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Abstract

In this paper, we consider residual-based bootstrap methods a la Gongalves and Per-
ron (2014) to construct the confidence interval for structural impulse response functions
in factor-augmented vector autoregressions. In particular, we compare the bootstrap
with factor estimation (Procedure A) with the bootstrap without factor estimation
(Procedure B). In theory, both procedures are asymptotically valid under a condition
VT/N — 0, where N and T are the cross-sectional dimension and the time dimension,
respectively. Even when v/T/N — 0 is irrelevant, Procedure A still accounts for the
effect of the factor estimation errors on the impulse response function estimate and it
achieves good coverage rates in most cases. On the contrary, Procedure B is invalid in
such cases and tends to undercover if NV is much smaller than T'. However, Procedure
B is implemented more straightforwardly from the standard structural VARs and the
length of the confidence interval is shorter than that of Procedure A in finite samples.
Given that Procedure B still gives a satisfactory coverage rate unless N is very small,
it remains in consideration of empirical use, although using Procedure A is safer as it
correctly accounts for the effect of the factor estimation errors.
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1 Introduction

Factor-augmented vector autoregressions (FAVARs), introduced by Bernanke et al. (2005)
and further explored by Stock and Watson (2005, 2010) in addition to many other empirical
studies, have various attractive features for empirical researchers. For example, the factors
essentially reduce the data dimension, enabling a conventional small-scale VAR framework to
accommodate the vast amount of information contained in a large panel data set. In addition,
if we consider that certain concepts in economic models such as productivity and inflation
are better captured by latent factors measured by using multiple indicators rather than by
a single specific series (e.g., Sargent and Sims, 1977; Boivin and Giannoni, 2006), FAVAR is
a suitable specification to address such measurement issues. Therefore, the literature on the
empirical applications of FAVARs is rapidly growing across various topics and a current but
non-comprehensive list includes Ang and Piazzesi (2003), Giannone et al. (2005), Boivin et
al. (2009, 2013), Acconcia and Simonelli (2008), Moench (2008), Ludvigson and Ng (2009a,
2009b), and Gilchrist et al. (2009), among others.

In this paper, we discuss methods to construct the confidence interval for structural
impulse response functions (IRFs) in FAVARs when the latent factors are, in particular,
estimated by using the principal component (PC) estimation method. The seminal work
by Bai and Ng (2006) develops inferential theory for the coefficients in factor-augmented
regression models including FAVARs by using a large dimensional factor model. They show
that under certain conditions including \/T/N — 0 as N,T — oo, where N and T are
the cross-sectional dimension and the time dimension, respectively, the effect of the factor
estimation errors on their coefficient estimates becomes negligible. This result implies that
latent factors can be replaced with their PC estimate in VARs and that the asymptotic confi-
dence interval for the coefficients can be constructed in the usual manner. Furthermore, this
approach is straightforwardly applied to IRFs because they are a function of the coefficients
in the FAVAR model.

On the contrary, the effect of the factor estimation errors on the coefficient estimates
can be relevant when the data set involves N much smaller than T such that the condi-
tion VT /N — 0 is considered to be inappropriate. Therefore, bootstrap methods are a
strong alternative to Bai and Ng’s (2006) asymptotic confidence intervals. To that effect,
Gongalves and Perron (2014) and Shintani and Guo (2015) study the theoretical proper-
ties of residual-based bootstrap confidence intervals for the coefficients in factor-augmented

regression models, showing their asymptotic validity under the more general framework of



\/T/N — ¢ with 0 < ¢ < co. Yet, their models are reduced form, and in this paper we
extend them to models that involve structural identification schemes in VARs. In particu-
lar, we consider the recursive restriction scheme with sign restrictions as well as two major
impulse response-based identifications: the short-run and the long-run restrictions consid-
ered by Stock and Watson (2005) via Monte Carlo simulations. In doing so, we focus on
comparisons between the confidence intervals produced by the method a la Gongalves and
Perron (2014) and an alternative method that may be used in empirical studies. The former
method, as recommended by Gongalves and Perron (2014), implements factor estimations
in the bootstrap repetitions. This procedure is called Procedure A. The alternative method
does not estimate factors in the bootstrap replications, treating the original estimate as the
observed processes. This procedure is called Procedure B and its algorithm is implemented
more straightforwardly from the standard structural VAR. In essence, Procedure A accounts
for the uncertainty associated with the factor estimation in the confidence interval, while
Procedure B does not. By contrast, Procedure B may give a shorter confidence interval than
Procedure A. As such, we discuss the advantages and disadvantages of both procedures.

Our findings are summarized as follows. In theory, both procedures are asymptotically
valid when v/T/N — 0 holds. However, Procedure A better mimics the factor estimation
errors even when vT/N — 0 is not relevant. In finite samples, Procedure A provides a
good coverage rate in most cases, while Procedure B tends to undercover if N is very small
compared with 7. On the contrary, the length of the confidence interval of Procedure B
is shorter than that of Procedure A. Therefore, we conclude that given that Procedure B
still provides a satisfactory coverage rate unless N is very small compared with T, it is in
consideration of empirical use, although using Procedure A is safer as it correctly accounts
for the effect of the factor estimation errors. Finally, the asymptotic confidence interval tends
to provide erratic coverage rates, especially when the errors are not normally distributed.

The rest of the paper is organized as follows. Section 2 introduces the structural models
and their reduced-form counterparts. The basic assumptions of the models are introduced
as well. Section 3 discusses the assumptions and method for structural identification and
asymptotic properties of the IRF estimator. In section 4, we propose bootstrap inference
procedures and investigate their asymptotic properties. Section 5 assesses the finite sample
properties of the suggested procedures via Monte Carlo simulations, using artificial data,
along with calibrated models of US macroeconomic data. Section 6 provides concluding
remarks. Finally, the appendices include technical derivations.

Throughout the paper, the following notations are used. The Euclidean norm of vector



2 is denoted by ||z||. For matrices, the vector-induced norm is used. The symbols “2” and

« gy represent convergence in probability under the probability measure P and convergence
in distribution, respectively. O,(-) and o,(-) are the order of convergence in probability
under P. We define P* as the bootstrap probability measure, conditional on the original
sample. For any bootstrap statistic 7%, we write 7% ¥ 0, in probability, or T* = 0p«(1), in
probability, when for all € > 0, P*(|T*| > €) = 0,(1). We write T = O,.(-), in probability,
when for all € > 0 there exists M(e) < oo such that limy 1. P[P*(|T*| > M(e)) > €] = 0.
We also write 7% % D, in probability, if, conditional on a sample with a probability that
converges to one, T converges in distribution to D under P*. Let 6 = min {\/N NT } and
L be the standard lag operator. Chol(X) denotes the Cholesky decomposition of a positive
definite matrix X returning a lower triangular matrix W with positive diagonal elements
such that W'W = X. The operator vec(X) transforms an m x m matrix X into an m? x 1
vector by stacking the columns and vech(X) stacks only the element on and above the main

diagonal of a square matrix X.

2 Models and assumptions

2.1 Models

Consider the following factor model:
Xe=p +NF +u, t=1,..,T, (1)

where X; is an N x 1 vector of the response variables and N is the (typically large) number
of equations. The large set of response variables X; are assumed to be driven by much lower
dimensional unobservable factors F; (r x 1) with time-invariant unobservable factor loadings
A =[], AN (N xr). uf = [ul,,...,ul,) is an N x 1 vector of the idiosyncratic errors
and p® is an N x 1 vector of the constants. Of particular interest, the model allows the latent
factors Fy to be fundamental or to have structural interpretations. Hence, they are designed
to form the structural VAR of order p with r x r coefficient parameters ®% (j = 1,...,p), an

r x 1 constant vector v®, and structural shocks ef (r x 1) so that
Ff =0 + Z?:l DI+ e, (2)

where the order p and number of factors r are assumed to be fixed and known for simplicity

and E(ejef’) = I,. When the variables are written without their associated ¢ subscript, they



denote the entire matrix of observations, for example, X = [Xi, ..., X7|' is a T' x N matrix
and F* = [F}, ..., F3] is a T x r matrix. The goal is to establish a valid inference procedure
on the structural IRFs generated from these models. Given that invertibility is assured,

models (1) and (2) can be rewritten in vector moving-average form such that
X =p® + N'U*(L)e] +uy, fori=1,--- N
. -1
where W*(L) = > 777 WiL? with W§ = I and V(L) = { P = 2 5m1 @jLJ} . Let the struc-
tural IRF of the response variable X;; at time horizon A (h =0,1,2,--+) be ¢;,. Then,

X
Pin = aef

= AT

This class of models is called the FAVARs, introduced by Bernanke et al. (2005) and fur-
ther explored by Stock and Watson (2005). Bernanke et al. (2005) include an observable
structural factor as well as unobservable factors in F}°. Under the assumption that the ob-
servable and unobservable factors are separately identified, this extension does not add any
complications to the analysis, and the results in this paper hold. Second, in many empir-
ical applications, accounting for individual serial correlations in Xj;; is desired so that X;
can be replaced by A(L)X; in the above models, where A(L) = [A1(L), -, An(L)]" and
A(L) =14 A1 L+ -+ A;,, LPi. However, consistency and asymptotic normality of the
coefficients A, ; (¢ =1,--- N, and j = 1,-- - p;) are obtained by using the least squares of the
current response variable X;; on the factors and the past response variables X;; ;. Hence,
we use the simple models (1) and (2) throughout the paper.

While these models can be estimated by using the maximum likelihood principle with
respect to the identifying assumptions, the maximum likelihood estimators for models of
such a large dimension may have questionable finite sample properties. Thus, we instead
consider the less computationally demanding PC estimation studied by Bai and Ng (2006).
To this end, we state the estimable reduced-form representations of (1) and (2) following the
conventional strategy in the VAR literature. Rewrite the models by using an r X r invertible
matrix B that captures the contemporaneous correlations among Fy’, so that F; = BFy. It
then follows that A = A*B™!, &; = B@jB_l, e; = Bej, and v = Bv®. The constant and
idiosyncratic errors in (1) are not affected by the factor structure, so u = p°® and vy = u.

The reduced-form models are

Xt = M+AFt+Uta (3)
Ft = U+Z§:1 (I)th,j“'“et. (4)

4



To simplify the notation, let Z = [1, F(_1), F(_2),... ,F(—p)] be a T' x (rp + 1) matrix, where
tis a T x 1 vector of ones and F(_;) = [Fi_j, ..., Fr_;|', and let & = [v, ®q,...,P,]" be an
(rp+ 1) x r matrix so that (4) can equivalently be written as F' = Z® + e. The constant

terms in the models can be omitted if the data are demeaned.!

The estimation procedure is as follows. First, the factors are extracted from (3) by using
the PC method to find the solution of

(ﬁv A) = arg I]I\ll}l Zfil Z?zl(Xit - A;Ft)Qv (5)

with normalization F'F/T = I,. Second, we estimate the VAR equation (4) by adopting
the least squares approach using F,. As pointed out by Bai and Ng (2013), when estimat-
ing models by using the PC method, a well-known rotation problem arises, implying that
the factors are not individually identified in the reduced form. Define the rotation matrix

pertaining to the PC estimation as
Hyr = Vyp(F'FJT)(N'A/N), (6)

where Vyr is an r X r diagonal matrix whose main diagonal elements are the r largest eigen-
values of X X'/(T'N) in descending order and whose probability limit is Q! = plim Hy as
N, T — o0, given it exists.

Finally, let the reduced-form IRF of the ith response variable X; at horizon h (h =

0,1,2,...) be ¢,;,. Then,
_ O0Xiyn
77Z}z'h - aet

Since the statistical properties of the IRF estimates are often discussed in terms of the

— N,

reduced-form IRF's, it is important to note that, as in standard structural VAR analysis, the

structural IRF can be represented by its reduced-form counterpart,
Yin = VB = N¥nB, (7)

by using the reduced-form parameters.

!For simplicity, the theoretical derivations in this paper do not include the constant term, assuming that
the data are demeaned. In practice, when the model does not include a constant term and demeaned data
are used, the researcher should make sure that the residuals are demeaned in the bootstrap procedures. See
section 4.1.



2.2 Assumptions

We discuss the standard regularity conditions for the remainder of the analysis. First, let the
data-generating processes above be defined on a probability space (€2, F, P) and let M < oo

be a generic constant.

Assumption A.

(a) The loadings \; are either deterministic such that ||A;|| < M or stochastic such that
E| M| < M. In either case, A/N — £, where ¥, is an r x r positive definite

matrix X,.
(b) The eigenvalues of the r x r matrix ¥, Xp are distinct.

(c) Ai, ujs and e, are mutually independent for all (¢, 7, s, t).

Assumption B.
(a) E(uy) =0 and E |uy|® < M for all (i,t).

(b) N=13E, 320 |mil* < M, where 735 = E(uiugy). T7 Y0 Y0y 1yl < M, where
Yie = BINTV S0 warts).

4
(c) For every (t,s), E N-1/2 val[uisuit — E(uisuy)]| < M.

(d) For each i, T—1/2 Zthl Fougy A N(0,0;), where ©; = Var (T‘1/2 Zthl Ftuit> )

Assumption C.

(a) E(e;) =0, E(eie;) = 3¢ an r X r positive definite matrix, and E(eiel) = 0, for all

t # s.
(b) Eley|* < M foralll=1,...,r, and t.
(c) For h=1,2,..., T2 vec(Zie,) % N(0,5;®,) with £z = plimg_.o. Z'Z/T.
(d) T2 (a6 — £0) 5 N(0, 5 @ o).

6



(e) The roots of det(l, — @12 — P92? — - - — &,2P) = 0 lie outside the unit circle.

(f) The r x r matrix B has full rank.

Assumptions A and B have been discussed in Bai and Ng (2006). In particular, Assump-
tion A(b) guarantees the uniqueness of the limit of the factor rotation matrix. Assumption
A(c) imposes the independence of the factors, factor loadings, and idiosyncratic errors as
in Bai and Ng (2006), and it greatly simplifies the moment conditions without losing much
substance in our context. Assumption B(b) allows for idiosyncratic errors to have weak serial
and cross-sectional dependence. Assumption C consists of the basic assumptions in the VAR
literature. It enforces a stable system that is estimable by using the least squares method.
Assumption C(a) imposes a white noise property with a fixed covariance matrix on {e;} to
obtain a structural identification using up to the second moments of the residuals. Finally,
these assumptions are on the parameters and variables {F;, A, ®, uy, e;} in the reduced-form
representation rather than the structural entities { £}, A®, ®°, u?, ef}. This is mainly for no-
tational simplicity in the technical proofs; however, researchers may need to validate these
assumptions for the structural entities, in which case, all of these assumptions are stated
by using the structural counterparts. For example, Assumption C(a) can be replaced by
the same assumption on e; with a small notational change from . to B~ 'Y B'~!'. This

assumption holds since e = B~'e; and B is a fixed full rank matrix.

3 Structural inference

Once the reduced-form models have been estimated, structural parameter estimates can be
obtained by using the contemporaneous coefficient matrix B. Several identifying methods
are applied in empirical research; however, we particularly consider the popular recursive

scheme by imposing the following assumption.

Assumption D. Q VB is an upper or lower triangular matrix and the signs of its

diagonal elements are known.

A glitch in the FAVAR context arises when B is obtained through the Cholesky decompo-
sition. This is because the recursive restrictions must be imposed not on matrix B itself but
on its rotation QB as the latter is the asymptotic counterpart of B. This is the case of the
B-estimator of Liitkepohl (2005) and the structural IRF is only locally identified. In order

7



to obtain the unique estimate, we fix the sign of @, if the sign of ¢,, is not desired. This
restriction includes the limit of the rotation matrix () and it is not straightforward to inter-
pret restrictions on such non-structural entities. Hence, we further break down Assumption

D into the following set of sufficient conditions to ascertain its feasibility.?

Assumption D’. The following three restrictions imply Assumption D:
(a) X is diagonal;
(b) X, is diagonal;

¢) B is an upper triangular matrix and the signs of \.B = ¢,, are known.
g g ) Pio

The first two parts of Assumption D’ imply that the model involves orthogonal factors and
loadings in its reduced form, which are statistical assumptions. Given these two statistical
restrictions, we are able to impose a recursive structure directly on B as in a conventional
structural VAR. Finally, the signs of the elements of \; B can be deduced from the underlying

economic model. The identification is implemented as follows:

ID (recursive identification with sign restriction):
1. Obtain B such that B = Chol(é'¢/T).

2. Change the signs of ¢, (h = 1,...), if the signs of ¢,, are not desired.

Under these identifying assumptions and the method, we obtain the following theorems
about the consistency and asymptotic normality of the structural parameters and the struc-
tural IRF.

Theorem 1 (Consistency of the structural parameters) Under Assumptions A, B, C, and
D, A =X 50, 05— 50, and @y, — @y 2 0, for all i as N, T — oo.

2Lemma 3 in Appendix A provides a proof that Assumption D’ implies Assumption D.



Theorem 2 (Asymptotic distribution of structural IRFs) Under Assumptions A, B, C, and
D,
. d
\/T(%‘h — ¢in) = N(0, Qpin),
Vi as T, N — oo and /T /N — 0 provided dp;;, /00 # 0, where 6 = [\;, vec(®), vech(B)"],

0o,
08’

3802}1
06’

and Qg; = diag(Qxi, Qo, Up) with Uy, = Q7 V0,Q71,

Qgpih = QGi

Qe = [(L,oQ "4, 0Q ")
x [(I, @ Q7")E2(I,® QN @ [Q"E.Q 7]
x[(I, ® Q7")2z(, @ Q1) 7Y,

and Qp is defined in Appendiz A.

There are two remarks on these results. First, despite the implication that the structural
IRF's only involve structural parameters, when we consider the distribution of the IRF es-
timate, we present the expression in terms of the reduced-form parameters as in Liitkepohl
(1990, 2005), so that the asymptotic covariance estimates are easily constructed. Second,
more importantly, the asymptotic approximation is reasonable when VT /N — 0 is relevant.
However, if N is smaller than T and T /N — ¢ (¢ > oo) is more appropriate, then the
parameter estimates suffer from asymptotic bias, as suggested by Ludvigson and Ng (2009b)
and Gongalves and Perron (2014).

Remark 1 Stock and Watson (2005) and other empirical studies also consider valid impulse
response-based identification schemes such as short-run and long-run restrictions. The finite
sample properties when using these identifying schemes are discussed via the Monte Carlo

stmulations in section J.
4 Bootstrap inference

4.1 Procedures

This section outlines the residual-based bootstrap algorithms used to construct the confi-
dence interval for the IRFs. We consider the independent and identically distributed (i.i.d.)



bootstrap for the VAR shocks in order to make use of the white noise property of {e;}. This
treatment is not as trivial regarding the idiosyncratic errors in the factor model. Here, we
also illustrate the i.i.d. resampling for the homoskedastic idiosyncratic errors {u; }; however,
the effects of the potential heteroskedasticity in {u;} on the IRF estimates are accounted for
by employing the wild bootstrap procedure as suggested by Gongalves and Perron (2014).
The same can be said for the serial correlations in the idiosyncratic errors by employing a
relevant bootstrap method to account for the dependence in the original idiosyncratic errors.

In this paper, we compare two alternative algorithms that are straightforwardly imple-
mented in empirical studies. The first method, as recommended by Gongalves and Perron
(2014), implements factor estimation in the bootstrapping repetitions. This is called Proce-
dure A. The second method does not estimate factors in the bootstrap repetitions, treating
the original factor estimate as the observed processes. Therefore, the implementation is no
more involved than standard small-scale structural VAR models. This is called Procedure

B. We first outline Procedure A as follows.

Procedure A: Bootstrap with factor estimation

1. Estimate the model by using the PC procedure, obtaining the parameter estimates A,

CiD, and B as well as the residuals Uy and é;. Obtain the structural IRF estimate ¢,.

2. Make sure that the residuals 4; and é; are demeaned. Resample the residuals é;
with replacements and label them e;. Generate the bootstrapped sample F}* by using
Fr=0+ Z?Zl éthtj + e;. In addition, resample the residuals u; with replacements
and label them u}.? Generate the bootstrapped response variables X* by using X; =
i+ AFF 4 urt

3. By using the bootstrapped response variables X}, estimate (F*, A*) following the first
step of the PC procedure. Then, estimate the VAR equation of Z:"t* to obtain the
bootstrapped estimates &* and B* using the second step of the PC procedure. This
yields the bootstrap IRF estimates ¢;.

4. Repeat steps 2 and 3 R times.

3Here, one can implement another bootstrap scheme that mimics the properties of the idiosyncratic errors.
4The bias-correction method discussed by Kilian (1998) is applied. The bias is estimated by taking the
average of ®* — H*®;H*~! in another bootstrap loop in Procedure A and by ®** — &. in Procedure B.
g J J Y P J
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5. Store the recentered statistic s = ¢}, — ®;;,. Sort the statistics and select the 100- /2"
and 100- (1 —a/2)" percentiles (5*/?), 5(1=2/2)) The resulting 100- (1 —a)% confidence

interval for ¢, is [, — 97, @y, — 8] for h =0, 1, ....

In step 2, the bootstrap sample X shares the same data-generating process as the original
sample X;. In step 3, the bootstrap IRF estimates involve the same identification and
estimation methods as the original IRF estimate, suggesting that the dispersions of all the

bootstrap estimates can mimic the sampling distribution of the original estimates.

Procedure B: Bootstrap without factor estimation
Procedure B is the same as Procedure A except for a change in step 3, which is formalized

as follows:

3. By using the bootstrapped observations X, and factors F, estimate A**, d** and B**.
This yields the bootstrap IRF estimates ¢;™.

Procedure B is a natural and simple extension of the methods conducted in standard
structural VAR analyses since it generates the VAR variables as if they were observable.
Hence, it does not involve factor estimation in the procedure, and ﬁt* is not generated.
Finally, the bootstrap interval specified in step 5 is known as Hall’s (1992) percentile intervals.
One can alternatively use what is commonly called Efron’s percentile method by storing
s = ¢y, and constructing [s(o‘), 3(1_“)]; however, this method is not asymptotically centered
(see Efron and Tibshirani, 1994). It is found that the IRFs are likely to produce non-centered
distributions because of structural identifications and factor estimation errors. Another
popular choice is the percentile-t interval. However, it is observed that the percentile-t is
inaccurate for IRF estimates, especially over long horizons when the sample size is small
(Kilian, 1999).

4.2 Asymptotic validity

This section studies the asymptotic validity of the proposed procedures. The asymptotic
validity of Procedures A and B is given in Theorems 3 and 4, respectively, under v/T /N — 0,
with remarks on higher-order correctness following. For Procedure A, we obtain the following

theorem.

11



Theorem 3 (Asymptotic validity of Procedure A) Under Assumptions A, B, C, and D,

Sg}glP* [(Sb:h — @in) < 1] = P(@, — pin) < 7 o 0,

for alli as N,T — oo, and T /N — 0.

This result is of the first order; therefore, to better understand the finite sample properties
of inference, higher-order terms in the estimation errors must be investigated. For simplicity,
let us consider the case of no serial correlations in the idiosyncratic errors {u;}, i.e. 7,, =0
for all ¢ # s in Assumption B(b). The errors in the original structural parameter estimation
can be expanded into three components: errors pertaining to the contemporaneous coefficient
matrix B, factor estimation errors, and combinations of these errors. Let us now take the

structural IRF at horizon 0 as an example. The expansion of the original estimate is

VT (P — 0i0) = T V2B'HlypHypFlug + TV Hig k)
+T71/2€/HNTF/’U,1‘

(I): errors in B

+T 2B Hyy F(F = FHG) + T2 B iy (F — FHyp)'wi

(II): factor estimation errors
+T V2 F(F — FHiG) N + T7Y2% (F — FHyp) u;. (8)

(I11): (I) and (II)

where ¢ = B — HyrB. In the original estimate, the terms in (I), (II), and (III) are of
0,(1), O,(v'T/6%), and 0,(1), respectively. Hence, the term of O,(v/T/6%) = o0,(1) under
VT /N — 0. When we use Procedure A, the bootstrap parameter estimates take the same

form in the bootstrap space, so that

VI@ly— ) = T V2B HipHypF'u + TV Hip ',
+T V2 Hy o 0t

(I): errors in S*

+T 2B Hyy B (F" = F i) + T2 B Hyp(F* — F*Hyp) ]

(IT): factor estimation errors

+T_1/2€*/F*I(F* _ F*H;[’;l)j\z + T_1/2€*/(F* _ F*H;;T)/u;k (9)
(I11): (I;rand (1)
with
Hiyp = V- YEYF*/T)(AN'A/N) (10)

12



where V is a diagonal matrix whose elements are eigenvalues of X*X* /(TN) in descending
order. The validity follows under the stated conditions, which guarantee that all the terms
in (9) are of the same stochastic order under P* as those in (8) under P. Hence, (I) and
(IIT) disappear as N,T — oo, and so does (II) with the additional condition v/T/N — 0.
We now prove the validity of Procedure B.

Theorem 4 (Asymptotic validity of Procedure B) Under Assumptions A, B, C, and D,

Slelg ‘P* [(@:2 - @i,h) < 33] -P [(@i,h - %,h) < 37] | 5 0,

for alli as N,T — oo, VT /N — 0.

In Procedure B, the bootstrap estimate of the structural IRF at the contemporaneous

timing of the shock is expanded in the bootstrap space as follows:

VT(Q5 — i) = T V2B F ur +TY2% ),
+T_1/2€**/F*IU:, (11)
S

(I): errors in B**

with e** = B** — B. The higher-order terms associated with factor estimation errors (II)
and (III) in (9) do not appear in (11). Hence, we expect the confidence intervals constructed
by Procedure B to be generally tighter than those constructed by Procedure A because of
the factor estimation errors. On the contrary, the interval given by Procedure B captures
sampling variations less accurately than Procedure A does, especially when N is significantly
smaller than T (v/T /N — 0 does not hold), because the terms in (II) that are not present
in Procedure B are relevant. When the errors in the contemporaneous matrix estimate ¢ are
not small, the terms in (I) and (III) can play a significant role. This leads to coverage errors
over short horizons that depend on the structural identification scheme; however, the effect
of € does diminish over long horizons. Finally, the normal approximation neither accounts

for the factor estimation errors (II) and (III) nor captures the effect of (I).

5 Finite sample properties
5.1 Monte Carlo simulations with artificial data

This section reports the Monte Carlo simulation results to assess the finite sample properties

of the bootstrap procedures. We consider a simple VAR(1) model so that the response

13



variables x;; are generated by z;; = \;f; + u; ¢, with the factors (f; : r x 1) evolving such
that fy = ®f;_1+e (1 =1,....,Nandt =1,...,T), where \; = [\; 1, ..., \is]' is an r x 1 vector,
® is an 7 x r matrix, and e, = Bej, where ef =[]}, ..., €7 |'. We set r = 2 and the particular

choice of the parameter values is

04 0 1 05
¢ = and B = ,
0 04 0 1

unless otherwise stated. The factor loadings A; ; (j = 1,2) are generated from i.i.d. standard
normal distributions.

We consider the following three patterns of the error terms. (1) e;; and u;, follow i.i.d.
standard normal distributions and this case is called “Gaussian,”(2) e} ; and u;; follow i.i.d.-
centered chi-square distributions with one degree of freedom with unit variance and this case
is called “Chi,”and (3) e;; follows i.i.d. standard normal distributions and w;; follows the
independent normal distribution of random variance generated by the uniform distribution
U]0.5,1.5] and this case is called “Hetero.”

We report the result for the IRF of the first response variable to a structural shock of
the first factor. Because the estimation errors in B can affect the results, as we conjectured
in section 4.2, we study the following three popular structural identification schemes. The
first scheme is the recursive identification described in Section 3. This is called “ID1.” The
second structural identification scheme is the short-run restriction and this is called “ID2.”
This method is based on a different assumption from the recursive scheme and assumes that
the IRF of the second response variable to the structural shock of the first factor at time
h = 0 is zero. Without loss of generality, take the IRFs of the first r response variables to
the r structural shocks. Then, we have an r X r matrix of the structural IRFs ¢, ., and the
reduced-form IRFs ¢, ), at time horizon h, respectively. The matrix consists of the first r
response variables stacked in rows and r shocks in columns. Following Stock and Watson
(2005), the B matrix is estimated by

A1

B = ¢1:r,0801:r,07

where
N ] Al A A7
901:1“,0 = Chol [11[]1:7“,0(6 e/T)Q)Z)I:T,O )

@Ablmo = A1, A) = Ay, and é is a T x r matrix of the reduced-form VAR residuals. In

addition, we consider the long-run restriction based on the identifying assumption that the
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same IRF at the infinite horizon is zero. This is called “ID3.” In practice, the B matrix is

obtained by
O

B = 1/}1:r,00901:r,oo’

where
A~ 0 NN ~ !
SDl:r,oo - ChOl |:¢1:r,oo(e e/T)Q/Jl:r,oo ’

. . -1
and ¢y, = Ay {IT - @} . In our data-generating process (r = 2), these identifying

assumptions are achieved by additionally imposing zero on the (2,1) element of the N x 2
factor loadings matrix A = [\, ..., Ay

Since the effect of the sample size on the inference results is of major interest, we com-
pare the results of the four (7', N) combinations (7', N) = (40, 50), (40, 200), (120, 50), and
(120,200). The experiment is based on 3,000 replications with 399 bootstrap repetitions.
The results for equal-sided confidence intervals of the 95% nominal level are reported. By
default, the bias correction of Kilian (1998) is applied where the bias for d is estimated by
using another 300 bootstrap replications. The coverage rates and median of the lengths of
the confidence intervals for the structural IRFs up to five periods are reported. As a com-
parison, the results obtained by using the asymptotic normal approximations are reported
as well (denoted by “Normal”).

Tables 1 and 2 show the results of Procedures A, B, and the asymptotic approximations
under “Gaussian” and “Chi,” respectively. In Table 1, we observe that the coverage rate of
Procedure A is close to the nominal level of 95% in most cases. We see errors in the coverage
rate at h = 0 when ID2 or ID3 is used; however, the coverage rate improves as the sample size
increases. Procedure B also reports a satisfactory coverage rate, but it tends to undercover in
many cases compared with Procedure A because the interval of Procedure B does not account
for the factor estimation errors. In theory, the undercoverage of Procedure B would be most
distinct in the case of a larger T and a smaller N, where the condition VT /N — 0 is less
appropriate. This is most clearly evidenced when ID2 or ID3 is used or over longer horizons
in ID1. On the contrary, the length of Procedure B is always shorter than that of Procedure
A as our theory predicts. Table 2 shows that the findings of both bootstrap procedures
are robust even when the errors follow the chi-square distribution. Finally, the asymptotic
normal interval tends to show the coverage errors as the time horizon increases (see Tables

1 and 2). Further, the normal approximation becomes exacerbated when the errors are not

®More precisely, by doing this, the 2 x 2 matrices of the short-run structural IRF ©1.2,0 = A1:2B and the
long-run structural IRF ¢q.5 o = Ap:a[l2 — ®]~! B are upper triangular matrices.
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normally distributed (see Table 2). Table 3 reports the results under “Hetero.” Here, we use
the wild bootstrap of Gongalves and Perron (2014) by modifying step 2 of the algorithms
in section 4.1 such that ey, = éxny, and uj, = U;4n;', where ng , and 7}, are independent
draws from the standard normal distribution at all k, ¢, and t. The results in Table 3 are
similar to those in Tables 1 and 2, although when ID2 or ID3 is used, the coverage rate at
h = 0 is unstable. In Table 4, we further investigate the cases of small N to assess how
differently the two bootstrap procedures behave. In particular, we set (T, N) = (120, 10),
(120, 30), (240,10), and (240,30). We focus on the Gaussian case. We now observe more

significant undercoverage in Procedure B, while Procedure A can mitigate the problem.

5.2 Monte Carlo simulation using empirical data

Finally, we present an empirical experiment to ascertain the robustness of the obtained re-
sults by using actual economic data. To this end, we use 129 monthly US macroeconomic
time series investigated by McCracken and Ng (2015).% Although the data span the period
from January 1960 to December 2014,” we use the data up to December 2007 to exclude
the financial crisis period in which some series exhibit explosive behaviors.® All series are
transformed into stationary processes following them, and outliers are removed by using
the method proposed by Yamamoto (2015).° In addition, the data are demeaned and stan-
dardized to have unit standard deviations. We use a model with two factors and the lag
order four, although slight variations in the number of factors and lag order do not affect
the qualitative results. We also find that the first factor is closely related to real economic
activity measures (e.g., production) and that the second factor has a stronger correlation
with the price variables. This finding is consistent with those of Sargent and Sims (1977)
and Stock and Watson (2005). Hence, for identification, we assume that the producer price
index is contemporaneously affected by the second factor but not by the first factor. We
select the order of the VAR to be four. The models are then identical to those described in

the previous subsection, except with a higher lag order.

6These data can be downloaded from the author’s website. The original data consist of 133 series; however,
four series (real manufacturing and trade industries sales, new orders for consumer goods, new orders for
nondefense capital goods, and consumer sentiment index) are not available for the full sample and thus they
are omitted from our data set.

"The original data set starts from January 1959, but five series of new private housing permits are available
from January 1960; hence, we use all other series from January 1960 as well.

81f we include the financial crisis period, the stationary assumption of the VAR model is violated.

9This method corrects outliers that exceed five times the standard error estimate in the filtered individual
series.
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The aim here is to evaluate the coverage properties of Procedures A and B. However, the
coverage probabilities of the confidence intervals constructed from the actual data cannot
be calculated. Hence, we use the following calibration experiment in order to replicate an

approximation of the actual data-generating process.

1. Estimate the model and obtain the coefficient estimates and residuals.

2. Generate the quasi-observations from the calibrated model with the error terms re-
sampled from {é:} and {u;} with replacement. The {é;} are orthonormalized by
el = &,5.7/2, where 3, '/2 is the Cholesky-decomposed covariance matrix of é,. This

allows ej to be interpreted as a structural innovation.

3. By using each generated data set, construct 95% confidence intervals for the IRF's using
the proposed bootstrap procedure with 599 repetitions and see if the true (calibrated)
IRFs are included in the estimated interval. In doing so, we allow for heteroskedasticity

in {u;} and use the wild bootstrap.

4. Repeat steps 2 and 3 3,000 times to evaluate the coverage rates.

We consider the IRFs of inflation (CPI: all items), short-term interest rate (3-month
Treasury bill), a production index (Industrial Production Index), and the unemployment
rate (Civilian Unemployment Rate) to the first factor shock. Table 5-a provides the coverage
rates for the IRF's for 8 periods using Procedures A and B and Table 5-b shows the median
length of the confidence intervals over the replications. Procedure A yields coverage rates
very close to the 95% nominal level for all four variables. Therefore, the good finite sample
properties of this bootstrap procedure are confirmed by this calibrated experiment. The
coverage rates of Procedure B tend to be below the nominal level, as the theory suggests.

Hence, the results are also consistent with the theoretical findings in this empirical example.

6 Conclusions

This paper discussed how to design residual-based bootstrap methods for the confidence
interval of structural IRFs in FAVARs. The methods are based on the bootstrap procedure
for factor-augmented models suggested by Gongalves and Perron (2014) and are extended
into the context of structural FAVARs. We compared procedures with and without factor

estimation in the bootstrap repetitions. In theory, both procedures are asymptotically valid
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under a condition v/T /N — 0, where N and T are the cross-sectional dimension and the time
dimension, respectively. Even when /T /N — 0 is irrelevant, Procedure A still accounts for
the effect of the factor estimation errors on the IRF estimate and achieves good coverage rates
in most cases. On the contrary, Procedure B is invalid in such cases and tends to undercover
if N is much smaller than 7. However, Procedure B is implemented more straightforwardly
from the standard structural VARs and the length of the confidence interval is shorter than
that of Procedure A in finite samples. Given that Procedure B still gives a satisfactory
coverage rate unless N is very small, it remains in consideration of empirical use, although
using Procedure A is safer as it correctly accounts for the effect of the factor estimation

€rrors.
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Appendix A: Proof of Theorems

In this appendix, the subscript NT for the PC rotation matrix Hyr is suppressed and it
is denoted by H.

Lemma 1. Under Assumptions A, B, and C, the following hold for j =0,1,--- , p.
a) TS |Fo— HE|| |y — HE ;|| = 0,(677),

b) 127: ]+1( Ft)FtJ:O(5 )

— HFE, )'Fy = 0,(677),

Ft HFt)Ft]—O(c? %),

= HFE, ) F, = 0,(67%),

g — HEj)'es = O p(67%),

g) IZt =j+1 Fy— HE) up = Op(5_2)-

)
~—
,_.
u.
Q
[
A/\/\/\/\
ﬁ

Proof of Lemma 1: Part (a) is a direct consequence of Lemma Al(a) of Bai and Ng
(2006). For j =1,--- ,p, the Cauchy-Schwarz inequality yields
\/Zt =j+1

i Lot < T

but this is O,(T6%). For parts (b) and (c), Lemma A1(b) of Bai and Ng (2006) is also directly
applied to get

2

—HF,

— HF, Frj—HF,_;

Fr_j— HF,_;

)

T_l Zzﬂ:j—‘rl(ﬁ’t - HFt)/Ft—j - OP(5_2) for j = 07 la LD
TS (P = HE))'F, = Oy(67%) forj=1,---,p

For parts (d) and (e), if we apply parts (a), (b), and (c) to the equations

ZtT:j-H(ﬁt - HFt),Ftﬂ' = Zt ]+1( HFt) Fio J Zt ]+1< HFt)(Ft J HFt*j)’
SB—HE ) F = Y (B — HE )F, =Y (Fj — HFE, ) (F, — HF,),

we obtain the results. Part (f) directly follows from Lemma Al (iv) of Bai and Ng (2006).
Part (g) is the same as Bai’s (2003) Lemma B1, which is shown under weaker assumptions
than ours.

Lemma 2. Under Assumptions A, B, and C, 6/76 —Q7VS.Q7 = 0,(677).
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Proof of Lemma 2: First, we expand the residuals é.
¢ = F—Z&=FH +(F—-FH') - 79,
— eH' + ZOH' + (F — FH') — Z9,
— eH 4+ (F - FH') + [Z(Ip ® H') — Z} (I, ® H )oH'
+2 (1@ B Yol - 8. (A1)
Then,
¢¢/T = H(e/T)H +T YF—FH)(F—FH)
FHO(L, @ H YT (2(1, @ H') - 2)(2(1, @ H') = 2)| (I, ® H)oH
~77 AL A A
n [(Ip © H-Y)oH — d)} 727 [(Ip ® H)OH — c1>] + cross terms,
= H(e'e/T)H' 4+ 1+ II+ III + cross terms. (A.2)
By using Lemma 1(a), ||I|| = O,(672) and ||I1|| = O,(67?). Further, |[II1| = O,(T') by

using (A.5). Note that (A.5) is shown later without using this result. The cross terms are
C + C’', where

C = HIF—FH)T + H(e' [Z(Ip ® H') — Z} /T) (I, ® H™)H'
e - e

0r(577) 0y(72)

VH <e'Z/T) [(Ip © H-Y)oH — @}
e —
Op(Til/Q) OP(T71/2)

Op?;_l)

+((F _ FH) [Z(Ip ® H') — Z} /T) (I, ® H oL

Op(672)

+ [(F - FH’)Z“/T} [(Ip © HYoH — cﬁ}

.

0p(5-2) 0p(T-1/2)

+HY (I, ® Hll)l<|:Z(Ip ® H') - Z}/ZA/T) [(Ip @ H™OH' — @],

. /

o,,(:s,*) Op(T~1/2)

so that C' = 0,(672).

Lemma 3: Under Assumptions A, B, C, and D’, B constructed by (ID) satisfies HE - H B’
0as N,T — oo.
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Proof of Lemma 3: We first show that Assumption D’ implies Assumption D. To
this end, we show that under Assumptions D’ (a) and (b), Q! becomes a diagonal matrix.
Combining this fact and the fact that B is triangular according to Assumption D’ (c) yields
the result. The proof is similar to Bai and Ng’s (2013) PC1 condition. We start with

F'F/T=(F —FH)YF+ HF'F/T = HF'F/T + 0,(67%).
Define Hr = (F'F/T)H. From the definition of H,
H = Vgh(F'F/T)(N'A/N) = Vet Hu(WA/N) + 0,(67),
so that multiplying by F'F/T on both sides gives
Hp = Vb Hip(NA/N)(F'F/T) 4 0,(572).
Multiplying by Vi on each side and taking the transpose gives
(F'F/T)(NA/N)YHp = HpVyr + O,(67%).
Denote Q' = XrQ~! where X = plimy_.o, F'F/T. In the limit,

SrEaQp' = Qp'V,

with V' = plim Vyr. This equation suggests that Q' is a matrix consisting of the eigen-
N, T—o00

vectors of X¥pX,. Since Yy, is diagonal according to Assumptions D’ (a) and (b) and it
has distinct eigenvalues under Assumption A(b), each eigenvalue is associated with a unique
eigenvector, and each eigenvector has a single nonzero element. This implies that Q' is
diagonal. Now, since Y5 is diagonal and so is Q4', as shown above, Q7! = XpQ.' is a
diagonal matrix. Finally, it is straightforward to obtain

HB—HBH — ||Chol (¢¢/T) — HB||,
— H||Chol(QVBB'Q™Y) - Q VB,
= 0,

where the second line uses Lemma 2 and ¥, = BB’. The third line uses the triangularity of
Q VB and the sign restriction.

Proof of Theorem 1: We show the results for the individual structural parameters A;

and ®°. First, the reduced-form estimate \; is expanded into the following form (see Bai,
2003, proof of Theorem 2):

Ni=H N+ T HF u + T7'F/(F — FH'™Y)\ + T"Y(F — FH')'u;. (A.3)

Lemma 3 tells us that ¢ = § — HS % 0, which in turn implies that £ = 5~ — S—1H-1 % 0.
Then, the estimate for the structural parameter A} = S’); is given by
A o= SN =8N+EH N+ T 'SHHFu +T ‘¢ HF u;

+TYS'F(F — FH Y\ + TS (F — FH')'u;. (A.4)
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Rearranging the terms in (A.4) gives

5\: . )\Zs — T—ls/HIHF/ui + €IH,_1>\7j 4 T_IE:/HF/'LLZ‘
+T S F(F — FH ™Y\ +T7'S'(F — FH) u;,
= I+I1T+1IT+1V+V.

Since I = O,(T~Y2), II = 0,(1), I11 = 0,(T~*/?) according to Assumption B(e) and Lemma
3 and IV,V = 0,(§?) from Lemma 1 (d) and (g), it is shown that A, — A3 % 0. For &,
the least squares estimate for ® is given by

@ = (7 A)*l (2F).

( ) (Z’FH’) (Z’Z) 0

_ ( ) [ Lo H')(I,® H-)OH + Z’eH’] (Z’Z) R 300
(22) |22

) f

+ (Z’Z)i [Z’(Z( ® H') — 2)(I,® H”1)<I>H’] + (Z’Z) Z'(F — FH),

N>

® H'- 1)<I>H’] (2’2)7 (Z’eH’)

= (I, H"H)oH + (T*Z’Z) - (T~'(I, ® H)Z'eH'|
+ (T*12’2>71 [T*l(z —2(I,® H’))’eH’}
+@H2®4PH?@@®H@QN © H o H|
+ (T’lZA’Z>71 [T’lZ’(ﬁ’ - FH’)} . (A.5)

Since T~'Z'Z = O,(1), the last three terms in (A.5) are O,(67%) using Lemma 1. The
estimate for the structural parameter ®* = (I, ® B')®B'! is then

) [T (I, ® H)Z'eB'™]
® H)Z’eH’} ¢

(I, ® BY®B'™' = (I, B)®B '+ (I, ®B’H’)(T—1Z'Z
(I, ® B) [@H’ (T12'2) ‘T \(1,
+(L, ® )L, H )&+ (T ) Lo H)Z'e B
+(I, )R @ H ™o+ (T 2'2) T(I®m2d4§
+(I, ® B)[T™*Z'(F — FH')|B' (A.6)
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or

o~ = (I, BH)T'Z2'2)7 (T7'(I,® H) Z'eB'"™")
+(I,® B)) [@H’ (T 227 TV, ® H)Z'eH’} ¢
+(L,® (I, H™ Yo + (T 2'2) T~ (I, ® H)Z'e]B'™*
+(I, ®€") [(Ip @ H Yo+ (T 2'2) ' T (I, ® H)Z’e[—[’} ¢

+(I,® B)[T"*Z'(F — FH')|B"™,
= I+1I+1II+1V+V.
Since I = O,(T~Y?), II, I1I,1V = 0,(1) according to Lemma 3, and V = O,(6"?) from
Lemma 1(a), we obtain ®* — ®* 2 0. These imply the result for the structural IRF estimate
Pis — Pigy — 0, for any i.

¢) and o = vech (Q7"SS'Q™"). Then,

Lemma 4: Let 6 = vech (%

VT (6 — ) % N(0,%,)
as N,T — oo and VT /N — 0.

Proof of Lemma 4: This result is the same as the conventional structural VAR, proven
by Liitkepohl (2005) based on the Cholesky identification. The difference in this context is

that é involves factor estimation errors, meaning that the expression of e,\/—% is (A.2), but, as

in Lemma 2, it is shown that the terms associated with the factor estimation errors are at

most O,(vT6 %) and are negligible when v/T /N — 0 under our assumptions. Hence, we
can apply this result, and the explicit form of ¥, is given by

%, = 2D} (@ VSS'Q ) @ (@ VSS'Q Y] DY,
where D" = (D! D,)~'D. is the Moore-Penrose inverse of the duplication matrix D,.

Proof of Theorem 2: Given that the reduced-form parameter estimates \; and & are
asymptotically normal as N, T — oo and T /N — 0 under Assumptions A and B (see Bai
and Ng, 2006) up to rotation and B is asymptotically normal according to Lemma 4, the
delta method implies that the structural IRF is asymptotically normal with the variance
given in the theorem.

Theorems 3 and 4 are shown by using Lemmas BT1 to BT4. These lemmas are proven
by more primitive conditions than in Lemmas BT-B and BT-C, which are shown to hold in
Appendix B under Procedures A and B.

Lemma BT-B: Suppose Assumptions A, B, and C hold. Under the proposed bootstrap
Procedures A and B, the following holds:
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(a) E*(u},) =0 for all (i,¢).

(b) T Z?:l 23:1 ”YL’Q = Op(l),where Ve = E* (N~ Zz 1 Gis ei) N Nt sz\il ZN:
O,(1),where T = E (e;‘te;t).

2

(C) T72 Z?zl Zzzl E* N71/2 va 1[uzsuzt E (uzsuzt)] = Op(l)

(d) Foreachi, ©; *1-125"T  Fruz, & N(0,1,), in probability, where ©F = Var* (Tfl/2 ST Ft*u;.*t)
and plim ©f = Q7 V0,Q 1.

Lemma BT-C: Suppose Assumptions A, B, and C hold. Under the proposed bootstrap
Procedures A and B, the following holds:

(a) E*(e}) =0, E* ||ef||* = O,(1), and ¢} and e’ are independent for all ¢ # s.

(b) $—1/27-1/2 ZtT:p+1 vee(Zrer') % N(0, I,,2), in probability, where ¥* = Var* (% ST Zt*e;”),
where plim¥* = [([, @ Q) Xz ([, ® Q1) @ (Q~V2.Q™'), in probability.

(¢) The roots of det(I, — ®yz — Py22 — --- — &,27) = 0 lie outside the unit circle.

Lemma BT1. Under Assumptions A and B and Conditions BT1 and BT2, the following
conditions hold for j = 07 1,---,p:

(a) T 1Zt =j+1 — H"F} F*j_H*Ft*fj
(b) T! ZtT:jH(Ft H* F*)F*, = Op*(éiz)-
( T! ZtT 41 H*Fttj)Ft*/ - Op*(5_2)-
(d) T! Zip j Ft* - H*Ft*)Ftij = Op*(‘sﬁ)-
(e) T~
(
(

= 0,.(672).

1 (FF
il
= ( tfj - H*Fttj)Ft*/ = Op*(‘s_Z)-
f) 71 ZT,‘ ( = HYF e’ = Ops(672).

Proof of Lemma BT1: As shown in Lemma A1, we only prove the case of j = 0. We
have

E*_H*E* = V* ! <T Zs lF*,Yst+T Zs lFs* st+T Zs lF*nst+T Zs IFW‘:< :s) )
= vt (Ait + A5+ Ag + A4t) )
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where V* = O,,(1),

Vo = (N Zz 1 Uis zt))
e = N Zz uisug, — Euisugy)],
Ne = N~ Zz 1 st* ;kt
For part (a),
S S S Al

L B -

For the term of A7,
THY L AW < THT
= T 'xIxII,

but I is r according to the property of PC and IT is O,(1) from Lemma BT-B(b). Hence,
this is O,(T!). For the term of A3,

T3 145

F*

)(T Zt 125 17st)

N 2
Frl[ )T e G,

IN

— T
(T ! Zs:l
— IxII,

but [ is r and IT is Op(N7') from Lemma BT-B(c). Hence, this is O,.(N~!). For the term
Of A;t:

. At
— T — T * Tk
1Zt 1HAtH =T 1Zt:1T 2 Zs:lFstl Nt )
S T Zt 1 HT 125 lF F*/
= I xII,

but I = O,.(N~!') according to the independence between Xi and uf and 11 is O »(1) and
II = O,.(1). Hence, this is O,.(N~'). For parts (b) and (c),

T Zt 1( F*)Ft*/_Zk lbk’
where
* — [ — * 2, e 2
b = T Auky < (T AL T e || F| )T
:O;(rT_l) =r
. B Ny o 1/2, e
by = TUN L Ay < (T AP (T o || B )Y
0p(N-1) h ~ 3
~ N 2
by o= T Y Ay < (T zt As AT S | E)M
:OP(N_) =r
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and the order of b} is the same as that of b5. Therefore, T-' 3.1 (FF — H*F)FY =
Op(T™) + O,(N™"') and the result follows. The proof of parts (d) and (e) is the same as

12
that of parts (b) and (c) but changes 7! ZtT:1 Fr|| =rinto T! Zthl ||Ft*||2 = O,(1),

which is satisfied by Lemma BT-C(c). Part (f) is shown by using 7! ZtT Llet])? = 0,.(1)
according to Lemma BT-C(a). Part (g) is shown by using 7'~ lzt Luiz = Op(1) from
Lemma BT-B(a).

Lemma BT2. Suppose Assumptions A, B, C, and D hold. Then,
a) HB* — H*BH 2% 0 in probability as N, T — oo;

) HB** — BH % 0 in probability as N, T — c.

Proof of Lemma BT2: This proof requires two steps. Step 1 shows that the identifying
restrictions hold in the bootstrap space, i.e. the same restrictions are relevant as in the limits
of the original estimates. Step 2 confirms the convergence results used to prove Lemma 2 in
the bootstrap space.

Step 1 We show that the follovvlng conditions analogous to Assumptlon D’ hold: 1.
FYF*/ T2 I, in probability; 2. N A/N is a diagonal matrix; 3. B is an upper or lower
triangular matrix, and the signs of the diagonal elements of Q*~''B are known. 1 is because
FYF*/T L F’F/T = I,. 2 is because A’A/N = Vit by construction of the PCs and Vyr is
a diagonal matrix. The triangularity of B in 3 holds because B = Chol (%) Finally, the
signs are deduced in the bootstrap replications from the signs of the structural IRF estimates
as in the original estimates. Hence, Assumption D holds in the bootstrap space. This gives
the fact that Q*~VB is a triangular matrix and the signs of its diagonal matrix are known.

Step 2 (Procedure A): We first ensure that

le¥'e*/T — H*(e”e" /T)H™|| = 0,(67%),

by following the same discussion as Lemma 2 given Lemma BT1 and (A.11). Then, we
obtain

HB*—H*’BH — |[Chol (e"e*/T) — HS|| B0
~—— S~~~

HQ**I’BB’Q*fl *’Q*fl’B

Q*—I/B
in probability, using the facts E*(e¥e*/T) = BB', Q* VB is triangular and the sign restric-

tions hold.
Step 2 (Procedure B): We first show that

[e7e /T — e”e”/T|| = op(1),

26



by following standard OLS estimates (because no factor estimation is involved in Procedure
B). Hence,

HE** - BH — ||Chol(e*"&* )T — B|| % 0
—_——
—BB’
B

in probability, by using E*(e*e*/T) = BB'.

¥/ 5%

Lemma BT3: Suppose Assumptions A, B, C, and D hold. a. Let 6* = vech (H*_I%H*’_l)
and o = vech (BB’) Then,

VT2 (6" = 5) < N0, L1y 2),
in probability as N,T — oo and vT/N — 0. Moreover, plim(X*) = ¥,. b. Let 6™ =

vech (e'Te) and o = vech (BB’) Then,

Hok— ~ koK ~\ d
\/TQB 1/2 (0’ — O') — N(O, Ir(r_l’_l)/g),

in probability as N,T" — oco. Moreover, plim(Q5) = Qp.

Proof of Lemma BT3: Part (a) is a bootstrap analog of Lemma 4 and the proof di-
rectly follows its proof by replacing the original entities with the bootstrap counterparts. Part
(b) straightforwardly follows Liitkepohl (2005) because under Procedure B the VAR residu-

als do not include the factor estimation errors. From Lemma 2, plim(BE’ )=Q VYBB'Q!
so that plim(Q25) = Qp and plim(QF) = Qp.

Lemma BT4: Suppose Assumptions A, B, C, and D hold. Then, H*H* % I, in
probability as N, T — .

Proof of Lemma BT4: First,

then,
Right multiplying (A.7) by H* yields
-I-F*I(F*H*/ o F*)/T o (F* - F*H*I>/F*H*/T,
— [+ I+ II+IV.
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Since % PCEE [ ip probability, I = 0,.(1), I] = I, by construction, and [1I,IV =

O,.(672) by Lemma BT1.

Proof of Theorem 3: We equivalently show that VT (¢y, — i) — N (0,Qyip) and
VT(Ph — @) LN N(0, Q1) in probability as N, T — oo and v/T'/N — 0. In the first step,
we confirm that @7, — @;, = 0,.(1) in probability by showing that it holds for the individual
parameters A} and ®°. In the second step, we work on the limit distributions. First, let
e* = B* — H*B = 0,,(1) in probability by Lemma BT2(a). This implies £* = 0,.(1) in
probability. For A7,

5\:* . j\f _ Tflé*/H*lH*F*lu;k + 8*/H*,715\i + Tflg*/H*F*/u:
+T_1B*/F*I(F* o F*H*/—l)j\i + T—IB*/(F* o F*H*')'uf7 (A8)
= I+ IIT+I1IT+1V+V.

This is the bootstrap counterpart of (A.4). Hence, I = O,.(T~Y/?) from Lemma BT-B(d),
II = 0,.(1) from Lemma BT2(a), II] = 0,.(T~/?) from Lemma BT-B(d) and Lemma
BT2(a), and IV, V = O,.(6"?) from Lemma BT1 in probability. Hence, the RHS of (A.8)
is 0,.(1) in probability as N,T — oco. For ®°, it follows that

O — & = (I, BH")T*2"Z*) T I, H Z"e*B'™]

(L@ B [dH" + (17127 21, @ H*)Z*’e*H*’} ¢

+(I, ® e [(I, @ H' ) + (T2 Z*) ' T H(I, ® H*)Z"e*| B~}

+(I,® s*') [( ® H' N + (T2 2\ T (I, ® H*)Z*’e*H*’} ¢
+(I, ® BY[T7*2"(F* — F*H")|B'™, (A.9)

= I+II+III+1V+V,

AN T/ ~—

in probability under Lemma BT1. Now, (A.9) is analogous to (A.6). It is similarly shown
that I = 0,.(T"Y/2) and II, II1, and IV are all 0,.(1) in probability under Lemma BT2.
V = 0,,(67%) according to Lemma BT1. Hence, ®** — & = 0,,(1) in probability. These
two facts imply ¢, — @i PL 0 in probability as N,T — oo. The second step involves
the limit distributions. I hypothetically consider the “rotation-adjusted” version of the
reduced-form parameter estimates induced by H* in the bootstrap space. Specifically, the
rotation-adjusted estimates of 5\:, d*, and B* are H*’S\:, (I, ® H*’)@*H*’*l, and H*1B*,
respectively. Given the fact that the structural IRF is identified, all the H*s are eventually
cancelled out in the structural IRF estimate. For A;, I construct a bootstrap analogue of
(A.3) left-multiplied by H* and scaled by /T

\/T(H*/X;k o H*IH*Iflj\i)
_ Tfl/QH*/H*F*/u: + Tfl/QH*IF*I(F* _ F*H*lfl)j\i + Tfl/QH*/(F* _ F*H*/)lu:’
T Y2HY H*F*'u} 4 Op(TY267%) + O, (T"?672) (A.10)
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in probability from Lemma BT1, so that
VT(H"A, = X) % N©0,Q7"0,Q7Y)

in probability as N,T — oo and VT /N — 0 under Lemmas BT-B (i) and (j) and Lemma
BT4. For @, constructing a bootstrap analogue of (A.5) left-multiplied by (I, ® H*), right-

multiplied by H*~!, and scaled by VT gives
VT((I, ® H*H* ™ — (I, @ H'H" ) OH"H*"}
= T*(I,® H) (T*Z*'Z*) 12U, © B ¢ HHA
TV (L@ HY) (771277 - 2= 21,0 1) " HTH
+TV2(1, ® H") (T*lz“*'Z*) B 7(Z2*(I, ® H) — Z*)(I, ® H*' Y ®H* H*~}
+T V(1 @ HY) (T*lz“*'Z*) B - P H,
= TV, ® H) (T*lz*'Z*) - (Z*(I, @ H")] e*
+0pu(TV2672) + Op(TY?672) + 0, (TV?672) (A.11)
in probability under Lemma BT1. Since
TZ9Z = Tz (I, ® H")|Z*(I, ® H")
+T 27 - 2°(1, 0 H)] ' Z(1, © H")
+TV (24 (1, @ H)] [Z — (I, ® H")Z"],
= T, ® H)Z"Z"(I, ® H") + O, (T"67%)
in probability, we obtain
VT (@ H)® 0 - ],

= T %L, ®H")(I,® H')(Z"Z"|T)(I,® H")(I,® H")Z"¢" + O, (T?67%),
_ (T—IZ*IZ*)*l T—l/QZ*Ie* + Op*(T1/26—2)’
in probability by using Lemma BT4. Hence,

TN, [I @ S 1L @ 251),

VTvec [(Ip ® H")d*H"~ — i)]
with ¥z, = plim Z*Z*/T as N,T — oo and VT /N — 0 under Lemma BT-C(b). Since
EZ* ﬂ’ (Ip & Q_II)ZZ(Ip & Q_l)
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in probability, and the probability limit of ¥* is given in Lemma BT-C(b),
VTuvec [(Ip ® H")O H" ™! — @]
SN[ ®Q (1, Q)]
X [(L,®Q™)54(L, Q7N ® [Q7"Z.Q™]
x[(1, ® Q") Z2(L, ® Q1))

in probability. Finally, for B, the rotation-adjusted version of B* is H*~*B* and v/T' vech(H *1pr_

B) KN (0,92p) in probability from Lemma BT3(a). For the original estimate, it is straight-
forward to show from (A.3), (A.5), and Lemma 3 that

VTN — H7)\) % N0,Q7V0,Q7),

VTvec [ci) — (I, ® HHY®H'| % N(0,[(L, ® Q)S2(I, ® Q)™
x[(L, ® Q") 2,2 Q71 @ [Q™Z.Q7"

<[(I, ® Q")Sz(I, Q7] ™),

VTvech(B — HB) % N(0,Qp),

and the result follows.

Proof of Theorem 4: With Procedure B, H* is not generated. Hence, we do not need
to introduce the rotation-adjusted parameter estimates. In addition, the expansions of the
bootstrap parameter estimates will have fewer terms in the absence of the factor estimation
errors. For A;,

oSk

NN =TS F N + T e P = T+ 1T + I11. (A.12)
I = 0,.(T~/?) under Lemma BT-B(d) and I1,III = 0,.(1) in probability. For ®*,
o — & = (I,® B)(Z2"Z") (2"’ B

+(I, ® B) [cﬁ + (Z*'Z*)*Z*’e*} ¢

+(I, @ e")[® + (27 2*) 27| B~}

+(I, ® &) [ci> + (T*Z*'Z*)*T*Z*’e*} ¢

0
in probability. Next, consider the asymptotic distributions. For \;,

VIR = A = T2 Fu; % N0, 0,Q)

(3

in probability as N, T — oo from Lemma BT-B(d). For ®, since
(i)** o (i) — (Z*’Z*/T)_I(Z*’e*/T),
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we obtain

VTvee(®™ — ) % N(0,[(1, © Q )2zl Q )]
x (Lo Q")Z2(L,® Q7N ® [Q"EQ7]
< (I, ® Q7")22(I, @ Q71 ™Y)
in probability as N,T — oo, following the proof of Theorem 3. Finally, Lemma BT3(b)
guarantees v/Tvech(B** — B) & N(0,9Qp) in probability as N, T — oo.

Appendix B: Proof of Lemmas BT-B and BT-C

This appendix provides a proof that Lemmas BT-B and BT-C hold under Assumptions A,
B, and C and the bootstrapped residuals {u;} and {e;} generated by the proposed designs.
When we  say that the cross-sectional dependence of {4} is preserved in {u}}, it means that

N2 Z, L i = Op(1) implies N1/ Z, 1 uf; = Op(1) in probability.

Proof of Lemma BT-B: We closely follow the proof of Conditions A*(a), A*(b), A*(c),
and D of Gongalves and Perron (2014), but under the i.i.d. bootstrap scheme with A;, F3,
and u;s considered to be mutually independent. For part (a), £*(u},) = 0 holds since the
procedure requires {u;} to be demeaned in the time and cross-sectional directions before
resampling. Part (b) is shown by the following. Since {u;} is an independent sequence over
time, 7%, = 0 for s # ¢ so that

T S P =T S0 il = 0,(1),

since |v5| = ‘N ! ZZ 1 Zt‘ = Oyp(1). The result for 7j; is trivial since the cross-sectional

dependence in u;; is preserved in uf,. For part (c), by using the fact that {u,} is independent
from {u},} for t # s

* -1/2 N * 2 1\ N
E*IN Zi:l [uzsuzt E (uzsuzt)] N~ Zz:l Z] 1 COZ} (uzsuzt> u]su]t)
= N~ ! Zz:l Zjvzl E*( uztu]s ]t)
= N~ ! Zfil Zjvzl E* (uzs ]s) *( ztujt)7

< N! Zi:l Zj:l}Tij‘ = 0p(1)

by using part (b) and the result follows. Finally, we show part (d). Since {u},} is independent
over time with mean zero and E(u}?) = o7 and {F;} and {u},} are independent, the central
limit theorem holds with the covariance matrix

O = B [T S B R wE| = d)E [T L ejei'ui?| S(Ly),
— HO(L)H 'E* [T—lzfle;e;" *2} HV®(LY H' + 0, (1).
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Since
p
TS etel ui? — plim [T_l ST été;ﬁf& = 02Q VX.Q ! in probability,
and it is shown that

0 =aQ VO(L)X. (L) Q7Y
where 02® (L)X ®(L) = ©;.

Proof of Lemma BT-C: For part (a), E*(e;) = 0 is trivial since the proposed algorithms
ensure that {¢,} is demeaned. It also holds that E* [|ef||* = O,(1) and independence between
e; and e* for s # t holds because {e;} is an i.i.d. resampling of {é;} by construction. For
part (b), the central limit theorem holds since {e;} is an i.i.d. sequence. The covariance is
given by

T Zre! B oplim TS, Z,é, in probability
50 (e )] e @ EQ ).

For part (c), by Assumption C(e), the roots of det(I, — @12 — P92? —- - - §,2P) = 0 are outside
the unit circle. These roots are equivalent to the roots of

det(H' ') det(I, — ®12 — ®y2® — -+ — ®,2P) det(H') = 0,
because det(H’) and det(H’'~!) are nonzero. Hence, the roots are equivalent to those of
det[H/_l(L« _ (I)IZ _ @222 e e . — @pzp)Hl] — 0,

or those of
det(l, — H'® H'z — H '®;H'2* — ... — H'®,H'2") = 0.

However, these are asymptotically equivalent to the roots of
det(I, — Pyz — Ppz? — - — B,2P) = 0,

as N,T — oo by (A.5).
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Table 1. Coverage properties of IRFs (Gaussian, 95% level)

ID1: recursive restriction

Coverage Ratio (%) Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5

40 50 92.6 9.1 90.5 94.1 944 95.3 1.18 141 1.02 0.75 0.52 0.37
f- 40 200 932 934 90.6 93.5 93.9 94.8 1.17 1.40 1.02 0.75 0.54 0.38
E 120 50 91.0 95.8 94.0 92.7 92.6 933 0.72 0.84 0.61 0.38 0.23 0.14

120 200 91.5 95.9 93.7 93.0 93.1 93.7 0.72 0.85 0.63 0.40 0.24 0.15
“ 40 50 90.8 89.6 86.7 92.5 94.8 95.8 1.09 1.30 0.92 0.66 0.47 0.33
5 40 200 92.0 838.3 86.4 92.8 95.1 95.9 1.09 1.29 0.91 0.66 0.47 0.34
é 120 50 88.5 92.7 89.9 89.1 90.5 92.8 0.67 0.78 0.56 0.35 0.21 0.12

120 200 89.8 92.1 89.0 89.6 91.0 N4 0.68 0.78 0.57 0.36 0.22 0.13
= 40 50 93.8 92.0 86.8 84.6 85.0 83.9 1.24 1.36 0.88 0.49 0.26 0.13
E 40 200 94.3 914 874 85.1 84.9 84.4 1.24 1.35 0.87 0.49 0.26 0.14
Zo 120 50 90.6 93.7 2.0 90.0 88.7 87.9 0.71 0.80 0.55 0.31 0.16 0.08

120 200 91.3 93.4 91.8 90.0 88.9 88.4 0.71 0.79 0.57 0.33 0.17 0.09

ID2: short-run restriction

Coverage Ratio (%) Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5

40 50 85.7 97.2 96.7 97.1 97.0 97.5 0.68 244 1.25 0.70 0.40 0.24
i 40 200 88.3 97.8 97.3 97.7 97.6 98.0 0.64 2.28 1.30 0.79 047 0.29
é 120 50 90.2 98.0 97.0 96.4 95.7 95.5 041 0.72 0.44 0.24 0.12 0.06

120 200 92.8 98.8 98.6 98.3 98.1 98.1 0.37 0.64 0.46 0.28 0.16 0.09
“ 40 50 83.8 96.8 954 96.3 95.7 96.7 0.54 1.16 0.70 0.44 0.27 0.17
S 40 200 85.7 96.8 96.2 97.2 97.0 97.2 0.53 1.22 0.84 0.57 0.37 0.25
d__:o 120 50 85.9 95.3 92.1 91.2 924 92.7 0.34 0.49 0.32 0.18 0.10 0.05

120 200 91.2 97.0 96.2 95.9 96.2 96.5 0.34 0.50 0.37 0.23 0.13 0.08
= 40 50 98.5 89.7 85.6 81.0 784 76.1 1.54 0.71 0.35 0.17 0.07 0.03
E 40 200 99.4 92.1 87.7 85.0 83.1 82.8 1.68 0.76 0.40 0.20 0.10 0.05
2 120 50 98.6 89.5 81.5 71.6 76.1 74.9 0.99 042 0.21 0.10 0.04 0.02

120 200 99.5 93.8 87.8 84.7 82.9 82.2 1.06 0.45 0.23 0.12 0.06 0.03

ID3: long-run restriction

Coverage Ratio (%) Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5

40 50 86.3 96.2 96.1 96.7 96.8 974 2.94 2.95 1.54 0.87 0.48 0.28
i 40 200 84.9 96.5 96.6 97.1 97.2 98.0 2.84 2.62 1.57 0.96 0.57 0.34
é 120 50 91.2 97.2 96.4 95.8 95.3 95.3 0.95 0.72 0.47 0.26 0.14 0.07

120 200 88.1 97.3 97.7 97.4 97.2 97.4 0.84 0.59 0.47 0.29 0.16 0.09

40 50 87.8 96.1 92.8 95.8 95.5 97.6 1.88 1.15 0.71 0.47 0.28 0.17
i-; 40 200 87.1 954 92.9 954 96.3 97.5 2.00 1.13 0.84 0.58 0.38 0.25
E 120 50 91.7 95.2 83.8 88.2 89.7 91.3 0.79 0.42 0.29 0.17 0.09 0.05

120 200 91.1 95.2 92.8 92.9 93.9 95.2 0.81 0.40 0.33 0.21 0.13 0.07
— 40 50 97.2 91.8 87.7 82.5 80.0 772 1.91 0.81 0.38 0.18 0.08 0.04
g 40 200 98.0 94.6 90.3 87.0 85.6 84.0 1.80 0.79 041 0.21 0.10 0.05
Zo 120 50 95.2 93.5 84.7 80.2 78.0 76.2 1.11 0.45 0.22 0.10 0.05 0.02

120 200 97.9 96.6 91.4 87.1 84.7 83.7 1.09 0.46 0.23 0.12 0.06 0.03
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Table 2. Coverage properties of IRFs (Chi, 95% level)

ID1: recursive restriction

Coverage Ratio (%)

Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5
40 50 90.7 93.8 91.8 93.5 94.0 943 1.69 1.45 1.02 0.72 0.50 0.34
i 40 200 90.2 94.9 92.5 9.5 94.8 954 1.70 1.43 1.02 0.74 0.51 0.36
E 120 50 94.1 96.0 93.9 93.0 93.0 93.5 1.17 0.90 0.62 0.39 0.23 0.13
120 200 94.7 96.4 94.6 93.4 93.7 94.1 1.17 0.91 0.63 0.39 0.23 0.14
“ 40 50 88.3 89.5 87.7 92.5 9.8 95.5 1.50 1.31 0.92 0.65 045 0.32
S 40 200 87.5 90.5 87.9 934 95.7 96.7 1.53 1.31 0.92 0.66 0.46 0.33
é 120 50 91.4 929 90.2 89.3 90.3 92.1 1.09 0.84 0.57 0.35 0.21 0.12
120 200 92.0 92.4 89.9 89.9 91.1 93.1 1.09 0.84 0.57 0.36 0.21 0.13
- 40 50 85.6 91.0 88.0 86.4 85.9 84.6 1.34 1.35 0.87 0.48 0.25 0.12
g 40 200 84.8 91.6 88.2 87.3 87.2 86.1 1.33 1.34 0.87 0.48 0.26 0.13
Zo 120 50 80.8 92.1 92.0 90.7 89.1 87.7 0.77 0.80 0.56 0.31 0.16 0.08
120 200 80.3 91.7 91.8 90.9 89.4 88.9 0.78 0.80 0.56 0.32 0.16 0.08

1D2: short-run restriction
Coverage Ratio (%) Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5
40 50 78.9 95.3 95.0 95.9 95.5 96.7 0.99 345 1.39 0.74 0.38 0.22
f- 40 200 822 96.8 96.1 96.7 96.9 97.9 0.97 3.75 1.78 0.99 0.54 0.33
d:o 120 50 84.8 95.6 94.4 93.9 93.3 93.2 0.72 2.18 0.95 042 0.19 0.09
120 200 90.9 97.1 96.4 96.2 95.9 96.0 0.65 1.67 0.91 0.46 0.23 0.11
“ 40 50 774 95.8 94.7 96.2 943 95.9 0.74 1.88 0.80 0.47 0.24 0.14
S 40 200 82.8 96.5 96.0 97.3 96.7 97.5 0.73 1.74 0.99 0.60 0.34 0.21
3:0 120 50 79.9 922 86.7 86.5 86.4 87.1 0.50 0.70 0.35 0.18 0.09 0.04
120 200 90.6 95.9 94.7 94.7 94.8 95.0 0.50 0.63 0.43 0.25 0.14 0.07
- 40 50 95.9 86.5 84.5 77.8 74.2 70.2 2.01 0.91 0.37 0.15 0.06 0.02
E 40 200 97.6 91.3 86.9 824 79.9 773 1.93 0.84 0.39 0.18 0.08 0.03
Zo 120 50 94.3 83.5 76.2 722 69.9 68.1 1.19 0.49 0.22 0.09 0.04 0.02
120 200 99.0 93.3 85.9 82.2 80.7 794 1.18 0.49 0.24 0.11 0.05 0.02

ID3: long-run restriction
Coverage Ratio (%) Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5
40 50 81.9 9.5 94.8 96.0 96.1 97.9 3.77 4.47 1.74 0.95 0.48 0.27
i 40 200 84.1 96.2 96.1 96.9 97.2 98.1 431 4.81 222 1.29 0.71 0.42
d:o 120 50 89.2 95.4 9.8 94.7 9.3 94.5 2.61 2.73 1.20 0.54 0.24 0.11
120 200 88.7 96.5 96.3 96.2 96.0 96.3 2.11 1.96 1.09 0.56 0.28 0.14
40 50 83.6 95.3 93.7 96.7 94.9 97.6 297 2.15 0.88 0.55 0.26 0.15
ﬁ 40 200 86.0 96.1 94.2 96.7 97.0 98.2 2.73 1.66 1.04 0.65 0.36 0.22
E 120 50 87.5 92.1 84.5 85.2 85.7 86.4 1.20 0.69 0.36 0.18 0.09 0.04
120 200 90.3 94.5 92.3 92.2 93.0 94.0 1.07 0.52 0.41 0.25 0.14 0.08
- 40 50 94.9 89.6 86.6 79.8 76.2 71.6 2.77 1.13 0.44 0.18 0.07 0.03
E 40 200 96.8 94.2 89.5 85.2 82.0 78.7 2.35 0.96 0.44 0.20 0.09 0.04
Z° 120 50 92.3 88.7 80.2 75.1 723 70.3 1.54 0.58 0.24 0.10 0.04 0.02
120 200 97.5 96.2 89.2 84.9 82.3 80.7 1.31 0.53 0.25 0.12 0.05 0.02

36




Table 3. Coverage properties of IRFs (Hetero, 95% level)

ID1: recursive restriction

Coverage Ratio (%) Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5

40 50 93.6 94.3 91.1 93.5 94.5 95.1 1.20 142 1.05 0.75 0.54 0.39
i 40 200 93.5 93.8 91.3 94.0 94.2 94.5 1.18 1.40 1.02 0.74 0.53 0.38
E 120 50 91.7 96.1 93.8 9.5 92.1 92.6 0.72 0.84 0.61 0.38 0.23 0.14

120 200 92.3 96.3 94.1 92.6 92.5 93.1 0.73 0.85 0.62 0.39 0.24 0.14
“ 40 50 91.6 90.4 86.3 922 94.6 95.6 1.11 1.31 0.93 0.68 0.50 0.36
3 40 200 91.2 90.5 86.7 92.7 94.3 95.2 1.09 1.30 0.93 0.67 0.48 0.34
é 120 50 88.6 92.6 90.1 90.0 90.6 2.3 0.67 0.77 0.56 0.35 0.21 0.13

120 200 89.7 92.7 90.7 89.9 91.5 93.0 0.68 0.79 0.57 0.36 0.22 0.13
- 40 50 94.8 929 86.9 85.0 84.8 84.4 1.25 1.37 0.89 0.51 0.28 0.15
= 40 200 94.8 92.6 874 85.6 85.5 84.9 1.25 1.35 0.88 0.50 0.27 0.14
Zo 120 50 91.1 93.5 2.2 90.8 89.0 88.5 0.71 0.79 0.56 0.31 0.17 0.08

120 200 92.0 94.1 92.9 91.4 90.4 89.6 0.72 0.80 0.57 0.32 0.17 0.09

ID?2: short-run restriction

Coverage Ratio (%) Length of C.I. (Median)
T N h=0 1 2 3 4 5 h=0 1 2 3 4 5
< 40 50 86.0 97.8 96.7 97.2 96.1 97.2 0.63 1.73 0.94 0.55 0.33 0.20
S 40 200 87.0 98.5 98.0 98.2 97.7 98.0 0.57 1.73 1.15 0.74 0.46 0.31
d:o 120 50 92,0 98.3 96.1 949 94.2 94.1 0.39 0.59 0.35 0.18 0.09 0.05

120 200 91.6 98.5 98.0 97.8 97.6 97.3 0.36 0.60 0.42 0.25 0.14 0.08

40 50 82.5 96.2 94.7 96.0 94.8 96.4 0.56 1.22 0.72 0.44 0.27 0.17
40 200 86.7 97.4 96.6 97.2 97.2 97.8 0.55 1.28 0.87 0.58 0.37 0.25
50 84.6 95.1 92.0 91.9 92.5 93.0 0.35 0.48 0.31 0.18 0.10 0.05
120 200 90.0 97.2 96.3 96.2 96.4 96.3 0.35 0.51 0.37 0.23 0.13 0.07

Proc. B
=

40 50 98.8 88.5 83.9 79.0 77.1 75.2 1.61 0.72 0.34 0.16 0.07 0.03
40 200 99.6 91.6 88.1 84.8 83.4 82.6 1.75 0.77 0.40 0.20 0.10 0.05
120 50 98.1 89.1 81.3 76.9 74.2 733 0.98 041 0.20 0.09 0.04 0.02
120 200 99.5 93.1 86.4 83.4 81.5 80.8 1.06 0.44 0.22 0.11 0.06 0.03

Normal

ID3: long-run restriction

Coverage Ratio (%) Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5

40 50 84.9 97.3 96.2 97.2 96.1 97.6 2.18 2.17 1.22 0.73 0.41 0.25
i 40 200 82.9 97.7 96.8 97.3 974 98.1 2.25 1.98 1.41 0.92 0.58 0.37
d:o 120 50 90.2 97.9 94.9 93.8 93.1 92.2 0.79 0.58 0.35 0.19 0.10 0.05

120 200 87.5 97.9 97.6 97.3 97.5 97.3 0.78 0.54 0.41 0.25 0.14 0.08

40 50 88.3 96.1 92.0 95.6 95.1 97.4 1.95 1.22 0.73 0.48 0.28 0.17
ﬁ 40 200 86.1 95.9 93.6 954 96.7 97.8 2.16 1.23 091 0.63 041 0.27
E 120 50 91.7 95.6 89.6 88.5 89.5 90.9 0.77 041 0.28 0.16 0.09 0.05

120 200 91.0 95.6 93.6 93.4 94.5 95.7 0.80 0.39 0.33 0.21 0.13 0.07
— 40 50 97.2 92.0 87.1 82.2 79.1 76.5 1.90 0.80 0.38 0.18 0.08 0.04
% 40 200 98.0 94.5 91.0 87.8 86.1 84.3 1.85 0.81 0.42 0.21 0.11 0.05
Z° 120 50 95.4 93.8 84.8 80.3 772 76.0 1.08 0.43 0.21 0.10 0.04 0.02

120 200 98.1 96.8 90.4 87.0 84.9 82.8 1.12 0.47 0.24 0.12 0.06 0.03
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Table 4. Coverage properties of IRFs under small N (Gaussian, 95% level)

ID1: recursive restriction

Coverage Ratio (%)

Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5
120 10 91.3 96.2 93.0 91.2 90.5 90.8 0.73 0.86 0.61 0.38 0.22 0.13
i 120 30 91.8 94.9 93.0 92.1 92.0 92.6 0.72 0.85 0.61 0.38 0.23 0.14
E 240 10 84.0 96.3 94.7 922 90.7 89.7 0.52 0.60 0.44 0.26 0.14 0.08
240 30 85.6 96.2 94.7 93.0 91.7 91.4 0.53 0.60 0.44 0.26 0.15 0.08
“ 120 10 87.6 92.1 88.6 87.6 88.5 90.2 0.67 0.79 0.57 0.35 0.20 0.12
S 120 30 88.9 91.2 88.6 88.8 90.2 91.7 0.67 0.78 0.56 0.35 0.21 0.12
é 240 10 79.8 923 91.1 89.3 87.7 87.4 0.48 0.56 0.40 0.24 0.13 0.07
240 30 81.2 91.9 91.1 90.0 88.6 89.3 0.49 0.56 0.41 0.24 0.14 0.07
- 120 10 91.0 93.3 90.9 88.5 87.0 86.1 0.71 0.80 0.56 0.31 0.16 0.08
E 120 30 92.0 929 91.4 89.8 88.4 87.6 0.71 0.79 0.56 0.32 0.17 0.08
Zo 240 10 82.5 93.3 92.7 91.1 89.8 88.5 0.50 0.57 0.40 0.23 0.12 0.06
240 30 83.1 92.6 92.8 91.6 90.6 89.4 0.51 0.57 0.41 0.23 0.12 0.06

1D2: short-run restriction
Coverage Ratio (%) Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5
120 10 67.3 95.2 89.4 86.9 84.3 83.6 0.56 0.87 0.38 0.17 0.08 0.03
f- 120 30 87.1 97.4 95.4 943 93.6 92.9 0.45 0.76 043 0.22 0.11 0.05
d:o 240 10 579 93.3 80.7 755 723 70.8 043 0.46 0.21 0.09 0.04 0.02
240 30 83.6 96.0 91.7 88.7 86.6 85.9 0.32 0.39 0.22 0.11 0.06 0.03
“ 120 10 50.4 88.4 743 74.7 74.3 75.8 0.33 0.45 0.21 0.10 0.05 0.02
S 120 30 79.5 92.8 87.0 86.7 87.6 88.5 0.34 0.47 0.28 0.15 0.08 0.04
3:0 240 10 37.5 79.1 60.0 56.2 56.3 57.8 0.24 0.29 0.13 0.06 0.03 0.01
240 30 73.6 90.0 80.5 77.7 78.3 78.7 0.24 0.29 0.18 0.09 0.04 0.02
— 120 10 84.2 78.0 68.1 62.7 59.8 579 0.82 0.39 0.17 0.07 0.03 0.01
% 120 30 97.0 86.3 75.9 72.3 70.4 69.6 0.94 0.40 0.19 0.09 0.04 0.02
Zo 240 10 76.7 69.7 55.0 484 46.7 45.7 0.58 0.27 0.11 0.05 0.02 0.01
240 30 96.0 84.7 71.2 66.2 63.7 61.4 0.68 0.29 0.13 0.06 0.03 0.01

ID3: long-run restriction
Coverage Ratio (%) Length of C.I. (Median)

T N h=0 1 2 3 4 5 h=0 1 2 3 4 5
120 10 80.9 95.7 90.1 88.3 86.0 85.9 1.15 0.99 043 0.19 0.08 0.04
i 120 30 90.7 96.8 94.6 94.0 934 93.1 1.03 0.80 0.47 0.24 0.12 0.06
d:o 240 10 69.9 93.5 79.7 74.8 72.5 71.5 0.72 0.49 0.22 0.10 0.04 0.02
240 30 86.5 96.4 91.1 87.8 86.1 85.7 0.55 0.37 0.23 0.12 0.06 0.03
“ 120 10 68.8 89.9 68.8 69.2 69.2 71.7 0.70 0.45 0.20 0.10 0.04 0.02
5 120 30 89.6 93.5 83.4 82.7 83.7 86.3 0.77 043 0.27 0.14 0.08 0.04
E 240 10 51.1 82.2 553 51.3 51.5 53.4 0.44 0.29 0.12 0.06 0.02 0.01
240 30 84.6 91.3 78.2 74.4 74.3 75.5 0.47 0.26 0.16 0.08 0.04 0.02
- 120 10 77.0 82.8 70.6 65.2 61.7 59.3 1.08 043 0.18 0.07 0.03 0.01
E 120 30 92.9 90.4 79.8 74.9 71.9 70.1 1.10 043 0.20 0.09 0.04 0.02
Z° 240 10 64.3 75.1 57.6 50.0 474 46.5 0.72 0.28 0.12 0.05 0.02 0.01
240 30 89.3 91.0 76.4 68.3 64.8 62.9 0.81 0.31 0.14 0.06 0.03 0.01
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Table 5-a. Coverage rate of confidence intervals for the calibrated US
macroeconomic model (95% level)

proc | h=0 1 2 3 4 5 6 7
Inflation A | 908 920 917 921 922 916 909 93

B 806 916 909 913 916 914 912 909
A | %06 904 901 9.1 923 922 921 919
B 714 802 763 825 854 878 896 909
Production A | 970 958 974 964 960 950 940 927
B
A
B

Short rate

79.7 91.2 84.2 88.5 87.2 88.0 87.17 87.9
96.5 95.6 97.6 96.6 96.4 95.3 9.2 929
86.3 922 88.4 91.0 89.9 90.5 89.4 89.4

Unemployment rate

Table 5-b. Length of confidence intervals for the calibrated US macroeconomic
model (95% level)

Proc h=0 1 2 3 4 5 6 7

Inflation A | 771 478 490 426 397 367 343 322

B | 734 454 470 411 38 36 341 323
A | 887 65 628 58 572 553 539 521
B | 539 456 418 438 458 479 493 501
Production A | 1655 1384 1400 1363 1472 1475 1501 1486
B
A
B

Short rate

1080 1259 1038 11.79 1242 1298 1332 1338
1369 1155 1125 11.10 11.81 11.86  12.11 11.94

Unemployment rate
1029  10.75 9.12 1007 1049 1091 11.12  11.12
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