Graduate School of Economics, Hitotsubashi University

Discussion Pear Series No. 2013-12

Novel Panel Cointegration Tests Emending for Cross-Section
Dependence with N Fixed

Kaddour Hadri FEiji Kurozumi Yao Rao

September, 2013



Novel Panel Cointegration Tests Emending for Cross-Section
Dependence with N Fixed!

Kaddour Hadri Eiji Kurozumi Yao Rao

Management School Department of Economics Management School
Queen’s University Belfast  Hitotsubashi University = The University of Liverpool

September, 2013
Abstract

In this paper, we propose new cointegration tests for single equations and panels. In
both cases, the asymptotic distributions of the tests, which are derived with N fixed and
T — oo, are shown to be standard normals. The effects of serial correlation and cross-
sectional dependence are mopped out via long-run variances. An effective bias correction is
derived which is shown to work well in finite samples; particularly when N is smaller than

T. Our panel tests are robust to possible cointegration across units.

JEL classification: C12, C15, C22, C23.

Keywords: cointegration, panel cointegration, cross-section dependence, bias correction, DOLS,

FCLT.

LCorrespondence: Eiji Kurozumi, Department of Economics, Hitotsubashi University, 2-1 Naka, Kunitachi,
Tokyo 186-8601, Japan; e-mail: kurozumi@stat.hit-u.ac.jp.



1. Introduction

Since the seminal work of Engle and Granger (1987), we observe a continuous and pro-
lific stream of publications on estimating and testing long-run relationships amongst non-
stationary economic variables. This literature can be divided into two branches: Single
equation and system approaches (for an old but still relevant review of system equations

cointegration tests cf. Hubrich, Liitkepohl and Saikkonen (2001)).

This paper deals mainly with the former type and in this context, we start by proposing
a new single equation test for the null hypothesis of cointegration based on the sample au-
tocovariance. Analogous tests in the literature include Hansen (1992), Quintos and Phillips
(1993), Shin (1994), Jansson (2005) and Kurozumi and Arai (2008). Hansen (1992) derives
tests for parameter instability with I(1) processes. He shows that these tests can be viewed
as tests of the null hypothesis of cointegration against the alternative of no cointegration.
Similarly, Quintos and Phillips (1993) develop tests for parameter constancy in cointegrating
regressions. Their approach delivers a test of the null hypothesis of cointegration against par-
ticular directions of departure from the null hypothesis. The test proposed by Shin (1994),
which is a residual based test, for testing the null hypothesis of cointegration against the
alternative of no cointegration, is based on the approach adopted by Kwiatkowski, Phillips,
Schmidt, and Shin (1992). Jansson (2005) offers a feasible point optimal test of the null
hypothesis of cointegration whose local asymptotic power function is showed to be close to
the limiting Gaussian power envelope. Finally, a locally best invariant and unbiased test is
proposed in Kurozumi and Arai (2008). They also discuss the relative merits and demerits

of the tests of Shin (1994), Jansson (2005) and theirs.

For all these tests, the limiting distributions of the test statistics are non-standard. On the
contrary our single equation cointegrating tests statistics, which extend Harris, McCabe and
Leybourne (2003, hereafter HML) and Harris, Leybourne and McCabe (2005, hereafter HLM)
results, are shown to have standard normal limiting distributions, which is an advantage on
itself and also when it comes to extend our tests to panels. Like HLM (2005), our tests are
based on the sample autocovariance. We also derive an effective bias correction to improve

the small sample properties of our tests.



To gain power, we transpose our tests to panels. Baltagi (2008) and Breitung and Pesaran
(2008) provide comprehensive surveys on the subject. As it is well known, now, this improved
power comes, in general, at a price in terms of a more involved asymptotic theory dealing with
two indices simultaneously? and the need to emend for likely occurrence of cross-sectional
dependence. Instead of using the joint asymptotics to obtain a test whose null limiting
distribution is free of nuisance parameters, we use a simpler asymptotic theory where N is
fixed and T" — oo. This is due to the fact that the limiting distribution of the statistic of each
unit is a standard normal distribution. Therefore, our panel cointegration tests are valid for
any N. The adverse effects of the potential presence of cross-sectional dependence and serial

correlation are corrected via long-run variances.

Banerjee, Marcellino and Osbat (2004 and 2005) have shown through simulations that
panel cointegration tests have severely distorted size in presence of cross units cointegration.
In many empirical applications this is likely the case, because of economic links across regions

and units. However, our tests are immune to possible cointegration across units.

A Monte Carlo investigation of the small sample properties of the tests is conducted. It

shows that our bias correction works well; particularly when N is smaller than T'.

The remainder of the paper has the following structure. In Section 2, we review the
autocovariance based test proposed by HLM (2003) and HLM (2005). The new univariate
cointegration test is analysed in the following section. Section 4 investigates the novel panel
cointegration tests. The results of our Monte Carlo simulations are presented in Section
5. Finally, Section 6 offers some concluding remarks, and all proofs are collected in the

Appendix.
2. Review of the Autocovariance Based Test

In this section, we briefly review stationarity tests based on the autocovariance proposed

by Harris, McCabe and Leybourne (2003, hereafter HML) and Harris, Leybourne and Mec-

2Cf. Phillips and Moon (1999) for a theoretical exposition and Hadri, Larsson and Rao (2012) for a
discussion of the different limit theories including the limit theory where T is fixed and N is allowed to go to
infinity.



Cabe (2005, hereafter HLM). Let us consider the following local level model:
Yo = P+ 2 for t=1,2,---,T,

and suppose that we want to test for the null hypothesis that z; is stationary whereas it is a
unit root process under the alternative. HML (2003) note the differences in the convergence

order of the sample autocovariance under the null and the alternative hypotheses,

T
1
T % Z 2%k B E[(yt — 1)(yi—x — px)] = Cx  under the null hypothesis
T =K+l
1 T d 1
—_ 2 — / B2(r)dr under the alternative
(T _ K)Q Z 0

t=K+1

for a given lag order K, where 2; = y,—¢ and B(r) is a demeaned Brownian motion. Although
it seems inconvenient to use the sample autocovariance as a test statistic because it converges
to a fixed value Cx, HML (2003) notice that Cx — 0 as K — oo and thus the central limit
theorem (CLT) for the sample autocovariance with a suitable normalization is expected to

hold as K goes to infinity. In fact, they showed that

TR L=k AAK
(2 i LN N(0,1) under the null hypothesis, (1)

Wzz

2

7, is the kernel estimator of the long-run variance based on 2;2;_ g, whereas the

where @
left-hand side diverges to infinity under the alternative. They also proposed a test for het-

eroskedastic cointegration using a similar principle.

The above stationarity test based on the autocovariance was extended to a panel station-

arity test by HLM (2005). For a panel data model given by
Yit = M +2¢ for i=1,2--- N and t=1,2,--- T,

we have the regression residuals normalized by the standard deviation; that is,

Zit
A~ )

1,2

Zit = where 6; . is the sample standard deviation of 2; ;.

SHML (2003) and HLM (2005) allowed for deterministic regressors in addition to a constant but we restrict
our attention to the local level model in order to simplify the explanation.



Then, the test statistic for panel stationarity is constructed by pooling the sample autoco-
variances across cross-sections, which is given by
~ N

T
CK h é 1 ~ th ~ ~ ~
—, where K= —F——— Z At W1 ARt = Zzi,tzi,th
Wa VI - K 2, i=1

Sk =

and @2 is the long-run variance estimator based on . HLM (2005) showed that Si LN

N(0,1) under the null hypothesis whereas it diverges to infinity under the alternative.

Although the size of the above test can be controlled at least asymptotically, HLM (2005)
showed that Sk suffers from under-size distortion in finite samples because of the negative

bias of the test statistic. Since 2;; = 2+ — Z;, we can see that

1 d 1 d 1 AR 1
—_— E ZitZip- K = 5 e—— E ZitZip— K — Ty —— —E Z +op | —= |,
VT—K TR T2 JT-K TR VT-K <\/TH ”) ’ <ﬁ>

t=K+1 t=K+1
we can see that the negative bias comes from the second term on the right-hand side of
the above equation. Note that this negative bias accumulates when we pool the sample
autocovariances, so that the panel stationarity test tends to be severely undersized as N
gets larger. Because the expectation of (T_l/2 Zle zi,t)Q is approximated by the long-run
variance of its limiting distribution, HLM (2005) proposed the following bias corrected version
of the test statistic:
= Cr+b

1 N
Sk = here b= ——x >
K 5 where T e - 12

with &2, being the long-run variance estimator based on 2;;. Because the bias term is

negligible when T is large, we still have Sg AN (0,1) under the null hypothesis.

3. Univariate Cointegration Test

3.1. Model and assumptions

We start with a univariate cointegrating regression model given by

yt:B/Xt"i'ut for t:1727"'aT7 (2)



where X; = [1,z}]" (constant case) or X; = [1,t,2}]" (trend case), y; and x; are 1- and

p.-dimensional processes with
xp=x4-1+v and  u = puy—1 + uj.

We make the following assumption for uf and vy:

Assumption 1 (a) [u},v]]’ is a vector linear process given by
u* [e.9] [e.o]
t | — , 2
[ o ] = Zo(bjgtj with Zoj | @] < oo,
j= j=

where {e} is an (py + 1)-dimensional i.i.d. sequence with mean 0 and variance given by X,
which is positive definite, and has the finite fourth order moments.
(b) The spectral density of [u},v)), denoted by f(\) = (27) 1@ (e M) X ®/ (™), is nonsingular

and f(X) > adp, 1 for some a >0 for all X € [0, 7.

Assumption 1 implies that [uf, v;]" is stationary and that there is no cointegrating relation
among z¢. The 2-summability of {®;} is stronger than usual but we need this condition to
derive the bias later. The assumption on the spectral density will be used to derive the leads
and lags expression. We also note that, since {g;} is an i.i.d. sequence with the finite fourth
order moments, exercise 2.13 of Brillinger (1981) implies that [u],v}]" satisfies Assumption
2.6.2 of Brillinger (1981). That is, the fourth order cumulants of [u}, v;]’, which are denoted

by kijki(m1, ma, ms), satisfy

oo
ZZZ |Kijr1 (M1, m2, m3)| < oo,

mi,m2,m3=—00

The testing problem we consider is given by
Hy: |p|<1 vs. Hy: p=1.

That is, y; is cointegrated with x; under the null hypothesis whereas they are not cointegrated
under the alternative. Note that under the null hypothesis, [us, v;]" also satisfies the same

conditions as given by Assumption 1.



Since it is known that DT(Bol s — ) converges in distribution where 3015 is obtained by re-
gressing y; on X; and Dy = diag{~/T, T I, } (constant case) or Dy = diag{~/T,Tv/T,T I,,}
(trend case), we can see that the same weak convergence holds as given by (1) with 2; replaced
by 4:;. However, such a test suffers from under-size distortion as discussed in the previous
section; therefore, we need to construct the bias corrected version of the test. In the case of

cointegration model (2), we have

T T
1 i — >
e UWUt— K = —F—/— UtUt— K
T_Kt:K-H T_Kt:K-H

1 T T -l 1
- Z uth (Z XtX,g) ZXtut + op (> ,(3)
vI - K= t=1 t=1 VT
so that the second term in (3) corresponds to the bias term. Under Assumption 1 and the

null hypothesis, we can show that
T 1 T 1
D'y X X[Dy! BN / B(r)B'(r)dr and D;'>»  Xjuy LN / B(r)dBy(r) 4+ Agu,
t=1 0 t=1 0
where B(r) = [1, B'(r)]' (constant case) or B(r) = [1,r, B'(r)]’ (trend case) with B(r) being
a pg-dimensional Brownian motion, B, (r) is a 1-dimensional Brownian motion, and A, is

the so called one-sided long run variance. As a result, the expectation of the bias term

approximately becomes

( /0 BB + /\> ( /0 1 Bméf(%) - ( /01 B(r)dBy(r) + A)] B

In this case, the problem is that B(r) is correlated with B, (r) in general, so that it is too

K

difficult to evaluate the above expectation in general. Exception is the case when wu; is
independent of v, so that B(r) is independent of B, (r) and Az, = 0. In such a special case,
(4) reduces to w2(pe + pz) where p. = 1 or 2 depending on constant or trend case while w?
is the long-run variance of u;, which can be estimated using ;. In other words, if v; = Axy
is uncorrelated with the regression error u; for all the leads and lags, then we can evaluate
expectation (4).

In order to establish such a reasonable relation, we exploit the dynamic ordinary least



squares (DOLS) technique® considered by Phillips and Loretan (1991), Saikkonen (1991) and
Stock and Watson (1993). Under Assumption 1 and the null hypothesis, we have the following
leads and lags expression by Theorem 8.3.1 of Brillinger (1981):

o0
Uy = Z v + 1, (5)

j=—00
where Efven] = 0 for all s and ¢, and the transfer function associated with {7;} is given
by fue(N) fiol(A) with fuu(\) and f,,(A\) being the corresponding blocks of f(\). Then, the
assumption of the 2-summability of {®;} implies that {m;} is also 2-summable. In addition,

because [ug, v;]’ is a linear process with i.i.d. innovations, 7; can be expressed as

=Y & with Y [j%lg,] < oo, (6)

j:—oo ]:—OO

where {£} is an independent sequence with mean 0, variance 0’2 and the finite fourth order

moments. By replacing u; in (2) with (5), we have

[e'S)
Yt = IB/Xt + Z W;-Ut_j + Mt -

j=—00
By truncating infinite leads and lags at j = =M, we obtain the DOLS regression as follows:

M
ye = ' X + Z v +nf, fort=M+1,--- T — M, (7)
j=—M

where nf =+ i>|M| TF;-?}t_j. Note that the truncation points can be different at the leads
and the lags; in fact, the finite sample performance with the different truncation points could
be better in some cases as investigated by Hayakawa and Kurozumi (2008) and Choi and
Kurozumi (2012). In this paper, the same truncation points are used only for notational

convenience.

In the following, we consider constructing a test statistic based on regression (7) and thus
for notational convenience, we re-define T' = T — 2M and denote the effective sample period

t=M+1,--- ,T—Mast=1,---,T.

“We also considered the fully modified (FM) regression proposed by Phillips and Hansen (1990). However,
it can be shown that the tedious bias still remains even if the FM method is applied and thus we do not pursue
the FM technique in this paper.



As discussed in Saikkonen (1991), the truncation point M must diverge to infinity at a

suitable rate and we make the following assumption on the divergence rate of M:

Assumption 2 AsT — oo,

M4
rd — 0, (8)
VT > |mll — o (9)
|7]>M

Conditions (8) and (9) gives the upper and lower bounds for the divergence rate of M,
respectively. Note that Saikkonen (1991) assumed M?3/T — 0, which is weaker than (8) and
sufficient to guarantee the asymptotic normality of 7; for a given j. The stronger assumption
2 is required in order to evaluate the bias term in our cointegration test. Note that, as shown
by Kejriwal and Perron (2008), we can relax Assumption 2 as far as the efficient estimation

of (3 is concerned.
3.2. Cointegration test with DOLS regressions

We construct the test statistic following HML (2003). Let 7/ be the regression residuals

from DOLS regression (7) and the standardized version® is given by
7 1 ¢
~x _ It ~2 - A%
M= where &, = T ;_1 ;"

Then, the test statistic for the null of cointegration is given by

~ T

. C X 1 } :

SK — ,\K Where CK = — ELK}t Wlth dK,t = ﬁ;ﬁer’
Wa Ir'-K t=K+1

and @2 is the long-run variance estimator of ar, with the Bartlett kernel given by

SExactly speaking, it is not necessary for the residuals to be standardized as far as the univariate case is
concerned; the standardization is required only for the panel cointegration test in order for the test statistic
to be scale invariant. We standardize them in the univariate case just because the univariate cointegration
test can be seen as a special case of the panel cointegration test.

10



and J is the bandwidth of order o(T"/?).

We would like to show that the functional central limit theorem (FCLT) holds for Cg, but
we cannot directly apply theorems in HML (2003) because they assume a causal linear process
for the stochastic term z; whereas 7; in our model is not a causal but a linear process with
leads and lags of the innovations {&;}. Then, we first have to establish the Beveridge—Nelson
(B-N) decomposition for mn;— . In the following, the coefficients and the lag polynomials

depend on K but we suppress it for notational convenience.
Lemma 1 For {n:} satisfying (6), we have
(o]
M-k = Y Gi&&—j — Ay — AVFS 41y + 1oy + 13y, (11)

j=1

where A =1 — L and AT =1 — LY with L being the lag operator, G; = G j + Ga,; with

K—j—1
K-1
KO =1, K—2
Gl,j _ Z ¢Z¢j+€7K and GQ,j _ ; ¢E qu]-‘rf’ (] ) 5 )7
(=1-(jAK) 0, (1> K+2),
ft = th + 7:27,5 with
0 ~ K-2 _ _ K-1
th = ZGLJ'(L)&&_]‘ where GL]‘(L) = Z Gl,gl/ with Glyg = Z ¢i¢i+j—K7
j=1 o= i=0+1
K-2 B -z B K—-j—-1
For = Y Goj(L)&&—; where Goj(L) = Y GoyL’ with Gog= Y ¢irjdik,
j=1 (=0 i=l+1
o ~ 0 ~ ~ /-1
Fo= Y GHID)&G&; where GH(L)= > GFL' with Gf = > ¢idiyjxk.,
=2 (=2—(jAK) i=1—-(jAK)
K—-1 00 fe'e) K-1 -K
ri= Y G k& Ta= Y Y b bkt Ta= Y > Gib& k-
j=1 lj|>K f=—o0 j=—K+1l=—00

Lemma 1 implies that n1;_x can be decomposed into the first term on the right-hand
side of (11) plus the remaining terms, the former of which is a martingale difference array.
In order to establish the FCLT for the partial sum process of 7:1;— i, we make the following

assumption on the divergence rate of K.

11



Assumption 3 The lag order K diverges to infinity at a rate of \/T.

Strictly speaking, the lag order K can take an order different from /T as proved in
HML (2003), as far as the FCLT is concerned. However, HML (2003) and HLM (2005)
recommended K = O(\/T) for practical purpose; in addition, we need to require M*/K — 0,
which is satisfied under Assumptions 2 and 3, in order to evaluate the bias term later. Because

of this reason, we restrict the order of K to O(v/T).

From expression (11), the FCLT for a sequence of martingale difference arrays can be
applied to the first term on the right-hand side of (11) by the following Lemma 2 while the
differencing operators A = 1 — L and AT = 1 — L' avoid from accumulating the effect
of 7 and Fj . Intuitively, the partial sums of the remaining terms 714, 72; and r3; become

negligible because they include ¢; for j > K, which converges to zero sufficiently rapidly.

Lemma 2 Suppose that Assumptions 1 and 8 hold. Under the null hypothesis, the following

FCLT holds as T — oo 7
Tr

\/Tl——K Z -k = B(r), (12)
t=1

where [a] is the largest integer less than a, 0 < r < 1, = signifies weak convergence of

the associated probability measures, and B(r) is a Brownian motion with the variance w? =

41; 0o 2
o img 00 ijl G5

Note that (12) holds only when K — oo at a suitable rate; otherwise, the left-hand side

apparently goes to infinity.

We are now in a position to apply Lemma 2 to the residuals in DOLS regression (7).

Since

i=m—B—p)X;— (I-T)V; +e,
where B and 1I are the estimators of B and II in (7) with IT = [mpr, Tas—1, - 7—p), Vi =
[V nrs Vg1 5 Vi)’ and ep = 3700y Tive—j, we have

Ak Ak

T T
1 1 1
—_— Mg = —F—— -k + —=—= (Rgr + Rur + Rr),  (13)
VT_Kt:;—lttK VT_Kt:;-l t VI-K "

12



where

T
Rsr = (B—B) Z XX k(B—B)— Z Xegm—B-8) > Xim-x, (14)

t=K+1 t=K+1 t=K+1

Rugr = (-11) Z ViV e (1= 11) — (LT T1) Z Vi — (MT=T1)! Z Vini—xc, (15)

t=K+1 t=K+1 t=K+1
T T A T
Ry = Z etey—K + Z (neet—x + m—ree) + (6 — B) Z (XeViek + X4 Vi) (11 - II)
t=K+1 t=K+1 t=K+1
A T T
—B=8) Y. (Xyeri + Xy—ge)) — (=11 > (Vierx + Viger). (16)
t=K+1 t=K+1

The following theorem is obtained by applying Lemma 2 to the first term on the right-
hand side of (13) whereas the remaining terms are shown to be negligible by directly applying
the results of Saikkonen (1991), so that Cx 4N (0,w?) under the null hypothesis. The
consistency of @2 is also proved similarly to HML (2003). On the other hand, the test statistic
diverges to infinity as proved by HML (2003) and then we omit the details.

Theorem 1 Suppose that Assumptions 1, 2 and 3 hold. Under the null hypothesis, as T —
OO)

SK — N(Oa 1)7

whereas under the alternative, it diverges to infinity.

From Theorem 1, we can test for the null hypothesis of cointegration using the same test
statistic as HML (2003) using the DOLS regression residuals, even though they are not causal

but expressed as the leads and lags of the innovations.
3.3. Bias correction of the cointegration tests

As explained in the previous section, the cointegration test based on the autocovariance
suffers from under-size distortion and we need to construct the bias corrected version of the

test statistic as suggest by HLM (2005). Because the first term on the right-hand side of (13)

13



is the leading term, we define the bias of (13) as the expectation of the remaining terms up
to Op(Tfl/ 2). It is shown in the proof of Lemma 3 that the bias appears only from Rg 7 in
(13) while Ry and Ry can be negligible.

Lemma 3 The bias of (13), —b, is given by

+ Py )w?
—b= —w, where p. =1 (constant case) or p. = 2 (trend case).
T — Koy

From the result of Lemma 3, the bias corrected version of the test statistic is defined by

- COg+b - e+ py)2
Sk = KA+ where b:w

Wq \/T—K&%

with cD?, is the long-run variance estimator based on 7); with the Bartlett kernel defined as

(10) with ak replaced by 7;. Then, we have the following corollary:

Corollary 1 Suppose that Assumptions 1, 2 and 3 hold. Under the null hypothesis, as
T — o0,
SK — N(07 1)7

whereas under the alternative, it diverges to infinity.
4. Panel Cointegration Test

In the case of panel cointegration, model (2) becomes
vit =B Xy +uy for i=1,2,--- N and t=1,2,--- T, (17)

where X;+ = [1,2},]" (constant case) or X = [1,t,2},]' (trend case), y;+ and x; are 1- and

Di .- dimensional processes with
*
Tip = Tig—1 +vig and  ujp = pitlip—1 + Uy

Note that the specification of the non-stochastic term and the dimension of the I(1) regressors
can be different for individuals.

Let ug, = [uf 1, udy, - uy,) and ver = [v] 4,094, ,vy,)" are N- and poz = (P1o +
P2,z + -+ + PN )-dimensional vectors, respectively. In the case of panel cointegration, we

make the following assumption:

14



Assumption 1’ (a) [uy;, vy ,]" is a vector linear process given by

ut i . = .
(50 =S s vt 5l < o
=0 =0

Va,t

where {44} i a po-dimensional i.i.d. sequence (p, < paq. + N) with mean 0 and variance
gwen by ¥, ., which is positive definite, and has the finite fourth order moments.

(b) The marginal distribution of [u;‘7t,v;7t] satisfies Assumption 1 fori=1,2,--- ,N.

As in the univariate case, we do not allow for cointegration among regressors in each
individual regression (17) by Assumption 1’(b). On the other hand, it is possible for some

" can be

x; ¢ to be cointegrated with x;; with ¢ # j. Assumption 1’ implies that [uzt,vg’t]
expressed as in Assumption 1 using a (p; . + p;»)-dimensional i.i.d. sequence {¢;;} and that
€i,s are independent of €;; for ¢ # j and s # t. The latter property will be used to establish

the joint convergence of the individual test statistics.

The null hypothesis in the panel case is that all the individuals are cointegrated whereas

at least one individual is not cointegrated under the alternative. That is,
Ho: pi<lforallt vs. Hy: pj=1fori=1,--- Ny with 1 < N; < N.

Note that because the cross-sectional dimension N is fixed in our model, we can reject the
null hypothesis even if only one individual is not cointegrated. However, it is not difficult to

expect that the test against small IV; is less powerful than that against large Vj.

As in the univariate case, individual regression (17) is augmented by the leads and lags

of the first differences of the (1) regressors and we obtain the DOLS regression given by

M
iy = BiXip + Z i jVit—j + Miy (18)
=M

where 7/, is defined as before and the standardized regression residuals are defined as
i

1 Z

~k ) ~2 ~ %2

iy = > Wwhere &7, = T E Mit-
Tin t=1

Note that the truncation point M can be different over cross-sections but we proceed with

the same M for notational convenience.

15



In this case, the test statistic for panel cointegration is given by

N Ck ~
Sk = —= where Ok = —(——= Z art with aKt—antnzt K>
Wa VI - K,

while the bias corrected version of the test statistic is defined as

~ 9 l~) ~ 1c+ i,T 2
SK:CK+ where b= (v p )@

o «/72 7

Theorem 2 Suppose that Assumptions 1°, 2 and 3 hold. Under the null hypothesis, as
T — oo,

S’K, SK — N(O, 1),

whereas under the alternative, they diverge to infinity.

As discussed in the introduction, the advantage of using HLM (2005) test is that we do
not have to rely on the joint limit theorem in order to obtain a test statistic whose null
limiting distribution is free of nuisance parameter. This is because the test statistic in the
univariate case has the limiting normal distribution. As a result, we can apply our test even

for panel data with small N.
5. Monte Carlo Simulations

In this section, we investigate the finite sample performance of the panel cointegration
tests proposed in this paper. Under the null hypothesis that all the individuals are cointe-

grated in the panel, the data generating process is as follows:

Yir = o + Biiy + €, (19)

or

Vit = a; + vt + Biwis + eig, (20)

where

it = Uit + i ft,
Tit = T t—14+Vit,

16



u
Uit = Qillit—1 + Ejy,
. —_— . . U
Vit = wzvz,t—l + Eits

Both constant and deterministic trend models are considered which are generated by equa-
tion (19) and (20), respectively. We assume a; = 0, ; = 1,7; = 1 for all 4, and [qu,tv@zt}/ A
i.i.d.N (0, X) with vech(X) = [1,0.5,1)". The AR coefficients are generated by ¢; «~ U(—0.4,0.4)
and ¢); « U(—0.4,0.4). The error term wu;; and v;; are correlated for the same individual ¢,
but they are cross-sectionally independent. The error term e;; consist of the idiosyncratic
errors u;; and the common component J\; f; with common factor f; and loading factors A;. We
generate f; v i.i.d.N(0,1), \; «~» U(0, 1). Therefore, both serial correlation and cross-sectional
dependence are considered in our models. In the case where there is no cross-sectional depen-
dence, A\; = 0, so the error term is simply u;;.Under the alternative hypothesis that not all
the individuals are cointegrated, we generate ¢; = 1 for i = 1,..., N7 and ¢; «~ U(—0.4,0.4)
fore=N;+1,...,N.

Throughout the simulations, the bandwidth for the long-run variance estimation, the

leads-lags truncation parameter, and the time difference parameter are set to

bandwidth = [12(T/100)1/4] ,

M = [2(T/100)1/5] ,

K = [V3T].

Tables 1 and 2 summarize the size and power results from the simulations. For all
the simulations, we replicate 5000 times. We choose the following combinations of T =
{100, 300,500} and N = {1, 10,25,50,100}. These tables give the results for the model with
a constant and the model with a constant and a trend, respectively. We first consider the
case where there is no cross correlation and the results are shown on the left panel of the
tables. For both models and with or without cross correlation the statistic Sj, without the
bias correction, is grossly undersized except for N = 1 and T large. On the contrary, for both

models and with or without cross correlation the statistic Sy, has an empirical size, generally,
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close to the nominal one except when T is not sufficiently large compared to N. The size gets
better in presence of cross correlation which indicates the effectiveness of our bias correction.
Because of the size distortion there is no need to discuss the power of the statistic Si. The
power of the statistic Sy is generally good, it increases with the size of the sample and the

ratio N1 /N as expected.

In summary, our statistics S;, has very good performance in finite samples especially when

T is relatively larger than N.
6. Conclusion

In this paper we have proposed tests assuming a null hypothesis of cointegration. Contrary
to the single equation cointegration tests in the literature where the limiting distributions are
non-standard, we show that our tests have a standard normal asymptotic distribution. Our
tests are transposed to panel data cointegration tests allowing for cross-section dependence
and serial correlation. We prove for N fixed and T" — oo that the limiting distributions of
our statistics are standard normals. We have derived a bias correction which is shown to
work well in finite sample via a small scale Monte Carlo simulations, particularly when T is
larger than N. Finally, our tests are robust to the likely presence of cointegration across units

which is often the case in macroeconomic data.
Appendix

In this appendix, ¢ signifies a generic positive constant that may differ from place to place.
Proof of Lemma 1

Using expression (6), we decompose m;7;— i into 5 parts as follows:

M-k = Y Gi&—i Y be&—K—t

j=—00 {=—00
K-1 oo K-1 -1 0 e
= a0+, > a0+ > > a0
j=1 £=0 j=1 t=1-K j=1-K f=1-K
o0 0 K-1 -K
+ )0 a0+ 9:(4,0)
|7|>K f=—0c0 j=1-K {=—0c0



= C14+0C +Csp+12p +134, saY, (21)

where g;(j,0) = ¢jPe&i—i&—K—e-

For C14, we can see that

K-1j-1 K-1 oo
Cl,t - Z th(j7€) + Z th(jvg)'
j=1 ¢=0 j=1 t=j
The first term becomes
K-1j-1
Y>> a0 = (9K —1,0)] + [g:(K —2,0) + g:(K — 1,1)]
j=1 ¢=0

o [96(1,0) + ge(2,1) 4 -+ g (K — 1, K — 2)]

=

= D (K —j+1,0)

(=0

—
<

<.
Il
—_

T
>

gt(f,]—Ff—K)
J

<

Il
-
~

[
=[]

0
0

= Pepjto—KE—t€r—i—j, (22)
il

I
I
=

where the third equality holds by re-defining ¢ as K — j + £. Similarly, we have

K—-1 oo co K-—1
j=1 ¢=j 7j=0 ¢=1
co K-—1
= Y Y altj+-K)
j=K (=1
co K-—1
= Z G0Djro—k&—t6i—0—j, (23)
j=K (=1

where the second equality is obtained by re-defining j as 7 + K.

Similarly, we have

K-1 -1
C2,t - gt(]ag)

j=1 t=1-K
K—1K—

= Djbe—KEt—j&e—e
j=1 ¢=1
K-1 K-2 K—1

= bidi-KEfj+ > ($ibe—r + Gedj-r)i—ibi—
j=1 j=1 t=j+1
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K—2K—j—1
&+ (PePjto—rk + Pjtede—k)Et—e6t—0—j- (24)
j=1 (=1
Then, we have, from (22)-(24),
0o K—1 K-2K—j—1
Cip+Cor =111+ Z Z GePjro—rEt—eSi—0—j + Z Z Gjredo—r&—e&—o—j-  (25)
J=1 =1 j=1 (=1

For Cg}t,

0 00
C3,t = Z Z gt(jvg)
=1

j=1-K (=1-K j=1-K (=j+1
K J oo K

= 3 D> g+ l—K)+> > gt — K, j+ (- K)
j=1 =1 j=1¢=1
K 0 o0 0

= Y D gl i+ -K)+> > gt j+0)
j=1¢=1—j J=l=1-K
K 0 (e} 0

= > > allbi+t—K)+ > > altj+(-K)
]:1 Z:l—] jZK-‘rlf:l—K

Cri+Co +C3y

K—2K—j-1
= T1t+z Z Geiat- el o+ Y Y Giribr ki j
J=1e=(1—j)V(1—K) =1 =1
= 711t +Cayt + Cpy, say. (27)

We next apply the B-N decomposition to Cy; and Cy ;. For Cy ¢, we consider three cases
where / =0, £ >1 and ¢ < —1. For £ = 0, we have

Cot =Y b0dj- K&, (28)

J=1
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while for ¢ > 1,

oo K-1
Cot = YO dubjrexL'&E

j=1 =1
oo K-1

= > > Gejpexll = (1= LGS
j=1 =1
o K-1 oo K-1 -1 .

= D ) betjr-x&b- — A Y bk Y L
j=1 =1 j=1 t=1 i=0
oo K-1 oo K—2 / K-1 ‘

= YD b kG~ A maw_;{) L'
j=1 =1 j=1 i=0 \l=i+1
oo K-1

= Z Gedjro—r&tSi—j — ATt (29)
j=1 =1

For ¢ < —1, it is sufficient to consider the case where 7 > 2. For j = 2,--- | K — 1, the

summand of C,; becomes

—1
> i kLG

=1—j

-1
= Y il - (1- L&k

(=1—j

—1 -1 0
= Z Pejro-k&ibi—j — AT Z Dedj+i—K Z L&

1=1—j 1=1—j i=0+1
i—1
= Z Gejro—r&ibe—j — AT Z > debjrex | LGy, (30)
l=1—j i=2—j \U=1—j

where At = (1 — L™!) and we used the relation (1 — L) = (1 — L™ (1 4+ L~! + ... + L)

for £ < 0, while for j > K, it can be expressed as

-1
Z Gedjro- kL &&—;

{=1-K
1 -1 0
= Y bbbl — AT DY debjx >, LG
(=1-K {=1-K i=(+1
i—1
= Z bedj o k&l — AT Z ( > ¢e¢j+m> L'g&—;. (31)
(=1-K 1=2—K \U=1-K
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From (30) and (31), Cy for £ < —1 becomes

o0 -1 o0 0 i—1
Cot = Z Z ¢Z¢j+é—Kftft—j—A+Z Z Z Gedjre-k | L€y
j=2i=2—(jAK

j=2 e—l—(jAK) ) \{=1-(iAK)

= Z Z Sedjro-rili—j — AT (32)
Jj=24=1—(jAK)

Combining (28), (29) and (32), we can see that

00 K-1

Cat = D>, Y. Subjpe-rbilej— AFy — AT

j=1t=1—(jAK)

D Gr&ibij — Ay — ATF (33)
j=1

In exactly the same way, we have

K—2K—j— K—2K—j—1
Coy = Z bjrede-k&i&i—j— A b rie- KZL% ~
j=1 (=1 j=1 (=1 i=0
K—2 K-2K—j—2 /K—j—1 '
= Go,j&i&i—j — A ( > ¢j+e¢e—f<) L&
J=1 j=1 =0 0=i4+1
K—2

= Gaj&t&i—j — ATy (34)
1

.
Il

Combining (21), (27), (33) and (34), we obtain (11).H

Proof of Lemma 2

From (11) in Lemma 1, we can see that

T'r] [TT]
\F ant K = \F Z Z Gj&eée—j + No ( — Fir) =7+ ’"[J%r])
t=1 j=1
1 (T7]
\FZ T1¢ 4 T+ T3)- (35)

We will show that the FCLT holds for the first term on the right-hand side while the other

terms are negligible, using the following lemma:
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oo
1
Lemma A.1 For {¢;}32_ satisfying the condition given by (6), (i) Z lpj| = o <K2>
ljI= K
K2 K—2K—j—2

and Z ]¢]]2—0<K4> (m)Z\G|<oo (m)z |Gy.e| < o0, (w)zl Z 1G] <
j =0

IJ|>K j=1 =0

00, (v) Z Z |G| < 0o. The relations (ii)—(v) hold uniformly over K.
J=20=2—(jAK)

Proof of Lemma A.1: (i) is shown by

S 1ol < g > WPlel=o(52)

71> K 71> K
(o] o]

1 . 1
S 16 < g 2 ek =o ()
71> K 71> K

For (ii)-(v), we have

e8] 00 K-2
DG < D 1G] Gyl
j=1 =1 j=1

) K-1 K-—2K—j—1
< > bdlbierl+ Y Z |60l Pe—x]
jzlefl—(jAK) j=1 (=1
< Z r¢e|Z|¢J+e KHZW K\Zwﬁa
(=1-K j=1
o0 [ee] [ee]
- (z m\) - 3 X<
{=—00 l(=—00
oo K—2 ~ oo K—-2 K—1
DD NGl < Y20 > 16illdii-x]
j=1 ¢=0 7j=1 ¢=0 1=(+1
K—-2 —1
< ¥ |61 Z Ex
1=0 1=¢+1 j=—00
K—-1
= il Z |¢J|<OO
=1 j=—00
K—2K—j—2 K—2K—j—2K—j—1
Goul < > Z > il k|
j=1 ¢=0 j=1 (= i=0+1
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K-2K—-j—-1

= ilpiyjlldi-x|
j=1 =1
K-2

< Y ilgi-x] Z it
=1 7j=1
o

< Y ey kel <.
i=—o00 j=1

00 0 00 0 /-1
Z Z Gfl < Z Z Z |63 | Pitj— K|
J=20=2—(jAK) j=2/1=2—(jAK)i=1—(jAK)

0 -1

IN
M
\

§
!
<
i
3

(=2—Ki=1-K
-1

< dited Z 5] < oo.H

i=1-K j=—00

Note that the absolute summability in Lemma A.1(ii)—(v) implies the square summability
of the corresponding terms. Using Lemma A.1, we show that all the term on the right hand
side of (35), except for the first term, are negligible.

1 1
Lemma A.2 Fory, 77, 14, 7ot and 3y in (35), (i) sup |—=f =o0p(1) and sup |—
6 T4 5 TLts T2 i (35) ()Ogrgl Vol p(1) e |
(Tr]
op(1). (i1) sup Znt = 0p(1) for i =1,2 and 3.

0<r<1
Proof of Lemma A.1: (i) We first note that 7, = 71 ; + 72 as defined in Lemma 1. Since

\% > 5) <TP <\% |7ie| > 8) 7TE[~4 ]

for 7 = 1 and 2, it is sufficient to prove that E[fﬁt] < oo for i = 1 and 2. Noting that non-zero

P < sup Tit

0<r<1

terms of E[f;{t] are related to the products among E[¢?], E[¢]] and E[£}], all of which are

bounded by assumption, we can see that

oo K-2 4
E[’”%t] < Z Gl | < oo,
j=1 ¢=0
K-2K—j—2 4
Eliy,] < Z |Gla| | < o0
j=1 (=
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uniformly over K by Lemma A.1(iii) and (iv). The second statement of (i) for 7, is proved

in exactly the same manner.

(ii) For i = 1, we first show that E[ry;] = o(1/v/T). From the definition of r1;, we have

Ellrigll <o Y 1oillei-xl- (36)

j=—o0

Noting that

> Kl Y 1oilléi-xl < Z Z (I5 = K1+ 13D1#;l¢5- x|

K=—o00 j=—00 K=—00j=—00

2 Z [Kl[ox] Z [ll¢5] < o0,

]_—OO

IN

we can see that |[K|>°72 [¢;]|¢j—k| is a convergence sequence over K. In other words,
K2 oléillej-k| is o(1) as K — oo and then from (36), E[|r14]] = o(1/K) = o(1/V/T)
because K = O(v/T) by Assumption 3. Using this result, since

(Tr]
sup

T
Zrlt SiZTl,t
0<r<1 \FH \f:1| s

we obtain
(1]

| 723 ne| <

0<r<1

|T1t )

IIM%

For ¢ = 2, by Cauchy-Schwarz inequality, we have

00 2 o) 2
Ellragl] < (E Z@¢j<E(Zw¢ma
j=K =

1/2

IN

ﬁ2¢2w

f=—00

()3

by Lemma A.1(i). Then, we have E[sup, |T~1/2 Egrﬂ r2.¢|] = o(1) in exactly the same manner

as the proof for ¢ = 1.

The case with ¢ = 3 is shown similarly and we omit the proof.l
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From Lemma A.2, the rest we have to show is that the FCLT holds for the first term on
the right-hand side of (35). From Theorem 27.14 of Davidson (1994), it is sufficient to show
that

L5 0, (38)

lim =L & VO<r<l1, (39)

where m; = Z;’il Gi&i—j.
The condition (37) holds if we show that 7= S (m? — E[m2])) - 0, which is proved

using Chebyshev inequality by showing that

t=1 t=1
9 T-1 T
+5 0 2 E[mi = Emi])(mi_, — E[m;_])]
s=1t=s+1
— 0 (40)

For the first term on the right-hand side of (40),

2
T T o0
2 SB[ - Emd)’] = B33 66 (Gt - 2Ela &)
=1 t=1 i=1 j=1
c
< 7 ;ycﬂ — 0. (41)
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For the second term, note that for s > 0,

E[(mj — E[mi])(mi_, — E[m{_,))]

o0

Z Z Z Gi1 Gig G’L‘g G7,4E [(gggt—il é.t—jl - O-gE[ét—il é.t—jl])
i1=1j1=11i2=1j

=1 jo=1

(gg—sftfsfizgtfsfjg - UgE[gtfsf’izét—s—jg]])] :

The expectation becomes

E [(&7¢—i&t—jy — 0FEl&—is&t—j ) (&7 oEts—in&t—s—in — 0L E[Et—s—in&is—jn]])]
E [0 (&—irt—jy — Elé—i -5 )) (&g — 02)&1—s—inbt—s—s]
+E [0F(&t—ir&—iy — Elb—i &1 )08 (G—s—inbt—s—jo — Blét—s—in&i—s—j]])] -
Since {&;} is an i.i.d. sequence, the first expectation takes non-zero values when i) i1 = j; = s
and iy = jo, ii) i1 = s+ 9 and j; = s+ jo, (ili) 41 = s + j2 and j; = s + jo, while for the
second expectation, it is sufficient to consider either iv) i; = s+ i9 and j; = s+ jo or (v)
11 = s+ jo and j1 = s + jo. Therefore, we can see that

- 2
’E[(m? - E[mg])(m%—s - E[m? s S G2 Z (Z ‘Gs+i2”Gi2|> )

Jo=1 ig=1

and thus,

2

IN
Nl o

%Z@Z +Z<Z\Gsm|ram|> <

ia=1 Go=1 ia=1

Then, (40) holds from (41) and (42).

To prove (38), we note that E[m?] = ¢ Z] 1 G2 < oo and then the denominator of (38)
is O(v/T). On the other hand,

1 1
— < — >
P <1I2ta<}§“ \/T|mt| > ) < TP <\/T|mt’ > 6)

1 A 1
ngTE[mt] =0 (T> )
because E[m{] is bounded uniformly in ¢, T and M. Therefore, we obtain (38).

Finally, we can see that (39) holds even in finite samples because of stationarity of m;.l
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Proof of Lemma 3

Let Dy = diag{V/T, T I,,} (constant case) or Dy = {~/T,Tv/T,I,,} (trend case), | B|| =
[tr(B'B)]Y/? and || B|1 = sup{|Bz|| : |z| < 1} for a matrix B. We will show that only Rgr

yields the non-zero bias whereas Ry and R7 are negligible, using the following lemma:

Lemma A.3 Suppose that Assumptions 1, 2 and 8 hold. Under the null hypothesis, as T —
o, (i) Dy}(f - (fo B(r)dr) [ Br)aBy(r). (ii) [~ 102 = 0,(M/T), (iii)
DY e Xeowem =5 [y BO)dBy(r) and DVE i Xomxc =5 [y Br)dBy(r), (iv)
|74/ Zt:KJrl Vierknl = HT71/2 Zt:KJrl Vine— x|l = Op(MY/2), (v) || Zi&r K41 ThCt— KH -
ISEcm kel = o)1), (i) DVEL XX DT L [ BB (r)dr,
(vii) |IDF' Sl X Vgl = IDr g XexV = op<M1/2>,
(viii) |1 D1 XF- g1 Xeericl = 1Dr 0o Xeocerl] = 0p(1), (i) [T V2 XL o ViV el =
0,M), (1) [T S0y ViVY) = T3t = Op(MNVT), (51) | Ty View il =
157 e Vieedll = 0p(MY2), (aii) | SF s everxcll = 0p(1), where B(r) = [1,B'())
(constant case) or B(r) = [1,r, B'(r)]" (trend case) with B(r) being a p,-dimensional Brown-
ian motion with the variance given by limy_o E[T~Y227], B,(r) is a one-dimensional Brow-
nian motion independent of B(r) with the variance given by w% = limy_,o E[(T~/2 Z )2

and I', = E[V,V/].

Proof of Lemma A.3: All the results, except for (v), (ix) and (xi), are obtained by Saikkonen
(1991) using the FCLT with K going to infinity slower than 7. For (v), we can see that

Z Met—K

t=K+1

< sup \et!Z\m

Note that 7, [n:] = O,(T) while

P( sup et > 6) < TP (let| > ¢e)
1<t<T

T
< ZEle!
— 84 [et]
4
cT
< S 3l
71> K
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- ()~ ()
where the last inequality is obtained by (9).We thus obtain (v).

For (ix), each block element is expressed as T~ 1/2 ZtT:K_H vt,ivg_K_j fori,j=—-M, -, M.
Since (t—i)—(t—K—j) = K—i+j > K—2M, we can see that the time difference diverges to
infinity at a rate of K because M*/K — 0 by Assumptions 2 and 3. Because the conditions
for the FCLT given by HML (2003) are satisfied, we can see that each element is O, (1), which
implies (ix).

(xi) is proved by noting that

T
Z Vier— Kk

t=K+1
because sup, |e;| = 0,(1/T) by (43).1

t=1

T
] <sup e Y Bl Vi) = 0p(VM),

We first evaluate Rg 7. Using Lemma A.3(i), (iii) and (vi), we have

Ryp - — </ B(r)dB,( ) </ B(r > 1</OIB(T)dBn(T‘)). (44)

Since fo B(r)dB,(r)|B(-) ~ ( w? fo dr), we can see that the right-hand side
of (44) is distributionally equal to —wn times a chl—square distribution with (p. + p,) degrees
of freedom. As a result, E[Rg 7] can be approximated by —w% (Pe + Pz)-
For Ry 7, the first term becomes
T

-1y S ViV (T —0)
t=K+1

T
Y. Wik

t=K+1

0, (%) —op(1),

using Lemma A.3 (ii) and (ix) and Assumption 2.

For the second term of Ry 7, since it can be shown that

V(T S R M
T(II—1I) — 75 A% —E Vine ||| <O — 1,
( (T t=1 t ) ( T t=1 tn) ' ( T)

<1TZth’> (;ZT:VM’)l ( ZT: tK??t) = p<]\\/4;>=0p(1)

t=1



by Lemma A.3 (iv) and (x), it is sufficient to evaluate

k) 5]

t—1

T
= B [V{Viek—emmi—d] | - (45)
t=14=t—-T

N

H\H

< sup |}

To evaluate the right-hand side of (45), we express 17, using ¢; such that
o0 [e.9]
m= > Py, where Y [j]vy < oo
j=—00 Jj=—00

with {9; };?‘;_OO is a sequence of p, + 1-dimensional coeflicient vectors, because

[o¢] o0 o0
/ .
N = U — g TV j with  wu; = g Oy jei—; and v = g Dy jer—j,
j:—oo j:(] j=

where ®; is partitioned into ®; = [P/

15> ®5;]". Then, by focusing on the term viv;_ ¢ in

V/Vi_k s, we can see that

Ry = B [vjvi—g—omn—d]
o0 ! o0 o0 o0
= E | ey > ®ajer ki < > ﬂ}ﬁﬁtil) < > %&f—é—m)
71=0 Jj2=0 11 =—00 lp=—00
We note that the expectation takes non-zero values when (i) j1 = K + ¢+ ja, i1 = £ + i and
io # K + jo, (ii) i1 = j1, 2 = K + jo and ji # K + £+ jo, (iii) i1 = K + £+ jo, 12 = j1 — ¢
and j;1 # K+ {0+ jo ,and (iv) i1 = K + 0+ ja, i = K + jo and j; = K + £ + jo.

In case (i), for £ > 0, R+ becomes

o0 N o0 o0 o0
ZRM < EZZ||‘I’2,K+E+J'2||||‘1’J'2|| Z [9etis | |4 |
=0 =0 j2=0 12=—00
00 2
< S (B ZH%]H (z uwz-gu)
(=0 j2=0 i9=—00

< oY e KAyl =0 (1), (46)

Jjo=K

because {®;} is 2-summable.
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On the other hand, for £ = —1,—-2,--- , —K, we have

[-K/2] ~
< Z D 1o ket ll10 Z %t |93, |
KJ2 0 ig=—00
+c Z ZH(I)2K+Z+32HH(I)]2H Z [therio || |93,
(=[— K/2+1]2 0 ig=—00
o0 21-K/2] oo
< P Z > ltberin il
72=0 —K 12=—00
—1 00 00 o] 2
ol 3 S el ) (10t} (3 )
(=[~K/2]+1 ja=0 =0 P——

~ (D) ee(L), -

where the last relation holds because

%) ) 0o %)
SOIEP DY n-rlllval < 2 > > (i +lia = K[kl
K=—00 1g=—00 K:—ooizz—oo
< 4 Z [ Z i |?[|i, || < o0,
= i9=—00

which implies |K\QZ;?;:,OO Vi, —k||||¥iy || = o(1) or, equivalently, E;’;Zioo Vin—k Vi, || =
o(1/K?), while

—1 oo K 00 1
S Yl < || 2 1eal=o()

(=[—K/2]+1 ja=0 J2=[K/2]

because of 2-summability of {®s ;}.

For ¢/ < —-K —1,
—K+1 —K—-1 o©
> Ruel < 2D D @210, —x—ll Z be-via 1|03, |
{=—00 l=—0071=0 i9=—00
—K—-1 oo (o' 00 2
c e S sl [ 3 1] (z um)
f=—00 71=0 71=0 i9g=—00
> 1
< e X alel=o(%). (18)
j1=K
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From (46)-(48), we have ‘Zz_m ang’ =0o(1/K) in case (i).
In case (ii), we first note that
oo
Elosg) =Y ®o;Scthjpe =0 VL=0,£1,42,-- (49)
j=0
Then, we have for ¢ > 0,

oo oo o0
- Z Z Z ¢§1E€q),27j1(1)27j226wf(+j2

(=0 j2=0j1=0

)
D R
(=0

NEK+L+752
oo [ee]
- Z Z Ukt tr5o 2P0 iy 0450 P25 DKt
(=0 j2=0
o0 o0
< EZ Z Kt jo 1 P2, K+ 044o || @2,ja 1K 45 |
(=0 j2=0
00 0o 00 .
< e 2 plviinl | | 20 pl@esenll ] | 30 122l | | 20 Ionesl
Jj2=0 Jj2=0 J2=0 j2=0

[

where the second equality holds using (49).

Similarly for £ = —1,--- |, — K,
S Rl € e 3> n el s s l19o s r
—K (=K j2—0
—1 [e'e) 00 00 s
< ¢ Z Z | P2,k 404js || Z [l |l Z @, | Z [
t=—K j»=0 ja=—o0 j2=0 e
K—1 - - )
< ¢ Z(jz + 1)|[ o || + K Z @24, | Z [l | =0 (K) ’
j2=0 jo=K j2=0

while for / < —K — 1,

—K—-1 oo oo

- Z Z Z 1%126(1)/2,]'1@2,]‘2251[1}(4@2

l=—o00 j2=0341=0
Jo#j1—K—t
—K—-1 oo

- Z Z ¢;1 Efq)é,jfp?,jl—f(—ézsl/’jl—e

l=—o00 j1=0

—K-1
Z Ry

l=—00
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[e.o]

| Dol ) | Do Rzl ) | Do @2l > G =Kl

Jj1=0 Jj1=0 j1=0 j1=K+1
1
= 0| — .
K

We then have ’ZZ’;?OO Rn,g’ =0(1/K) in case (ii).

IN

In exactly the same way, we have the same order in cases (iii) and (iv), so that 372 Rys| =
0(1/K) in general. Then, we can see that the right-hand side of (45) is o(M/K) = o(1) by
Assumptions 2 and 3, so that the second term of Ry is 0p(1). Similarly, we can show that

the third term of Ry 7 is 0p(1).

Using Lemma A.3, it is not difficult to see that Ry = 0,(1). As a result, we obtain the
bias.H

Proof of Theorem 2

As given by Lemma 1, we can apply the B-N decomposition to each n;n;;—x. We can
also see from Theorem 1 that 7; ¢7;,¢—k is the dominate term in 77,77, g -while the other terms
are negligible and the bias becomes as given in Lemma 3 for each ¢. The rest we have to
show is that the FCLT holds for Zf\il 7i.¢Mi—r - Note that because n; ; is obtained by linear
transformations of €; ¢, n;; is independent of n; ; for all 4, j and s # t. Thus, we can see that
Ef\i 1 MitMii—K is a martingale difference sequence with respect to the sigma-field constructed
from n14,M26—1, " M2, M2,6—15 - SN IN,t—1, - Because G;; for ¢ = 1,--- | N satisfy
Lemma A.1(ii), we can see that the conditions of the FCLT given by Theorem 27.14 of
Davidson (1994) are satisfied as in the proof of Theorem 1. We then have the theorem.ll
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Table 1: Empirical size and power - Constant model

no cross correlation

cross correlation

Size Power Size Power
Ni/N =02 N;/N=05 Ni/N =02 N;/N=05
100 1 0.026 0.043 0.128 0.363 0.128 0.363 0.025 0.045 0.125 0.362 0.125 0.362
100 10 0.012 0.073 0.054 0.334 0.096 0.639 0.016 0.068 0.047 0.335 0.091 0.633
100 25 0.008 0.090 0.043 0.514 0.099 0.857 0.018 0.074 0.038 0.427 0.091 0.841
100 50 0.005 0.107 0.035 0.676 0.093 0.964 0.012 0.079 0.030 0.484 0.076 0.917
100 100 0.001 0.132 0.026 0.847 0.094 0.997 0.010 0.082 0.022 0.510 0.083 0.981
300 1 0.044 0.050 0.555 0.696 0.550 0.694 0.032 0.049 0.554 0.696 0.547 0.687
300 10 0.022 0.063 0.561 0.782 0.907 0.984 0.031 0.056 0.514 0.728 0.900 0.986
300 25 0.018 0.070 0.798 0.966 0.998 1.000 0.027 0.062 0.703 0.929 0.996 1.000
300 50 0.011 0.072 0.957 0.999 1.000 1.000 0.022 0.055 0.866 0.986 1.000 1.000
300 100 0.006 0.090 0.999 1.000 1.000 1.000 0.019 0.066 0.905 0.996 1.000 1.000
500 1 0.042 0.049 0.757 0.828 0.762 0.836 0.041 0.054 0.768 0.841 0.764 0.841
500 10 0.029 0.053 0.829 0.923 0.995 0.999 0.033 0.052 0.838 0.924 0.994 0.999
500 25 0.019 0.056 0.988 0.998 1.000 1.000 0.025 0.059 0.967 0.995 1.000 1.000
500 50 0.020 0.063 1.000 1.000 1.000 1.000 0.029 0.053 0.997 1.000 1.000 1.000
500 100 0.009 0.068 1.000 1.000 1.000 1.000 0.025 0.058 0.999 1.000 1.000 1.000




Table 2: Empirical size and power

- Deterministic trend model

no cross correlation

cross correlation

Size Power Size Power
Ni/N =0.2 N;/N=0.5 Ni/N =02 N;/N=05
100 1 0.025 0.049 0.004 0.144 0.004 0.144 0.024 0.049 0.003 0.145 0.003 0.145
100 10 0.009 0.090 0.003 0.145 0.000 0.176 0.013 0.083 0.002 0.141 0.000 0.178
100 25 0.007 0.121 0.000 0.176 0.000 0.178 0.015 0.092 0.000 0.152 0.000 0.192
100 50 0.003 0.144 0.000 0.197 0.000 0.167 0.010 0.101 0.000 0.164 0.000 0.188
100 100 0.000 0.186 0.000 0.196 0.000 0.131 0.009 0.105 0.000 0.165 0.000 0.169
300 1 0.044 0.051 0.223 0.436 0.221 0.449 0.030 0.054 0.214 0.437 0.213 0.440
300 10 0.017 0.074 0.149 0.484 0.277 0.798 0.028 0.062 0.135 0.425 0.277 0.786
300 25 0.013 0.085 0.162 0.730 0.415 0.977 0.022 0.070 0.138 0.622 0.389 0.971
300 50 0.006 0.094 0.217 0.906 0.517 0.999 0.018 0.063 0.149 0.779 0.489 0.997
300 100 0.003 0.122 0.288 0.992 0.714 1.000 0.014 0.076 0.156 0.819 0.638 1.000
500 1 0.041 0.050 0.461 0.632 0.470 0.636 0.038 0.054 0.466 0.630 0.464 0.634
500 10 0.024 0.058 0.458 0.729 0.813 0.971 0.030 0.055 0.452 0.737 0.808 0.967
500 25 0.013 0.065 0.722 0.955 0.986 1.000 0.019 0.066 0.609 0.898 0.978 1.000
500 50 0.013 0.077 0.910 0.997 0.999 1.000 0.022 0.060 0.757 0.978 1.000 1.000
500 100 0.005 0.085 0.988 1.000 1.000 1.000 0.020 0.065 0.832 0.993 1.000 1.000




