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Abstract

We present a formulation of the hybridized DGFEM with lifting operator
for the plane elasticity problem. To validate the formulation, we establish
an inequality of the Korn type by following the method of proof due to
Brenner [Math. Comp., 73 (2004), 1067-1087]. Using the inequality, we
can demonstrate the well-posedness of a discrete problem arising in the
formulation, and derive a priori error estimates for solutions of the discrete
problem.

1. Introduction

Discontinuous Galerkin Finite Element Methods (DGFEMs) have been applied to var-
ious problems arising in scientific and industrial fields. There are many kinds of formu-
lations in the DGFEM [2, 5, 7, 10, 12, 13]. We present a formulation of the hybridized
DGFEM for the plane elasticity problem. This formulation is obtained by adding an
interior penalty term using a lifting operator, which is called the lifting term, to a
formulation proposed by Kikuchi-Ishii-Oikawa [10]. To validate our formulation, we
establish an inequality of the Korn type. To do so, we follow the method of proof de-
vised by Brenner [4], who proved Korn’s inequality for piecewise H' vector functions.
In our proof, we need to take account of the lifting term and the numerical flux which
is contained in our formulation as an unknown variable. To estimate the lifting term,
we have essentially used an estimation for the lifting operator (Lemma 1) derived by
Kikuchi [9]. Using the inequality of the Korn type, we can show that a discrete prob-
lem arising in our formulation is well-posed. Furthermore we can derive a priori error
estimates for solutions of the discrete problem by a standard method.

The formulation of Kikuchi-Ishii-Oikawa [10], where the lifting term is not em-
ployed, is also applied to the Poisson equation by Oikawa—Kikuchi [13]. When we
use this formulation in practical computations, we need to carefully choose an interior
penalty parameter to get appropriate numerical solutions. To overcome this shortcom-
ing, Oikawa [12] introduced the lifting term in the formulation for the Poisson equation.
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His work inspires us to consider the formulation using the lifting term for the plane
elasticity problem. Thanks to the lifting term, discrete problems in the formulation
equipped with the lifting term is well-posed for an arbitrary positive interior penalty
parameter. This suggests that the lifting term liberates us from the inconvenience of
properly choosing the interior penalty parameter in practical computations.

This paper is organized as follows. In Section 2, we introduce the plane stress
problem and formulate its weak formulation. In Section 3, we present our formulation
of the hybridized DGFEM. In Section 4, we prove the inequality of the Korn type. In
Section 5, using this inequality, we establish the well-posedness of the discrete problem.
In Section 6, we derive the a priori error estimates. In Appendix A, we introduce the
formulation due to Kikuchi-Ishii-Oikawa [10], and moreover we show that a discrete
problem in their formulation is well-posed if the interior penalty parameter is large
sufficiently.

We close this section with the introduction of several notations. For every open
set Q C R? we can define the Hilbetian Sobolev spaces L?(Q) and H*(Q) (k > 0),
where fractional cases (k ¢ N) are included [1, 11, 8, 5]. The inner product of L?*(£2)!
(7 € N) is designated by (-, -)q, with the associated norm done by || - ||o. Furthermore,
the norms and the standard semi-norm of H"({2) are denoted by || - ||,0 and |- |xq,
respectively, where [v]2 o = [[v]|Z o — [|[v]2. o for v € H*(Q) (5* = [x] for x ¢ N and
k* =k — 1 for k € N). For these spaces associated to domains other than (2, the same
notations of spaces, norms etc. will be used with € replaced appropriately. In addition,
C denotes a generic positive constant, and can be a different value at each of different
places.

2. Linear plane stress problem

We consider a homogeneous isotropic elastic body occupying a reference configura-
tion Q x [—t/2,t/2] € R® with Q C R2 The body corresponds to a thin elastic
plate with middle surface €2 and thickness ¢. We introduce orthogonal Cartesian co-
ordinates (xy, xs, x3) such that the z;x plane contains the middle surface. We con-
sider the linear static plane stress problem. For the two-dimensional displacement
u = {uy, up} of the elastic plate, the (linearized) strain tensor €;; = ¢;;(u) is given by
eij(w) = 3 (Ou;/0x; + Ou;/Ox;) (1 <4, j < 2). Instead of the strain tensor, we use its
engineering expression of vector form:

Ouy Ous Ou Ju
e(u) = {e1(u), ea(u), 112(u)} = {axi’ 8xz’ ax; + axj} '

We also use the engineering stress components in vector expression:

o(u) = {o1(u), oz(u), T2(u)} = {o11(w), o2(u), o12(u) = 091 (u)},

where o;; (1 <1, j <2) denote the usual tensor expressions for the stress.
To describe the isotropic linear elastic stress-strain relation, we introduce the matrix
[DI:
1 v 0
v 1 0 ,
1— V2 0 0 1—v

2

D) =

where F is Young’s modulus and v Poisson’s ratio. Usually, we assume that £ > 0
and 0 < v < 1/2. Note that [D] is a symmetric and positive-definite matrix. Then the
2



stress-strain relation is written by
o = [D]e.

Remark 1 We can argue in exactly the same way for the plane strain problem by
defining [D] as follows:

l—-v v 0
D] := b v 1—-v 0
(I+v)(1—rv?) 0 0 1=

2

We assume that 2 is a bounded domain of R? with Lipschitz boundary 9€2. Then
the outward unit normal is well-defined almost everywhere on 0f2, and is denoted by
n = {ny, na}. The surface force oy on 9N is given by

(1) on = {o1n1 + Tiang, Tiang + oana},

where n = {ny, ny} is the outward unit normal.
An equilibrium equation and boundary conditions for the elastic plate are given as
follows:

60'1 67'12 67'12 80’2 .
2 _— = _—— = Q
( ) 61’1 8372 fl’ 61’1 8372 f2 e
(3) u=0 ondlp, on(u) =on on iy,

where f = {fi, fo} is the distributed external body force per unit in-plane area, 02
is decomposed into disjoint two parts: 0{2p and 0€ly, and @p, is the surface traction
force per unit length on 0€2y. We suppose that the measure |0Q2p| of 0Q2p is positive.
A weak formulation of (2) and (3) is given as follows: find w € H},(Q)? such that

(4) a(u, v) = F(v) Yo € HL(Q)

Here H5(Q) :={ve H(Q) | v =0 on 0Qp},
a(u, v) = (o(u), e(v))g, F):=(f, v)g+ /BQ on - vds,
N
where ds is the infinitesimal line element on 0Qy. Bilinear form a is bounded on
HY (Q)? ie.,
(5) la(u, v)| < Cllulliallv]ie Yu, v € H(Q)?

where C'is a positive constant independent of u and v. We define for p, g € [L*(Q)]?,

d(pv q) = ([D]p7 q)ﬂa
d(q) = d(q, q)"*.

Since [D] is a positive definite symmetric matrix, d(-) is a norm in [L%(Q)]°, and
moreover we have

(6) allgl3 < d(q)* < angné vg e [L2(Q)]°,



where o and @ are the minimum and maximum eigenvalues of [D], respectively.
It follows from Corollary 11.2.22 in [5] that there exists a positive constant C' such
that for all v € H},(Q)?

(7) le(v)|la > Cllv|ia (Korn’s inequality in H,(Q)?).

Combining (6) and (7), we obtain the coreciveness of a(-, -) on H},(Q)?, that is,
there exists a positive constant C such that for all v € H}(2)?

(8) a(v, v) > Cllv| o

We see from (5) and (8) that for every f € L*(Q)? and o, € L*(0Qy)?, problem (4)

has a unique solution u € H}(Q)%

3. Hybridized DGFEM with lifting operator
3.1. Partition 7" of Q

Hereafter we assume that €2 is a bounded polygonal domain in R?. We first construct
a partition 7" of €, which consists of a finite number of elements K such that Q =
Ukern K. Here each element K € 7" is a bounded m-polygonal (open) domain, where
m is an integer > 3 and can differ with K. Notice here that non-convex elements are
available for m > 4. For different K, K’ € 7", KN K' = () and K N K’ is exclusively
one of the three sets: (i) (), (ii) one vertex, and (iii) one closed edge. We define the set

of nodes of 7" by
Vh = {pe R? | 3K € T" such that p is a vertex of polygon K}.

Note that V" may include the “hanging” nodes [5], that is, vertices of a polygon K € 7"
which lie in the interior of an edge of another polygon K’ € T" (see Figure 1). We call

Figure 1: An example of partition of 2 which includes hanging nodes, which are
depicted by dots.

an element of V* a node of 7". An open line segment between two different nodes of 7"
is said to be an edge of 7". The set of edges of 7" is denoted by £". We use notation
e to denote an edge of 7". For each K € T", we define EX := {e € &" | e C 0K }.
We call an element of £ an edge of K. Note that an element of £X can be different
from an edge of polygon K. We further define the “skeleton” I'* of 7" as the union of
closed edges in £ T" := J,en €.
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The diameter and measure of K are denoted by hy and |K|, respectively, while the
length of an edge e € EX by |e|. Furthermore, h = maxgern hx. We will use (-, -)g

and || - ||« for both L*(K)7 (j € N), and also define, for @, ¥ € L2(0K)’ (j € N),

(@, @)aK:/ @-ods, |lox = (B, D)y,
oK

where ds is the infinitesimal line element on OK. For each edge e € £X, (-, ). and | -|.
are similarly defined.

3.2. Function spaces associated to partitions

Over 7", we consider the “broken” or piecewise Sobolev spaces (k > 0):
HY(T") .= {v e L*(Q); v|x € H*(K) (VK € T")},

which can be identified with [ [, .» H"(K), where, as was already noted, H"(kK) is the
Sobolev space of (possibly fractional) order « over K. For v € Hzt/(T") (y > 0) and
K € T", the trace of v|, to OK is well-defined as an element of L?*(0K) and denoted
by vl|,, or simply v, which can be double-valued on edges shared by two elements
2, 5]. For v € H2t/(T") (v > 0), we can define the trace of V (v|x) to K and the
normal derivative Ov/dOn = (Vv) - i there in the L? sense.

On T of T", we consider a kind of fluz © € L*(T"), which is single-valued on each
edge shared by two elements, unlike various double-valued ones [2, 5].

For each 7", we define bilinear form I,: for every {u, @}, {v, ©} € H*(T")? x
L2(Ph)2,

L({u, @}, {v, o)) = > Y |—(13|<fa—u, b —v),,

KeTh ecEK

and the associated semi-norm: for every {v, v} € H'(T")? x L*(T'")?,

I({v, ¥}) := I,({v, ¥}, {v, ¥})"2

Further, let us define the following semi-norms and norms: for v = {vy, vo} € H'(T")?,

2

|v|?{1(Th) = Z||thi||é,
i=1

HUH%H(T’E) = |'U|§{1(Th)+”””?27

and for {v, v} € HY(T")? x L*(T")?,

2
v, 8} = > IIVauilla + In({v, 9)),
i=1
v, o}T, = Ko, 9} + vllg,

where V), : HY(T") — L*(Q)? is characterized by (V,v)|x = V (v|g) for v € HY(T")
and K € T". Notice again that v and Vv can be double-valued on e but © is not so,
and, in addition, that all the above (semi-)norms are mesh-dependent.

bt



3.3. Finite element spaces
To approximate {v, 0} € H2>T(T")? x L*(T")? (0 < v < 1) associated to 7", let us
prepare two finite dimensional spaces: for k € N

ur =[] R(K) (c H(TY),
ot = ][ Pile) (c ZX1h).
ec&h

Then the finite element spaces are given by
N2
Vi () > (0F) € HED(TY < 2 (3> 0).

3.4. Lifting operators
To consider a local lifting operator [2, 12] for each K € 7", let us introduce

QF = P 1(K).

We can define the local lifting operator Rg : L?(0K)* — (QkK)3 by

(9) ([DIRkg, @)k = (g, ([D]a)n)ox Vg € L*(0K)?, Vqe (Qf)ga

where n = {ny, ny} is the outward unit normal on 0K, and for every p = {p1, po, p12} €

(QE)*,

nq 0 ) p1
0 No N

(10) pr = (

P12
Note that replacing p by o = {01, 09, 712} in (10), we get (1).

Identifying QF := [xers @F with a subspace of L*(Q2) and making the identifica-
tion ] eqn (Qf)g = (Q’g)g, the global lifting operator is defined by

Ry g =A{9ox}rer € H L*(0K)* — {Rx9ox } ke € (QZ)g C LY Q).

KeTh

3.5. Discrete problem

Let w € H3?t7(Q) (v > 0) satisfy (2) and (3), and let @ = u|p» € L*(T"). To
formulate a discrete problem of (4), we derive a weak formulation which {u, @} satisfies.
From the Green formula in each K € 7", we have, for all v € H*(K)?,

/Ka(u)~s(v)dw—/aKan(u)~'vds:/Kf~'vd:c.

Summing up this identity over all K € 7", we get for all v € H'(T")?,

(11) (0" (u), €"(v)g = D (oh(u), v) = (F, v)q.

KeTh

where for v € HY(T"),
e"(v)lx =e(vlx) VK €T",
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o"(v) = {0} (v), 03 (v), Tiy(v)} := [D]e" (v),
and for v € H*?*(T") (v > 0),

on(v) = {07 (v)n + Ty (v)na, (V) + 03 (v)na}-

On the other hand, we have, for all ¥ € L*(T"*)?,

(12) > {ohu), 0),, = (oh(u), v

KeTh ecth

where £ := {e € £" | e C 90}. Adding (12) to (11) leads to

(13)  (o"(w), ")+ Y (oh(u), o —v), = (f, v)g+ Y (on(u)

KeTh ecEl

Since u — @ = 0 on I'*, we have

ap({u, a}, {v, 0}) = (f, v)o + Y (oh(u), &

ecth
for all {v, 8} € H2T/(T")? x L2(I"™)? (v > 0), where a! is defined by
(14) ay({u, 4}, {v, 0}) = ("(u), Eh(’v))g
T Z n(w), v —v), + (i —u, opv)),]

KeTh

+d (Rp(w — u), Ry(v —v))
+nbx{uva}v{v7®})

for every {u, @}, {v, o} € Hs™(T")? x L3T™")2 (y > 0). Here n > 0 is an interior
penalty parameter and the third and fourth terms in the right-hand side of (14) are
called the lifting and interior penalty terms, respectively. Bilinear form a} is symmetric.
Moreover, taking account of the boundary condition (3), we have

(15) ap({u, @}, {v, ¥}) = Fy({v, 0})
for all {v, ©} € H2™(T")2 x L% (I'")? (v > 0), where
LH(I") = {0eL’T") |9=00n0Qp},
F({v, 9}) = (f, v),+ /BQN on - dds.

We present a discrete problem of (4) as follows: find {ws, @, } € V)", such that

(16) ap({wn, wn}, {on, ¥}) = Fu({on, ©}) V{vn, 04} € V'p,

where )
Ohp = TE NI, Vi = (U x (Op) -

Since the exact solution {u, u} satisfies (15), discrete problem (16) is said to be con-
sistent [2].

We will describe the unique solvability of discrete problem (16) for every n > 0 in
Section 5. To do so, we first establish an inequality of Korn type in Section 4.

7



3.6. Some properties of the bilinear forms

Since e"(vy,)| i € (QK)3 = P,_1(K)? for each K € T" and for all v), € (U,?)Z, it follows
from the definition (9) of Rx that

(IDRkg, €"(vi))k = (g, on(vn))ox Vg € LOK)?, Yo, € (U!)".
Thus we find from (14) that for all {uy, @}, {vn, 0n} € VI,
(17) a%({uh, ’iLh}, {’Uh, ’IAJh}) =d (eh(uh) + Rh<’fbh — uh), €h<’Uh) + Rh<’ﬁh — 'vh)) .

This implies
ap({vn, On}, {vn, 0}) =0 V{oy, 04} € V"

So we can define the associated semi-norm: for {vy, v,} € V),

ay({vn, 0n}) = ap({vn, o1}, {on, 0, 1)

Note that for every wuy, v, € [Uf'N Hl(Q)}Q, we have wp|pn, vl € L2(T")?2) and
moreover

(18) ap ({wn, wnlpn}, {vn, valp}) = d(e”(un), €"(vn)).

Remark 2 If k£ = 1, then we have for every {uy, u,}, {vn, 05} € V",
(19) ag({uh, il,h}, {’Uh, ’lA)h}) = d(RhiLh, Rh’i)h) .

Indeed, it follows from the Green formula that

3
(20) ([Dle(v). @)k = (v, ([Dl@)p)ox Vv € H'(K)?, VYqe (Q) = R(K),
where we used the fact that all first order partial derivatives of [D]q € Py(K)? vanish.
From (9) and (20), we can get

3_

(21)  ([Dle(v), @) = ([DIRxv. @)y Yo € H'(K)’, Vg€ (Qr) = P(K)*
Using (21), we can reduce (17) to (19).

4. An inequality of the Korn type

Let K be a star-shaped bounded domain with respect to a open disk D C K of positive
radius, that is, for every # € K the closed convex hull of {z} U D is included in K
[5]. For every star-shaped bounded domain K with respect to a open disk D C K of
positive radius, we can define px as the maximum of radii of such possible D’s, i.e.,

pi = max {rw)

open disk D C K such that
K is a star-shaped with respect to D |’

where (D) denotes the radius of D.
Then by using px and hy := diam K, the chunkiness parameter (i for K is defined
as:
CK = hK//)K-
We consider a family of partitions {7"},_j<; that satisfies the following conditions

(cf. [9]):
8



(H1) For all h € (0, k] (h < 1), each K € T" is star-shaped with respect to a open
disk of positive radius.

(H2) There exists a positive integer M (> 3) such that for all h € (0, k] and for all
K € T", the number m of elements in £X is less than or equal to M.

(H3) (Chunkiness condition) There exists a positive constant y¢ such that

sup max (g < c.
0<h<h KET"

(H4) (Local quasi-uniformity of edge sizes) There exists a positive constant vy such
that for all h € (0, h] and for all K € T"

max |e| < min |e|.
e66K| | o 7Ue65K| |

Theorem 1 Let k € N. Assume that a family {Th}0<h<ﬁ of partitions of Q) satisfies

conditions (H1)-(H}). Then there exists a positive constant C' such that for all h €
(0, h] and for all {vy, v,} € Vi,

(22) {vn, on}llin < C {an({vn, 0n}) + llvnlle]

where C' is independent of h and {v,, vp}.

Hereafter we will assume that £ € N and that a family {Th of partitions of

() satisfies conditions (H1)—(H4) unless otherwise stated.
To prove this theorem, we first show three lemmas.

}O<h§E

Lemma 1 There exists a positive constant C, such that for all h € (0, h], for all
K €T", and for all g € L*(0K)?,
2] 1/2

Lemma 2 There exists a positive constant C' such that for all h € (0, h] and for all
{’Uh, ’lA)h} - th,

(24) " (vn)|lg < Cay,({vn, ¥n}),

(23) I1Bkgllx < Cr

> 1ole
ecEK |6| )

where C,. is independent of h, K, and g.
Proof. Lemma 1 is proved in [9, (42)]. W

where C' is independent of h and {v, vp}.

Proof.  From (6), we have, for all v, € (U,?)Q,

(25) Heh(vh)HQ < o V2d(e(vy)).
N2

The triangle inequality yields that for every v, € (U ,f}) ,

(26) d(e"(vn)) < d(e"(vn) + Ru(0n — vp)) + d(Rp(0), — ).
9



Using (23), we have

(27) d(Ry(8n —vn))* = Y ([DIRk(#n — vn), Ric(®n — vn))ic
< a ) |[Re(®n— vl (by (6))
KeTh

< aCL({vn, vu})*  (by (23)).
We sce from (26) and (27) that
(28) d(e"(vy)) < d(e"(vp) + Ru(®n — v4)) + a'2Co Iy ({on, 04}).
From (28) and (17), we find
(29) d(e"(vy)) < ay({vn, B4}) + a'Crly({vn, 04}).

From (25) and (29), we can get (24). W
Let & be the set of interior edges of 7". For each e € £" let V¢ be the set of two

endpoints of e, and 7€ the set of polygons K such that e C K. For v, € (U,?)2 and
e € & let [v}]. denote the jump of v;, across the edge e, i.e.,

[Vrle := vp kg on ¢ (7° ={K7, K3}).

ke — Uh
Lemma 3 There exists a positive constant C' such that for all h € (0, h] and for all
{’Uh, ’f)h} € th,
2
(30) >3 |wle)| < Cniton, o)
ec&p peV®
where C' is independent of h and {v,, vp}.

Proof. By astandard inverse estimate (cf. (3.10) in [4]), we have, for every {v,, v} €
Vi,

2

(T° = {K7, K5})

K¢ (p)’2

Z Z ’[vh]e(p) - Z Z ’ vh|Kf (p) — va

ecEl peV® ecEl peV®

233 S | onlie (0) — onlp)

cc€h peVe KeTe

VAN

:

2

CZ‘erl Z "vh‘K—@he

ec&d KeTe

IN

(by a standard inverse estimate)
< Clh({'vh, f)h})Q. |

4.1. Proof of Theorem 1 in the case when {Th}0<h<h is a family of triangu-
lations -

We first prove Theorem 1 in the case when each 7" is a triangulation without hanging
nodes, i.e., a partition consisting of triangles having a property that no vertex of any

triangle lies in the interior of an edge of another triangle. We then note that a family
10



of triangulations without hanging nodes satisfies conditions (H1)-(H4) if and only if it
is regular in the sense of Ciarlet [6].

In Section 4.1 we assume that {Th} 0<h<h is a family of triangulations which is
regular.

We now define

Wh.=Uln HY(Q) = U'nC%(Q).

Let E : U} — W" be the reconstruction operator defined in [4], i.e., for every v, € U,
we can define an element Ev, € W" by

(Evn)(p) = ﬁ S (onl) (0) Vo€V,

KeTp

where 77 := {K cT", pedK } is the set of triangles sharing p as a common vertex
and |7?| is the number of triangles in 77. Note that the restriction of £ to W" is the
identity operator of W.

Since the family {7"}, ;< of triangulations is regular, we have

(31) sup max |77 < 4o0.
0<h<h PEV"

We can also regard E as an operator from (U{l)2 onto (Wh)2 as Evy, :== {Fuvp1, Evpe} €
(I/Vh)2 for all vj, = {vp, Ve } € (Uf)z.

Lemma 4 Suppose that a family {Th}0<h§,; of triangulations is regular. Then there
exists a positive constant C' such that for all h € (0, h] and for all {vy,, v} € V',

Cln({vn, on}),
Ch[h({'vh, ’IAJh}),

(32> "vh - Evh|H1(7‘h)

<
(33) lon — Ewnllg <

where C' is independent of h and {v,, vp}.

Proof.  From (2.10) in [4] and the estimation in Example 2.3 of [4], we have

2

o= Evallnrn < O3 [fouleto)

ecEh peEV®

lon = Boally, < €323 leP|oile(p)

ecEl PeEV®

9

:

Combining these inequalities and (30), we get (32) and (33). M

Remark 3 Assume that a family {Th}0<h§,; of triangulations is regular, and that
{{'vh, vt € Vlh} _ satisfies

0<h<h

(34) | {on on}l,, < 1.

Then there exist a v € H'(Q2)? and a subsequence of {{'vh, 'f)h}} _, which is also
0<h<h

denoted by the same notation for convenience, such that v, and Fv, converge strongly
to v in L*(Q2) as h tends to zero.
11



Indeed, it follows from Theorem 1 in [9] that there exist a v € H'(Q2)? and a
subsequence of {{'vh, i)h}} _such that
0

<h<h
(35) T [[or, — o]l = 0.
Moreover
|Evy — |, < |[Bvy —vnllg + lvn —vlg
< ChIy ({vn, on}) + v — vl (by (33))

— 0 (h—0) (by (34) and (35)).

Lemma 5 Suppose that a family {’Th}o<h§71 of triangulations is reqular. Then there
exists a positive constant C' such that for all h € (0, h] and for all v, € (U{’)Z,

2

(36) I ({on, Boalen}) <€ 303 |0 (v)

ec&p pEV®
where C' 1s independent of h and vy,.

Proof. We have, for every v, € (U{l)Q,

(37) Iy ({vn, Boplen})” < >0 ) lon — Bowllgogey

KeTh ectK
where H'UHQCO(g)z = Z?=1 (max,cc [v;(z)])?. Since each element of Evj, — vy is a linear
function on e, it takes a maximum of its absolute value at one of the endpoints of e.
Thus we have

(38) > D o= Bolleaee <2 Y Y (vn— Eu) (),

KeTh ecEK KeTh pevk

where VX := {p € V"|p € 0K }. From (31) and Lemma 2.1 in [4], we see that for all
B 2

(39) > D |(wn—Evn)(p))* < C ) |(vn—Evy)(p)l*  (by (31))

KeTh peyk peEVh

< O3 i)

P
peVh ecll

2
(by Lemma 2.1 in [4]),

where &) := {e € &}; p € de}. Here noticing

(40) S S ol =3 [wilw)

peVh ecEl ec&h pEV®

2

)

we conclude from (37)—(40) that (36) holds. M
We will prove (22) for each of the cases when & =1 and k > 1 in Sections 4.1.1 and

4.1.2, respectively.
12



4.1.1. Proof of (22) in the case when k =1

N2
Since Fv, € HY(Q)? for every v, € (Uf)Z, we have Ewvy|p, € <U{’> . For every

{vp, vp} € V!, we have

(41) [{vns ontllin < [{vns On) = {Evn, Bonlpuillyy, + [{EvR, Bonlp by,
= I+1IL

1° We have

P = |l{vn, on} — {Evn, Boalp}li,
= Hon, 00} — {Evn, Evilpll; + lon — Eoal},
= |lvn — Evall3p gy + In {vn, 00} — {Evy, Boalrs})*
= Nwn = Bvallfi iz + In ({vn, 913)"
Thus we see from (32) and (33) that
(42) 1< CL({vn, #n}).

2° Since Fv;, € H'(Q)?, it follows from Korn’s inequality for H'-functions (see Theo-
rem 11.2.16 in [5]) that

(43) = [[Evpllo < Cllle(Evn)lla + | Evnllal .

Using (6) and (18), we have

(44) le(Bvn)lle < a™"2d(e"(Bvn)) = o™ 2aj({Evn, Bvilpn}).

Substituting (44) into (43) yields

(45) 1< C [({Evn, Bl }) + 1Evallo]

First let us estimate the first term in the right-hand side of (45). We have, for all

N\ 2

vy, € (Ulh> )

(46)  ap({Evn, Evplpa}) < ap({on, 0n}) + aj({vn — Evy, 0n — Evalp}).

It follows from (17) that

(47) a%({'vh — E’Uh, ’lA)h — Evh|rh}) = d (th(’l)h — E’Uh) + Rh(’f}h — ’Uh))

< d(e"(vy — Evy)) + d (Rp(0n — vy)).
From (6) and (32), we have
(48) d (e" (v, — Evp)) < al’? Hsh('vh - E'vh)HQ
S C|vh_Evh|Hl(7h)
S C[h({'vh, ’i]h})

Combining (47), (48), and (27), we get

(49) a%({'vh — E’Uh, ’lA)h — Evh|rh}) S CIh({’Uh, ’lA)h})
13



It follows directly from (46) and (49) that

(50) a,({Evn, Evplp}) < Cay,({vn, Dn}).

Next let us estimate the second term in the right-hand side of (45). From (33) we
get

(51) [Evhlla < llvnllo + [[Evn = valle < llvallo + CLu({vh, 0a}).
From (45), (50), and (51), we obtain
(52) 1T < C'[ai({vn, on}) + llvanlle] -

We conclude from (41), (42), and (52) that (22) holds true for k =1. W

4.1.2. Proof of (22) in the case when k > 1

Assume k > 1 in this section.
Let RM(£2) be the space of (infinitesimal) rigid motions on 2 defined by

RM(Q) := {a +nz; a € R* and € s0(2)},

where & = (21, 29)7 is the position vector function on € and s0(2) is the Lie algebra of
anti-symmetric 2 X 2 matrices. The spaces RM({2) is precisely the kernel of the strain
tensor [5], i.e., for v € H'(Q2)?,

(53) e(v) =0 <= v € RM(Q).

We define on each K € 7" an interpolation operator Il from H'(K)? onto RM(K)
by the following conditions:

= 0 Yve H(K),

/K('v — lgv)dx

= 0 VYwe H(K)?

/ V x (v —lgv)dx
K

where for v = {v, v2} € HY(K)?,

L 8’02 61}1
VXv:i= o omy

Let IT: HY(7T")? — (Uf)2 be defined by
(Tv) | := Tk (v],) VK €T"

We have, for every {vy,, 05} € V{2,

(54) [{vn, On}llin
< |{wvn, on} — {Tlvp, ETlop|pa} (1 + [ {TTon, ETIop[pa}[l1s
=: I4+1I.

1° We have

(55) 12 = |’Uh — H’Uhﬁql(,]—h) + ||’Uh — th”?) + Ih ({’Uh, ’lA)h} — {H’Uh, EH’Uh|Fh})2 .
14



It follows from (3.3) in [4] that
(56) [on = TTvpl g 7y < Clle™(n)lo-

We see from (3.4) in [4] and (56) that

(57) lon —Twally, = > [low — Mol
KeTh
< C ) hiclvn =Tl (by (34) in [4])
KeTh

S ChQ‘vh_thﬁ{l(Th)
< CR*le"(wn)lls  (by (56)).

The triangle inequality yields
(58) Ih ({’Uh, ’lA)h} — {H’Uh, EH’Uh|Fh}) S Ih ({’Uh, f)h}) -+ Ih ({H’Uh, EH’Uh|Fh}) .

Using (36) where vy, is replaced by Ilv, and (3.12) in [4], we have

(59) I, ({Tw,, ETv,|pa})? 2
< Y3 |l )] by (36))
< O |l + X prfmlonle| | oy 612 in

eegg

where for e € £"| 7, is the orthogonal projection operator from L?(e)? onto Pi(e)?. We
have

(60) > %

eefg

S QIh({Uh, ’lA)h})Q.
From (59) and (60), we get
(61) I ({Tvy, ETwy|r}) < C[lle"(wn)lla + In({vn, 04})] .

Note that we may delete 7, in (59) and (60) to derive (61).
From (55)—(58), and (61), we get

(62 1< C [l (wn)la + In({on 911)]
2° Since {[Ivy,, Ellvy|q} € Vi, it follows from (22) in the case when k = 1 that

(63) 11 = [|{ITvy, ETos|p by,

< Cap ({o, ENwvy|pa}) + Iy ({Tog, ETog|pa}) + [Tog|lg] -
15



Let us first estimate the first term in the right-hand side of (63). Since Iw|, €
RM(K) for all K € T", it follows from (53) that €"(ITv;,) = 0. Hence we see from
(17) that

(64) aj ({Mvy,, ETlvg|p}) = d (R, (TTvy, — ETlvy,)) .

Further it follows from (6) and (23) that

(65) d (R, Ty, — ETlwy,)) < @/?||Ry, (M), — EMwvy,)|,  (by (6))
< CL({TIlv,, ENwy|m})  (by (23)).

Let us next estimate the third term in the right-hand side of (63). From (57), we
have

(66) Mwallg < llvrllg + lon — Mvallg < loallg + Clle™ (vh)lla.
From (63)—(66), and (61), we get
(67) 1< Clle"(wn)lle + In({on, 0}) + llvallg) -

We finally combine (54), (62), (67), and (24) to get (22) for k >1. N

4.2. Proof of Theorem 1 in the case when {Th}o<h<ﬁ is a family of general
polygonal partitions -

We first demonstrate that we can construct a regular family of triangulations from a
family of partitions satisfying conditions (H1)—(H4).

For each K € T", there exists an open disk Dix C K such that the radius of Dy
equals pg. Let ¢ be the center of Dy. We subdivide K into m triangles by connecting
¢ with each of nodes in VX (see Figure 2), where m is the number of nodes in VX.
We can then obtain a triangulation of 2. We show that a family of the triangulations
constructed in this way from a given family {7 h}0<h§,; satisfies the minimum angle
condition [6, 5], that is, the family of triangulations is regular.

Figure 2: A triangulation of polygonal element K.

According to Kikuchi [9, Remark 4], it follows from (H2) and (H4) that for each
KeTh

(68) in e > —
min |e
ecEK _16M’}/U

h.



We number the nodes in VX from 1 to m anticlockwise as in Figure 2. For each
1=1,2 ..., m, let s; be the line segment between p; and ¢, #; the angle between s;
and s;;1, e; the line segment between p; and p;.1, and 7; the triangle with vertices c,
pi, and p;i1, where $,,,11 = 1 and p,, 1 = p1 (see Figure 3).

i+l

p e pi+1
Figure 3: Triangle T}, line segments s;, Figure 4: Angle ¢; and the distance n;
edges e;, and angle 6;. from ¢ to the line including e;.
For every i = 1, 2 ..., m, let 7; be the distance from ¢ to the line including e; (see

Figure 4). Since |T;| = in;|e;| and n; > pg, where |T;| denotes the area of T}, we can
get

1
(69) Tl = 5pxledl-
On the other hand, we have |T}| = 3|s;||s;+1] sin6;, and hence, by (69), (68), and (H3),

2|T; ‘ 9
(70) sin@; = b > pileil >p_é< win [e) > |
|54][Si41] |sil|Sit1] h3. 1<i<m MAype

Let ¢; be the angle between e; and s; (see Figure 4). It follows from the law of
sines, (H3), and (70) that

: s z+1‘ PK 2
(71) sin ¢; = |61‘| no; > e sin; > ;' sin6; > e
This estimate holds for the angle between e; and s;;; as well. Therefore we can con-
clude from (70) and (71) that the family of triangulations satisfies the minimum angle
condition. B
We are now in a position to prove (22). Let {7"}y,<; be the family of triangu-
lations constructed from a given family {7"}, <hsh of polygonal partitions of € in the
way as described above. We will denote ", Vi, a]l, I, and R), corresponding to the
triangulation Th " by e, Vk . aj, I, and Ry, respectively. For every {vy,, 05} € V!, we
can define {¥, o)} € V] as follows:

Uyl = vl for K ¢ ’j'h,

vl iteegh\ e
N 'bh|g if e e &N,
17



Then for every e € En \ &M vy — ¥, =0 on e, and hence

(72) I ({Bn onf) = (o, ).
(73) o ondln = |[{Bn 8} -

Using (22) in the case of triangulations and (72), we have
i, < (i)t s o]
where C' is independent of h and {v,,, v,}. It follows from (17) that
(75) @ ({ah Eh}) - d(gh@h)+§h <5h—%h>>
< d (8h('vh)) +d (éh (5h — §h>> )
It follows from (23) and (72) that
(76) Héh (5h . ash) HQ < CI, ({wn, ¥1)).
We see from (75), (6), (24), and (76) that

(77) a5, ({n on}) < Cab ({vn, a}).
Combining (73), (74), and (77) leads to (22). M

5. Unique solvability of discrete problem (16)

We will show that for each > 0, discrete problem (16) has a unique solution {uy, w,} €
Vi for every f € L*(Q)? and o € L*(00y)°.

We introduce the Poincaré-Friedrichs inequality and the Korn inequality of another
type which are established by Brenner [3, 4]: there exists a positive constant C' such
that for all v € HY(T"),

2 2
(78) |[wlla < C | [ol3 ) + ’/ vds| + > wl’me (see [3, Remark 1.1]),
O eegg c
2 h 2 2 —1 2
(79 Polingn < C | Ie" @G+ [wl3a, + Y le[ ™[] | (see [4, (1.19)]),

eeé'g

where C' is independent of h and v. It is necessary to be careful when we use these
inequalities under assumptions (H1)—(H4). Because Brenner [3, 4] assumed that there
exists a fixed finite set of reference polygons such that every polygonal element in
Uo<n<n T" is affine homeomorphic to a reference polygon in the set, and this assump-
tion is not included in assumptions (H1)—(H4). However, this assumption is automat-
ically satisfied for an arbitrary family of triangulations. Moreover, according to [3, 4],
we see that (78) and (79) are true for a regular family of triangulations. This implies
that (78) and (79) hold good for the family {’j‘h}0< n<p of triangulations constructed as
18



in Section 4.2 from a family {7"},_;<; of polygonal partitions satisfying (H1)—(H4).
Furthermore we have, for all v € HY(7") c HY(T"),

2
)
e

2
V|17 = ||z, and Z le| 7t [v]. = Z le| !

eegg eEé%

[v]e

where E! is the set of interior edges of 7". Therefore we find that (78) and (79) hold
for a family {7"},.;<j of polygonal partitions satisfying (H1)—(H4) as well.

From these inequalities and Theorem 1, we can establish the coreciveness of a}l (-, -)
on V). Note that |- |, becomes a norm of V{"}, if |0Qp| > 0.

Proposition 1 There exists a positive constant C such that for all h € (0, h], for all
n >0, and for all {v,, v} € V'p,

(80) ay({vn, or}) = Cmin{l, n}{vn, On}ln,

where C is independent of h, n, and {vy, v,}.

Proof. We will show (80) only in the case when n = 1. Because it follows easily from
this result that (80) also holds for an arbitrary positive 7. For this purpose, because
of Theorem 1, it is sufficient to show that there exists a positive constant C' such that

for all h € (0, h] and for all {vy, 9} € V}/'p,

(81) lvnlle < Cay({vn, O1}).

It follows from (78) and (79) that for all v, € (U,?)Q,

2
[Vh]e ot lvnl30,

2
+ > el

eegg

(82)  wlh<C ueh<vh>ug+] / o ds
15975}

Let us estimate each term in the right-hand side of (82). We have, for all {v,, v,} €
V;ehD’

le] 2
(83) wnlo, = Hl’vhle
eeﬁg

1
< lo9p] Y el [onl; (by le] <1090p])

eegg

S |8QD|L({vh,®h}f (byimZZO(HlaQD),

where £}y := {e € E"|e C Qp}. This implies that for all {vy, v} € V}!'p,

/ vy, ds
QD

In a similar manner to (60) we get, for all {v;, 95} € V1,

(85) > el

eeﬁg

(84) < [0Qp] In({vn, On}).

2
< 20,({vn, 0 })*

[vh]e
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From (82)—(85), and (24), we can obtain (81). N
We now define another semi-norm: for {v, 9} € H2t7(T")?2 x LA(T")? (y > 0),

(86) 1w, a}IlE = o, o35 + > > el

KeTh ecEK

V('v|K)’j.

Proposition 2 (Boundedness) There exists a positive constant C' such that for all
h e (0, h], for alln >0, and for all {u, @}, {v, ¥} € H2™(T")? x L2(I")? (v > 0),

(87) ap({u, @}, {v, 0}) < Cmax{1, n}|[{w, @}[[sl[{v, O}]n,

where C' is independent of h, n, {u, u}, and {v, v}.

Proof. Let us estimate each term in the right-hand side of (14). Let {u, u} and
{v, } be arbitrary elements in H27(T")2 x L?(I")2. The Schwarz inequality yields
the following estimates:

(88) (0" (w), e"(v))o| <@ |[e"(w)||, [[€" (V)] < CIVhullg IVivllg

(89) > fa—w on(®),] < > > [(a—u op)]
KeTh KeTh eeEK
< D> la—ullew),
KeTh eceXK
.
= Z Z |6|—1/2 @ — ul, |€|1/2 ’Uh(’v)’e-
KeTh etk
Here we have, for each e € £",
(90) }U’r}l(v)‘i < /}o{’nl + 7'1”2712‘2 + |y + 03712}2 ds

< /‘aﬂz—l—ﬂTg‘Q—l—‘aﬂzds
&

< 52/ysh12 s
e

< C’/|V'v|2 ds.

Substituting (90) into (89) and applying the Schwarz inequality, we get

(91) > e —u, oh(v)),]

KeTh

1 1
e — /2
< C E E PE | — ul, |e]

KeTh ecEK

1/2 J\ /2
c(Z 3 |1?‘|'&—u\i> (Z 3 |e\‘V(’u\K)L> .
20
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Using (23), we obtain

(92) >l w), R (0 —v)) |

KeTh
< @Y IRali— w)lle | Ruclo — 0)ll
KeTh
1/2 . 1/2
2 A~ 2
: cz(z| ) (3 o)
KeTh \ecEK ecEK
1/2 . 1/2
< (zz i u|) (zzr@ )
KeTheEEK KeTh ecEK

In addition, the Schwarz inequality gives us

(93) [ n({un, ant, {vn, On})| < In({un, @n})In({vn, On}).
From (14), (88), (91), (92), (93), and (86), we obtain (87). M

Lemma 6 (chal inverse inequality) There exists a positive constant C' such that
forallh € (0, h], K € Th, e € X, and v € P,(K),

(94) le'[o]e < Cllv]lx,
where C' is independent of h, K, e, and v.

Proof.  Let {’j' h} be the family of triangulations that is constructed from {7}, <z
0<h<h

as in Section 4.2. For each K € Th and e € X, there exists a K € T" such that
K cC Kande€& K We choose a reference triangle K. Then there exists an affine map

Fz: K — K such that F (E) — K. Forevery K € T" e € K, and v € Py(K),

we have
(95) v]2 = /st < [ollgo@lel < HUHCO( e[ =|lvo ”00(K le].

Since norms ||-||
C' such that

o) and ||-|| z are equivalent on Pj(K), there exists a positive constant

(96) 00 Fellooi, < Cllvo Fellz = € (|R] / |R]) ™ oz

Further, since {’Th} _ is satisfies the minimum angle condition, there exists a
0<h<h

positive constant C' such that for all h € (0, k], K € 7", and ¢ € ek,
(97) e’ |K| < C
where C' is independent of i, K, and e. From (95)—(97),
1/2 7> ~1\ /2
el 2pole < € (|R]/|E]) " lelllollz < Cllellx

This shows that (94) holds. W
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Lemma 7 The semi-norm ||| - |||n is equivalent to the semi-norm | - |, on V.

Proof. 1t is trivial that
{wn, ontl, < l{vns 0a} [Iln ¥ {vn, 04} € Vi
So we will show that there exists a positive constant C' such that

(98) [ {vn, o} |ln < C{vn, On}l,  V{on, on} € Vi

2
For this purpose it is sufficient to estimate the term Z Z le] ’V('vh\K)’ . For each
KeTh eeek ‘
he(0,h, KeTh ec&X and v, € (U,?)Q, we have, by Lemma 6,

2
e[Vl = 1l
ij=1

2

< 0y

ij=1

2
8vhj

61’@- e

2
8vhj

8.’172‘

(by Lemma 6)

K
2

= C V(’Uh|]() X

Thus it follows from (H2) that

S lel| W wnlio], < M|V

2
K
ecEK

and hence )
>3 lel|[Viwnlo)| < M Tavnll;
KeTh ek ‘

Thus we see that (98) holds. M

Proposition 3 (Coreciveness) There exists a positive constant C' such that for all
h € (0, h], for alln > 0, and for all {vy, v5} € Vi,

(99) a({vn, on}) = Cmin{1, n}||[{vn, O},

where C' is independent of h, n, and {v,, v,}.

Proof. Proposition 3 follows directly from Proposition 1 and Lemma 7. B

We find from the boundedness (87) and coreciveness (99) of a} that for each n > 0,
discrete problem (16) has a unique solution {w,, @,} € V}';, for every f € L*(Q)? and
on € LQ(GQN)Q.

6. A priori error estimates

According to Kikuchi [9], if a family {Th }O<h -y, of partitions of (2 satisfies condi-
tions (H1)-(H4), then there exists a positive constant C' such that for every v €
[HE() N H3/2+7(Q)]2 (0 < < 1/2) we have a sequence {vy, 05} € V', (0 < h < h)
which satisfies

(100) 1{v, 9} = {vn, n}l[ln < ChTT|0lls g,
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where © := v|p» and C' is independent of v and h.

As mentioned above, we have the consistency (15) of discrete problem (16) and the
boundedness (87) and coreciveness (99) of a;. Hence we can obtain the following a
priori error estimates by a standard method [5, 12, 13].

Theorem 2 Letw and {uyp, u,} be the solutions of problems (4) and (16), respectively.
Assume that w € H3/>77(Q)? (0 < v < 1/2). Then we have

~ ~ _ 1
(101) 1w, @} — {wn, @i }|ln < Cmax{n™", n}hz"|ulls,, o

where w := ul|pr, and C is a positive constant independent of h, n, w, and {uy, wp}.

Proof. Let ey, := u—wuy, and ), := u—u;. The consistency (15) implies the Galerkin
orthogonality:

(102) CLZ ({eh, éh}, {’Uh, ’IAJh}) =0 V{’Uh, ’i]h} c ka,LD
Let {v),, 04} be an arbitrary element of V}";,. The triangle inequality yields

(103) (Il {en, en} [lln <[] {w, @} = {vn, O} [[ln + [ {vn, 06} = {wn, @i} [[ln-

We have

(104)  [IH{vn, O} — {un, wn}II[;
< Cmax{L, 0" }aj({vn, vn} — {wn, @}, {vn, 00} — {wn, wn})
(by the coreciveness (99))
< CmaX{la 77_1}@2({’0}17 ﬁh} - {’U,, ,&’}7 {vha ,i)h} - {uh7 il’h})
(by the Galerkin orthogonality (102))
< Cmax{n", n}t|l[{uw, @} — {on, Ou} [[all[ {vn, On} — {n, wn}[l[n
(by the boundedness (87)) .

It follows from (103) and (104) that

(105) 1l {en, en}llln < Cmax{n™", n}|| {u, @} — {vn, vu}|l]1-

Form (105) and (100), we obtain (101). MW
We now consider the following problem with the homogeneous Neumann boundary
condition on d€y: for every f € L*(2)?, find w € H},(2)? such that

(106) a(v, w) = (v, fla Yv € HH(Q)?.

If the solution w of (106) belongs to H*(Q)? for every f € L?(Q)?, then the closed
graph theorem implies that there exists a positive constant C' such that for every
f e L),

(107) [wll2.0 < C[ fllo-
The Aubin—Nitsche duality argument derives the following L?-error estimate [5, 12,

13].
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Theorem 3 Letu and {uy, u,} be the solutions of problems (4) and (16), respectively.
Assume that w € H***(Q)? (0 < v < 1/2) and that the solution of (106) belongs to
H?(Q)? for every f € L*(Q)*. Then we have

_ 3
(108) [ = unllo < Cmax{n~", n’}h>"7||ulls,, o,

where C' is a positive constant independent of h, n, w, and {u,, uy}.
Proof. Let w € H} () be the solution of (106) where f := ej,. We have

HehH% = a}({en, én}, {w, w}) (by the consistency (15))

= G’Z<{eh7 éh}7 {w7 ﬁ)} o {Xh7 Xh})
V{xn Xn} € V{'p (by the Galerkin orthogonality (102))

< Cmax{l, ni||[{en, én} [llnll[ {w, w} = {xn xn} [lln
(by the boundedness (87))

max{n ", nz}h%ﬂHuH%JF%QH'LUHQ,Q (by Theorem 2 and (100))

_ 3
< max{r bl allesla (by (107)

IN

This implies that (108) holds. MW
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A. A formulation in Kikuchi—Ishii—Oikawa [10]

Subtracting the lifting term from a; gives the following bilinear form:
bp({w, u}, {v, 0}) := aj({u, 4}, {v, v}) — d(Ry(@ — u), Ry(v - v)).

Kikuchi-Ishii-Oikawa [10] used the bilinear from b} to formulate the following discrete
problem: find {wy, w,} € V?}, such that

(109) bZ({uh, ﬂh}, {’Uh, ’f)h}) = Fh({'vh, ’IAJh}) V{’Uh, ’i]h} c ka,LD

This discrete problem is also consistent, that is, the exact solution {u, @} satisfies

bz<{u7 i”}v {’U, fj}) = Fh({vv Ii]})

for all {v, 8} € H2™/(TM)2 x L2(IT")? (> 0).

Boundedness holds for b] as well.
Proposition 4 (Boundedness) There exists a positive constant C' such that for all
h e (0, h), for alln >0, and for all {u, @}, {v, ¥} € H2T(T")2 x L2(T")? (y > 0),

bp({u, a}, {v, 9}) < Cmax{1, n}{|{w, @}[|s|[{v, D}s,

where C' is independent of h, n, {u, u}, and {v, v}.
We can show the coreciveness for bz.

Proposition 5 (Coreciveness) There exists positive constants 1y and C' such that
for all h € (0, h, for all n > no, and for all {vy, v,} € V}1,

(110) bp({vn, 0n}) = Cll{vn, On}|ln,

where ng and C are independent of h, n, {v,, v,}.
Proof. We have, for all {v,, v} € V%,

by ({vn, 0n})* + nln({vn, On})?
= a,({vn, 0p})* + (0 — V) I,({vn, 0r})* — d(Rp(0n —v3,))*  (by (27))
> C|||{vn, op}ll7 + (n — 1 —aC)I,({vh, 0r})*
Thus if n > 1 +a@C? =: 1y then (110) holds. M

Theorem 4 Let u and {uy, wy} be the solutions of problems (4) and (109), respec-
tively. Assume that w € H3?T7(Q)? (0 < v < 1/2) and that the solution of (106)
belongs to H*(Q2)? for every f € L*(Q)?. Then there exist positive constants ny and C
such that for all h € (0, h] and for all n > ny,

[[{w, @} = {wn, @l < Cmax{l, n}haulls, 0

3
lu—wnllo < Cmax{l, 0 uls, 0

where ny and C are independent of h, n, w, and {uy, wy}.

Proof. Theorem 4 is proved in exactly the same way as in Theorems 2 and 3. M
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