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Abstract

Concerning the yard-sale model of asset exchange, some refinements
of the results in the literature are given in both discrete- and continuous-
time settings. The wealth concentration result is extended to possibly
unfair games. In a fair case, an asymptotic behavior of every player’s
wealth process is derived. In the continuous-time settings, the effect of a
proportional capital tax is also investigated. It is not assumed that the
frequency of transactions is homogeneous for every pair of players in the
discrete-time settings, or that the intensity of transactions is homogeneous
in the continuous-time settings.

Contents
1 Introduction
2 Discrete-time Setting

2.1 Definition and a Known Result . . . . . .. ... ... ......
2.2 OurResults . . . ... ...
2.3 Technical Lemmas . . . . .. ... ... .. ... .. .......
2.4  Proofs of the Propositions and the Corollary . . . . . . . ... ..
2.5 Proofs of the Lemmas . . . .. ... .. ... .. .........

Continuous-time Setting

3.1 Definition and a Known Result . . . . ... .. .. ... .....
3.2 OurResults . . ... .. . ... .
3.3 Technical Lemmas . . . . . . . .. ... ... .. ... ......
3.4 Proofs of the Propositions . . . . ... ... ... ... .. ....
3.5 Proofof Lemma 3.8 . ... ... ... ... .. ... ... ...,

*Graduate School of Commerce and Management, Hitotsubashi University, Kunitachi-City,
Tokyo 186-8601, Japan. Email: kenta.k@r.hit-u.ac.jp
fGraduate School of Commerce and Management, Hitotsubashi University, Kunitachi-City,
Tokyo 186-8601, Japan. Email: k.takaoka@r.hit-u.ac.jp



4 Conclusion 31

1 Introduction

The yard-sale model of asset exchange was introduced by Chakraborti [3], and
Hayes [5] was the first to refer to it as the yard-sale model. In this model, two
or more players play the following series of zero-sum games. At the beginning
each player is endowed with some wealth, possibly heterogeneous, and at each
step, two of the players are randomly chosen, they play some kind of zero-sum
fair game, where the loser gives to the winner a fraction of the minimum of the
two players’” amounts of wealth at that time. The fraction is always less than 1
and is typically modeled to be a constant or uniformly distributed. This is a fair
game, and none of the players go bankrupt, but Hayes [5] showed by computer
simulation an oligopoly phenomenon, where the wealth gradually concentrates
in the hands of a very small number of players. He also showed that the wealth
distribution among the players after many steps has a power-law tail when the
number of players is large.

Boghosian [1] introduced a continuous-time analogue of the model where
the cumulative number of transactions follows a Poisson process. In Section
IV of his paper, he also considered a limit case of small and high-frequency
transactions. For those models, Boghosian et al. [2] showed that the wealth
concentrates asymptotically to a single individual.

Chorro [4] considers the model from a viewpoint of stochastic calculus. He
gives a martingale proof to the wealth concentration property in the discrete-
time settings. In a continuous-time setting, he defines each player’s wealth
process as the solution to a stochastic differential equation driven by Wiener
processes. This corresponds to the limit case of small and high-frequency trans-
actions considered in Boghosian [1].

From a viewpoint of economics, the yard-sale model is just a toy model, since
it does not involve decision making on production, consumption, or investment.
The model might be relevant, however, to the growing wealth disparities between
economic entities in the real world.

The aim of this paper is to give, in both discrete- and continuous-time set-
tings, a generalization and a refinement of some results in the literature. We
generalize the wealth concentration result to (possibly) unfair games where there
is a difference in ability between the players. In a fair case, we also derive an
asymptotic property of every player’s wealth process and show that wealth dis-
parities grow between every pair of two players. The idea of the proof is to
consider the logarithm of the ratio of the two players’ wealth processes. In ad-
dition, in the continuous-time settings, we show that the introduction of the
slightest proportional capital tax completely changes the asymptotic behaviors
of the wealth processes. For any of the propositions, we do not assume a homo-
geneous frequency of transactions for every pair of players in the discrete-time
settings or a homogeneous intensity of transactions in the continuous-time set-
tings.



Our discrete- and continuous-time results are given in Sections 2 and 3,
respectively.
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2 Discrete-time Setting

The following formulation is essentially due to Boghosian [1]. The random time
when the ¢-th transaction occurs in his paper corresponds to the fixed time ¢ in
this section of the present paper.

2.1 Definition and a Known Result

Definition 2.1 Define the set I = {1,...,n}, wheren > 2. Let x1,...,2, ben
positive numbers such that ), x; =1

Consider n(n — 1) real-valued stochastic processes on a probability space
(2, F,P). Let us denote each of them by Z;; = {Z;j(t)}1=1.2,..., where (i,j) € I*
with i # j. We assume that, for everyt > 1:

o —1<Zi;(t) <1 as. for every pair (i,5) € I? with i # j;
o Z;i(t) = —Z;j(t) a.s. for every pair (i,j) € I? with i # j;
 Zij(t) Zye(t) =0 a.s. if {i,5} # {k,{}.

Let {F(t)}1>0 be the filtration generated by all the process Z;;’s.

The R"™-valued adapted process X = {X(t)}t>0, whose i-th component is
denoted by X; = {X;(t)}+>0, is defined recursively as follows: X;(0) := z;, and
fort>1,

Xz(t — 1) + mll’l{Xi(t - ].),Xj(t — 1)} le(t)
Xi(t) = if Zij(t)#0 foraje I\{i},

Xi(t—1) if Z;j(t) =0 for every j € I\{i}

= Xit-D+ > {min{X -1, X - 10} 250} (1)
JEN(}

Remark 1. The interpretation of our definition is as follows. We interpret I
as the set of the n players of the game. For every player ¢ € I, the stochastic
process X;(-) represents his/her relative wealth process with initial value z;. If
Z;;(t) # 0, then players ¢ and j are chosen for the game at time ¢ and player ¢
gains min{X;(t—1), X;(t—1)} Z;;(t), where the signed fraction Z;;(t) is positive
if player ¢ wins and is negative if he/she loses. The assumption Z;; = —Zj;
means that this is a zero-sum game. Only one pair of players is chosen for the



game at each time ¢, which corresponds to the assumption that Z;;(t) Zx(t) = 0
a.s. if {i,5} # {k, ¢}.

Remark 2. Tt follows immediately from our definition that, for every ¢ > 0,
Y icr Xi(t) = 1 and X;(t) > 0 for every i € I, a.s.

The wealth concentration result for the yard-sale model in the literature is
stated as follows.

Proposition 2.2 (Boghosian et al. [2] and Chorro [4]) For every t > 1,
we assume that the random variables Z;;(t) are independent of F(t — 1) and
that each Z;;(t) is equal in distribution to the product of the following two inde-
pendent random variables:

e a Bernoulli random variable with parameter ﬁ;

e a random variable with fixed distribution v on the interval (—1,1), where
v({0}) < 1 and v is symmetric w.r.t. the origin, i.e., Vz € (—1,1),

1/((—17 z]) = V([—z, 1))

Then we have
P [az €1 such that lim Xi(t) = 1} ~1
— 00

and
Viel, P|lim X;(t) = 1} _—
t—o00

2.2 Our Results

The two propositions and the corollary in this subsection will be proved in
Subsection 2.4. Except for the corollary, we do not assume that each pair of
players is chosen with equal probability.

Our first result generalizes Proposition 2.2 to possibly unfair games where
there is a difference in ability between the players. In the following statement,
the expression ¢ < j is interpreted as ‘player j is at least as competent as player

b

i.
Proposition 2.3 Assume the following properties.

e There exists a positive constant € such that, for everyt > 1 and for every
pair (i,7) € I? with i # j,

E[|1Zt) | Ft—1)] = E[|Zux@)] | Ft-1)] > ¢ as. (2)

e The set I is totally ordered, where the deterministic order < does not need
to be identical to the usual ordinal of I = {1,...,n}. For everyt > 1 and
every pair (i,§) € I? with i < j,

E[Z(t)| Ft—1)] = ~E[Z;(t) | F(t—1)] <0 as.  (3)



Then we have

P {3@ €1 such that lim X;(t) = 1} —1 (4)

t—o0
and
Viel, IP’[EIjeI such that j =i and tlir&Xj(t)Zl} > ;x] (5)
e
Furthermore, if
E[Zi(t)|F(t-1)] = E[Z;;(t) | Ft-1)] =0 a.s. (6)

for every t > 1 and for every pair (i,7) € I? with i # j, then we have

Viel, P { lim X;(t) = 1} = ;. (7)

t—o00

Our second result refines Proposition 2.2 by showing, in a fair case, an
asymptotic behavior of the wealth processes of the players other than the single
individual with concentrated wealth.

Proposition 2.4 For everyt > 1, we assume that the random variables Z;;(t)
are independent of F(t — 1) and that each Z;;(t) is equal in distribution to the
product of the following two independent random variables:

e a Bernoulli random variable with parameter p;;, where the positive con-
stants p;j satisfy pi; = pji and, when n > 4, we further assume that

either pi; > Z (pik — pjr)t or pi; > Z (pjr —pir)™ (8)
keI\{i,j} kel\{i,j}
holds for each pair (i,j) € I? with i # j;

e a random variable with fized distribution v on the interval (—1,1), where
v({0}) < 1 and v is symmetric w.r.t. the origin, ie., Vz € (=1,1),

v((=1,2]) = v([-21)).

Then the assertions of Proposition 2.2 hold. Furthermore, if the measure v also
satisfies the integrability condition

1
o= \// {log(1+z)}2y(dz) < oo, 9)
~1
then we have, for every pair (i,j) € I? with i # j,

O Xi(t) X)) _
P Llir& X,(0) _0] P LIEEQ X0 < =t (10)




Moreover,

. . log Xi(t)
viel, lm === =-f Z_ P L, 20y @5 (1)
JEN{i}
where 8 := — fil log(1 + z) v(dz) > 0. In particular, if all the constants p;; are
equal to ﬁ, then
: A1 o
log X; 284{j € I\{i}| lims o0 31 =0
Viel, lim 0g Xi(1) = — { ’ e X® } a.s. (12)
t—o0 t n(n —1)

Remark 3. The assertion (10) implies that each player has a random ‘limit

rank,” and the random variable #{j € I'\{i} | lim; ;’—8 =0} in (12) rep-
J

resents player ¢’s limit rank minus 1. It should also be noted that, even when

each player has a limit rank, not all patterns of limit ranks are realized, since

the above assertion (11) implies that

Z Pik Ly X0 gy < Z Djk H{hme X500 oy

Xp () X (®)

keI\{i} kel\{i}

if the limit rank of player ¢ is higher than that of player j. For example, suppose
n =3, I ={1,2,3}, and p12 > p13 + p23. Then player 3’s limit rank can never
be realized as the lowest.

Remark 4. When n > 4, the assumption (8) holds if

no2 _ mingypy o
n—1 - maxa) pi

Indeed, for this case we have

pij — Z (Pik —ij)+ > minpg — (n— 2){ max pre — minpkg}
ken\{i,j} (k.8) (k,€) (k,2)

= (n—1)mi —(n—2
(n = 1)qaippee = (n = 2) axpus

> 0.

Also, when n = 3, the assumption (8) holds automatically for all positive con-
stants p;;. Indeed, by denoting I = {1, 7, k}, we see that

o if pip < pji then pi; > 0= (pix — pjr) ™5

o if pip > pjx then pi; > 0 = (pjx —pir) "

When n = 2, the assumption holds automatically with the right-hand sides of
the two expressions of (8) defined to be zero.



Remark 5. The uniform distribution on the interval (—1,1) satisfies the
above assumptions for v, where the constants o and 3 are y/(log 2)2 — 2log 2 + 2
and 1 — log 2, respectively.

The following corollary of Proposition 2.4 is concerned with the Lorenz curve
and the Gini coefficient.

Corollary 2.5 Under the assumptions of Proposition 2.4 with all the constants
pi; being equal to ﬁ, the following two asymptotic properties hold regardless
of the initial wealth x;, i € I.

(1) Denoting by Ly(t) the sum of the k lowest values among the n players’

wealth X;(t), i € I, at time t, we have that
log L 2 —
og Li(t) B(n—k)

Vk e {1,...,n}, tli>oo , = nn=1) a.s.

(ii) The Gini coefficient at time t, denoted by Gini(t), satisfies
. log{(1— 1) — Gini(t)} 23
m

tgoo t - _n(n -1) a5

2.3 Technical Lemmas

The following three lemmas are rather technical but useful for the proof of
Proposition 2.4. All the proofs will be given in Subsection 2.5.
The first lemma is on submartingales and will be used for the second lemma.

Lemma 2.6 Let S = {S(t)}i=01,.. be a real-valued square-integrable submartin-
gale, with Sy = 0, on a stochastic basis. Assume the ezistence of two positive

constants opmar ANd i Such that, for every t > 1,
Var[AS(t)| F(t—1)] < 074 and  E[AS@H) | Ft—1)] > pmin  a.s.,

where AS(t) := S(t) — S(t — 1). It then holds that lim;_,o, S(t) = 00 a.s. and

1252 Limi 1
P|inf S(t) < —(=omar 4 Bmim) | < 1
ng s < -(Bree ) | < 5 a
The second lemma is about an asymptotic behavior of some stochastic pro-
cesses and will be applied to Proposition 2.4 with Y (¢) := log ?Eg

Lemma 2.7 LetY = {Y (t) }4=0,1,... be a real-valued adapted process on a stochas-
tic basis.
(1) Assume the existence of two positive constants € and p such that

P[AY(t) >e|F(t-1)] > p and P[AY(t) < —e|F(t-1)] >p (14)
a.s. for everyt > 1, where AY (t) :=Y(t) — Y (¢t — 1). It then holds that
Pl Y@ = o] +P [Jim ¥ (9 = —oo]

+P {limsup Y(t) =00 and liminfY(¢) = —oo} = 1. (15)

t—o0 t—oo



(ii) In addition to (14), assume further thatY is square-integrable and there
exist three constants ¢ € R, omaz > 0, and pimin > 0 such that, for every t > 1,

Var[AY(t) | F(t—1)] < 0pas (16)
and
E[AY () | F(t—1)] > pmin (17)
a.s. on the event {Y(t —1) > c}. We then have
P[tlggoy(t):oo] +P[tlggoy(t):—oo} -1 (18)

The third lemma is concerned with the measure v in the statement of Propo-
sition 2.4.

Lemma 2.8 Let v be a probability measure on ((—1,1), B((—=1,1))) satisfying
the following properties:

e v({0}) <1;
. fil zv(dz) < 0;

o 1 {log(1 4 2)}u(dz) < .
Then the function f :[0,1] = R defined by

f(z):= [1log(1+xz)u(dz)

is continuous, strictly decreasing, strictly concave, and f(0) = 0. Also, the func-
tion g : [0,1] = R defined by

1
g(x) = /71 {log(1 + xz)}zu(dz)

1s strictly increasing.

2.4 Proofs of the Propositions and the Corollary

Proof of Proposition 2.5. For this possibly unfair case, we extend the proof by
Chorro [4] of Proposition 2.2. We first show the existence of the almost sure
limit X;(00) := limy_, o, X;(t) for each process X;. If we assume the condition
(6), i.e. if the games are fair, then each process X;(-) is a bounded martingale
with respect to the filtration F(-) and, as Chorro [4] mentions, its almost sure
convergence follows readily from the martingale convergence theorem (see e.g.
Chapter 11 of Williams [8]). For the general case, we proceed as follows. For
1 € I, we define the process

Sit) =Y X;(t).
Jjri
The process 5; is then a bounded submartingale. Indeed, for two distinct ele-
ments j and k of I, the following properties on AS;(¢) hold a.s.:



e if j <iand k <4, then Iiz, )20y ASi(t) =0

e if j > ¢ and k = i, then

L1z, ()01 ASi(t)
= Lz 200 1AX; (1) + AXi(1)}
= Lz (min{Xj(t - 1), Xi(t — 1)} ) {Zix(t) + Z15(t) }

e if j > ¢ and k < i, then

E[H{Zk ;,go}AS- t)|]:(t—1)]
= E[liz, @z AX;(0) | F(t-1)]
= min{X;(t— 1), Xp(t — 1)} E[ Z(t) | F(t —1)]
> 0.

The martingale convergence theorem again yields the almost sure convergence
of each submartingale S;, which in turn implies the almost sure convergence of
each process X;.

The rest of the proof is the same as Chorro [4]. For the sake of completeness,
we present a proof. By the definition (1) of X;(t), we have

min{X; (¢t — 1), X;(t — 1)}[Z;(t)]
AX:(t)] = if Z;;(t) #0 for a j € I\{i},

0 if Z;;(¢t) =0 for every j € I\{i}

= > {min{X -0, X0-DHZ01) (9)
Je\{i}

The almost sure convergence of each process X; implies lim; o |AX;(t)] =0
a.s. and, since the increments are also bounded, the dominated convergence



theorem yields lim;—,c E[|AX;(t)|] = 0. Therefore,

0 = lim E[AX;(1)]

= lmE Z{}min{&(t—l),xj(t—1>}|Zij<t>| by (19)
jer\{i

= lmE > min{Xi(t - 1), X;(t = D}E[|Z;;(1)] | F(t — 1) ]
Ljendi}

by the tower property

Y

¢ limsupE Z min{X;(t —1), X;(t —1)}| by (2)
e e

= ¢E Z min{X;(00), X;(c0)} |,
JeI\{i}

which implies that, for every pair (i, j) € I? with i # j,
min{X;(c0), X;(c0)} =0 a.s.

and therefore
g{iel| Xi(0)>0} <1 as.

It also holds that . ; X;(co) = 1 a.s., which completes the proof of our as-
sertion (4). Furthermore, the assertion (5) follows from the fact that S;(-) is a
bounded submartingale O

Proof of Proposition 2.4. We divide our argument into three steps.

Step 1. If the first two assumptions of the proposition are satisfied, then the
assumptions of the proposition 2.3 are all satisfied as well, so the assertions (4)
and (7) hold.

Step 2. Next we assume (9) as well and prove (10). Fix a pair (4, j) € I? with
i # j. Assume without loss of generality that p;; > Zke]\{i,j}(pik —pjx)t : for
the case n < 3 see Remark 4 after the statement of the proposition. It suffices
to show that the process Y;;(t) := log ));8 satisfies the assumptions of Lemma
2.7. '

10



We have that, for every ¢t > 1,

AYi(t) = Yi(t) = Yi(t = 1)
X;(t i 1
log (Xf(t;) ( E 1)))
= s (o) e ()

log {l—l—min{ 7);’(% B} i t}

—log 1—&—111111{1,)(8S ?}Z t] it Z;;(t) # 0;
= log [1+min{1,§’“((f 11))} } if Zi(t) #0 and k # 5;
—log [1+min{  Zelt=l 3} (t] it Zj(t) #£0 and k # i
0 otherwise.

(20)

For the case Z;;(t) # 0, the signs of log [1 -+ min {1, ))g 8 B }ZU ] and

—log [1 + min {1 i R }Zﬂ } are the same, and either min {1, ?g:g} or

min {1, X, (t 1)} is equal to 1. It follows that, for every 0 < z < 1,
P[AY;;(t) > log(1+2) | F(t = 1)] > pijv([z,1))
and
P[AY;(t) < —log(1+2) [ F(t—1)] > pijv([z,1))

a.s. By choosing z small enough so that v([z,1)) > 0, we see that the assumption
(14) of Lemma 2.7 is satisfied for Y;;.

It follows from (20) and the last statement of Lemma 2.8 that, for every pair
(k,0) € I? with k # ¢,

Sstaniorize) [ 8 G0

Pre 0 if {i,7}N{k, €} =10

a.s., where the constant o is defined in (9), and thus
E[{AY;(1)2| F(t—1)] < (m’f”“) {40% +2(n — 2)0?} as.

Since Var[ AY;;(t)| F(t—1)] <E[{AY;;(t)}?| F(t—1)], the assumption (16)
of Lemma 2.7 is satisfied for Yj;.

11



It also follows from (20) that

B[z, 20y AYij(t) | F(t - 1)]
Phe
£ (min {1, 326=01) = 7 (min {1, 328Y)if {04} = (k.0

f mln{l,))i"((tt 11) if i=4¢ and j # k;

—f(mln{l Xi(t— 1}) if j=¢ and i #k;
0} =

(t=1)
0 if {Z,j}ﬂ{k 0

a.s., where the deterministic function f is defined in Lemma 2.8, and therefore
E[AY;(t) | F(t—1)]
- {f(min{L))gg_B}) —f<min{1, MH}
n Z | {pikf(min{l, ))i.’“((f:ll))}) — Djk f(min{1, ;m})}
kel\{i,j}

(21)

a.s. Since f is continuous, strictly decreasing, and f(0) = 0, it is possible to
choose a constant 0 < e < 1 such that

pislF < {pi— 3 a—pi)tHIFOL

keI\{i,j}

On the set {eX;(t —1) > X;(t — 1)} = {Y;;(t — 1) > log 1}, the right-hand side
of (21) is larger than

pij{f(e)—f(l)}—F Z (pik—pjk)f<min{1v))?:((::ll))}>

kel\{i,j}
> pi {IFMI=1F @1 = > (i —pir) T 1F(D)]
keI {i,j}
> 0.

The assumption (17) of Lemma 2.7 is thus satisfied for Y;;.
Step 3. In this step we prove the final assertion (11). First, the positivity of

the constant 8 = — f(1) follows from Lemma 2.8. Next, for every ¢ > 1 we have
Xi(s
log X;(t) log X;(0) + >4, log Xi(s(f)l)
t B t
(s—1
B log X;(0) + Zs 1 2jen (i} 108 [1 +m1n{1, X (5= 1;}211 }
= ; .

12



For the proof of (11), therefore, it suffices to show that, for each pair (i, ) € I?
with 7 # j,
¢ : X;(s—1
y > e log [1 + min {1, XZE;J }Zij (s)}
im

t—o0 t

=pi; f(D1

(i o) *
(22)

Fix the pair (7, ) and consider the event
t
log {1+ Z;:(s,
A= {w €| lim Ze=tl08 LT Zy(s,w)) :pijfu)}.

t—o0 t
Since the random variables {Z;;(t)}i=1,2,.. are i.i.d. with E[log{1+ Z;;(t)}] =
pi; f(1), the strong law of large numbers gives P(A) = 1. For each w € AN

{thm X Etg = oo}, there exists a positive integer 7(w) such that % >1
—00

for every s > 7(w), and therefore

y Zi 1 log [1—|—m1n{1 %}Zﬁ(s,w)}
tiglo t
s—1,w)
o ZS ) log {1+mm{1,7x 6 1w)}Z” s w)}
= A t

— lim Zizf(w) log {1+ Z;j(s,w)}

t—o00 t

_ iy et log {1+ Zis(s,w)}
t—00 t

= pij f(1).

We also consider the event

Sl log{1+41Zi; (s.w)]
- gt{ }—pz]f-i-( )
> 1lo 1— 1125 (s,w)] ’
g{ - } pzjff(%)

t

B = ﬂ weN 1y o0
kEN and lim; o

where fi(z) := fil log(1 £ z|z|) v(dz). The strong law of large numbers again
gives P(B) = 1. For each w € BN { limy_,o ii—étt; = 0}, the same argument as

above yields that

St log {1 + min {1, #}:)}Z” s w)}

Vk €N, limsup < pijf+(%)

t—o0 t
S log {1—|—m1n{1 %}Zu (s w)}
and ligg(i)gf ; > pijf-(£),

which implies that

y St log [1 + min {1, %}Z” (s,w)}
im

t—o0 t

=0.

13



This completes the proof of (22) and, consequently, that of (11). O

Proof of Corollary 2.5. Let Ly (t) denote the k-th lowest value among the n
players’ wealth X;(t), i € I, at time ¢. It then follows from (12) of Proposition
2.4 that

logLi(t) _ 28(n—k)
Vke{l,...,n}, tlgglo . T a.s.

Since Ly(t) = Zle Li(t), we have Lj(t) < L(t) < k Ly (t), and our assertion
on the Lorenz curve holds. For the Gini coefficient, we proceed as follows. Since

250 kLi(t) — (n+1)

Gini(t) = -
_ 2L+ KL} — (n+ 1)
2 {1- T L} + S R L) - (1)
= (1-2) - 2Y - m L,
k=1
we have
Gini(t) > (1— %) 22_: Li(t) = (1— l) — 2L, (%)
k=1
and .
Gini() < (1- %) _ %Z Lift) = (1- %) N0
k=1
Hence
i g {3 = Gini@)} L legLua(t) 28
o0 t t—00 t n(n—1)

2.5 Proofs of the Lemmas

Proof of Lemma 2.6. We divide our argument into two steps.

Step 1. We first show that lim; ., S(¢t) = oo a.s. Let S = M + A be the
Doob decomposition of S, i.e., define the two real-valued stochastic processes
A={A{t)}1=0,1,.. and M = {M(t)}1=0,1,... as follows:

A(0) = 0;
At) = Y E[ASu)|Flu-1)]  for t>1;
M = uS’:i A.
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The process M is then a square-integrable martingale. As t — oo, the martin-
gale M (t) converges a.s. on the event {(M)(c0) < oo}, and the strong law of

large numbers for martingales yields that lim;_, . % =0 a.s. on the event

{{M)(c0) = 0} (see e.g. Sections 12.13 and 12.14 of Williams [8]). We also
have that, for every ¢t > 1,

(M)6) = Y E[{AM(u)}*|Flu—1)]
u=1

= ZVar[AS(u) | Fu—1)]
u=1

2
< Ozt as.

by our assumption (16). Consequently, lim;_, ., @ = 0 a.s. It also follows

from our assumption (16) that A(t) > pmint and therefore lim; o, S(t) = 0o
a.s.

Step 2. In this step, we prove (13). Let y be a positive constant and
{tk}kzo’lw be a strictly increasing sequence of nonnegative integers with ¢ = 0.
We note that, if an w € €) satisfies

Vk > 0, sup ’M(s,w)—M(tk,w)| < (y—l—'ummtk)/\{’umm (tk+1—tk)},

te<s<tk+1 2 2
(23)
then infy> S(t,w) > —y. Indeed, if the condition (23) is satisfied, then,
Vk>1, S(tg,w) = M((tg,w)+ Altk,w)
k
= {0 (M(tw) — M(tio1,w)) } + Al w)
i=1
k .
S Hmin ‘
= { Z 9 (tz tz—l)} + Hmin tk
i=1
,Ufmin
= —1t
9 k>
and
> i > i —
Vk >0, tkféréf;lwrl S(Sa w) = S(tk,td) + tkﬁir%f;wﬂ {M(Sa W) M(tka W)}
Hmin Hmin
> BPmony mmen
> Hming  (y+ By
= —y.

15



Consequently, the probability P[inf;>o S(t) < —y] is dominated by

i]P’ sup | M(s,w) — M(tg,w)| > (y—l—ﬂrgm )/\{Mzm(tkﬂ—tk)}]

o [te<s<ti

E[{M(tr11) — M(tx)}?]

20 L+ ) A (B2 (b — 1)}
U?nar(tk-l-l — k)

0 Ly + Bmmtp) A (B (tyr — tk))}2

0-72na1, 31 f: mou (tk-l-l — tk) (24)
/L"mzn 2
(y A t1) o Ly Emt) A (B (e — tr) )

by Doob’s maximal inequality

M8

i NgE

We choose y and s such that ¢ := €281 for k > 1, where £ := [2% *""ﬂ and
y > Fminf Tt then follows that '

O’?ﬂa’l) é > G-'I%Lax g 2]671
(24) = W Z Lomin ) ok—1 Hmin ) 9k—1
y A Hoin =1 {(y + bmin g 2k—1) A (Lmingok-1)]

+

2

2 e 2 k—1
O”H’L(L.’L’ e Umaa; é 2
= gmerl 4y e
(Fg=

Emin p\2 Hmin k—1
(B g2 ¥ 2 (a1}
B 12amm 1

In addition, we have that

,uminz < Hmin (24(;'77;@;5 + 1) 120'r2nax + ,U*min.

Nnﬂn

2
120 a0 + Mmmz the proof Of (13) lS COmplete O

Hmin

Thus, by setting y :=

Proof of Lemma 2.7 (i). We note that the assertion (15) is equivalent to

P { (limsqu(t) =ooor — oo) and (hmian(t) =o0or — oo)} = L
t—00 t—o0

In what follows we assume only P [AY > ¢ | F(t— 1)] > p and prove
P[limsup, . Y(t) =00 or —oo] = 1. The liminf version can be proved sim-
ilarly. We divide our argument into two steps.

Step 1. We first show that P[IlimY(¢) € R] = 0. For every w € Q such
that IimY (¢, w) € R, we have

F(w) =1, Vs>tw), |AY(s,w)|<e.

It follows that

ﬁ {|AY (s)| < €}.

s=t

(@

{3imy@er}c

I
-

16



It thus suffices to show that P [J2, {|AY (s)| < €}] = 0 for every t > 1. We
have, for every u > t,

Il
=

P [ﬂ {laY (s)| < 6}1 Hﬂ{mws)&e}]

Ls=t

= E E[Hﬂ{ms’(s)\s}
s=t

Flu— 1)”

u—1
= E E[H{\AY(uHSE} Flu— 1)} I1 H{AY(S)|<6}1

s=t

= E IP[|AY(u)| < e‘]—'(u — 1)} ﬁﬂ{|AY(S)<e}]

L s=t
u—1
< 1-pE HH{AY(s)Ee}] by (14)
s=t
< (1—prtth (25)

Taking the limit © — co, we are done.
Step 2. We will prove our assertion (15). First, we note the following impli-
cations:

P |limsup Y (t) = oo or —oo} <1
L t—oo

= P limsqu(t)ER] >0
L t—oo

= P|limsupY(¢) € R and limsupY(t) > litn_1)ian(t)] > 0 by Step 1

L t—oo t—o0

= 36>0, P {limsup Y(t) € R and limsupY (¢) — liminf Y'(¢) > 25] >0

t—o0 t—00 t—oo

= 30>0, da eR,
P {a <limsupY(t) <a+4¢ and limsupY(¢) —liminf Y (t) > 25} >0
t—o0 t—o0 t—o0

= 36>0, da R,

P {a <limsupY(t) <a+4 and litmian(t) <a-— 6] > 0. (26)
— 00

t—o0

Thus, in order to prove (15), it suffices to show P(B, s) = 0 for every a € R and
6 > 0, where

B,s = {a <limsupY(t) <a+4 and litmian(t) <a-— 5} .
—00

t—o0
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Choose three constants b € R, o™ € R and n € N such that
a—86<b® <p™ <ag<at6<b™ 4ne= b,

and define recursively the following three sequences of stopping times: for k£ > 1,

T,Em) = inf { t> T,gl_)l {Y(t) > p(m) } where Tél) =0,
Tlil) = inf{t> Tlgm) | Y (t) < b },
T,Eh) = inf{t> T,Em) Y (t) > A },

where inf () := co. On the event B, s, the stopping times T,Em and Tkl are finite

() (

for every k > 1 but 7'( ) becomes eventually infinite, and thus 7,7 < Tkh) for all

sufficiently large k. Thus
P(B,5) < P[Tlgl) < T,Eh) for all sufficiently large & |.
Since our assumption P [AY >¢ } F(t— 1)] > p implies that
]P)[Tél) < Tlih) ’]:(Tém))] < 1-—p" as. on {Tém) < oo}
for every k > 1, a similar argument as in (25) yields

(h)

P, Y < Th

for all sufficiently large k] = 0. O
Proof of Lemma 2.7 (ii). In order to prove (18), it suffices to show that

P |liminf Y (t) < limsupY () = o0 | = 0.

t—o0 t—00

( 120m“ +

Kmin

Choose two real numbers ¢ and ¢® such that ¢ < ¢® < ¢® +

“’”T”) < ™ and define recursively the following two sequences of stopping
times: for k > 1,

?,Eh) = mf{t >T ~(l) }Y ) > ) } where T(l) =0,
?,El) = inf { t> T(h) |Y ) < e® },

where inf () := co. On the event {liminf V() < ¢ < oo = limsup Y (¢) }, the
stopping times ?,gh)
2.6 that

and ?,gl) are finite for every k > 1. It follows from Lemma
~ 1
P[7, 70 < oo | F( (h))} < 7 @s.on {T(h) < oo}
for every k > 1, and therefore a similar argument as in (25) yields

P litmian(t) <<= limsupY(¢) | < IP’[V/{: >1, ?,El) < oo] = 0.
— 00

t—o0

18



Since ¢ can be taken as large as possible, the proof of (18) is complete. O

Proof of Lemma 2.8. The continuity of f follows from Lebesgue’s dominated
convergence theorem. The strict concavity of f follows from the fact that, for
each fixed z € (—1,1)\{0}, the function x — log(1+zz) is strictly concave. The
function f is twice differentiable on the interval [0,1) and

1'(0) = / zv(dz) <0,

-1
which implies that f is strictly decreasing.

The function g is strictly increasing because, for each fixed z € (-1, 1)\ {0},
the function x — {log(1 + z2)}? is strictly increasing. O

3 Continuous-time Setting

3.1 Definition and a Known Result
The following formulation is a slight generalization of that of Chorro [4].

Definition 3.1 Define the set I = {1,...,n}, wheren > 2. Let x1,...,x, ben
positive numbers such that ), x; = 1.
Consider @ independent one-dimensional Wiener processes, starting
from the origin, on a probability space (0, F,P). Let us denote each of them
by Wij = {Wij(t)}tZOa where (l,]) € I? withi < J-

For each pair (i,7) € I?* with i < j, we also consider two constants o;; > 0
and p;; € R, and set

Wii() = =Wi(),  ojii=0u,  Hji = —pj-

Let {F(t)}1>0 be the filtration generated by all the Wiener processes.

The R"™-valued adapted process X = {X(t)}t>0, whose i-th component is
denoted by X; = {X;(t) }1>0, is defined as the unique solution of the following
stochastic differential equation:

. (27)
dxXi(t) = Y min{Xi(t), X;(t)} (055 AWi;(t) + pijdt).
jen{i}

Remark 1. This n-dimensional stochastic differential equation satisfies the
Lipschitz condition, so it has the unique strong solution. It follows immediately
from our definition that )., X;(t) = 1 for every ¢ > 0. The positivity of each
component process X;(t) is shown as follows: it is possible to take the logarithm
of X;(t) up to the first hitting time of the process to zero and, if X; hit zero at
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a finite time, then log X; would explode to —oo. It follows from It6’s formula

that

d 10g X; (t)

dXi(t) df

X (t)

2
Z min{
JeI\{i}
5 o ()

JEIN{i

} (045 AWij(t) + pijdt)

In the last expression, the coefficients of dWW;;(t)’s and dt’s are all bounded, and
therefore log X;(t) never explodes at a finite time.

Proposition 3.2 (Boghosian et al. [2]) Assume that all constants o;; are
equal and all constants u;; are zero. Then we have

and

3.2 Our Results

P|3iel suchthat lim X;(t) = 1} —1
—00

Viel, P limXi(t):l} =

t—o0

The first two propositions and the corollary we give in this subsection are
continuous-time analogues of the results in Subsection 2.2. Our third propo-
sition is only for this continuous-time setting and investigates the effect of a
proportional capital tax. All the propositions will be proved in Subsection 3.4.

Our first result generalizes Proposition 3.2 to possibly unfair games.

Proposition 3.3 Suppose that the set I is totally ordered, where the determin-

istic order =< does not need to be identical to the usual ordinal of I = {1,

For every pair (i,) € I? with i < j, we assume that Wi = —pj; < 0.
Then we have

and

Viel, ]P{ajel such that j =i and lim Xj(t)=1} >3 .
— 00

P {az €1 such that lim X(t) = 1} ~1
—00

Jzi

Furthermore, if all constants p;; are zero, then we have

Viel, P|lim Xi(t):l} = .
t—o00

20
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Our second proposition shows growing wealth disparities between every pair
of two players.

Proposition 3.4 Assume that all constants p;; are zero. When n > 4, we
further assume that

either J ;> Z ; U )* or 02‘2]‘> Z (‘sz'k_gz?k)—|r (31)
kel\{s, g} keI\{i,j}

holds for each pair (i,7) € I? with i # j. It then holds that

TS T N

for every pair (i,7) € I? with i # j. Moreover,

) log X; (¢

.S. 33
-0 X (t) *0} a.5 ( )
JGI\{Z}

In particular, if all the constants o;; are equal with common value o, then

. o?t{j eI\ lim (M) —
viel, lim logfl(” = g € Ny : e X0 =0 a.s. (34)

Remark 2. As for the discrete-time settings, the assertion (32) implies that
each player has his/her limit rank: see Remark 3 after the statement of Propo-
sition 2.4.

Remark 3. When n > 4, the assumption (31) holds if

n—2 - ming;

N O
) 9ij <1.
n—1  maxq;) o

Indeed, for this case we have

C’izj* Z (Ufk*%zkﬁ z Hglglakf*("*Q){mk%XC’kz Hkntpaki}
e} (k,0) (k,0) (k,0)

= (n— 1)53% oty — (n—2)maxoi,

> 0.

Also, when n = 3, the assumption (31) holds automatically for all positive
constants o;;. Indeed, by denoting I = {3, j, k}, we see that

o if 0, < 0 then 01-2]- >0= (02 — cr?-k)*;

o if 0. > 0, then 07, > 0= (03, — 037
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When n = 2, the assumption holds automatically with the right-hand sides of
the two expressions of (31) defined to be zero.

The following corollary can be proved in the same way as the discrete-time
Corollary 2.5, so its proof is omitted. Part (ii) refines Boghosian et al. [2].

Corollary 3.5 Under the assumptions of Proposition 3.4 with the constants o;;
being all equal with common value o, the following two asymptotic properties hold
regardless of the initial wealth x;, i € I.

(i) Denoting by Li(t) the sum of the k lowest values among the n players’
wealth X;(t), 1 € I, at time t, we have that

2 _
Vk e {1,...,n}, tlim lOgI];k(t) S— (n2 k) a.s.
(oo}

(ii) The Gini coefficient at time t, denoted by Gini(t), satisfies

1 1— L)y — Gini(t 2
lim og {1~ ) init)} =-Z 4
t—o0 t 2

For the continuous-time settings, we also give the following proposition on
the effect of a capital tax. With the slightest proportional capital tax, each
player’s wealth process oscillates between 0 and 1 regardless of the constants
o and fiz;.

Proposition 3.6 Let « be a positive constant. The R™-valued process X =
{X(t)}+>0, whose i-th component is denoted by X; = {X;(t)}1>0, is defined as
the unique solution of the following stochastic differential equation:

dX;(t)

a {% - Xi(t)} dt + S min {Xi(t), X;(0)} (01 dWis () + pizt),
jen{i}

(35)
where the constants x;, 0;;, wij, and the Wiener processes Wi;(-) are as in
Definition 3.1.

It then holds that

Viel, P {limsup)}i(t) =1 and litrginf)}i(t) =0| = 1. (36)
oo

t—o0

Remark 4. For the PDF approach to the taxation issue concerning the yard-
sale model, see §V.D of Boghosian [1]. For discrete-time capital taxation, see
also Chorro [4].

3.3 Technical Lemmas

The first lemma is a known result, so the proof is omitted.
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Lemma 3.7 (see e.g. Proposition 8.2 of Steele [7]) Let S be a real-valued
1t6 process of the form

dS(t) = dW (t) + pdt,  S(0)=0

on a stochastic basis, where W is a one-dimensional Wiener process and p is a
positive constant. For x € R, define the stopping time

7o o= inf {t > 0] S(t) =z},
where inf @ := co. Then lim;_,o, S(t) = oo a.s., and we have
Yy > 0, IP’[T,y<oo] = exp(—?uy)
and

1 —exp(—2px)
exp(2uy) — exp(—2p )’

YV >0, Yy > 0, P[T,y < Ta:] =

The following lemma is a continuous-time analogue of Lemma 2.7 and will be
used for proving Propositions 3.4 and 3.6. Its proof will be given in Subsection
3.5

Lemma 3.8 Let Y be a real-valued Ité process of the form

dY (t) = dM(t) + p(t)dt

on a stochastic basis, where both o(t) := 1/ % <: 'm;i(t)) and u(t) are

continuous processes.
(1) Assume the existence of two positive constants opmin and Omas Such that

Omin < U(t) < Omax vt > Ou a.s. (37)

It is also assumed that, for each K € N, there exists some positive constant

,u(;;bs) such that

lu(t)] < ,u&?bs) on the event {|Y(t)] < K}, Vt>0, a.s. (38)

It then holds that

P[ Jim Y(t) = 00| +P [ lim Y(t) = —oc]

t—o0 t—o0
+P {lim supY (t) = o0 and liminf Y (¢) = —oo} =1 (39)
t—o0 t—o0

(ii) In addition to (37) and (38), assume further the existence of two positive
constants c¢1 and py such that

w(t) > w1 on the event {Y(t) > cl}, Vi>0, a.s. (40)
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We then have

]P’[lim Y(t):oo}+]P’{lim Y(t):—oo} -1 (41)

t—o0 t—o0

(iii) In addition to (37) and (38), assume further the existence of two positive
constants ca and po such that

w(t) < —p2  on the event {Y(t) > c2} (42)

and
w(t) > po on the event {Y(t) < —c2} (43)

for allt >0, a.s. We then have

P |limsupY(t) = co and litmian(t) =—-oc0| = 1. (44)
—00

t—o0

3.4 Proofs of the Propositions

Proof of Proposition 3.3. The following proof has the same spirit as the discrete-
time proof of Chorro [4]. We divide our argument into two steps.

Step 1. We first prove the proposition when all constants j;; are zero.
In this case each process X;(-) is a bounded martingale, and its almost sure
convergence follows from the martingale convergence theorem (see e.g. Section
1.3 B of Karatzas and Shreve [6]). A time-change technique (see e.g. Section
3.4 B of Karatzas and Shreve [6]) shows that, for every continuous martingale,
the almost sure convergence is equivalent to the almost sure finiteness of the
quadratic variation at time infinity, and thus

oo 2
(X;)(00) = Z a?j/ (min {X;(t), Xj(t)}) dt < oo as.
jengy 70
It follows that, for every pair (i,j) € I? with i # j,
min { X;(00), X;(c0)} =0 as.

and therefore
g{liel]| Xi(0) >0} <1 as.

It also holds that ), ; X;(o0) = 1 a.s., so the proof of (28) is complete. The
assertion (30) follows from the fact that X;(-) is a bounded martingale.
Step 2. We next consider the general case. For i € I, we define the process

Sit) = > X;(1).

Jjzi
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Each process S; is then a bounded submartingale. Indeed,

dsi(t) = Y dX;(1)
= 5 S min {X;(6), Xe()} (050 dWjn(t) + pyedt)

Jzi kel\{5}
> min {X;(0), Xu(t)} (o5 dWjn(t) + pjudt)
_ Z ki, k#j
S| D min {X;(8), Xi(6)} (056 dWjk(t) + pjxdt)
k=<1

= 0 min {X;(t), Xe(t)} (055 AW (t) + pjndt),

i k=i

and p;, > 0 for each pair (j,k) € I? with j > k. The martingale convergence
theorem again yields the almost sure convergence of each submartingale S,
which in turn implies the almost sure convergence of each process X;.

Let S; = S;(0)+M;+ A; be the Doob-Meyer decomposition of the submartin-
gale S;. Since the submartingale is bounded, its martingale part M; is uniformly
integrable (see e.g. Section 1.4 of Karatzas and Shreve [6]) and therefore M;
also converges almost surely. Moreover,

(M;)(00) = (S;)(c0) :ZZ/OOO o2 (min{Xj(t), Xk(t)})th.

G k=i

We can thus show (28) in a similar way as in Step 1. The assertion (29) follows
from the fact that S;(-) is a bounded submartingale. O

Proof of Proposition 3.4. We divide our argument into two steps.

Step 1. In this step, we show (32). Fix a pair (i,5) € I? with i # j. Assume
without loss of generality that o7, > 37, c\ ;i3 (05, — 07,)* « for the case n < 3
see Remark 3 after the statement of the proposition. It suffices to show that the
process Y;;(t) := log ));8 satisfies the assumptions of (i) and (ii) of Lemma
3.8.

We first note that

4Y;(t) = d log Xi(t) — d log X (1

is equal to
LX) ! 2 min {1, (2207
ke;\:{i} Ok min {1, X0 }szk(t) ~3 ke;:{i} 0, minq 1, (Xl(t)) dt
: Xy (t) 1 2 i Xi(t)y?
_ Z Tk mln{l, Xj(t)}dek-(t)+§ Z 05 min 4 1, <Xj(t)) dt
kel\{j} ke\{j}
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by It0’s formula. Here the coefficients of dWW’s and dt’s are all bounded. More-
over, the sum of the dW;;(t) and dWj;(t) terms in (45) is

Tij min{ X (( g}dW”( ) — 0y min{l, ))%}dwﬁ(t)

Oij (mm {1 Xl((t;} + min {1, ‘;?((?) }) dw;;(¢),

J

the coefficient of which is always larger than the constant o;;. Therefore,

d(Yi;)(t)
dt

and the assumptions (37) and (38) of Lemma 3.8 is satisfied for Y;;.
Furthermore, the sum of the coefficients of the dt terms in (45) is

3 2 e (G) 3 2 e () )
- 5 (o G} (1 (20
5, 2 (omn{n ()} -etemn o (R }) 0

kel\{i,j}

> 044,

Choose a constant € such that

— o2 )t
0 < e < \/ Zke]\{z,]}( ]k) .

0'”

On the set {eX;(t —1) > X;(t — 1)} = {Y;;(t — 1) > log 1}, the right-hand side
of (46) is larger than

oZ, 1 . Xi(1)?
7J (1—€*) + 3 Z | (U?kfafk) mm{l, (Xl(t)> }
kel\{i,j}
2
i 2y _ 1
z 5 (I-€) - 5 Z '
kel\{i,j}
> 0.

The assumption (40) of Lemma 3.8 is therefore satisfied for Y;;.
Step 2. We next show (33). It holds that
d log X;(t)
dXi(t)  d(Xi(t))
X;(t) 2 X2(t)
B X;(t) X;(t)\2
= Z Oij { X:(0) }dWU Z o; mm{ (Xi(t)) dt,

jel\{i} JEI\{l}
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and thus

X (u)
log X;(t) = logX;(0) Oij mm dWij(u)
’ t ’ JGI\{z / u)}
123 min < 1, (u) du
5 2 [ (R }
=: log X;(0) + N;(t) + A(1). (47)

A time-change technique (see e.g. Section 3.4 B of Karatzas and Shreve [6])
shows that every real-valued continuous martingale N;(t) converges a.s. as t —
oo exactly on the event {(N;)(co) < oo}. The same technique together with
the strong law of large numbers for the Wiener process (see e.g. Section 2.9 A
of Karatzas and Shreve [6]) yields that lim; &17% = 0 a.s. on the event

{(N;)(o0) = oo}. For the martingale N; defined in (47), we also have

2
Z 7]/mm{ ((ui)}dug( Z Ufj)t
JENi} Hilu JENG}

Ni(t .
’t( ) =0 as. Furthermore, since

and therefore lim;_, o

o X, (1)) 2
1 1, (22 ) — 1 .
g win {1 () =10, ey as

the above defined process A; satisfies

Ai(t) 1
lim = = —= Z 02»2» I X;(0)
J lims s o0 =
t—oo ¢ 2 ierti) { mg < X6 OO}
1 2
= 75 Z 07.7 {hmtﬁoo X; ((:; —O} as. O
JE{i}

Proof of Proposition 3.6. 1t suffices to show that, for each fixed i € I, the
X,,(t)
1—X,(t)

process Y;(t) := log satisfies the assumptions of (i) and (iii) of Lemma
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3.8. We first note that

dv;(t)
= dlog X;(t) —dlog {1 — X;(t)}
L X.(t) . X;(t)
= a——->dt + min< 1, = Oij dWZ‘j t) + i]‘dt
%) jelz\m " Fpl O prd)
—% S o2 min{l, (;J((Q)Q} dt
jen{i} i
L - Xi(t) X)X e )
+a 1_ )A('l(t) dt + jEIz\;{i} min { 1_ ),Zt(t) s 11— )A(:Z(t) } (0'1_] sz] (t) + /-MJdt)
1 o2 min )N(Zg) ’ )}jﬁt) ’ dt
+2j€Iz\;i} ’ {(1—Xi(t)) 7 (1—Xi(t)> }
1 n—1

- a{)??(t) B 1_;5@)}‘#

+ > [min{l, %’(t)} + min{l Xi@( M) )}] (05 AW (t) + it

et X;(t) —X;(t) 1—X;(t

1 S VAP OIS CTONA] W S U

+2jgz\{i} Y [ {(1—)@@) ’(1_)@@)) } {1’ (m) H “
(48)

Here, in the second and third lines on the right-hand side of (48), the coeffi-

1i(;?(.t()t) < 1 for every j € I\{i}.
Moreover, the coefficient of the dW;;(t) term is bounded away from zero, which
ensures the assumption (37). Indeed, if there exists some k € I'\{i} such that

Xp(t) > Xi(t), then

Z Tij [min{l, )Sj(t)} + min{lfg) ; Xjﬁt) }]

Jen(i) Xi(t)

cients of dW’s and dt’s are all bounded, since

Xk(t)} Z min Oij-
Xi(t) jen{i}

If )Z'j(t) < X,(t) for every j € I\{i}, on the other hand, then X;(t) > L and
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there exists some k € I'\{i} such that ;i(( ()) > 1 and thus

g X0 X)X
je%i} o lmlﬂ {17 Xi(t) } T { 1-Xi(t) 1-X;(t) }]

X)) Xi(t) } J 1

~— a — min_oy;.
1-Xi(t) 1-X(t)

> O min{ >
n jel\{i}

By the first term on the right-hand side of (48), the assumptions (38), (42) and
(43) of Lemma 3.8 are satisfied. O

3.5 Proof of Lemma 3.8

We first show the assertions for the special case o(t) = 1, and after that we
prove them for the general case.

Proof of Lemma 3.8 for the case o(t ) = 1. In this special case, the process
Y is of the form Y (¢) = Y (0) t)+ fo s)ds, where W is a one-dimensional
Wiener process with W (0) = 0 We divide our argument into four steps.
Step 1. We first show that P[3limy_o Y (t) € R] = 0. It suffices to show
that
VK €N, P{Htlir& Y(t) € [-K, K]] = 0. (49)

For every w € Q such that 3lim; o, Y (t,w) € [-K, K], we have

ds(w) €N, Vu > s(w), <|Y(u,w)| < K+1 and |Y(u+17w)—Y(u,w)’ < 1)

and thus |W(u+1,w) — W(u,w)| <1+ N(I?i?' It follows that

{ahmy() } 66{|Wu+1 W(u)|§1+u(1?bfl)}.

t—o00

The same argument as (25) in the discrete-time setting yields (49).
Step 2. We will prove our assertion (39). First, we note that the assertion
is equivalent to

t—o0

]P’{(limsqu(t):ooor —oo) and <ligilng(t):ooor —oo)} = 1L

In what follows we prove P [limsup,_ . Y () =00 or —oo] = 1. The liminf
version can be proved similarly. The same argument as (26) in the discrete-time
setting makes it sufficient to show P(B, s) = 0 for every a € R and § > 0, where

B = {a <limsupY(t) <a+¢ and litn_1)ian(t) <a-— 5} .

t—o0
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Choose three constants b, b(™) and (™ such that
a—6<bW <™ <cag<at+ds<d®,

and define recursively the following three sequences of stopping times: for k& > 1,

7™ = inf {t> e |V(t)> b}  where 0=,
T]gl) = inf{t> T,Em) Y (t) < b® },
T,Eh) = inf{t> T,Em) |Y(t) > bW },

where inf () := co. On the event B, s, the stopping times T]Em) and T,gl) are finite

for every k > 1 but T’gh) becomes eventually infinite, and thus T,El) < T,Eh) for all
sufficiently large k. Thus

P(B,,5) < P[T]gl) < T,gh) for all sufficiently large & |.
Choose a K € N such that K > max {|b®], [b()|}. Then
Y(t+7"™) =Y (r™) 2 Wit + ™) = W(r™) - uid™t

for every 0 < t < min {T,Eh), T,il)} — T,gm). It then follows from Lemma 3.7 that
there exists a constant 0 < g < 1 such that

P[T,Sl) < T,E,h) |]~'(T,§m))] < ¢ a.s. on {T,gm) < oo}

for every k > 1. The same argument as (25) in the discrete-time setting then
yields

()

P[T,El) < 7, for all sufficiently large /4;] = 0.

Step 3. With (40) assumed, the assertion (41) can be proved in a similar
way as the discrete-time assertion (18). When considering the upper bound on
the conditional probability

P[7 < oo | FFM)],

we use Lemma 3.7.
Step 4. Finally we prove the assertion (44) by assuming (42) and (43). It
suffices to show P [limy;_, o Y (¢) = co] = 0 with (42) assumed. We have

{tli}IgoY(t) = oo} = U {tligloY(t) =o0 and Vt >m, Y(t) > 02}
me
- U {tllrgloY(t) =o00 and V&t >m, u(t) < 7/142}
meN
and

vm € N, ]P’[ lim Y (t) = 0o and Vt > m, pu(t) < *,U,Qi| =0

t—o0
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by (42) and Lemma 3.7. This completes the proof. O

Proof of Lemma 3.8 for the general case. We will use a time-change technique
and reduce the problem to the case o(t) = 1. Let 7(¢) be the inverse of the strictly
increasing process (M)(u) = [ 02(s)ds :

7(t) :=inf {u > 0| (M)(u) >t}

Since we have assumed 0,5, < 0(t) < Opmae, We note that 7(¢t) < oo and
limy o, 7(t) = limy, o0 (M) (u) = 0o. Moreover,

T(t) T T
G| eas = T e = HTOL

Defining

we see that

=)

t
(t) =Y (0) + M(t) +/ h(s) ds.

0
In addition, M is a Wiener process (see e.g. Section 3.4 B of Karatzas and

Shreve [6]), and
p(r(t)) p(r(t)

2 2
Omaxz Omin

<) <

It is therefore possible to apply to Y the argument for the case o(t) =1, and Y’
is its time-changed process. O

4 Conclusion

Concerning the yard-sale model of asset exchange, we have given a generaliza-
tion and a refinement of some results in the literature, in both discrete- and
continuous-time settings. We have generalized the wealth concentration result
to some possibly unfair games. In a fair case, we have also investigated an
asymptotic behavior of every player’s wealth process. Wealth disparities grow
between every pair of two players, and each player has his/her ‘limit rank.’
Moreover, in the continuous-time setting we have proved that, with the slightest
proportional capital tax, each player’s relative wealth process has a completely
different asymptotic behavior and oscillates between 0 and 1.

Currently the authors have the following four questions, which we hope will
turn into future research topics.

1) To what extent is it possible to generalize the wealth concentration results
of Propositions 2.3 and 3.37

2) In the fair case of Propositions 2.4 and 3.4, what is the probability that
each player ends up with a specific limit rank?
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3) In the fair case of Propositions 2.4 and 3.4, what is the asymptotic be-
havior of the players’ wealth processes for the general case where there is no
restriction on the probabilities p;; or the diffusion coefficients o;;. It is the au-
thors’ conjecture that each player has his/her limit rank in general.

4) Suppose that the number of players follows a branching process, where
no player dies. Then, for each initial player, what is the asymptotic behavior
of the total wealth of his/her descendants? The authors conjecture that, if the
population growth is fast enough, then the extent of wealth disparities is kept
limited.
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