pre-averaging esti-
mators (see [27], [39], [28] and [9]). In this paper, however, we do not rely on such a technique but a technique
used in [24] for the proof of the central limit theorem for the Hayashi-Yoshida estimator. This is based on Lemma
4.2 which tells us that in the first order the estimation error process of our estimator is asymptotically equivalent
to the process M™ defined in Section 4, which has a structure similar to that of the estimation error process of the
Hayashi-Yoshida estimator. This enables us to apply arguments that mimic those in [24]. The only thing different
from [24] is the computation of the asymptotic variance process, but we can pass through this problem due to the
modification explained in the above.

Lemma 4.2 has another important implication for the asymptotic theory of our estimator. That is, we can
deduce a law of large number for our estimator, which can be regarded as a counterpart to Theorem 2.3 in [21].
This will be presented in Section 5.1.

The organization of this paper is the following. In Section 2 we introduce the mathematical model and explain
the construction of our estimator. In Section 3 the main result in this paper is stated. Section 4 provides a brief
sketch of the proof of the main result, while in Section 5 we deal with some topics related to statistical application
of our estimator. Most of the proofs will be put in Section 6-13.

2 The setting

We start by introducing an appropriate stochastic basis on which our observation data is defined. Let B(®) =
(QO, FO FO = (.F,f(o))teR+7P(0)) be a stochastic basis. For any ¢ € R; we have a transition probability

Q+(w®,dz) from (Q(O),]-'t(o)) into R2, which satisfies

/th(w(O),dz) =0. (2.1)



We endow the space Q1) = (R?)[0:) with the product Borel o-field ) and with the probability Q(w(®, dw®)
which is the product ®@er, Q+(w?,-). We also call (€)ter, the “canonical process” on (2, F() and the filtara-

tion ]-"t(l) = 0(€es;5 < t). Then we consider the stochastic basis B = (2, F,F = (F;)er, , P) defined as follows:

Q=00 x o, F=rF0gFrh Fr=Nest FO @ FU,
P(dw®,dw™®) = PO (dw@)Q(w®, dw™).

Any variable or process which is defined on either Q) or QM) can be considered in the usual way as a variable or
a process on €.

Next we introduce our observation data. Let X and Y be two continuous semimartingales on B(®). Also, we
have two sequences of F(©)-stopping times (Si)z‘eZJr and (Tj)j€Z+ that are increasing a.s.,

S' 1 oo and T9 4 o0. (2.2)

As a matter of convenience we set S~! = T~! = 0. These stopping times implicitly depend on a parameter n € N,
which represents the frequency of the observations. Denote by (b,) a sequence of positive numbers tending to 0 as
n — 0o0. Let & be a constant satisfying 0 < & < 1. In this paper, we will always assume that

T (t) i= sup (S? At — STUAL)V sup (T9 At —TI71 At) = 0,(bS)) (2.3)
1€ZL4 JEL 4

as n — oo for any t € R,
The processes X and Y are observed at the sampling times (S?) and (77) with observation errors (Ugs);ez, and
(U%/j )jez., respectively. We assume that the observation errors have the following representations:

U =b, 225 — 28 )+ e, UL =022 — ZY, 1) + ey
Here, ¢; = (e,€)) for each t, while Z¥ and Z" are two continuous semimartingales on B(®). We can take
ZX = ¢XX and ZY = ¢¥Y for some constants ¢X and ¢, so that the observation errors can be correlated

with the returns of the latent processes X and Y. For this reason we will refer to (b;1/2(Z§(i — Z%-1))iez, and

(b;l/z(Z%/j — ZY;-1))jez, as the endogenous noise. The factor bt/ s necessary for the endogenous noise not to
degenerate asymptotically. Such a kind of noise appears in [4], [15], [19], [30], [31] and [36]. After all, we have the
observation data X = (Xgi)icz, and Y = (Yr7;);ez, of the form

XSi :Xsi—l-Ué(;, YTj :YTj +U%/J

Now we explain the construction of our estimator. First we introduce some notation. We choose a sequence k,
of integers and a number 6 € (0, 00) satisfying

Ky = 0712 4 o(b; 1) (2.4)

(for example k,, = [6b, 1/ *1). We also choose a continuous function g : [0,1] — R which is piecewise C with a
piecewise Lipschitz derivative ¢’ and satisfies

g0)=g(1) =0,  uy = / g(x)dz £ 0 (2.5)

(for example g(x) = x A (1 — x)). We associate the random intervals I* = [S*~1,§%) and JJ = [T7=1,T7) with the
sampling scheme (S%) and (77) and refer to Z = (I%);ey and J = (J7)jen as the sampling designs for X and Y.
We introduce the pre-averaging observation data of X and Y based on the sampling designs Z and J respectively
as follows:

kn—1 kn—1
X(T\i Z p v j Z q .
X(I) = g (k ) (Xsi+p - XSi«prl) 5 Y(j)j = g (k) (YTj+q - YTj+q71) 5 1,] = O, 1, e

p=1 g=1

The following quantity was introduced in Christensen et al. [§] :



Definition 2.1 (Pre-averaged Hayashi-Yoshida estimator). The pre-averaged Hayashi- Yoshida estimator, or pre-
averaged HY estimator of X and Y associated with sampling designs Z and J is the process

o0

" 1 — - .
PHYXY I = s Y. XDV Pl smmnmmay, LRy

4,j=0
Sitkn\ypitkn <y

Remark. In order to improve the performance of the above estimator in finite samples, it will be efficient to replace
the quantity ¥ gy with ﬁ Z};lzl g(p/ky) in the above definition. Such a kind of adjustments often appears in the
literature on pre-averaging estimators.

As mentioned in Section 1, we modify the above pre-averaged HY estimator by applying an interpolation method
similar to the refresh sampling method for the technical reason. The following notion was introduced to this area
in [4]:

Definition 2.2 (Refresh time). The first refresh time of sampling designs Z and 7 is defined as R® = S° v T, and
then subsequent refresh times as

R* := min{S"|S* > R* 1} vmin{T/|TV > R*'},  k=1,2,....
We introduce new sampling scheme by a kind of the next-tick interpolations to the refresh times. That is, we
define SY := S°, T0 .= T9 and
S = min{S?|S’ > R*'}, TF:=min{TV|TV > R*'}, k=1,2,....

Then, we create new sampling designs as follows:

~ o~

Fi= L5, TR=[TLTY, Ti= (Miew, T = (F)jen,

For the sampling designs 7 and J obtained in such a manner, we will consider the pre-averaged Hayashi-Yoshida
estimator PHY (X,Y)" := PHY (X,Y;Z,7)".
One of the advantage of working with the refresh time is described by the following proposition:

Proposition 2.1. The following statements are true.

(a) Sk v Tk = R* for every k.
(b) (S* < T9) = (i <j) and (S* > T7) = (i > j) for everyi,j.

Proof. (a) Obvious.
(b) Since TV < RI < Si+1 (St < TY) implies S* < S7*1 hence i < j. Consequently, we obtain the former
statement. By symmetry we also obtain the latter statement. O

3 Main results

We start with introducing some notation and conditions in order to state our main result. We write the canonical
decompositions of X, Y, ZX and ZY as follows:

X=AX+M*,  yv=AY MY, zX=A"+M¥  Z¥ =AY+ M. (3.1)

Here, AX, AY, AX and AY are continuous F(®-adapted processes with locally finite variations, while MX, MY
MX and MY are continuous F(©)-local martingales. For each 4, € Zy, let

I'= [S\iagi—%kn% J = [fj7fj+kn)’ K" = 1{fiﬂjj¢@}'

Since (I' N J7 # () = (|i — j| < ky) by Proposition 2.1(b), we have

Z K9 < 2k, + 1, ZK”’ <2k, +1 (3.2)
j=0 i=0

for any ¢,7 € Z.



For two real-valued bounded measurable functions «, 5 on R, set

1 P q o N
Ca,8(Dsq) = = Z Z | o <pkn2)'6 (qknj) K

" i=(p—kn+1)V1 j=(q—kn+1)V1

r+u+1
Va8 / / (v)dvdu.
TH+u—1

The following lemma, which is a counterpart of Lemma 7.2 of Christensen et al. [9], is the key to calculation of the
asymptotic variance of th estimation error of our estimator:

Lemma 3.1. Let o, 8 : R — R be two piecewise Lipschitz functions satisfying a(x) = f(x) = 0 with = ¢ [0, 1].

Then we have
q—p
Ca,5(P.9) — Yaup (k ) ‘ =0, (84?)

Proof. For p,q > k,, we can rewrite ¢, g(p,q) as

AN
T ()8 (L) meo

4,7=0

sup
P,4:P,q>kn

as n — 0.

By definition, we have KP~#477 =1 Moreover, by Proposition 2.1(b) we have

{Sp—i<Ta—itkn Sp—ithn>Ta—j}"
(P < Todthn Srmithn > T90) = (q—p+i—kn <j<q—p+i+hn),
(q—p+i—ky<j<q—p+i+k,) = (gpfi < qujJrkn’ Gp—itkn > quj).
Hence we obtain

[(g—p+i+kn)VOIA(kn—1) i
B <k> + Op(bglﬂ)
] n

=[(g—p+i—kn)A(kn—1)]VO

=& E(d)

uniformly in p, q. Note that g —p+¢—k, <qg—p+1i—k, and a(x) = f(z) =0 if = ¢ [0, 1], we have

1 kn_l Z quJr’L'Jrk‘n .7
v =z o) X s(L)ro0p
jf n

n =0 =q—p+i—kn
uniformly in p,q. Therefore, the piecewise Lipschitz continuity of o and 8 completes the proof. O
Next, let Nj* = 3707 1rpeasy, N7 =300, ligig,y and N/ 2=y 1i7uoyy for each t € Ry and

b= [RkilaRk)v "= [Skvgk)v Jh = [Tk,fk)

for each k € N. Here, for each t € Ry we write Sk = SUP gi - gk St and T% = SUP 15 7o TJ. Note that S* and 7%
may not be stopping times.

Let £ be a positive constant satisfying % < ¢ < 1. Furthermore, let H" = (H}');cr, be a sequence of filtrations
of F to which N*, N™! and N™? are adapted, and for each n and each p > 0 we define the processes X", G(p)",
F(p)™L, F(p)"? and F(1)"1*2 by

N = PSE = TH Hp), Gt = B (07 T4)” M |
Flp)t = B (6 1) [ M 1}, Flp)2? = B[ (617" [#m,
F(L)P™2 = b 'E[|IF 0 J¥ + [T 0 R+ 115 0 TR R

when s € T'*.
The following condition is necessary to compute the asymptotic variance of the estimation error of our estimator

explicitly. For a sequence (X™) of cadlag processes and a cadlag process X, we write X" Skb x i (X™) converges
to X in probability for the Skorokhod topology.



[A1"] (i) For each n, we have a cadlag H"-adapted process G™ and a random subset N of N such that (#N?),en
is tight, G(1)}i-1 = Gy for any k € N — NP, and there exists a cadlag F(®)-adapted process G satisfying
that G and G_ do not vanish and that G* 2524 & as n — oo.
(ii) There exists a constant p > 1/&’ such that (supy<,<, G(p)?)neN is tight for all £ > 0.
(iii) For each n, we have a cadlag H"-adapted process x'™ and a random subset N of N such that (#N,)nen
is tight, xpe1 = X’ng,l for any k € N — N/, and there exists a cadlag F(_adapted process y such that
x™ —)Sk'p' X as n — 0o.
(iv) For each n and [ = 1,2, 1 % 2, we have a cadlag H"-adapted process F™! and a random subset N} of N

such that (#MN!),en is tight, F(l)%’,ﬁ_l = Fg;f_l for any k € N — N, and there exists a cadlag F(®)-adapted
processes F! satisfying F™! m F!as n — oo.
(v) There exists a constant p’ > 1/¢’ such that (supg<,<; F(p’)?’l)neN is tight for all t > 0 and [ = 1, 2.

Remark 3.1. A kind of conditions such as [A1’](i)-(ii) and [A1’](iv)-(v) appears in [4], [20] and [38]. The condition
[A1](iii) is satisfied when (S?) = (T7) (a synchronous case) with y = 1 or when S% # TV for all i, j > 1 (a completely
nonsynchronous case) with x = 0, for example.
Next, we introduce the following strong predictability condition for the sampling designs, which is an analog to
the condition [A2] in [24].
[A2] For every n,i € N, S* and T* are G("-stopping times, where G(") = (Qt(”))teRJr is the filtration given by
n 0
t( ) = f((tzbi,l/zh for t € R

The following conditions are analogs to the conditions [A3] and [A4] in [24]:

[A3] For each VW = X,Y,Z% ZY [V,W] is absolutely continuous with a cadlag derivative, and for the density
process f = [V, W]’ there is a sequence (0},) of F(®)-stopping times such that for every k and any A > 0, we
have a positive constant Cj » satisfying

E U ;—le - f;;k|2|‘77'1/\7'2] S Ok,)\E [|T1 - T2|17>\|-/—"7'1/\7'2] (33)
for any bounded F(O-stopping times 7 and 75, and f is adapted to H™.
[A4] ¢V & < ¢ and (2.3) holds for every ¢ € R

The following conditions, which are analogs to the conditions [A5] and [A6] in [24], are necessary to deal with
the drift parts:

[A5] AX, AY, A and AY are absolutely continuous with cadlag derivatives, and there is a sequence (o) of
F©)_stopping times such that for every k we have a positive constant Cy, and A € (0, 3/4) satisfying

E (|7 = [P Frae) < CRE [t — 7| Frne) (3.4)

for every t > 0 and any bounded F(?)-stopping time 7, for the density processes f = (AX)’, (AY), (A™*) and
(4.
[A6] For each t € Ry, b, H,(t) = O,(1) as n — oo, where H,(t) =Y, [T (t)%

The following condition is a regularity condition for the exogenous noise process:

IN] ([ ]2|Q:(d2))ser, is a locally bounded process, and the covariance matrix process
Uy (w®) = /zz*Qt(w(O),dz). (3.5)

is cadlag and quasi-left continuous. Furthermore, there is a sequence (o*) of F () _stopping times such that
for every k and any A > 0, we have a positive constant C, » satisfying

E [|\Iﬂ'j o

akAt T T okA(t—h)+

|2|f(t—h)+] < Cpah' (3.6)

for every i,j € {1,2} and every t,h > 0.



Remark 3.2. The inequalities (3.3), (3.4) and (3.6) are satisfied when w(f;h,t) = Op(h%”‘) as h — oo for every
t, A € (0,00), for example. Here, for a real-valued function z on R, the modulus of continuity on [0,T] is denoted
by w(x;0,T) = sup{|z(t) — z(s)|;s,¢t € [0,T],|s—t| <} for T, > 0. This is the original condition in [24]. Another
such example is the case that there exist an F(®)-adapted process B with a locally integrable variation and a locally
square-integrable martingale L such that f = B + L and both of the predictable compensator of the variation
process of B and predictable quadratic variation of L are absolutely continuous with locally bounded derivatives.
This type of condition is familiar in the context of the estimation of volatility-type quantities; see [20] and [28] for
instance. Furthermore, in both of the cases f is cadlag and quasi-left continuous.

We extend the functions g and ¢’ to the whole real line by setting g(x) = ¢'(x) = 0 for = ¢ [0, 1]. Then we put

2 2 2
K ::/ Vg.q(7)*dz, R ::/ Vg o (7)?da, EI:/ V.o ()*dz.
2 -2 —2

We denote by D(R ) the space of cadlag functions on R equipped with the Skorokhod topology. A sequence of
random elements X" defined on a probability space (Q, F, P) is said to converge stably in law to a random element
X defined on an appropriate extension (Q, F, P) of (Q, F, P) if E[Y g(X™)] — E[Y g(X)] for any F-measurable and
bounded random variable Y and any bounded and continuous function g. We then write X™ —% X. A sequence

(X™) of stochastic processes is said to converge to a process X uniformly on compacts in probability (abbreviated
ucp

ucp) if, for each ¢ > 0, supg<,<; | X§ — Xs| =P 0 as n — oco. We then write X" — X.
Now we are ready to state our main result.

Theorem 3.1. (a) Suppose [A1'](i)-(iii), [A2]-[A6] and [N] are satisfied. Suppose also Z* = Z¥ = 0. Then
b YU PHY (X,Y)" — [X, Y]} —% / wedW,  in D(R,)
0

as n — 0o, where W is a one-dimensional standard Wiener process (defined on an extension of B) independent of
F and w is given by

w? = YL OR{[XILIYT, + (X, Y] )Gy + 0 3R{ U022 1 (01%y,) )G5!
+ 0 R{X]LUE + [V, UL+ 2[X, YT U Py . (3.7)

(b) Suppose [A1'], [A2]-[A6] and [N] are satisfied. Then
bV YPHY (X,Y)" — [X,Y]} =% / wydW,  in D(R,)
0
as n — 0o, where W is as in the above and w is given by
—12

k= v o (LT + YRRy 6o sn {4 (0) L 6

+ 0w { (XL + VI 20X, VI - (125, VIR - X 21 (39

where

T, =0l 4 [ZY).F]

sT s

U =R (2 F U =l + (28, 2R

sT 89

A sketch of the proof is given in the next section.

4 Stable convergence of the estimation error

In this section we briefly sketch the proof of the main theorem. First we introduce some notation. For processes V'
and W, V e W denotes the integral (either stochastic or ordinary) of V' with respect to W. For any semimartingale
V and any (random) interval I, we define the processes V(I); and I; by V(I); = fot 17(s—)dVs and Iy = 14(t)
respectively. We denote by ® the set of all real-valued piecewise Lipschitz functions o on R satisfying a(x) = 0 for



any z ¢ [0,1]. For a function v on R we write oy = a(p/k,) for each n € N and p € Z. For any semimartingale V/,
any sampling design D = (D%);cy and any o € ®, we define the process V(D)! for each i € N by

Va(D)i = Y apV (D7),

We introduce the following auxiliary regularity conditions:

[C1] AX, AY, AX, AY, and [V,W] for VW = X,Y,ZX,ZY are absolutely continuous with locally bounded
derivatives.

[C2] ([ |2[*Q¢(dz))ser, is a locally bounded process.

[C3] b, N = Op(1) as n — oo for every t.

We define ¥ by (3.5) whenever we have [C2].
Let

1 & N
= k—Zegpl{gpSt}, = erf‘ll{f‘lﬁt}'

" p=1 " g=1

X and &Y are obviously purely discontinuous locally square-integrable martingales on B if [C2] holds (note that
both (S?) and (T7) are F(®)-stopping times). Furthermore, if ¥ is cadlag, quasi-left continuous and both (S?) and
(T9) are F(O)-predictable times, then we have

1 1
b'e 119 Y 22 X @Yy 129
>t = k-i2 Z\I}Sp {8r<t}r <€ >t = kﬁszql{f“qgt}a <Qf ¢ = 2 Z \I/Sp (Sr=Ta<t}"
nop=1 nog=1 " p,g=1
Though S* and 7% may not be stopping times, we have the following result:
Lemma 4.1. The random variables IF and JF are FEO)—measumble for every k,t.

Proof. Since {I} =1} = {$* <t < §¥} = N,[{$" < t < S¥} U {t < §* < §7}], we obtain {I} =1} € F” and
thus I} is .Ft(o)—measurable. Similarly we can show that JF is ffo)—measurable. O

Due to the above lemma, both of the processes J; := Y02 I and J; := Y_o2, J{ are F("-adapted. Therefore,
we can define the following processes:

Then we set
U5 = X 4 (ko v/0,)713%, U =& 4 (ki /0n) 13
For any semimartingales V, W and any a, 8 € ®, set
Lap(V, W) = Vo(T') - ¢ Ws(F7) + W5 (T7) - ¢ V(@)
for each i,j € N. We define the process M(k)} (k =1,2,3,4) by

1 . . 1 . .
M) = —— KVL, (X,Y)7, M) = —— K Ly g (U5, 4Y)
( )t (dJHYkn)Q i7j221 t g,g( )t ( )t (dJHykn)Q 442_1 t 9.9 ( )t
1 o . 1
M@)} = ————3 > KLy (X, W), ME)) = ———3 Z K Ly (45, Y)7,
Wryka)? 2= (Yrykn)? 2=

where K7 = Leriyngi (120} and set My = Ei:1 M(k)7. Then we have the following lemma.
Lemma 4.2. Suppose that (2.3) and [C1]-[C3| are satisfied. Then

b:ﬂ{P/Iﬁ(X,Y)”f[ Y] - M"} RN

asn — oo for any vy < & —1/2.



We give a proof of Lemma 4.2 in Section 6. The above lemma implies that we may consider M" instead of the
estimation error of our estimator as far as £’ > 3/4.

Lemma 4.3. Let V,W be two semimartingales and g,h are two real functions on R. For any i,j € Z4 and any
te Ry, K”Lgh(V W) = Z_jo[/g;L(V W).

Proof. By integration by parts we have
KPLgn(ViW)y = K7 @ Ly y(V,W)y + Ly n(V,W)_ @ K7 + [K Ly 1, (V,W)]s,

hence it is sufficient to show that L, ,(V,W)_ e K}/ = [K% L, ,(V,W)]; = 0. K}’ is a step function starting from
0 at t = 0 and jumps to +1 at t = RY(i,5) when I' N.J7/ # 0. So, Lyu(V,W)_ @ K7 = Ly u(V, W) Rv (i,5)At— K}
and [K", Ly n(V,W)]y = K’ ALy (V, W) gv (i, jyae- However, Ly, (V,W); = 0 for t < RY (i, ) by its definition. [

We momentarily assume that X, Y, ZX and ZY are continuous local martingales. Lemma 4.3 implies that M" is

a locally square-integrable martingale. Therefore, we can define the quantities U7 := (M"™); and By = (M"™, N);
for a locally square-integrable martingale N. Then we consider the following conditions.

[A1*] There exists an F-adapted, nondecreasing, continuous process (V;)icr, such that by, Y 2‘17? —P Vyasn — o0
for every t.

[B1] 651/4%7]{,’t —P 0 as n — oo for every t and any N € {X,Y, ZX, Z¥V}.

The next two lemmas imply that the above two conditions are sufficient for our stable convergence problem.
They are proved in Section 7 and 8, respectively.

Lemma 4.4. Suppose that [A1*], [A4] and [C1]-[C3] are satisfied. Then for any square-integrable martingale N
orthogonal to (X,Y,Z%, ZY) we have b;1/4<M”,N>t —P 0 as n — oo for every t.

Lemma 4.5. Suppose that [A4], [C1]-[C3] and [N] are satisfied. Then ) i<y \b;1/4AM?\4 =P 0 as n — oo for
any t > 0. o
We consider the following conditions:

[W] There exists an F-predictable process w such that V. = fo w?ds.
[SC] by /M s M in D(Ry) as n — oo, where M = [ w,dW,, w is a some predictable process, and W is a
one-dimensional standard Wiener process (defined on an extension of B) independent of F.

Proposition 4.1. Suppose that [A1*], [B1], [A4], [C1]-[C3], [N] and [W] are fulfilled. Then [SC] holds.

Proof. We apply Theorem 2-2 of [26]. Eq. (2.8), (2.9), (2.10) and (2.12) in [26] are satisfied with B =0, F = V and
G = 0 due to the assumptions and Lemma 4.4. Moreover, Lemma 4.5 yields Eq. (2.26) in [26] due to the definition
of the compensator of a random measure. Consequently, we complete the proof. O

The left problem is to check the conditions [A1*], [B1] and [W]. Following [24], we introduce some notation and
conditions. For any locally square-integrable martingales M, N, M’, N’ and any «, 3,0/, 5’ € ®, let

V(Zé/,zx,’,ﬂ’ (Mv Nv Mla N,)t
=(Ma (D), M (D)) (N (T Vs N (Tt + (Ma(D), N (T))e(ME(D)", N(T ) )
Then we introduce the following condition:

[B2] For any M, M’ € {X,¢X 3X} any N,N’ € {Y,¢&Y,3Y} and any o, 3,0/, 3’ € ®,

W23 (RERD) @ L5 (M N, L (M N,
4,7,4",5"

—1/2 Z K9KY") e VLT, (M, N; M',N"); + o, (k%)
4,7,4",5"

as n — oo for every t € R,.



Let

<q np) (X1 T + (X VI DX YT,

Y p,q
2
.2 q—p Htioxy iy
Vi *m;%w (kn > { (W +0.112%107),) (V2 + 6,121,
+ (Vi 1 sorrz + 0" B30 (VL5 gucy + 0BT 3710) |

v leYk s (qknpf{[xufm (821 0y + 5127109, ) — 0%, 27 (7)1, 2], ).

wHY P.q

and

= S v (%22) o (52 (2% XUEP L2 YY), + 25 VLK. 271070,

‘Zf wHYkQ Zwy,g ( K, )2{_bnl[XvZX](jp)t[ZyaY](jq)t

+ XY (VB 50_gucy + 02" 3.3V 1070) .

and set V= Z?=1 th’l + 2(‘7;“12 + th’34). Then we have the following proposition, which enables us to work with
V™, a more tractable process than 0". The proof is given in Section 9.

Proposition 4.2. Suppose that [A4], [C1]-[C3] and [B2] hold. Suppose also that U is cadlag and quasi-left contin-
uous. Then VP = V,* + op(b%/z) asn — oo for allt € Ry.

We modify [A1*].

[A1] There exists an F-adapted, nondecreasing, continuous process (V;);er, such that b, 1 VP Vioasn — 0o
for every t.

By Proposition 4.2, we can rephrase Proposition 4.1 as follows.

Proposition 4.3. Suppose that [A1], [A4], [B1], [B2], [C1]-[C3], [N] and [W] for V in [A1] are satisfied. Then [SC]
holds.

The condition [W] for V in [Al] can be checked by the following lemma, which is proved in Section 10.

Lemma 4.6. Suppose that [A1'](i)-(iii), [A3], [A4] and [C2] hold. Suppose also that U is cadlag and adapted to H™
for every n. Then

(a bnl/zzpq 1%9((11;17)
(b b2 Z;szzl Vo9 (q’;p)
q

(X)(IP) (V) (J9) =P Ok [ (X)L (Y),Gds,
(X, YY) (X, Y )T =P O[3 ((X,Y)))2Gds,

—1/2 — _3~ prt _
(©) b2 0 Yy ( kf) WU U2 1 g, 5,y —F 079F f) W26 s,
(
2
—1 2 —
() b 0% s o (2) (OUP)NVE L 7,y =7 07'F Jy (X)L 024,
— J— 2 R
(0 5 S (52) (N TNWE T gy > 6717 fy (V)1 ds

)

)

)
d) b P TRy ,(‘H’) w21 WL o a0 P 070 [T (W12y,) G ds
%3 2upg=1Y9".9' \ k., Sp - {Sp=Tr<t} * Tq{Sa=Ta<t} o \Fs Xs s 45

)

)

)

() b2 Sty (52) (X YT R 50 _pcyy 7 071F [1(X, V)02 ds

as n — oo for every t. Furthermore, if [Al'](iv)-(v) hold in addition to the above assumption, then
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[

a—-p

_ —2 o)
(h) by /o =

3 p,q=1 wg’,g
—1/2b2 oo
bn k"4 p,q=1 7/’9’ g’

—1/2b;;
bn k4 p7q:1 ¢g/ g/

[ZX)(IP) (2710 =7 05F {2727 ) FLF2G s,

[3%,3Y](I7).[3%, 3Y](J9), =P 073% [, (12X, ZY ), F}**)2G \ds,

0
iS]
[ V)

wily

U150y [2Y1(J0), =7 07%F [§ Wi ZY] F2G7 s,

al
3

N T N N TN
=)
Fl
i~
N N S N
[\v]

[

—1/2b,;
bn/ n 0

On q—p
kﬁ p,q=1 wg’ g’

X1/ F 22 —3~tX/221—1
(ZX](17), 921 —P 0 Hf [ZX) w22 FlG 1 ds,

)
)
)
) En {Ta<t}
(1) b2l 0 gy (q,;?’>2[X](fp)t[ZY](Jq P 015 [1[X]),[2Y],F2ds,
(m) b2 500 Vg (%;f’)z [ZX)(IP),[Y)(T9), =P 6717 [ [ZX1;[Y1;F;ds,
OETRELTS S (q,;P)Z[X, ZYVIP)IX, ZY)(J9), =7 01 (X, 2V, F2)°C s,
(0) b/l S0 g0 (I,;?)2[ZX Y)(I )[ZX Y](Iq ) =7 071F [([Z%, Y], F))2G7 ds,
() b;W% i Vo (522) Yoo (452) 127, XU N2 V(T =7 07'F o127, X1 (2", Y, FL 2GS ds,
(@) ba 22 5% Yo (52) W (452) 127, Y1(7) [X ZY](Jq) 07U [y 125, YN, 2V | FLFRGE ds,
() b2 T (42) 1, 2¥)(0), [ YI(J9) =7 0735 [3[X, ZX)L[Y, 2Y ), FL 2GS ds,
() b2 S ey (52) IX, Y](Imsx,s"](f% =P 071F [y X, Y], [Z2Y, 2V )2y

as n — oo for every t.

The following proposition, which is an analog to Proposition 5.1 in [24], gives a sufficient condition for [B2]. The
proof is given in Section 11.

Proposition 4.4. [B2] holds true under [A2]-[A4], [N] and [C3].

It still remains to check the asymptotic orthogonality condition [B1]. However, it will be shown that it is the
same kind of task as solving [B2]. This phenomenon is also seen in [24].

Theorem 4.1. Suppose that X, Y, ZX and Z¥ are continuous semimartingales given by (3.1).
(a) If [A1]-[A6], [N], [C3] and [W] are satisfied, then [SC] holds.
(b) If ZX = Z¥ =0, [AV](i)-(iii), [A2]-[A6] and [N] are satisfied, then [SC] holds for w given by (3.7).
(c) If [Al'], [A2]-[A6] and [N] are satisfied, then [SC] holds for w given by (3.8).

It is worthy of remark that neither [A5] nor [A6] is necessary for local martingales as seen in [24].
Theorem 4.2. Suppose that X, Y, ZX and ZY are continuous local martingales.
(a) If [A1]-[A4], [N], [C3] and [W] are satisfied, then [SC] holds.
(b) If ZX = Z¥ =0, [AV](i)-(iii), [A2]-[A4] and [N] are satisfied, then [SC] holds for w given by (3.7).
(c) If [AY], [A2]-[A4] and [N] are satisfied, then [SC] holds for w given by (3.8).

Theorem 4.1 and 4.2 are proved in Section 12.

Proof of Theorem 3.1. The desired result follows from Lemma 4.2 and Theorem 4.1(b) and (c). O

5 Some related topics for statistical application

5.1 Consistency

In order to obtain our main theorem, we need to impose a kind of predictability such as [A2] on the sampling
scheme. In fact, it is still an active research area to seek asymptotic theories of estimators for volatility-type
quantities when sampling scheme is random and depends on observed processes even if neither nonsynchronicity
nor microstructure noise is present; See [17] and [32] for instance. Such a situation, however, dramatically changes
when we restrict our attention to the consistency of the estimators. As is well known, the classical realized covariance
is a consistent estimator for the integrated covariance whenever the sampling scheme consists of stopping times and
the mesh size of sampling times tends to 0. Furthermore, Hayashi and Kusuoka [21] verified such a result for the
Hayashi-Yoshida estimator in the presence of the nonsynchronicity of the sampling scheme. The following theorem,
which is a by-product of Lemma 4.2, tells us such a result is still valid for our estimator:

11
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Theorem 5.1. Suppose (2.3) and [C1]-[C3] are satisfied. Then ﬁ/(x, Y)" — [X,Y] as n — oo, provided that

g >1/2.

The proof is given in Section 13.

5.2 Poisson sampling with a random change point

As an illustrative example of sampling scheme satisfying the conditions [A1l’], [A2], [A4] and [A6], we shall
discuss a Poisson sampling with a random change point, which was also discussed in [24].

First we construct the stochastic basis B(®) which is appropriate for the present situation. Let (€', F’, (F}), P’)
be a stochastic basis, and suppose that the semimartingales X, Y, ZX and Z" are defined on this basis. Suppose also
that U is (F{)-adapted. Furthermore, on an auxiliary probability space (", F”, P"), there are mutually independent
standard Poisson processes (N¥), (Wf) (k = 1,2). Then we construct B = (Q©) FO) FO) = (.F,f(o))teR+,P(0))
by

Q(O) — O % Q”, ]_—-(O) = F ®‘7_-//’ ]:75(0) _ ]_-t/ ®]_-//’ P(O) — p' x p"

Next we construct our sampling schemes. For each k = 1,2, let Bk,ﬁk € (0,00) and let 7% be an (F})-stopping

time. Define (S') and (') each as the arrival times of the point processes N™! = (N. npie) and N = (Niﬁlt)

respectively. Let 7 € (0,1) and set 7} = 7' 4+ n~". Then, we define (S%) sequentially by S° = 0 and

% : l 1, am .
S :li}}gl\]{ﬁ{siil<§[<7}1}7(7—n +S ){Si71<7_717‘+§m}}, 1= 1,2,.. ..

Here, for a stopping time T with respect to filtration (F;) and a set A € Frp, we define Ty by T4 (w) = ( Yifw € A;

——n,2

Ta(w) = oo otherwise. (77) is defined in the same way using N> (N2 ), N7 = (Nipzt) and 72 =72 +n7"

instead of N™*, N and 7} respectively.

Now we verify the conditions [A1’], [A2], [A4] and [A6]. First, [A6] is obviously satisfied. Next, [A2] can be
verified with £ = n+1/2 in a similar manner to the proof of Lemma 8.1 of [24]. Moreover, since 7,(t) = O,(logn/n)
as n — oo for any ¢t > 0 by Corollary 1 in [41], (2.3) holds for any £’ € (0,1), hence [A4] holds true. Finally, let
H" be the filtration generated by the o-field 7' and the processes N and N™2. Then [A1'] is verified by the
following proposition.

Proposition 5.1. We have [Al'] with x =0 and

1 1 1 1 1 1
Go= (gt~ gag) et |5t 7~ gy ge ) U+

11 1 11 1
Ttz - = | sy H o+ = — o= ) Lirtvrz<sys (5.1)

pt " p'+Dp p' p° D' +D
1 1 1 1
1 2
Es = 2?1{5<7'1} +le{‘rl§s}7 E‘; = Pl{s<7‘2} + j21{T2SS}7
e 2 1 n 2 1 B + 2 1 N 2 ) (5.2)
= 1 5 H{s<rInT2 T1<s<72 T2<s<T! — Tlvr2<s}
s 21+BQ{</\} 1+2{<<} 117 {r2<s<rt} 1+p2{\/§}

Proof. First, it is evident that [A1’](ii)-(iii) and (v) with x = 0 hold true.

Next, let AL, A2 € (0,00), and consider a Poisson process (N;) with intensity A! + A2. Moreover, let (ﬁk)keN be
an i.i.d. random variables independent of N with P(n; = 1) = 1— P(n; = 0) = A'/(A\! +2), and set N} = Zk 1 Mk
and N 2 Nt Ntl. Then, a short calculation shows that for each k = 1,2 N* is a Poisson process with intensity
AF. Furthermore, Theorem 2 in [10] implies that N' and N? are independent. Using this fact, we can show that
G(l)’}%,c 1 = Gy forany k € N—N?. Here, G" denotes the process defined by the right hand of (5.1) with 7! and
72 replaced by 7} and 72, and N = {k|RF~1 <7} < RF} U {k|RF~! < 72 < R*}. Since #N <2 and G" — kv
as n — 0o, we conclude that [A1’](i) with (5.1) holds true.

Finally, if R" = Sk, we have Skl = R¥ and TF < T+ < RF, hence we have I;’“'l NJ* =0 and Sk v THH <
Sk A Tk+1. Similarly we have I¥ 0 Jk+1 = () and S*+1 v T* < Sk+1 ATk if R¥ = T*. Combining these facts with
an argument similar to the above, we can also show that [A1’](iv) with (5.2) holds true, hence we complete the
proof. O

12



5.8 A round-off error model

In this subsection we illustrate an example of the microstructure noise model involving rounding effects. It is a
version of Example 2 in [27]. The round off error is known as one of the sources of the Epps effect; see [35].
In the remainder of this subsection, we assume that ZX = Z¥ = 0. Suppose that the observation data is given
as follows:
oo = VX [(Xge +uX)7 ] Yoo =2 [V +ud)/7Y ). (5.3)

Here, vX, 7Y > 0, (uf) and (u;/) are mutually independent i.i.d. sequences of random variables independent of X
and Y, and for a real number x we denote by [z]| the unique integer a such that a — 1/2 < 2 < a4 1/2. Suppose
that u;* and u) each are uniform over [—y*/2,7%/2] and [—+""/2,4" /2] respectively. Then, this model can be
accommodated to our framework in the following way: For a real number x, let X be the Bernoulli distribution
taking values yX (62X + sign(—62X)) and 4X6X with probabilities [5:X| and 1 — [6X|, where 62X = [x/4X ]| — x/4%
and sign(a) is equal to 1 if @ > 0 and —1 otherwise. Similarly we define y) with replacing X by Y. After that,
we define Q;(w(®,dzdy) = u)}gt(wm))(da:)u¥t(w(0>)(dy). We can easily confirm (2.1) and (5.3). Moreover, since the
function x — [x| — x is Lipschitz, the condition [N] holds if we have [C1].

6 Proof of Lemma 4.2

Throughout this section, we fix a constant v such that v < £ — 1/2. First note that for the proof we can use
a localization procedure, and which allows us to systematically replace the conditions [C1]-[C3] by the following
strengthened versions:

[SC1] [C1] holds, and (AX)’, (AY)', (A%, (AY) and [V, W]’ for each V,W = X,Y, ZX, Z¥ are bounded.
[SC2] ([ |21*Q+(dz))scr, is a bounded process.
[SC3] There is a positive constant K such that b, N, (t) < K for all n and ¢.

We write 7,, = b$ . Next, let v, = inf{t|r,,(t) > 7}, and define a sequence (5%);cz+ sequentially by
~ { Sl if S' < vy,

SZ = ~.
Sl 47, otherwise.

Then, (S%) is obviously a sequence of F(0)-stopping times satisfying (2.2) and sup;y(S* — S*~1) < 7,,. Furthermore,
for any ¢ > 0 we have P((,{S" At # S* At}) < P(v, <t) — 0 as n = oo by (2.3). By replacing (S%) with (77),
we can construct a sequence (T7) in a similar manner. This argument implies that we may also assume that

sup 7, (t) <7y, (6.1)
teRy

by an appropriate localization procedure.
Set A(g)l = 9pt1 — gy for every n,p. For a process V = (Vi)ter, , let

»=
o kn—1 N . kn—1 N
Vo@)i = Y kaM@p V), Vo(T) = Y kaA(g)g V(I7H9),
p=0 q=0

for each t € R and 4,5 € N.

Lemma 6.1. Suppose AX, AY, [X], [Y], A%, AY, [ZX] and [ZY] are absolutely continuous with locally bounded
derivatives. Suppose also (6.1) holds. Then a.s. we have

5.0 531+ 55 0
timsupsup 22D < o1 up (X1 limsupsup P2 T Ry 6
n—oc €N | /oL 7, log + 0<s<t n—oo €N [2k, 7 log - 0<s<t

() L+ 135 )
limsupsupM , lim sup sup ‘39( Jol 135 )] <L sup |[Z"],] (6.3)

n—oo jEN /anfnlogTT n—oo jEN /anfnlog% 0<s<t

!

<|lgllc sup |[Y]§
0<s<t

for any t > 0, where L is a positive constant which only depends on g.
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Proof. Combining a representation of a continuous local martingale with Brownian motion and Lévy’s theorem on
the uniform modulus of continuity of Brownian motion, we obtain

X, - X X _ 2X
limsup sup g< sup |[X]%], limsup sup 132 — S |< sup [[ZX]L].

d——+0 suemt /2610g 0<s<t s 6——+0 suemt /2610g 0<s<t
|s—u|< |s—u|<

Since X,(Z )t = —Zp 0 A(9)y (Xgisppy — Xgin,) and [A(g)p| < k%||g||oo, we obtain the first inequality in (6.2).
On the other hand, since Abel’s partial summation formula yields 3)5 (i) Zk Lk, {( )p+1 (9"} (3%,

l+PAt

K — +1)/kn
3% W) and 35D = 2y kn{A0) i —A0YBE, , ~ 350, and Alg)a Ay = = [71 (g +
1/kn) (x)}dx, the piecewise Lipschitz continuity of ¢’ implies the second inequality in (6 2).

By symmetry we also obtain (6.3). O

We can strengthen Lemma 6.1 by a localization if we assume that (6.1) and [SC1] hold, so that in the remainder
of this section we always assume that we have a positive constant K and a positive integer ng such that

s KD+ 35 D) + B D | W)+ By TR + By IR oo

ieN \/ 2k 7| log by | jEN \/ 2kn 7| log by |

for all t > 0 and w € Q if n > ng. Moreover, we only consider sufficiently large n such that n > ng.
Let

1 s g
| PR § :X 7)Y, (F) K, II, = XD (T K,
t (wHYkn)Q g(D)1Yy(T)i K t 1/JHY]€ ”zzl ) t
s 1 X

. J 13 o X 2 J ]
III; = (1/JHY/€ 2 ”E 1X (j)th , IV, .—miJEZIHg DY, (TI)iK/.

The following lemma tells us that the edge effects are negligible. Throughout the discussions, for (random)
sequences (z,,) and (yn), Tn S yn means that there exists a (non random) constant C' € [0, 00) such that z, < Cy,
for large n. We denote by Ej a conditional expectation given F(0) ie. Fy[] := E[-|F©].

Lemma 6.2. Suppose that [SC1]-[SC3] and (6.1) are satisfied. Then we have b;"’{PHY(X, Y)" — (I+II+IIT +
IV)} 220 as n — oo.

Proof. We can rewrite ﬁ(X,Y)f and I; + II; + III; + IV, as

PHY (X,Y)"
1 — AV BN (TN T\] Tid
:m Z XQ(I)th(j)iKtJ1{§i+knvfj+kn§t} =+ Z X(I) Y(j)]K j1{§i+kn vTit+kn <t}
n ij=1 i,j:i=0 or j=0

and

L+ 11 4+ 0L + IV, = wHyk Z ViV (DRI iy <1y

where X, (Z)i = X,(Z): —|—i~1§( (2)i and Yo ()] = Yy (T)] +i~l§(j)i hence we can decompose the target quantity as

(I, + II, + ITI, + IV,) — PHY (X,Y)}

V; g v, zO
wHYk . Z X Y JK jl{SlvTﬂ<t<S7+kanﬂ+kn} ZX Y(j) K {S7+’€an’w <t}
4 = i=1

Z JKS {Sknv’j“\1+k71§t} - X(I)OY(J)Ol{@cn vTkn <t}

=Ay;+ Ay + A3,t ++Ay.
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Consider A; ;. The Schwarz inequality yields

Ey [ sup |A1,s|:|

0<s<t

1 ) R T 1/2 y
<———5 sup Z {EO [ sup X!](I>u Yg(j)i }} K 1{S’¢\/T.}<S<Sb+kn\/TJ+]\1L}'
1

(Vrykn)? 0<s<t 5 0<u<t

2
]EO { sup

0<u<t

Since both ¢X and @Y are martingales on (QW), F FM Q(w®,dz)) for each w®, we have

X (i
€5 (D).

Ey { sup

0<u<t

2
} < k;l, Ey { sup

0<u<t

V()

2] <kt (6.5)

by the Doob inequality and [SC2]. Combining this with (6.4), we obtain

} < 7| log by, |

Eq { sup [Aq ] L 0< <t Z Kz {sszJ<s<sz+kanJ+kn} S knTy|log by,
n S

0<s<t

and thus we conclude that b, supg< <, |A1,s| =" 0 as n — oc.
Similarly we can show that b, supg< <, |A; 5] =P 0 as n — oo for I = 2,3,4. After all, we complete the proof
of lemma. O

We define the processes X, MY, AX and AY as follows:
mX . .MX7 my — _37 .MY, QlX . .AX Q[Y —_ _37 .AY-

== b

Let I?fq = 1{fp(t)njq(t)¢m for each p, ¢,t. Then Proposition 2.1 yields

SKP<3, Y K["<3 (6.6)
q=1 p=1

for every p, ¢q,t. Furthermore, we have the following result:

Lemma 6.3. Suppose that [SC1]-[SC3] and (6.1) are satisfied. Then we have

e’} kn—1
sup | 30 KY ST ap LV R I — 0,82 1) (6.7
== ig=1 =0

as n — oo for any a,B € ®, V € {MX X MX AX AX}, W e {MY, &Y MY, AY AV} and t > 0, where
L(V,W)PT =V (IP)_ e W(J)y + W (J9)_ e V(IP), for each p,q,t.
Proof. First, by a localization procedure based on a representation of a continuous local martingale with Brownian

motion and Lévy’s theorem on the uniform modulus of continuity of Brownian motion, we may assume that there
exist positive constants K and Jp such that

MY — ME| + MY — MY |+ |LX — LY +|LY — LY
Sup|S U|+|S u|+‘s u‘+|s u|§K

s,u€l0,t] /26| 1log ¢

|s—ul <6

(6.8)

whenever 0 < § < §y. Moreover, we only consider sufficiently large n such that 7, < do.

First we consider the case that V € {MX ¢X MX} and W € {MY, &Y MY}, when 1 < p < k, — 1 and
1<q<k,—1, wehave S v T9 < Sitp=1y Tita—1 < Gi+p A Ti+a < Gitkn A Ti+kn op {IA” N J1 0}, hence we
can decompose the target quantity as

0o kn—1
ij n on i+p,j+q [itp.i+a
E § oy By LIV, W) K
P,q=0

|t|18 H

{ )DEEDY Kﬁj} o By LV, W)[PIHIRTIPIT = Ay A

p,q>0  p=0 or ¢=0
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Consider A; ; first. By an argument similar to the proof of Lemma 4.3, we can rewrite it as

oo knp—1
Are= D D apfi K e VW)t
4,j=1p,q=1
and thus A; . is a locally square-integrable martingale because both V' and W are locally square-integrable mar-

tingales. Therefore, it is sufficient to prove (A;.)s = 0,(b27 - k}) as n — oo for any s > 0 due to the Lenglart
inequality. Since

0o p—1 q—1

Ars= Y. > Yo apB | K2t e LV.WR,

p,g=1 \i=(p—kn+1)V1j=(¢g—kn+1)V1

we have
(s Sk Y KMRY e v V() e W)} + 3 z?ﬁqz?m’.{w@q)vv(fq’).<V>(Ap)}]
p,p’,q=1 * pag=1 °

=: T+ 1L
If V£ X or W #£ €Y, (6.8), [SC2], the Schwarz inequality and (6.6) yield
Eo 1] < kpn|log by Eo [(W)s].

On the other hand, since ¢ (I7),&X (I?"), = k;%gpegp, 1 govr <4y and [@Y](J9), = kz;Q(e%q)gl{ﬁSt}, we have

EX(IP)_eX(I7)_ @ [€7)(J9)s = ke €5, (€5, Govw <Fucyy- (6.9)

Therefore, [SC2]-[SC3], the Schwarz inequality and (6.6) yield

Eo i Rﬁqm’q.{ex(fp)_ex(fp’)_.[esX](ﬁ)} < k2.

~ n
S
p,p’,q=1

Note that Proposition 4.50 in [29], [SC1]-[SC3] and the above estimates imply that I = o,(k:7,). By symmetry
we also obtain Il = o,(k:7,). Consequently, we conclude that (A;.)s = 0,(b27 - ki) because £'/2 — (¢ —1/2) =
(1-¢)/2>0.

Next consider A, .. Since integration by parts yields L(V, W)itpita = V(Tip) W (Jita), — TP JI9 o [V, W],
(6.8), [SC1]-[SC3], the Schwarz inequality and (6.6) imply that

oo
Ey [ sup |A275|] Sralloghnl > > KIS logbyl - kb, = k- b5 2 log byl
0=t i,j=10<p.a<k,—1
p=0 or ¢g=0

Hence we obtain supg<,<; |Az 5| = 0, (k2 - b]). Consequently, we conclude that (6.7).
Next we consider the case that V' € {AX 24X}, Since integration by parts yields

L(V, W)é+p7j+q _ V(_’fi+p)sw(jj+q)s,

(6.8), [SC1]-[SC3], the Schwarz inequality and (6.6) imply that

[’} kn—1 oo knp,—1
Eo | sup Z K Z alBrL(V, W)itpitagitrita|| <\ /7 [log by Z Z Ktz+p7j+q|]i+p(t)|
0<s<t ;501 p,q=0 ,j=1p,q=0

<572/ Tog by | - k2.

Since ¢'/2 > ¢ —1/2, we conclude that (6.7). By symmetry we also obtain (6.7) in the case that W € {AY Y}
Consequently, we complete the proof of the lemma. O
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Lemma 6.4. Suppose that (6.1) and [SC1]-[SC3| are satisfied. Then

(a) b, {I—[X,Y] - M(1)"} == (b) b, "{IT — M(2)"} =%
(c¢) by Y{IIT — M(3)"} =% 0, (d) b, 7{IV — M(4)"} 1‘3& 0

as n — oQ.

Proof. (a) By integration by parts we have

L= MO) = s S RV T

4,j=1
Since
kpn—1 itkn,—1j+kn—1
[XQ(I) Y (I = Z 94 ( IHpszrq) Z Z Ip-i94—i( f AE)'[Xay]h
P,q=0 =i
we obtain
P q
L - M(1)} = dmk T S DS S gl K| T e [X, Y]

p,q=1 \i=(p—kn+1)V1 j=(q—kn,+1)V1

On {I? N J% # 0} we have 57! < T7 and T4 < SP, hence for i € {(p —kn + 1)V 1,....p— 1} and j €
{(g—k,+1)V1,...,q—1} we have S? < Ti*+kn=1 and T7 < Sitkn—1 g0 that K% = 1. Therefore, for p,q > k, we
have

p q kn—1 2
S Y g (z)
i=(p—kn+1)V1j=(g—kn+1)V1

on {I? N J4 # 0} because g(0) = 0. Since (I’ J%) e [X,Y], =1 (I" J%) o [X, Y], we obtain

{Trn a0}
I, - M(1);
kn—1 2 ~ -
~ o~ P 79
1ZJHyk [( Z gl) Z_:k Ligongozey(UZJ2) @ [ X, Y],
P,q=FRn
+ Z Z Z gg*igg*jKtw 1{fpqu7é(2)}(-rg=]z) o [X,Y]
P.a:pAq<kn \i=(p—kn+1)V1 j=(g—kn+1)V1
=B;;+Bg,.

2
Since m (ng;l gf) =1+ O(k;;!) by the Lipschitz continuity of g and

sup | 0 g gupy (2T ¢ X, Y], = [X, V]| = Oy (kut) = 0y, (b1/*)
o<s<t | 7
by [SC1] and (6.1), we have supg<,<, |B1,s—[X, Y]s| = 0,(b},). Moreover, [SC1] and (6.1) also yield supy< <, | B2, s| =
op(by). Consequently, we complete the proof of (a).
(b) Since
oo kp—1
L=t k(g ny X (IP) Y (J9), Ky
T SIPILLUHTA TR
q
Y XY kAW kAW () (R,

P,q=1i=(p—kn+1)V1 j=(q—kn+1)V1
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we can decompose it as

II,

:W{ Z + Z c( ) quilX(Ip) LlY(Jq t_|_ Z p7 (1 _KPQ)uX(Ip) uY(Jq) }

P,@:PAG>kn  PAG<kn p,q=1

:ZIILt + IIQ’t + IIg’t,

where

p q

Ap)e= Y. S kA9 kaA(g)y K[

i=(p—kn+1)V1 j=(¢g—kn+1)V1

When (p—k, +1)V1<i<p—Tland (q—k,+1)V1<j<g—1, wehave SvT/ < Sp-1vTi-l < v T4 <
Sitkn y Titkn on {IP 0 J7 # ()}, hence we obtain

11, ,
1 p—1 q—1 ~
:(wHyk )2 Z ( Z Z knA(9)p—iknA(9)y—; + (knA(g)5)* KP*
" paipAGkn Ni=(p—kn+1)V1 j=(g—kn+1)V1
g—1 ) p—1 A
+ > kAR A9 KP > knA(g)ZiknA(g)B‘KZ‘I) KPS (17),807 (J9).
j=(g—kn+1)V1 i=(p—kn+1)V1

Not}tle that >0, k. 1)v1 A9)1—w = Sk A(g)r = g(1) — g(0) = 0 when v > k,, and g is Lipschitz continuous,
we have

<1 ST RPN IP),AY (),

~ k,
P,q:pAq=kn

<
~ b

ZmX (I7) |2+Z|uY (J7) ]

hence we obtain E[supg<,<; [II1s|]] <k, ' by the Doob inequality and [SC1]-[SC3]. Therefore, we conclude that

sup [T, | = O, (bL/?). (6.10)
0<s<t

On the other hand, since g is Lipschitz continuous and (I? N J4 # @) = (Jp — ¢| < 1) by Lemma 2.1(b),
we have [TIpy| < 2211 |UX (17,2 + E’;Zl |4Y(J9);|2, hence the Doob inequality, [SC1]-[SC2] and (6.1) yield

< bg’q/z

E [supgc <y Masl] < . Therefore, we obtain

sup |IIz 4| = 0,(b)). (6.11)
0<s<t
Now we estimate I3 ;. Since
kn—1
i n¢(X (Ti+ Y (7j+
II3,t 77[] Yk o 1.\2 Z Kj Z k A ( )q‘i'L (I p)‘u (']J q)tl{fi+pnfj+q:(])}7
1,j=1 p,q=0
we can decompose it as
n—1
I3, = OO RE Z K {(a)p(a)e + (@) (g) + A%(9)p (9 + A% ()5 A%(9)y }
p,q=0

X ﬂX (IH_I))tL[Y(Jj+q)t1{fi+pmf7‘+11:®}
—11§!) + 112 + 1) 4 11,

where A2(g)2 = k,A(g)1 — (9.
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Consider IIé}t) first. Integration by parts yields
L[X (Iier) L[ (Jj+q) {p+pmJJ+q (A} - L(uXvuy)i+p7j+q]-{[AiermfjJrq:@}a

hence we obtain supy< <, |II§12 — M(2)7]| = 0p(b7) by Lemma 6.3 and linearity of integration.

Next we consider II:(fg. Since K% = 0 if |i — j| > k,, due to Lemma 2.1(b), we have

Fep—1 kp—1
su II su nryX f“'p )s| su A?(g "LLY Jitay |
0<‘£t| | - (1/JHY kn)? Z ogsgt Z (g)p 07 0<9§t Z )s
B,5:i—7|<kn p=0
hence the Schwarz inequality and the Doob inequality yield
5 s 1]
0<s<t
4 kn—1 /2 g1 1/2
< > Z ()P BN (T7P), ] Z A% (g)p PEIS (FF P
Wavka)® 1S,

Since |A2(g)g| < k! because of the piecewise Lipschitz continuity of g’, we obtain

:| 1 kn—1 kn—1

S ZZ 4 (17F7), +ZZ [l (7)) 5

n

E [ sup |II(2)
0<s<t

hence [SC1]-[SC3] imply that E [SUPogsgt \II§22|] S k', Consequently, we conclude that supg<,<; |II |

op(b,lL/4). Similarly we can show supg< <, |II§)3;| = op(b}/4) and supg<g<; |II375| = op( /4 ), and thus we conclude
that
b, {115 — M(2)"} 2% 0. (6.12)
Consequently, (6.10), (6.11) and (6.12) yield
b, {IT — M(2)"} =% (6.13)

as m — oo.

(c) Note that El (p—Fon 1)1 Eq 1q ko +1)v1 Ip— knA(g)y_; = 0 when p A g > ky, we can adopt an argument
similar to the proof of (b).

(d) Similar to the proof of (c). O

Proof of Lemma 4.2. The claim of Lemma 4.2 follows immediately from Lemma 6.2 and 6.4. O

7 Proof of Lemma 4.4

By a localization procedure, we may assume that [SC1]-[SC3] instead of [C1]-[C3] respectively.

We will follow the strategy used in [27] and [28]. Fix a ¢ € R, and let N be the set of all square-integrable
martingales orthogonal to (X,Y, ZX, ZY) and satisfying b;1/4(M”,N>t —P 0 as n — oco. Then N is a closed
subset of the Hilbert space M3 of all square-integrable martingales orthogonal to (X,Y, Z%, Z¥) by [A1*] and the
Kunita-Watanabe inequality.

Let N be in the set N of all square-integrable martingales on B(®) orthogonal to (X,Y, ZX,ZY). Then it is
easy to check that (¢X, N) = (¢¥, N) = 0. Hence we have (M", N) = 0 because N is orthogonal to (X,Y, ZX, ZY),
so that N € N. Consequently, we conclude that N° C N.

Let N be in the set A of all square-integrable martingales having

Noo = flety,-- - €1,)s (7.1)

where f is any bounded Borel function on R??, ¢; < --- < ¢, and ¢ > 1. Then it is easy to check that N takes the
following form (by convention ty = 0 and t,41 = c0):

tl §t<tl+1 :>Nt:M(l;et17-~-7etl)t
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for1=0,...,q, and where M (l;z1,...,2) is a version of the martingale

M(l, Zlyeeey Zl)t = E(O) |:/f(2’1, ey Ry Zl+1, ey Z(])QtlJrl (dZH_l) e th (qu)|]:t(O)

(with obvious conventions when I = 0 and [ = ¢), which is measurable in (z1,. .., z,w®)). In particular N has a
locally finite variation, hence N is a purely discontinuous local martingale because of Lemma I-4.14 of [29] and

[KY o (Va(Z')- o Ws(T)} Ne = D KOValZ')sAW5(J7),A
s:0<s<t
- Z K’JV )t, AW (T7) i, ANy,
14, <t

for any semimartingales V, W, o, 3 € ® and t € R,. Therefore, for any V € {X, &% 3%} we have
(K o {Va(Z')- o Y5(J7)}, Nl = [KY @ {Vo(Z')- @ 35(J7)}, N: = 0,

and note that the boundedness of N we also have

kp—1
72 7 (i i 4 1 n
[KY o {Vy(Z")— o (j])} Nl S Z Kt,J I) . Z (g/)kegl{TjJrk:t,} :
Lty <t " k=
Hence, the Schwarz inequality and (3.2) yield
s A .
E || Y (K o {Va(T')- e €)(J7)}, NI,
i,j=1
. vz oo - 97y 1/2
< > BRI Va(@) P > E|EY = Y (el iy
<t | i,5=1 i,j=1 " k=0
o) 1/2 kn—1 2 1/2
< {ZE [mw]} SE|| S @ e
it <t Li=1 k=0
[SC1]-[SC3] imply that >~ F {H_/a (ji)tlﬂ < ky. Moreover, since
kpn—1 ke —1
Z Z (g’)Zegl{fj+k:tl} Z Z (g QGZ 1 {Titk=t} = < knllg’ Hoo|€t,|2
i | k=0

we conclude that

E i (K" o {Vy(Z')_ » G;/'(jj)}JV]t <k,
ij=1
Consequently, we obtain
_i[K” o {La(T')— o Ms(J7)}, N]; = O (kn)
Py
for any (L,a) € {(X,g), (¢X,¢),(3%,¢)} and (M, ) € {(Y,9), (€Y, ¢),(3Y,¢')}. By symmetry we also obtain
.il[Kij o {My(J7)- @ La(Z')}, N]i = Opl(kn)
ij=

for any (L,a) € {(X,9),(€X,¢),(3%,¢)} and (M,3) € {(Y,g),(¢Y,q'),(3Y,¢")}. Consequently, we obtain
[M", N| = O,(k;') = op(b,la/zl). Since (M", N) is the predictable compensator of [M", N] by Proposition I-4.50 of
[29], we conclude that N € N.

Since N° U N is a total subset of M3, we conclude that N'= Ms . This completes the proof of the lemma.

O
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8 Proof of Lemma 4.5
Exactly as in Section 6, we can use a localization procedure for the proof, and which allows us to replace the
conditions [A4] and [N] by the following strengthened versions:

[SA4] ¢V & < ¢ and (6.1) holds.
[SN] We have [N], and the process ([ |2|Q:(dz))ier, is bounded. Furthermore, for any A > 0 there exists a positive
constant C such that

E [|‘I’ij e, | Fa-nys } < Gy

for every i,j € {1,2} and every t,h > 0.
Proof of Lemma 4.5. By a localization procedure, we may assume that [SC1]-[SC3], [SA4], [SN] and (6.4) hold.
Since Lemma 4.3 and Eq. I-4.36 in [29] yield
1 L
AM! = ———— KIX(I)LAEY (T)] + KIY ()A€ (T)]
L= i A KIXENAG (D) + KV DLAES (TN

where X(Z) = X,(Z)L + UX(Z)L and Y(T)] = Y,(J)] + &(T )4, it is sufficient to prove that
4 4

Z S ORIXD)IAEY (T =P o, Z Y TKIY(T)AESD)E =P 0 (8.1)

" 0<s<t | i,5 ” 0<s<t | i,j

as n — oo for any ¢ > 0. Since

kn—1

ST KUXI)LAEL(T)] = ,}Z () KIXD) o€k, (7 s0ms

i, Y i q=0

S
<.

oo

- k-i Zegtzl{fg:s} Z Z (g/)g*jk’%]qx(z)%q’

" og=1 i=1 j=(q—kn+1)V1
we have
4 . 4
o 1 & > I
1 Y n 7, i
Y KIX(@)AE), = 1?42( ) (Fams} Z > (@) KEZXDE,
irj ng=1 =1 j=(q—hnt1)V1
because T9 £ T4 if ¢ # ¢'. Moreover, since K% = 0 when |i — j| > ki due to Lemma 2.1(b), we have
4
o >0 4 a 4
SORIX@DEAEL(TN| Sloleok2 > () Tmey D D XD,
i.j q=1 j=(q=kn+1)V1 i:|i—j|<kn
4
:Hg/“ooki Z Z (TJ+<1) ’ )Tj+q 1{’1A“j+q:S}7
i,j:i—j| <k, ¢=0
hence we obtain
4
o ko1 , 4
S IS RIX@AG TR <lolok Y Y (F) K] Tpiacs
0<s<t | i, i,j:[i—j|<kn ¢=0
Therefore, the Schwarz inequality and [SN] yield
4
S Fon—1 1/2
B | ¥ (S Rx@seg @il |52 X Y Am K@) ipee
0<s<t| %,j i,g:|i—j|<kn q=0
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Now, the Burkholder-Davis-Gundy inequality and [SN] imply

s {5 wn

Combining this with (6.4) and [SC3], we conclude that

4
—4
Sz+p§t}} S kn .

EO |:‘€ TJ+q/\t

4

Bo | > D KIX@DIACY (D)) | < Kby (knFnllogba|)? = kS52¢ ! |log by |2,

0<s<t| i

and thus we obtain

byt ; .
To B | 3 [ RUXDIAE (TR | S loghul = o)

0<s<t| i,j

because & > 9/10. Consequently, we have proved the first equation of (8.1). By symmetry we also obtain the
second equation of (8.1), hence we complete the proof. O

9 Proof of Proposition 4.2

Lemma 9.1. Let a, 3 € ®.

(a) ¥p.a(T) = o g(—x) for all z € R.

(b) ta,p(x) =0 for x ¢ [-2,2].

(€) Ya,p is differentiable, and 1%,5 = g if B is piecewise C.

(d) Ya.a is an even functions. Furthermore, Vg o and 1o o are odd functions if o is piecewise ol

Proof. Since (zr+u—-1<v<z+4+u+1l)e (—z+v—-1<u<—z+v+1)and a(w) =p(w) =0if w ¢ [0,1],
Fubini’s theorem yields (a). (b) and (c) are obvious. (d) immediately follows (a) and (b). O

Lemma 9.2. Let o, 8,a/, 5" € ® and let (M™), (N™), (M'™) and (N'™) be four sequences of locally square-integrable
martingales such that

<Mn>t = Op(l)a (N™)y = Op(l)v <Mln>t = Op(l)v <N/n>t = Op(l) (9~1)
and R
Supp€N<Mn>([p) P(b%/)a Supq€N<Nn>( /q\ t = Op(bn ?7 (92)
supyen (M) (IP); = 0p(b5),  supen(N™)(J9), = 0, (b
asn — oo for any t € Ry. Then, we have
1 i i’ g n arn n n\iji'j’
3 (RIKY) @ Vi o (M N7 M N
n i,j,i/,j,
- Z Vaus <qkp) Vot <qkp> (M™, M™)(IP) (N, N'™)(J), + T1,
p,q:1 n n
and -
1= 3 v (1) v (B ) 0N (EM, ) (T + 0,01
p,q=1 n n
= 5 s (B2 o (B (0 N N+ 0y(8) 93)
p,q:1 n n
=2 Vs (qk_ p) Yo, (pk_ q) (M7 N (TP) (M, N™) (), + 0, (b))
p7q=1 n n

asn — oo for any t € R,.
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Proof. First note that I_(Zjl_(ti/j/ is a step function starting from 0 at ¢ = 0 and jumps to +1 at t = RV (i Vi',jV j’)
when I' NJ7 # 0, 1" 0 J7" # 0 and that Vi, g.ar g (M, N™; M'™ N'™)7*7 = 0if t < RV(i Vi',j V j'), so we have

(KYK'T) 0 Vi grar o (M, N M N'™) 3" = KRV, .00 5 (M, N™ M N30

by integration by parts. Therefore, we have

1 id i’ 5’ ) et
o 2 (RYRD) @ Vi rar o (M N5 M, N
N RN L

kn—1
i XX RIRT o {5 e ) (T e (0 N
4,3,,3" p,q;p"5q' =1

(TP T (M N ) (TP T e (N |

= > casp@ears @ { T 0 (M7, M7))(TLTY 0 (N, N"™),)
p,q,p’,q'=1
(1277 o (A7 N7 (P T o (0 N7}
:IIt + IIt

~ ~

Since IP NIV = J1NJ9 =0 if p#p,q+# ¢, we have

L= cap(pq)carpr(p,q)(M™, M™)(IP)(N",N"™)(J?),.
p,q=1

Moreover, since |cq,8(p, Q)|, |car,p (D, )] S 1 and cq 58(p, q) = car,p(p,q) = 0 if [p — q| > 2k,, due to Lemma 2.1(b),
(9.2) and the Kunita-Watanabe inequality imply that

L= Y caplpa)cars(pa) (M, M™)(IP)(N", N")(J9), + 0,(bY/?),

D,q:P,q>kn
[p—q| <2k,

hence Lemma 3.1, (9.1), (9.2) and the Kunita-Watanabe inequality yield

T= 3 v (T2 ) v (52 ) QM) E0N ) T+ 0y047),
p,q:1 n n

On the other hand, an argument similar to the above yields

/_ / R . ~, R
II, = Z %B<q p) e 5,( p><Mn,N'n>(1pqu )i (M, N™)Y(IP 0 J9), 4 0,(bY/?).

k
p.a.p,q'=1 "

Since I? N J? = () if [p — q| > 1 by Lemma 2.1(b), we obtain

1 S E () ()

p,q":|¢’ —p|<1 p’,q:|p'—q|<1

X (M", N'"™)(IP 0 JT ), (M, N™)(IP" 01 J9); + 0,(bY/?),
however, since 1,5 and ¢, g are Lipschitz continuous, an argument similar to the above yield

weSen(2) £ E welw)

p,q=1 p':[p'—q|<1q":|¢’ —p|<1
X (M™, N"™)(IP N JO) (M, N")(I” 0 Ty + 0,(bY/?).
Therefore, we conclude that

IIt— Zi//aﬁ(q p)d’a,ﬁ’( I;q

p,q=1 "

> (M™ N™)(IP) (M"™, N™)(J9); + 0, (bY/?).
In a similar manner we can show (9.3), and thus we complete the proof of the lemma. O
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Lemma 9.3. Let a € ® and let A™ and B™ be two processes with locally bounded variations such that

A7 =0,(1),  BP=0,(1),  sup|A"(IP)| = 0p(Fn),  sup|B"(J7)| = 0,(7n) (9.4)
p€EN geN

asn — oo for anyt € Ry. Then

o e (52) o 5

p,g=1

) A™(IP),B™(J%); =P 0

’I’L

asn — oo for any t € R,.

Proof. Lemma 9.1(b) yields

Z Vo0 ( )waa ( - )A"(Ip) B"(J9),

p,q=1

< |A} sup |B™(J7),

r r
Z Q/Jgg <kn> %,a <kn> .
r=—2k,
Since g, ¢/ (x)1a,qa () is Lipschitz continuous, we have

1 & r r 2 '
7T:;k Vo (kn) Vo (lc,,) = [2 Vg9 (@)Va,a(z)de + O <kn> 7

however, f_22 Vg,q'(X)Va,a(x)dz = 0 because 14 o is an odd function and 14, is an even function by Lemma 9.1.
Combining this with (9.4), we obtain

> i (B2 ) v (2 ) (@ 0

p,q=1

—1/2
'VL

<op (bgilﬂ) = 0p(1)

and thus we complete the proof of the lemma. O
Proof of Proposition 4.2. [B2|, Lemma 9.2 and the fact that both 1, , and ¢4 4 are even functions and vy 4
is an odd function yield (M(1)™); = V™' + op(bl/Q) for I = 1,2,3,4 and (M(1)",M(2)"), = V;/""* + op(b,l/2)7
(M(3)™, M(4)"); = V3 + op(b}/ ) as m — oo for any t € R,. Moreover, by Lemma 9.2-9.3 we have

(M(1)", M3)")e = 0p(b;/%),  (M(1)", M(4)"); = 0, (b/?),

(M(2)", M(3)"): = 0,(B/2),  (M(2)",M(3)"); = 0,(b}/)

as n — oo for any t € R,. Consequently, we obtain the desired result. O

10 Proof of Lemma 4.6

Before starting the proof, we strengthen the condition [A3] as follows:

[SA3] For each V,W = X,Y,ZX, ZY [V,W] is absolutely continuous with a cadlag bounded derivative adapted to
H", and for any A > 0 there exists a positive constant C' such that

I [|f7’1 - fT2|2|‘FT1/\7'2} S C)\E [|7—1 - 7-2‘17)\|‘/—"7'1/\7'2j|

for any bounded F()-stopping times 7; and 75, for the density process f = [V, W]'.
First we prove some lemmas.

Lemma 10.1. S* is ’HA -measurable and T* is 'H’i -measurable for every k.

Proof. For any t > 0 we have {S* < t} = ,[{S" < t,5" < S5} U{S*¥ < §%}]. Since {S" < 1,5 < S*}, {SF <
St} e H%k for every k, we obtain the desired result. Similarly we can show that T* is H;l,k—measurable. O

The following lemma is a version of Lemma 2.3 of Fukasawa [17]:
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Lemma 10.2. Suppose that for each n € N we have a sequence (17)) of H"-stopping times and a sequence ((}}) of
random variables such that ¢} is adapted to "H?g for every k. Let p>1 and t >0, and set N(7)}" = 1o, Lirn<ty

N(7)¢+1 n n N(r)¢+1 n n n
(a) If >y E [Kk \2/\"|’HT&1} —P 0 asn — oo, then Y, {Ck —-F [Ck |HT,§LI} } —P 0 as n — oo.

(b) If b, N (1)} = Op(1) as n — oo and by, ij:(?;z“ E [K}?‘p‘?{?gﬂ} = O0p(1) as n — oo, then

N(T)7+1
b {ct—Bctlr |} -0
k=1
as n — oQ.

Proof. Let w =2 A p and let T be a bounded stopping time with respect to the filtration (HZ;)keZ+~ Then, the
Burkholder-Davis-Gundy inequality and the C)-inequality yield '

i {G-Elape ]} i {107 + [ [l ] \w}]

k=1 =

w

E <CFE

for some positive constant C' independent of n. Since E [Zle |§,?|w} =F [Zle E {|C£|w|7{2&1“ by the optional

stopping theorem and ‘E [CQ‘H?&I] ‘ <FE [|C£|w’H¢,ﬁ,1} by the Holder inequality, we obtain
T
S {a-Elape |}

T
ME [|<W|H¢,gﬂ .
k=1 k=1

Therefore, note that N(7)j + 1 is a stopping time with respect to the filtration (H7), (a) holds due to the Lenglart
inequality. On the other hand, since

E ]<2CE

N(T)y+1 N(T)P+1 w/p
S B[ ] < e+t E (1G]
k=1 k=1
by the Holder inequality, (b) holds due to the Lenglart inequality and the fact that @ > 1. O

For a cadlag function « on Ry and an interval I C Ry, set w(z;I) = sup,c; |z(s)|. Moreover, define

w'(z;6,T) = inf {maxw(x; [ti,l,ti))lo =ty < - <t =T, ir<1f(ti —ti—1) > 5}

i<r
for each 6,7 > 0.

Lemma 10.3. Let (x,)necr, be a sequence of cadlag functions on Ry which converges a cadlag function x on Ry
for the Skorokhod topology. Let t be a positive number. Suppose that for each n € N there are points s} such that
0=s0 <sy <---<skg =tandsup;(sy —s;' 1) — 0 asn — oo. Then we have

Kn

an(szl_l)(s?—sﬁ_l) %/O z(s)ds

i=1
as n — oQ.

Proof. Since fg ZTp(s)ds — fot x(s)ds as n — oo by the bounded convergence theorem, it is sufficient to show that

K, t
S (7 ) (57 — s7y) — / ra(s)ds = 0 (10.1)
i=1 0

as n — oo. Take 1 > 0 arbitrarily. Since limsjosup, ey W' (25;96,t) = 0 by Theorem VI-1.5 of [29], we can take a
positive number § > 0 such that sup, oy w'(2y;0,t) < . Then there exist points £ such that 0 = &) < & < --- <

&m =t,infiom, (§ — & 1) > 0 and that MAXy € (0,...,m, —1} SUPselen €7, ) |z, (s) — 2, (€2)] < n, and we have

K, t
S (s y) (57 — sPy) — / £n(s)ds
=1

Kn .S:L
> / [n(s?1) — Za(s)|ds < 7t + o sUp(s? — 87,).
=15 ¢
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Since m,, < t/0 + 1 by inf;«pm, (§ — & 1) > 0, we obtain

t
limsu Tn(si —si ) — | zn(s)ds| < nt.
mpz P =st) = [ s <
Since 7 is arbitrary, we conclude that (10.1) holds, and thus we complete the proof of the lemma. O

The following lemma is a version of Lemma 2.2 of Hayashi et al. [20].

Lemma 10.4. Suppose that [A1'](i)-(ii) holds. Suppose also that there are a sequence (H")ner, of cadlag H"-

s Sk.p.
adapted processes and a cadlag process H such that H™ KPRy B 4sn = 00, Then we have

NP1

tH
b, H",l—ﬂ’/—d

as n — oo for any t € Ry. In particular it holds that b, NJ* —P fot Gids asmn — oo for anyt € Ry.

Proof. First we show that [C3] holds. Take a positive number L arbitrarily. Then we have

E Y LRty <L.6n, > L1 gNp <L) | =

ZG” Lire<, G()n, <L,G" >L~ 1#/\/"<L}‘|

k=1
= G |Fk+1|
<E Z G”Rk Lirk<t.aayn, <r.on, >0-1) +L="b,"E Z 1{R’“§t,G(1)2k§L,G’};k2L—1} +L
k=1 Rk
. NP
<Lb,'E erk+1‘1{Rk§t,G(1)7};k§L} +L<Lb," Z|Fk +E[\FN +1|1{G(1)" <L}} + L
= k=1

<Lb't+L*+ L.

On the other hand, since

U [{R" <t,G(1)p < LG > L™ #NJ < L}°] C { sup G(1)” > L} U {Oinf;teg < L—l} U{#N; > L},

0<s<t
note that
G} <{G(p)/}"” (10.2)
by the Holder inequality, [A1'](i)-(ii) yields

L—oo n—oo

lim sup lim sup P <U (R <t,G(1) < LGl > L1 #NG < L}ﬂ) =

Consequently, we obtain [C3].

Next, since [A1'](i)-(ii) and [C3] imply that b, S0, |2

Rklp

E [(b;1T*))” [Hp 1] = Op(1), Lemma 10.2(b)

yields b, ZN i HR" ! {b Tk — G 1 } = op(1). Therefore, note that the fact that (#N?),en is tight, we
conclude that

NP1 NPHL prn
bn Y Hpwor — Z B k| P
k=1 G( )R’“ !
as n — 0o. Since Lemma 10.3 implies that
NP4+1 '
H
> G ) g
G(1) i 0o G
as n — 0o, we complete the proof. O
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Proof of Lemma 4.6. By a localization procedure, we may assume that [SA3] and [SC2] hold instead of [A3] and
[C2] respectively. Recall that for a function a on R we write oy = a(p/ky,) for each n € N and p € Z.
(a) Without loss of generality, we may assume that G(1)™ — G a.s. as n — oo in D(R, ). First we show that

D Wy )i PIXIIRYITD e = D |(g)g—p PIXIA)[YIT?)e + 0y (b)) (10.3)

We have

Y 1Weg)s—p PNV AT = (Y1)}

= > 1Wo )i PXNIP) AV 0y = VTRoAe) = (V010 = [Y]Ra-100)}
= > {Iga)ip® = 1($g0)ir1—p*} XTIV g0, = [VIRON0)-

Therefore, [SA3], [A4] and the fact that 1, 4 is Lipschitz continuous and equal to 0 outside [—2, 2] by Lemma 9.1(b)
imply the desired claim. By symmetry, we also obtain

D (W0, PIXI(I7) )e = Z (9.0 PXTTP)YT(T): + 0, (072), (10.4)

p,q=1 p,q=1

hence we have

oo

7 1 (Wg.g)inp PIX]TP) YT,

= D |Weg)i PIXIT?RYIC )+ Y 1)yl XIEP)[Y T + 0p(5/%).

P,q:p<q P;q:p>q

Consider the first term of the right hand of the above equation. Let v, = (t+1)Ainf{s|r,(s) > 7}, R* = RFAu,
and I'* = [RF~1, R*). Then obviously v, is F(®)-stopping time and supy, |[["*(t)| < 27,. Therefore, we have

~ (R +2T") ' ' éf’*/\
B[00~ W O Frian] < [ B[00~ DT ]P0 w5
for any A > 0 by the Schwarz inequality and [SA3]. Hence we obtain
E D IXIT) Y (@gg)i—p P AYITD)e = Y5 DU} 00 > t]
p=1 q:p<q
SE Z Fp Z | wgg q— p|2 [H ](Fq)t - [Y]/ﬁq1/\t|fq(t)||‘]:§‘1_l/\t:|‘|
p=1 ¢:p<q
362 g | S x)(F n 3¢-a-}
SoiS B | SN Y (Wi 2| = o (04 TF)
p=1 q:p<q
by Lemma 9.1(b). Since P(v, <t) — 0 as n — oo by [A4], we conclude that
D Weg)i—p PIXITPYIT ) = D |(g0)5—p XN [V Tgam st [T4(E)] + 0p (b)) (10.5)
P:a:p<q P.a:p<q
Next, [SC1] yields
N’n
> 1@gg)a—p PIXNT) Y as {IT90)] = T pa 1<y }| S ZI (Vg,0)Rp1—p TP (@D,
P.a:p<q p=1
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Take L > 0 arbitrarily. Then, we have

N’VL
b 2E Y (g Rp 41— PITPOITYE G} < L
p=1
N
=0, 2B | Y |00k 41— PTPOIG) G < L| < 2kaby/? LE[r,(t)]
p=1

by Lemma 9.1(b). Since E[r,(t)] = 0 as n — oo by the bounded convergence theorem, for any n > 0 we obtain
limsup,, P(b, /> 320, |(g,0)p 11 PITP(O[TNH] > p) < limsup, P(G(1)} > L). Since (10.2) and [A1'](ii)
imply that limsup,, P(G(1)} > L) — 0 as L — oo, we conclude that

Ny
3 Wy e 41— PITPOITN H| = 0, (b1/2),
p=1

and thus we obtain
Y 1Weg)gpPIXIAT) Y T TUO = D 19,05 PXNT?)eY Vo D Lpa-1.<y + 0p(03/%). (10.6)
Pa:p<q P,a:p<q
On the other hand, [SC1], [SC3] and Lemma 9.1(b) yield
Z B0 1) [Hpos | Lo 1< S b0 sup G2,
=2

0<s<t

02 D 1(Wgg)gpl IXI(TP):

p:p<q

where @ = 2 A p. Hence [A1’](ii), the Holder inequality, (2.3) and the fact that wf > 1 we obtain

5 =

B (61 10%) 7 [ M 1gor iy =4 0
q=2

b2 Y W)y PIXI(TP):

p:p<q

as n — oco. Therefore, Lemma 10.2(a) yields

Y W) P Y Vpama P gy = b D (0,05 P IXTTP)eY Tas G(1) s Lpga-1<r)

P,q:p<q p,q:p<q
+Op(b:/2)’
and thus [A1'](i)-(ii), (10.2), [SC1], (2.3) and Lemma 9.1(b) imply that
D W)y PIXTI?)e Y T DL 1.1y
p.a:p<gq
=bn D 1(We)g—p PXNT?)elY Vo G L a0y + 0, (7). (10.7)
P,a:p<q
Now we show that
b Y 1(Wag)g—pl IXIT7)e[Y s Grumr Lpra-1.<0y
P,a:p<q
=bn ) [XNOP)[Y o1 Gromr D |(Wgg)i—pl*Lima-1<iy + 0 (0/%). (10.8)

q:p<q

We have lims o sup, ey w'(F™;0,T) = 0 as. for any 7' > 0 by Theorem VI-1.5 of [29], where F" = [Y]'G".
Therefore, for any 7 > 0 we can take a positive (random) number § such that a.s. sup,cyw’(F™;0,t) < n. Then
we can take (random) points &' such that 0 = & < & < -+ < &2 = ¢, inficpm, (& — &) > 0 and that
maxm<m, WE™; [EL_1,&0)) <n. Let 2" = {¢&|m =1,...,my}. Then

b711/2 Z Fp Z | 'l/)gg q— p| Rq 1 Rp 1)1{Rq 1<t}

p=1 q:p<gq
Sb}z/Q Z[X](Fp)t Z |(¢g,g)g—p|2 220+ brl/Q Z [X](Fp)t Z |(¢g,g)g—p|2 : Q(F")?,
p=1 q:p<q pel™ q:p<q
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where I" = {p € N|[RP, RP+2kn) N E" £ ()} and (F™); = sup, ey Sup,epo,q | £ |, due to Lemma 9.1(b). Hence there
exits a positive constant C' such that

b DN IXIIP) e Y 1(Whgg)ipl* (Fras = Ffp ) Lipami<gy| < C | £ 20+ 2(F™); Y TP(2)
p=1 q:p<q pel™

by [SC1] and Lemma 9.1(b). Now [A1’](i) implies that sup,,cn(F™); < 0o, while m,, < t/6+1 because inf; ., (£ —
™ 1) > 0. Moreover, for sufficiently large n we have #I™ < 4k, m,,, and thus we obtain

limsup b, /2
n—oo

Z Fp Z |wgg q— p| Rq 1 Rp 1)1{1-2‘2 1<t} <2Ctn

p=1 q:p<g

by [A4]. Since 7 is arbitrary, we conclude that Eq. (10.8) holds. On the other hand, since

Z Y]o-1 G Z e N
=1 q:p<q
oo
Shoswp G Y IOL Y (Wil = o) = 0B/,
0<s<t p:RP—1<t< Rp+2kn q:p<q
we have
(o)
b D _[XT(TP)e[Y]Ro—1 GRos Z |(V9.0)5—p" Lira-r<1y
s a:p<q
_bn RP IGRP 1 Z ‘(77[]9,9) P| 1{RP 1<t}+0p(b /2)
a:p<q

Therefore, by an argument similar to the above we obtain

an Y o1 Gl D [(.0)5—pl Lira1<0y
q:p<q
o]
n 2 n
=02 ) [ XTgos [V Tro1 |Gl | Lmomr<ay Y (Wg.g)a—pl” + 0p(01/). (10.9)
p=1 q:p<q

Consequently, we obtain

Y 1(Weg)g—p PIXITP)[YI(T),

P,q:p<q

*bQ Z RP 1 RP 1|GRP 1| 1{RP 1<t} Z 7/’99 q— p| JrOp(bl/z)

q:p<q
o]

_b3/29/ tg,g(x de[ Jre- 1[Y]IRP*1|GTJL%P*1|21{RP*1S75} +0P(b111/2)

=b%/%0 / Vg,(7)"dz / [X]L[Y).Gods + 0, (bY?)

due to Lemma 10.4. By symmetry we also obtain

2 1/2 0 2 e 1/2
S 100 PEITUYIT = 020 [ (e [ XLVLGrds + 0,01/%).

P,q:p>q

After all, we complete the proof of (a).
(b) Similar to the proof of (a).
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(c) Since Sk < Tland T% < SUif k <l and S*F v Tk = Rk by Lemma 2.1, we can rewrite the target quantity as

1« 11 3,22
k4 Z 7709 9 q— p‘ \Ij \I’qu{SPvT<1<t}

nq:

1 — U2 24,11 1 11 2.9,22
4 Z 1{T(1<t} Z "/}9 g q— pl \Ij +k7 vs Sp {Sp<t} Z ¢9 79 q— pl \I/fq
” =2 pip<q nop=2 q:q9<p
w /(0)*
9 ]‘24 qugk\p;ﬁ{mgt}.
k=1

Note that ¥ is cadlag, by an argument similar to the above we obtain

q—1
e ZW{M S i = D0 RN S (i o0
p:p<q " g=2k,+1 p=q—2kn
2
Z ‘1’11 ‘1’22 1{TqSt}/o ¢g’7g’(x)2dx+0p(b1lz/2)-

" q=2k,+1

Note that by 35021 1rgucyy = bn 2opeq Lirre<sy + Op(bn), Lemma 10.4 yields

1 & . 5 [? K _
kTZ\IJZT%;l{qut} Z |(77Z)g/79/)q—p‘2\1]‘1glp :bwlL/Zo 3/0 7/’9’79’@)2(133/0 \II;ILII§2GS 1d5+0p(b}/2)-
n q:2

p:p<q

By symmetry we also obtain
1 , B 0 t B
3 Z‘I’SP (o<t} Z< (g ) P02 = B/29 3/_2%,,9,(95)2@1;5/0 UIU2G s + 0, (b))
q:q<p

Since 3777, WH U2 1y picyy = Op(by, "), we conclude that

t
4 Z |w9 g q— p| \I}H \1122 {SPVTCI<t} biz/2073%/0 \I];I\Ij§2G;1ds+Op(bqlz/2)'
" p,a=1

(d) First, Proposition 2.1(a), [SC2]-[SC3], Lemma 9.1(b) and an argument similar to the proof of (10.8) imply
that

1
4
n 1
1
4 Z
Tl
On the other hand, note that 0 < 1{§k=f,€} < 1, by an argument similar to that in the proof of (a) we can show
that

21
Z (¥g7.9') a— p| \Ilsp {Sr= TP<t}\I/Tq1{Sq =Ta<t}
77[19 g p‘ \IJRP 1 {§p:fp} Rq 11{54 Tq}l{RPAq 1<t}+0p(biz/2)~
q:p#

21
= Z > W g )g V1L (50— Yoo Lgu_ gy Lire-1<0)

' q=2p:p<q
2
4 Z Z |(¥g.97) q— p|2( p—lX,}gp—l) Lirr-1<t} +0p(biy,/2)
" g=2p:p<q

using [SC2] and [A1’](iii) instead of [SC1] and [A1’](i) respectively. By symmetry we also obtain

1
At Z Z |1/)g g q— p| \I/Rp 1 {§p:fp} Rq 11{Sq Tq}l{Rq 1<t}
" p=2q:q<p
1 & ” 2
=71 00 2 Wy g )iyl (PR xXfes) Limer<oy + 0p(01/%).
" p=2q:q<p
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Therefore, Lemma 10.4 yields desired result.
(e) By an argument similar to the proof of (10.3), we can show

k'2 Z |¢gg q— p| ]( ) Tq {TQ<t} kg Z ‘ d’gg q— p‘ [ ]( )\Ilggq]‘{fflgt}—'_op(b?];/2)

" p,g=1 " p,g=1

On the other hand, we have

1
< ki Z [X}(Fp)t Z |(’¢)g79')g—p| \1122 {T‘1>t}’

" p:RP—1<t< RP+2kn q:lg—p| <2k

1
2 Z |(¥g,9')q q— p| ](Fp)tqﬂf%zl{qu}

p,q=1

hence by [A4] and [SC1] we obtain

Z |'(/Jgg q— p ](Fp) \1122 1{Tf1>t} Op(fn)'
P,q=1

1
2
n
Therefore, we conclude that

1 [e3e} [e’¢)
k2 Z |¢gy q— p ](Ip) \1122 {Tq<t} ?Z[ tZ| ¢gg q— p| \II (b711/2)7
np:1

p,q=1 q=1

hence, note that ¥ is cadlag, an argument similar to the proof of (10.8) yields

1 00 1 e p+2ky, .
7 2 |0 i P g =7 S IR 3 Wil + a0
TL p,q=1 p=2kn+1 q=p—2kn,

t
_p20-1R / (X],022ds + o, (b/2).
0

This completes the proof of (e).
(f) Similar to the proof of (e).
(2) An argument similar to that in the proof of (e) and the fact that ¥ is cadlag yield

1 0o
72 Z w‘];q q— p X Y](Ip) \P}%qu{Sq Tq<t} k2 Z |'(/)‘]7<] q— p| [X Y](Ip) \Illq 11{5’q Tq}+017(b111/2)'

p.q p,g=1

Therefore, we can show the desired result by an argument similar to the proof of (a).
(h) We decompose the target quantity as

D Wy g Vi PIZXIIRZYIT e =4 D+ D+ D ¢ W)y PIZY )2,

p,q=1 p,q:lp—q|<1  p,g:p<g—1 p,q:q<p—1
=:B; + By 4 Bs.

Evidently B; = op(b}/Q). On the other hand, an argument similar to the proof of (10.5) yields
Bo= Y |(Wg.g)g—pl[ZXTUI)[ZY Tpams el U] + 05 (57/%).
p,qip<g—1

Hence, note that |.J*| is HZ,-measurable for every k due to Lemma 10.1, by an argument similar to the proof of
(10.7) we obtain

Bo=bn Y |Wgg)i—pl 2P ZY Tpa2 FRa-2Lgra-2<0y + 0p(0?)
p,q:p<g—1
and, by arguments similar to those in the proofs of (10.8) and (10.9), we conclude that

oo

b ZZX RP— 2 ZY Rp— 2F‘RP QFRP 21{RP 2<t} Z |(w9"9’)gfp‘2+op(brl/2)'

p=2 q:p<qg—1
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Therefore, Lemma 10.4 yields
2 t F1F2
Bo = 13/%0 [y (@fids [ 12X(270 55 ds 4 0, 0).
0 0 s
By symmetry we also obtain

0 t FIF
B :b}/QH/ qu/’g/(x)Qdm/ (ZzX).[1ZY]. SG S ds + 0, (bL/?).
-2 0 s

Note that b, /kZ — 672 as n — oo, we complete the proof of (h).
(i) An argument similar to the proof of (10.4) yields

Z (Vg 137, 37 1(07) (37, 371(T° Z (g0 Vg 137 3V I (3%, 31T + 0, (b)),
p,q=1 P,q=1
Since [3%,3Y|(TF) = (IFJF + I*T1Jk 4 18 J51) @ [2X, ZY], note that [IF N JF| + [IFH1 0 JF| 4+ |TF 0 JF1 s
H'%-measurable for every &k due to Lemma 10.1, by an argument similar to the proof of (a) we complete the proof
of (i).
(j) An argument similar to the proof of (e) yields

5 1 oo 5 p+2kn )
= S W U 5 (210 =5 S WRAIZI0N S (il + 0p(8)
" p,g=1 " q=2kn+1 q=p—2kn

=b207R Y W, [ZY (T + 0p(bY/?).
q=1

Therefore, note that U1 is H"-adapted, combining Lemma 10.4 with arguments similar to those in the proof of
(10.5) and (10.7), we conclude that

1 oo _ _ t F2
72 Z 1/}9 ,g q— p| \Ijglpl{sp<t}[zy](‘]q)t = biz/Qe_l’%/O \Ilil[zy];isds + Op(b;/2)7
n q=1 s

and thus we complete the proof of (j).
(k) Similar to the proof of (j).
(1) An argument similar to the proof of (10.3) yields

D Wy i PIXIANZY I = D 1y Vg PXNTP)AZY NI + 0p(51).

Hence, the desired result can be shown in a similar manner to the proof of (h).
(m) Similar to the proof of (1).
n)-(r) Similar to the proof of (h) (note that E Vg g (T)Wg 4(x)dz = K due to integration by parts and Lemma
) 2 Vo' .9 9.9
9.1).
(s) Similar to the proof of (i). O

11 Proof of Proposition 4.4

First note that an argument similar to the one in the first part of Section 12 of [24] allows us to assume that

(6.1), & < ¢ < ¢ < 1and S* TF are G™-stopping times for every k under [A2] and [A4] (note that Sk Tk

and R* automatically become G("-stopping times under [A2]). Furthermore, in the following we only consider
sufficiently large n such that
kT < 05712, (11.1)

Lemma 11.1. Suppose that [A2] and [SA4] are satisfied. Let i, € Z, and let T be a G -stopping time. Then
for any A € gﬁ") we have

AN{T SRVt on, j + En)} 0 {T(T) 0T (7) # 0} € Frogig)-
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Proof. Let
B={r<RV(i+kn,j+ky)}, C={I'(r)nJ/(r)#0}.

Tt is sufficient to show that ANBNCND € F, for any u € Ry, where D = {RA(%,j) < u}. On C we have

RY (i + kp,j + ky) — R4, §) < |TP| v | J7| v (§iFkn — T3) v (TR0 — §) < k7,
hence

RY(i+kn,j+kn) ={RY(i 4+ kn,j +kn) — R (i,5)} + R (i,5) < R™(i,5) + knTn,
and thus we have

CND=CNDN{RY(i+kn,j+kn) <u+k,in}.

Since A € 6™ and C € G, we have (AnC)NBe lev) Therefore, we obtain

(i+k71 a.7+k7n) ’

ANBNCN{RY (i + kn,j+kn) <u+knPn}t € Gusk,r,,

however, gfﬁ)k o= .7:( kot C Fu, by (11.1). This together with the fact that {R"(i,j) < u} € F, implies
e UtknTn—bn )+
ANBNCNDeF,. O

Lemma 11.2. Suppose that [A2] and [SA4] are satisfied. Let Z = (Z;)ier, be a G(™-adapted process. Let
i, € Zy, pyg €{0,1,... k, — 1} and let 7 be a G™-stopping time. Then both I_(ij_ﬁthT and Rij_jﬁquT are
FRn(i,j)-measurable.

Proof. On {I‘(r) N Ji(r) = 0} U {r > RY(i+ kn,j + kn)} we have K I'T? = 0. Therefore, for any Borel
measurable set B we have

(K217, € By =[{0 € B}y n ({I'(r) N T (1) = 0y U {7 > RV (i + kn, j + kn)})]
N [{ffij_fii”ZT e BYN{I'(r) N J (1) # 03N {7 < RY (i + kn,j + kn)}} ;

so we obtain {KY I'?Z_ € B} € Fpa (i.j) by Lemma 11.1 because K9 TP 7_is G,-measurable by construction.

By symmetry we can also show that K~ J7*?Z_ is G,-measurable. O
. . . Y Fop—1 Y Y A Y ’
In the remainder of this section, we fix a, 8,0/, 8" € ®. Let Z/"7 = > "=, By B Ky’ Ky 7 JIT g+ and
c kp—1 I Y AN oA
AP = oy By K K I I for each t € R,

We introduce an auxiliary condition.

[H] For each n € N we have four square-integrable martingales M™, N™, M'™ and N'" satisfying the following
conditions:
(i) There exists a positive constant C' such that

B [ Fgis | + B M) Fgis| + B [NV F gy | + B [N\ Fp | < O
foranyte Ry, neNandi,jeN.
(ii) For each n € N we have
(M, M) = H)D(1)" e BA)", (N, N"™) = H2)D(2)" ¢ B2)",
(M™,N'"™) = H(3)D(3)" « B(3)",  (M'",N") = H(4)D(4)" « B(4)",

where H(k) is a cadlag bounded F(®-adapted process, D(k)™ is a bounded G(™-adapted process and
B(k)™ is a deterministic nondecreasing process or a G(™-adapted point process for each k € {1,2,3,4}.
(iii) For any A > 0, we have a positive constant K satisfying

E[|H(k)s — H(k)(s—n, |?| Frs— < K\h'=
o D35, Sup [1H (k)s = H (k) (5= *[Fs—ny, ] < K

for any t,h > 0.
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(iv) Foreach T € Ry there is a positive constant Cr such that maxyey1,2,3,4) B(k)7 < Cr for all n. Moreover,
there exits a positive constant C' such that

B(L)"(I7), v B(2)*(J9); V B(3)"(I7), v B(3)™(J9); V B(4)"(I7), v B(4)"(J%), < Cry
for any p,q,n € N and any ¢t > 0.

For simplicity of notation, set
M= MMEEMI D) — (MDY MDY, L9 = MEE)NGH(T) — (M) NIV

for each i,7',j € N when we assume the condition [H]. In addition, for an F-adapted process Z, we write Z, =
Z(t—b5*1/2)+~ Then Z; is clearly G(™-adapted.

Lemma 11.3. Suppose that [A2], [SA4] and [H] hold. Let r,s € Ry and i,j,i,7 , k,,k',I' € Z4.
(a) Forli—k|>k,—1,{ —k|>k,—1, i —K|>k,—1and |i' — K| >k, — 1,

[/ / ~my ~klkl M AR ff(g/)sD(Q)ZP}?2/)7,D(2)¢d3(2)gd3(2)¢] -0

(b) Forli—k| >ky—1,i—U|>kn—1, |[j/ —k| > kn—1 and |j' —U'| > ky — 1
t t Iy Iyl — il — g T —_
E [ / / ANZTTAFRULY LR H(4)SD(4)T;H(4)TD(4)?dB(4)ZdB(4)?] =0.
0 JO

Proof. (a) Without loss of generality, we may assume that ¢ > ¢’ V k V k', so we have i« > kV k' + k,, — 1. Since
B(2)™ is a deterministic nondecreasing process or a G(")_adapted point process, it is sufficient to show that

B 519 E NL NE H(2), DR)SH(2), D) Lgvrny | = 0 (11.2)
for any bounded G(")—stopping times o,7. Lemma 11.2 implies that E?i,jll/f(E)UD(Q)Zl{agt} s FRa(ir i)

measurable and Efl_’“/lll?(g)TD(Q)Ql{Tgt} is Fra(kak,inr)-measurable. Moreover, Z\_lfkl i Fguvi+n,—1-measurable
by definition. Since R"(i,7 A j') < S* and RNk A K, IAT") < S% < S we obtain
B [2779 2 NG M H (2), D) H(2), D) (our<y |

—E {Efjﬂi SHEV NIEY F(2), D(2)"H(2), D(2)" 1{UVT<t}E[ i’ | H

Since M is a martingale by the definition, the optional sampling theorem provides

E {M(,J]—'@} =lm £ [M Fs] = %MSTA(U 5, =0,
which concludes the proof of (a).
(b) Similar to the proof of (a). O

Lemma 11.4. Suppose that [A2], [SA4] and [H] are satisfied. Lett € Ry. Then:

(a) There is a positive constant C' such that
t
> / 2777 dB(2)? < Ck,, > / =977 AB(2)" < Crokd.
. Jo
2,075353 i, 5,3

(b) There is a positive constant C such that

n:

> / AP AB@)r <okl ST [ ATABA) < Ok

4,%,5,5" i35’
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Proof. Since Y, K <k, we have >, ,, ., =/ <R > Zk"_l JI+4Ji"+4"  Therefore, we obtain

Z’L ]]
kp—1 ) p—1

> [ = aner <x z / S RTIABE <K, Y B S K

,17,5,5" 4,9'=0
by [H](iv).
On the other hand, since
kn—1 kn—1

Z HUlj < Z ZKU JJ+qu’+q ZKH <k, Z ZKU J]-'F(IJ] +q

5,3 4,9'=0 3,5’ 4,9'=0 j,j’

we have

kn—1 kn—1
> / =V AB(2)" < ka Z Z/ K9 Jitjitdap(2)r < k2 Z ZK”B (),

i’,5,5" =0 j,5'

because > ., Jitajitd < jitd and K9 < K for s € [0,]. Therefore, we obtain D i g fot 2iii'i" AB(2)"

due to [H](iv). Consequently, we complete the proof of (a). Similarly we can also prove (]b)
Lemma 11.5. Suppose that [A2], [SA4] and [H] are satisfied. Let r € [2,4].

< ok

n

O

(a) There exists a positive constant C,. such that E {M” 7| Fainss } < Cr(knTn)" for any t € Ry and any 4,7’ € N.
(b) There exists a positive constant C,. such that E [|LY|}|Frag )] < CL(knty)" for any t € Ry and any i,j € N.

Proof. (a) First, since (M (Z)%); = Zki_l(ag)2<M”)(ﬁ+p)t, we have (M™(Z)"); < kn7p,. Similarly we can show

p=0
(M!M(T)")y < knTpn. Therefore, by the Kunita-Watanabe inequality we obtain

B ||(12@) M@ ),

[Fgin ]| € (hut)'.
Next, the Burkholder-Davis-Gundy inequality and [H](i) yield

Rl " kn—1
{Z(ag)2[Mn](ﬁ+p)t} | §Z‘| < kT 1 Z [Mn Il-‘rp ‘fA7]

p=0
S(knTn)"

E [[Mg(z)iy% |]—'§7} <E

.7

Similarly we can also show E U V' (7)¢

o

E HM;(I)M@(I)’

\f@,} < (knfn)'
Consequently, we complete the proof of (a).
(b) Similar to the proof of (a).
Lemma 11.6. Suppose [A2], [SA4] and [H]. Then we have

b’I’_Ll/2 Z (Kijkij/).<ig,ﬁ(Mn,,Nn) Lz] (Mm,Nm»t

o’ ,pB!
Z.yjji/yj/
:br_Ll/2 Z (I_(ijki/] ) széja ﬁ,(Mn,Nn;M/n,N/n)t +0p (ki)
Z.yjji/yj/

as n — oo for every t € R,.

Proof. We decompose the target quantity as

S (RER ) o (L, 007 N, LE2 00 N~ S (RORT) I (a0

. 7 ’

a,B;a’,8
T, L,
1,7,%,7 ;7,50

=A1+ Doy + Az + Ay,
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|.7:A,i/} < (kn7n)". Therefore, by the Schwarz inequality we obtain



where

Ave= 3 (KYEL) o ((MID)-MPD)"} o (NFITV NIV )

- Z (KTK™"y o (M), M (E)) - o (NI, NEHT) ),
Bas = Z KYE™) o ((NF(I). NG} o (M) MHE) ),
= 3 (RURY) o (NFIY . NGIY) - o (12D MHD) ),

and

-

Age= S (KTE"T) o ((MZ@)NGT)} o (NJ(T), MEED) )

= D0 (KUEL) o (NIZ(D), NGHT)) - o (NE(ITY M) )
Nig= 3 (KUE') o (NFIY MED)"} o LIV NGDT))e
= Y (KR o (N§(IY MHE) ) o (2D NP )

Consider Ay, first. By the use of associativity and linearity of integration, we can rewrite A ; as
A= 3 {(RYRS )M} o (NG(IV. NG )
i’j’i/hj/

Moreover, we have

kn—1
< 7g(j)j7‘]\7/7}( t _ Z 5n In JJ+QJJ "+q' ) <Nn’N/n>t
q,9'=0
kp—1 o
= 3" eI H(2)D(2)") € B2)T,
q,9'=0

hence we obtain
A=, / =1V ML H(2),D(2)1dB ()}

,5,¢,3"

P

Let Ry := H(2); — H(2),. Then we have (A14)> =1+ II+III+ IV, where

Z Z / / ng Hklk z’Mu Mkk H( ), D(Q)ZLF/I\(_Q/)TD(Q)de(2)?(13(2)’;7

i,4",5,5" k, kL1

Z Z / / ~m] Hklk 4 Mu Mkk: [/RQ/)SD(Q)?RTD@)de(Q)ZdB(2)?,

i,1,3,7" k, k"L

III = / / ’—?j/]/Efﬁf(l,M;ZM;CE/RSD(Q)?I/{_Z_Q/)TD(Q) ( )ndB( )T’
4,4/,], ]’ k,k' LU

=> > //"?f/j'Efﬂcll/1\7!23/Mﬁf'RsD@);‘RTD(2);‘dB(2)gdB(2);},

4,4,7,5" kKLU
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The condition [H](ii) and the Schwarz inequality yield

11|
t 1yl _— sl
<y / =97 1 |dB(2) / EE AL R, |AB(2)!
i o e kL1
1/2 1/2
> [ s > [ paser | | S [ B Rraser )
il i,4’ 5.5 NN

hence by Lemma 11.4(a) and the Schwarz inequality we obtain

9 1/2

i e|( X [Erraser] (2] ¥ [ =R e
4,1",7,7' k,k’ 117
By the Schwarz inequality and Lemma 11.4(a) we have

2

B\ [ e any

i,1',5,5"

1y / =74 | | S0 / =0 faBE)r | | skE| Y / (=77 15 1B ()"

0,4,5,5" 44,55’ 0,4,5,5"

Moreover, since B(2)" is a deterministic nondecreasing process or a G(")_adapted point process, by Lemma 11.2
we have

E Z /rm]HMu |4dB() - B Z/rm”E |Mn |]:Sw}dB y

l’L ]_] ll _]j

hence by Lemma 11.5(a) and Lemma 11.4(a) we obtain
i / I PAB@) | | S K (k)
,17,7,5"

On the other hand, since B(2)" is a deterministic nondecreasing process or a G(")_adapted point process, by Lemma
11.2 we obtain

E| Y /\”’“””' IR dB@); | =E | Y /I”’“””'|E R,2G] aB2)|

k, kLU kKLU

and thus [H](iii) and Lemma 11.4(a) yield

n

E Z / |r—~klkl’||R | dB( )n <b(5 2)(1 )\)k‘

ke kL
(1) .
for any A > 0. Consequently, we conclude that E[|TII|] < (k,7,)%bn 2/ 2 kS, and thus we obtain
b1 1T = (bn1+2(£';)+(£;) : k8> _o, (bn@ —O+5(e- Po);(f;)kg> .

Since ¢ > £ > 9/10 and A > 0 can be taken arbitrarily small, we conclude that b, 'II = o0,(k?). In a similar
manner, we can show that b, 'IIT = o,(k%) and b, 'IV = 0, (k%).
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Next, we evaluate E[I]. In light of Lemma 11.3(a), the terms contribute to the sum only when |i—k|A|i' — k| < ki,
or i — k'| N|i' — K| < k. Therefore, [H](ii) and the Schwarz inequality yield

[ET]]

t t
SR DEE D DI D DI E[/O /O S ZRRY AL N B (2)2dB(2))

7,370V i1 kK i kK i kK a4 kK
limk|<kn |i'—k|<kn |i—Kk'|<kn |i'—K'|<kn

:IAl -|— AQ + A3 -|— A4.

Consider A;. We rewrite it as

a- Y el X [Eiaser) (S [ e ase:

i kii—k| <k i’,5,3" kLU
Then by the Schwarz inequality and the inequality of arithmetic and geometric means we obtain

2

A <k, ZE Z/ =479 N |AB(2)"

i35

Therefore, by the Schwarz inequality and the second inequality of Lemma 11.4(a) we obtain

A ShariE | S0 / (2977 || 3 [2aB ()

07,555

Since B(2)" is a deterministic nondecreasing process or a G(")_adapted point process, by Lemma 11.2 we have

B| S [ paser| 2| 5 [ =08 [ Pl an@s |

i,4,7,5" i,4",7,5"

hence by Lemma 11.5(a) and Lemma 11.4(a) we obtain Ay < ky,7nkS (kn7n)? = kS (k,,7,)3. Similarly we can also

~

show that A; < kS (k,7,) for | € {2,3,4}. Consequently, we have |E[I)| < kS (k,7,)3, so that we conclude that

b BIL] = o(k2) because b, (hury ) = OB %) = o(1).
After all, we conclude that b, "/2A, + = 0p(k}). By symmetry, we also obtain by, 1/2 Aoy = op(kd).

Next we consider Az ;. By the use of associativity and linearity of integration, we have

Ngy= Y (KYEY'LY) e (MHD)", N (T ).

i)j7i/’jl
Moreover, we have
kn_l ., .
(MO NE(TY)e =D apBp(ILTPJI0) o (M, N™),
p,q=0
kn—1 3 4
=N oI FITIH(4)D(4)") « BA)Y,
p,q=0

hence we obtain
t Ry Ay Ry 4
Agr= > / AT LY H(4)sD(4)3dB(4)7.
2 s Y0
(BRIN

Therefore, using Lemma 11.3(b), Lemma 11.4(b) and Lemma 11.5(b) instead of Lemma 11.3(a), Lemma 11.4(a)
and Lemma 11.5(a) respectively, we can adopt an argument similar to the above one. After all, we conclude that

b;l/QAgyt = o0p(k!). By symmetry, we also obtain b;1/2A4yt = o, (k). O
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Proof of Proposition 4.4. By a localization procedure, we may assume that [SA3|, [SA4], [SN] and [SC3] hold
instead of [A3], (6.1), [N] and [C3] respectively.

Lemma 11.6 implies that it is sufficient to prove that the condition [H] holds for M™ M'™ € {X, & 3%} and
N™ N™ e {Y,¢Y 3Y} but it immediately follows from [SA3], [SA4], [SN] and [SC3]. O

12 Proof of Theorem 4.1 and 4.2

Before starting the proof, we strengthened the conditions [A5] and [A6] as follows:

[SA5] We have [A5], and the processes AX, AY | A% AY (AX) (AY), (AY) and (AY) are bounded. Furthermore,
there exist a positive constant C' and A € (0, 3/4) satisfying

E['ft_fv'/\t‘2|f'r/\t] §C|t—7'|17/\ (12.1)
for every t > 0 and any bounded F(%)-stopping time 7, for the density processes f = (AX)’, (AYY, (A*) and
(A"

[SA6] There exists a positive constant C' such that b, ' H,,(t) < C for every t.

The following lemma can be shown by arguments analogous to those used in the proofs of Lemma 13.1 and 13.2
in [24].

Lemma 12.1. Suppose that [A2] and [SA4] are satisfied. Let (M™) be a sequence of square-integrable martingales

such that there exists a positive constant Cy satisfying

sup(M™)(J); < Ci7y (12.2)
qeN

for any t € Ry and anyn € N. Let o, 3 € ® and let A be an F(O-adapted process with a bounded derivative such
that there are a positive constant Cy and a constant X € (0,3/4) satisfying

E [(A} = ALp)* | Frne] < Coft — 7] (12.3)

for any t € Ry and any bounded F (O -stopping time 7. Let D™ be a cadlag G -adapted process for each n and
suppose that sup,, |D"| is a bounded process. Set A™ = D™ e A and define

o0 oo
L= KYe{ANI) e My(J)}, I =Y KY e {Mj(J) e ALT)'}.
i,j=1 1,5=1
for each t € Ry. Then

(a) b/ supge,<y [L| = 0,(k2) for every t.

(b) b;1/4|]I]It| = o0, (k2) for every t.

(¢) Suppose that [SC1]-[SC2] and [SA6] are fulfilled. Then by /4 sUPg< o<y [Ms| = op(k) for every t if M™ €
(MY, &, m"}.

Proof. (a) The process I is clearly a locally square-integrable martingale with the predictable quadratic variation

M= > KIKVAND)ALD) o (ME(T), MFT) ).
4,1",7,7'=1
Since
kn—1 ) L
TV =Y BrBp Tt e (M™),,

q,9'=0

—
8
—
W\
~
<
@3

we have
o] kn—1
M= SN BranKIRYAND)LAL@) T e (),
i,4’,7,7'=1 q,q4’=0
St q e o ~ . o~ o~
— Z Z v B KUK AN AL(Z) T e (M™),.

,,q=1j,j'=(g—kn+1)V1
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Moreover, since |Ag(f);| < Zﬁ;gl |T+7(t)] and K% < K7 if s <t , we have

kn—1

Z Z N RIRTTE )T ()M (T,

",q=135,5'=(q—kn+1)V1p,p’=0
and thus [SA4] and (12.2) yields

kn—1

< k2 Z Z > KK |\ Te ).

i,i',q=1j5,j'=(q—kn+1)Vv1l p=0
— ! !
Since Y5 Ky 7 < ky, we have

q k:n—l oo

1j=(q—kn+1)V1l p p,q=0 i=1

Since Y2, [T ()] < t and Py K7 < ky,, we obtain (I); < k872 and thus we have b;1/2<}1> = Op(k- %5/73/2) -

nn’

op(ki) because £ > 9/10. The Lenglart inequality implies that by bup0<q<t Is| = 0,(k2) as desired.
(b) We rewrite the target quantity as

oo kp—1
]I]It Z Z OénKl]Mn )f2_+pDn .At
i,7=1 p=0
oo kp—1 oo knp—1

=> > ap / KITPDIME(Dids+ > Y a / KT DINIG(T)I{ AL — AL, Yds

i,7=1 p=0 i,j=1 p=0
:Z]UILt + ]I]I27t.
- : —1/4 , _ s
First we claim that by, / I + = o0p(k2) as n — oo. Since AL AL KPITPDYKG Y 1, P Dy is Fg, o -measurable

due to Lemma 11.2 and E[Mg(j)g]\?[g(f){”]:@w] =0if |[j — j'| > k, — 1 due to the optional sampling theorem,
we have

B3 )

kn—1
:Z Z Z a / / szIlerDnKZJ Il "+p DnMn(j)gMg(j){;] dsdu

41" §,j3":|5—3'|<kn p,p'=0
<Z Z Z// Kz][lerKlJIler {‘Mn( )|2+|MB( ) |Hd8du
01" 5,515 =3 | <kn p,p"=0
On the other hand, the optional sampling theorem and (12.2) yield

E[|M3 (3P|, | = B [(M5(T)0)|Fr | = S () (T4 Fry | S bt (12.4)

q=0
Since KUTHPKIT I is Fr, (j.;y-measurable by Lemma 11.2, we obtain

kn—1

EE ) SkarB | Y Y KPR T ()

04" §,5":|3—3"1<kn p,p'=0

Therefore, [SA4] and (3.2) imply that

kn—1 kn—1 oo
E[II; ] < kpr2E Z Z KP [T =kir2E | Y- > [T |ZK”
3,5 p=0 p=0 i=1
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Since Y2, [T+ (t)] < t and Py K7 < ky,, we conclude that B[} ] < k872, hence bﬁlMHLt = o,(k2).
Next we estimate Il ;. By Lemma 11 2 we have

oo knp—1
B <Y S B [/ RV [|113(F)(A, A’ﬁ)l!fw]ds],
i,j=1 p=1
hence by the Schwarz inequality and (12.4) we obtain
xR ij Ti4 / / 2 1/2
Bl S (knn)® > ZE[/ RIT { B [(AL - A% 7] } ds}.
i,j=1 p=1

Moreover, if I' N J7 # () we have |s — T9| < |Sitkn — T9| v |§F — T9| < (§ithn — §i) 4 (T9Hkn — T9) < 2y (t) for
any s € I'. Hence by [SA4] and (12.3) we conclude that

oo kp—1 kn—1 oo oo

Bay]) S (kufin)' ™2 > S B U K”Pﬂ’ds] < (kar) 2E | S0 Y0 SR

i,7=1 p=1 p=1 i=1 7j=1

for some A € (0,3/4). Since 372, [T"7(t)| < t and Py K7 < ky, we conclude that E[|Ily|] < k2 (kni) =2,
hence b;1/4]I]I2,t = Op(k,%bgf 71/2)(17)‘/2)71/4) = 0,(k2) because ¢’ > 9/10 and X € (0,3/4).
Consequently, we obtain b_1/4Ht = 0,(k2) as n — oo for every t.

(¢) In light of (b), it is sufficient to show that (b, V- T2I) e is C-tight.
Fix a T' > 0. Rewrite II as

oo

I :Z{Mﬁ( LT} e Ay,

Jj=1

where T =37, Zk . ZK?@“’DQ for each s € Ry. Then for 0 <s <t <T

by VAL, — 10| < b,

2HAL Y| du
1/2 o 1/2
Z/ b VNI T ) 17| du Z/ (A2 X2 du b < hult — 5)Y/20,(T)2,
j=17¢
where

;/ ( (7 ) Y du.

Since Y is Fz;-measurable due to Lemma 11.2,

0 LT 0 LT i
E[©,(T) =E Z/ E[ b VAME(T ) |f@}x du| = E Z/ b, 2(ME(T))u Y, du
=170 j=1"0 ]
kn—1 oo kn—1 o0 o ~. |
SE (0,12 > 0 Y (M Yo K TP | < E (b2 Y > KZ TP (T)[(M™) ()
p=0 4,7=1 p,q=01i,j=1 ]
If M™ = MY or M™ =Y, [SC1] yields
kn—1 oo N N kn—1 oo
b2 ST ST KT M (T S0 NN KT ||
p,q=014,5=1 p,q=01,5=1
kn—1 (e’ N [e%s) N
bt DT Y IPUTP ) < 4k - by HA(T),
p,q=0 \ i=1 j=1
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and thus by [SA6] we obtain E[©,(T)] < k2. On the other hand, if M™ = ¢¥, [SC2] yields

kn—1 oo kn—1 oo
0,12 " ST KA M YT ) Skt ST KR 700y
p,q=01,j=1 p,q=01,j=1
kn—1 oo 00 -
S )Y K Sk
p=0 i=1 Jj=1

and thus again we obtain E[0©,(T)] < k2.
After all, for any n > 0 we have

sup P [w(b;l/‘lk;z]ﬂl; 0, T) > 77} < supP [kg151/2®”(T)1/2 >n| <n25supk,*E[0,(T)] =0
neN neN neN

as 6 — 0 if M™ € {MY, &Y 9MMY}, and thus we complete the proof of (c). O
Lemma 12.2. Suppose that [A2]-[A5], [N] and [C3] hold. Then:

(a) Suppose [A6] holds. bﬁl/4{M" —M"} 2250 as n — oo, where

Nrn 1 — i [ 7 ij T ij T ij 7 ij
My = (horo ke )2 Z Ky {Lg,g(MXaMY)tj + Ly g (gXagy)t] + Ly, (MX,LJ'Y)tJ + Lgﬂg(ileMY)tj}
Wryka)? 2=

and 4 = EX 4 (kb)Y U = €Y 4 (kyv/by) T IONY .
(b) b;1/4<M”,N>t —P 0 as n — oo for any N € {MX, MY, M* MY} and every t.
Proof. By a localization procedure, we can assume that [SA3]-[SA6], [SN] and [SC3] instead of [A3]-[A6], [N] and

[C3] respectively. Then, (a) immediately follows from Lemma 12.1. On the other hand, for N € {M*, MY, M, MY}
we have

hence Lemma 12.1(b) yields (M", N); = o, (b *) because (12.3) for A = (L, M) (L,M = M*X MY, M¥ M)
holds by [SA3] and the processes J and J are G(™-adapted by [A2]. O
Proof of Theorem 4.1. Note that [A1l’] implies [C3] due to Lemma 10.4, in all cases (a), (b) and (c), [A2]-[A6], [N]

and [C3] hold; hence Lemma 12.2(a) allows us to consider M" instead of M™. Moreover, [B2] holds by Proposition
4.4, [C1] hold by [A3], and for the case (b) [A1](i)-(iii) and [W] with w given by (3.7) hold by Lemma 4.6(a)-(g),
while for the case (c¢) [Al] and [W] with w given by (3.8) hold by Lemma 4.6. Therefore, we complete the proof
due to Lemma 12.2(b) and Proposition 4.2. O

Proof of Theorem 4.2. Note that we do not need the condition [A6] in order to verify the condition [B1] (see
the proof of Lemma 12.1(b) and Lemma 12.2), an argument similar to the proof of Theorem 4.1 completes the
proof. O

13 Proof of Theorem 5.1

By a localization procedure, we may assume that [SC1]-[SC3], (6.1) and (6.4) hold.
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uc;

According to Lemma 4.2, it is sufficient to prove M"” 2P, 0. Therefore, it is sufficient to show that

sup | SO KI{VL@) e W TV} | =o0p(k2), s |3 KU{Wa(T) e Va@)'} | =0p(k2)  (13.)
0<s<t Y s 0<s<t ] s
as n = oo for any (V,a) € {(M¥, g), (€%, ), (X, ¢), (A%, ), @, ¢}, (W, ) € {(MY,g), (¥, ), (g,
(AY  g), (AY,¢")} and t > 0.
Consider the first equation of (13.1). Let Hy = >, ; KV, (I)" « W(J). First we assume that (W, ) €
{(MY ,g),(eY,q"),(MMY,¢")}. By an argument similar to the proof of Lemma 4.3, we can rewrite H, as H, =
doi K o {V, (f)l_ . Wg(j ) }s., and thus H is a locally square-integrable martingale. Therefore, it is sufficient

to prove (H); = 0,(k}) as n — oo for any ¢t > 0 due to the Lenglart inequality. Since [Wg(j)j, Wﬁ(j)j/]t =0if
|7 — 4| > kn, we have

[, = > KIRIVUDLVa@) e [Wa(T), Wa(T) ],

0,5,0,37: 15 =3" | <kn

Hence, (6.4), (6.9), (6.5), the Schwarz inequality and the fact that >, K% < k,, for every j yield
Bo ()] S b7 - kufullogbal 3 Wa(JY W),

33" 15 =3"1<kn

and thus [SC1]-[SC3], the Kunita-Watanabe inequality and the inequality of arithmetic and geometric means imply
that Fo[[H]s] < k& - kn7n|logb,| = o(kl) because ¢ > 1/2. Therefore, we obtain the desired result due to
Proposition 4.50 in [29].

Next we assume that (W, 8) € {(AY,g), (A, ¢")}. Then, [SC1], (6.4), (6.5) and the Schwarz inequality yield

kn—1
Eo [ sup uau} < Vo logh K S 1 Fe(0)],
q=0

0<s<t —
]

hence the fact that Y-, K% < k, for every j implies Eo [supgc,<; [Hs|] < /knTn|logbn| - k2 = o(k2) because
& >1/2.

Consequently, the first equation of (13.1) holds. By symmetry we also obtain the second equation of (13.1), and
thus we complete the proof. O
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