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Abstract

This study examines optimal nonlinear income taxes when individuals differ
in their preference for a public good and labor productivity. We consider two
regions, of which one provides a higher quality public service than the other,
thus inducing individuals to ”vote with their feet.” In addition, the government
implements a region-specific income tax schedule to reflect the difference in ben-
efits from the public service between the regions in the tax system. We show
that if two characteristics are independently distributed and the first derivative
of the social welfare function is strictly convex, the marginal tax rate in the re-
gion providing the higher quality public service is lower since the participation
effect is greater than the mechanical effect. Further, we numerically find that the
correlation can be substantial in differentiating income tax schedules, although
labor mobility weakens the differentiation of marginal tax rates on the basis of a
positive correlation between the two characteristics.
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1. Introduction

Since Mirrlees (1971) seminal work, the optimal income taxation model has considered
a situation in which the government designs a redistributive tax system when individ-
uals have private information in terms of their labor productivities. While their labor
productivities are unobservable to the government, there are several individual charac-
teristics that the government can observe, such as age, gender, and disability status,
which are correlated with their labor productivities. Akerlof (1978) shows that the use of
categorical information (also called ”tagging”) is welfare improving from the viewpoint
of utilitarianism, since it allows redistribution not only within each tagged group but
also between groups.1 Therefore, if the government reflects observable characteristics
that are correlated with abilities in the tax system, it can reinforce the redistributive
tax system.

The objective of this study is to examine how income tax schedules should be dif-
ferentiated between two regions with different amenities resulting from the quality of
local public goods.2 These regions can potentially be a tag. Bayer and McMillan (2012)
show that heterogeneity in housing characteristics, including local public goods such
as school quality and crime, lead to increases in income stratification. Verdugo (2016)
investigates how a policy allowing immigrants with children to live in public housing in
France affects their location choices and shows that cities with higher public housing
stocks attract more low-skilled immigrants, implying that spatial differences in public
housing may cause income stratification. Using a panel dataset of European regions
from 17 countries, Kessing and Strozzi (2016) empirically find that the level of public
employment is significantly higher in low productivity regions. Therefore, the difference
in the quality of public goods across regions is useful as a tag that is correlated with
income levels.

We consider an economy that comprises individuals who differ in their preference
for a public good and labor productivity. Individuals make a labor supply decision on
the basis of nonlinear income taxes and a binary one regarding which region to live in

1It is well known that tagging violates the principle of horizontal equity and therefore, is limited in
practice. However, Weinzierl (2014) uses the equal sacrifice principle as a comprehensive criterion in
that tagging, not the horizontal equity principle, is limited and shows that tagging is justified because
the deviation from the equal sacrifice principle is small when observable characteristics are strongly
correlated with abilities.

2Our study does not consider tax competition among governments since we suppose that the respon-
sibility for redistributive taxation is devolved to a supranational government, such as the European
Union. Given that the idea of deeper fiscal integration is suggested in the European policy agenda,
Bargain et al. (2013) estimate the effect of replacing with an integrated tax and transfer system on
redistribution and fiscal stabilization. Kessing et al. (2015) theoretically examine the optimal nonlinear
income tax schedules in each member state designed by an integrated government. In contrast, Morelli
et al. (2012), Bierbrauer et al. (2013), and Lehmann et al. (2014) analyze the nonlinear income tax
competition between two governments.
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without incurring mobility costs.3 The difference in tax burdens and amenities from
local public goods between two regions separates the population into two categories:
one that obtains more benefits from a public good and has higher tax burdens and the
other that gains lower benefits and has lower tax burdens. The government designs
differential income tax schemes for the two regions to maximize social welfare while
taking account of the labor supply decision on the intensive margin and participation
decision on the extensive margin.

First, we examine the case in which the government is allowed to implement a
lump-sum transfer between two regions, although it cannot differentiate marginal in-
come tax rates. We characterize optimal marginal income tax rates and optimal level
of lump-sum transfer. The former result is similar to that derived in Mirrlees (1971).
The latter result is characterized as the Ramsey inverse elasticity rule and the direction
of transfer is determined by the government’s redistributive tastes and the correlation
between two characteristics. In particular, if there is no correlation between the char-
acteristics, the inter-regional transfer from the region with higher quality public goods
to that with lower quality public goods is desirable. Second, we allow the govern-
ment to introduce the differentiation of marginal tax rates into the tax system and find
that the shape of optimal income tax schedules crucially depends on the government’s
redistributive tastes and the correlation between two characteristics. Using a tax per-
turbation method, we analytically demonstrate that, if public goods preferences and
labor productivities are independently distributed and the first derivative of the social
welfare function is strictly convex, the marginal income tax rate for individuals who
receive higher amenities from local public goods is lower. This is because the decrease
in tax burdens on the region with higher quality public goods leads to a greater welfare
gain generated by inducing individuals to access the region (participation effect) than
the welfare loss done by the decrease in tax receipts (mechanical effect). Therefore,
introducing the differentiation of marginal income tax rates reinforces redistribution.
Further, we numerically assess whether our tax perturbation method is reasonable to
understand the shape of optimal income schedules and present the implication of intro-
ducing the correlation between two characteristics.

This study draws from the growing body of literature examining separated income
tax schedules for groups divided by observable characters, or the so-called ”tagging”
(e.g., Akerlof (1978), Immonen et al. (1998), Viard (2001), Boadway and Pestieau
(2006), Cremer et al. (2010), Mankiw and Weinzierl (2010)). In particular, Boadway
and Pestieau (2006) and Cremer et al. (2010) analytically examine optimal income tax-
ation with tagging in an economy comprising two groups, of which one has a higher

3Our study is part of large body of papers dealing with optimal nonlinear income taxes in random
participation models with multidimensional heterogeneity (e.g., Jacquet et al. (2013), Rothchild and
Scheuer (2013, 2016), Lehmann et al. (2014), Blumkin et al. (2015)). These studies assume individuals
differ in ability and other characteristics, such as migration cost or work cost, and do not allow the
government to separate income tax schedules. By contrast, this study investigates tagging assuming
individuals differ in ability and public goods preferences.
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proportion of high-ability individuals, and conclude that, in this case, the tax system
with inter-group transfers will be more redistributive compared to standard optimal
taxation model of Mirrlees (1971) and Saez (2001). The crucial difference is that we
consider a variable category as the tag, which means that individuals engage in deci-
sion making on the extensive and intensive margin. In other words, the government
must pay attention to two types of distortion in individual labor supply when imple-
menting income taxation. By contrast, much of the previous literature supposes that
a tagged group is immutable, that is, individuals respond along the intensive margin
only.4 Therefore, we aim to explore how responses along the extensive margin affect
the differentiation of income taxes.

This paper is not the first to examine differential income taxation in a variable cat-
egory (e.g., Kleven et al. (2006, 2009), Gomes et al. (2014), Kessing et al. (2015)). Our
study is closely related to Kleven et al. (2006, 2009), who examine how the govern-
ment should differentiate income tax schedules, considering whether the spouse works
as a tag, and numerically investigate the impact of introducing the correlation between
ability and work cost on the tax system.5 They show that the household in which the
spouse (does not) works faces lower (higher) marginal tax rates under no correlation
between two characteristics and that introducing the correlation is not significant, that
is, the theoretical result does not overturn. Our study differs in two ways from their
framework. First, the applications of our findings pertain to the design of the optimal
inter-regional transfer program related to the difference in the quality of public goods
between regions. Second, it attempts to clarify the difference in tagging between im-
mutable and variable categories and shows that the government must take account of
the participation effect in addition to the mechanical effect. We numerically demon-
strate that the participation effect caused by labor mobility decreases (increases) the
marginal tax rate in region A (region B), which implies that it weakens the differenti-
ation of marginal tax rates on the basis of a positive correlation. However, compared
to Kleven et al. (2006, 2009), we find that differentiation due to the mechanical effect
slightly remains if the correlation between characteristics is strong, that is, the cor-
relation can be an important parameter as in previous studies examining tagging on
immutable categories. To the best of our knowledge, there is no theoretical model that

4Indeed, previous works have considered demographic characteristics such as age and gender or
health conditions including illnesses or disabilities as observable characters. In this case, individuals
do not make decisions along the extensive margin since they cannot change groups.

5Gomes et al. (2014) examine the effect of sector-specific income taxes on production efficiency
when individuals with sector-specific abilities choose a sector to work in. They characterize a sufficient
condition in which production inefficiency is optimal, although they do not investigate how income tax
schemes are differentiated across two sectors. On the other hand, Kessing et al. (2015) investigates
differential income taxation on two regions from the viewpoint of the central government, as in the
present study. They assume that one is the more productive region, that is, if individuals live in this
region, their productivities are enhanced, and numerically find that the shape of optimal differential
income taxation dramatically changes in response to migration elasticity. However, they ignore the
correlation between two characteristics in numerically analyzing optimal marginal income tax rates.
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elucidates the gap in policy implications for immutable and variable categories in the
presence of the correlation.

This remainder of this paper is organized as follows. Section 2 describes the frame-
work of the basic model. Section 3 characterizes differential income tax schedules with
non-differentiated marginal tax rates, which is the benchmark result in our study. Sec-
tion 4 shows that it is desirable to introduce differentiated marginal tax rates and
section 5 presents the numerical results. Section 6 offers concluding remarks.

2. Model

We consider an economy consisting of individuals who are characterized by the pref-
erence for a public good and labor productivity denoted by θ and w. The two types
of characteristics (θ, w) are distributed according to the cumulative distribution func-
tion F (θ, w) with the strictly positive and continuously differentiable density function
f(θ, w) over [θ, θ]× [w,w]. We assume that 0 = θ < θ < ∞ and 0 < w < w < ∞. The
size of population is normalized to 1. We consider two regions indexed by i = A,B
and there is an exogenous and a same type of public good in each region.6 The quality
of public goods is denoted by Gi. Without loss of generality, indicator A represents a
region in which there is a higher quality public good and indicator B a region in which
there is a lower quality public good, that is, GA > GB. In the model, we suppose
local public goods that satisfy non-excludability and rivalness such as city parks, road-
ways, education, or health services. As used in Diamond (1998), the utility function of
individuals in region i is described by

Ui = θGi + xi − v(ℓi) (1)

where xi denotes the private consumption of individuals in region i, and ℓi is the labor
supply of individuals in region i. On the other hand, v(·) denotes the disutility of labor
supply and is strictly increasing, strictly convex, and continuously differentiable.

The government can observe the labor income of individuals in region i, denoted
by zi ≡ wℓi, and thus, can levy nonlinear income taxes depending on each region,
denoted by Ti(zi). The budget constraint which individuals in region i face is given by
xi = zi − Ti(zi).

6For simplicity, we assume that public goods are exogenous. Despite doing so, the change in the
assumption does not affect our main conclusion and the provision rule of public goods is expressed by
the modified Samuelson condition. Therefore, whether public goods are endogenously determined is
not of significance.
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2.1 Intensive margin

Individuals with type vector (θ, w) in region i choose the amount of labor supply by
solving the following optimization problem:

maxℓi Ui = θGi + wℓi − Ti(wℓi)− v(ℓi)

The first-order condition yields

v′(ℓi)

w
= 1− T ′

i (wℓi) ∀w (2)

where v′(·) ≡ ∂v
∂ℓ

denotes the marginal disutility of labor.
Let us denote the indirect utility function of individuals in region A by θGA +

VA(w) ≡ θGA + xA(w) − v(ℓA(w)) and those in region B as θGB + VB(w) ≡ θGB +
xB(w)−v(ℓB(w)), where xi(w) and ℓi(w) are the private consumption and labor supply
of individuals in region i with labor productivity w.

We define the elasticity of labor supply with respect to the net-of-tax wage rate
1− T ′

i as

ϵi ≡
1− T ′

i

ℓi

∂ℓi
∂1− T ′

i

=
v′(ℓi)

ℓiv′′(ℓi)
(3)

From optimized individual behavior (equation (2)), we have ϵ ≡ ϵA = ϵB if T ′
A = T ′

B.

2.2 Extensive margin

Individuals choose a region to live in without migration cost, which means that labor is
perfectly mobile. Individuals with type vector (θ, w) obtain utility θGA+VA(w) if they
have access to region A and utility θGB + VB(w) if they access region B. Therefore,
they access region A if and only if

θ ≥ VB(w)− VA(w)

∆G
≡ θ̂(w) (4)

where ∆G ≡ GA − GB denotes the difference in the quality of public goods between
regions. We interpret θ̂(w) as the net gain from living in region B. This means if
the preference for the public good by individuals with labor productivity w is greater
(lower) than the threshold θ̂(w), they (do not) access region A.

Here, we denote the entire labor productivity and preference for a public good den-
sity by f(w) and f(θ). If θ and w are independently distributed, the density of joint
distribution f(θ, w) is expressed by f(w)f(θ). For each labor productivity, the condi-

tional density of the preference for a public good in region A is f c
A(w) ≡

∫ θ

θ̂(w)
f(θ|w)dθ

and that in region B is f c
B(w) ≡

∫ θ̂(w)

θ
f(θ|w)dθ. Therefore, the skill density in region
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i is f c
i (w)f(w) denoted by fi(w) and the corresponding cumulative distribution func-

tion is
∫ w

w
fi(x)dx denoted by Fi(w). The entire population in region i is

∫ w

w
fi(w)dw

denoted by Ni.

2.3 Government

The budget constraint of the government takes the following form:∫ w

w

TA(zA(w))fA(w)dw +

∫ w

w

TB(zB(w))fB(w)dw = ϕ(GA, NA) + ϕ(GB, NB) (5)

Each term on the left-hand side represents the aggregate revenue from income taxes
imposed on individuals in region i. On the other hand, ϕ(·) is a strictly increasing,
strictly convex, and continuously differentiable cost function of a public good that
captures not only provision cost but also congestion cost.7 Here, we define ∂ϕ

∂Ni
≡ ϕNi

as the marginal congestion cost.
We focus on the Bergson-Samuelson criterion, which is represented as follows:

W ≡
∫ w

w

[∫ θ

θ̂(w)

W (θGA+VA(w))f(θ, w)dθ+

∫ θ̂(w)

θ

W (θGB+VB(w))f(θ, w)dθ

]
dw (6)

where W is a strictly increasing and concave function, that is, W ′ > 0 and W ′′ < 0.
In the second best environment, the government cannot observe labor productivity,

which is individuals’ private information. As per the revelation principle, it suffices
to induce individuals to reveal their true types of labor productivity to maximize the
objectives of the government. As shown in Mirrlees (1971), the first-order incentive
compatibility constraint in region i is given by8

V ′
i (w) =

ℓi(w)

w
v′(ℓi(w)) ∀w (7)

This is the necessary condition to meet the incentive constraint. Hereafter, we assume
that the sufficient condition is satisfied, that is, the Spence-Mirrlees condition and
monotonicity conditions hold.

Before investigating the property of the optimal tax system, it is useful to define
the marginal social welfare weight for individuals with labor productivity w in region i

7To express the congestion effect, the functional form is followed by McGuire (1974) model. The
assumption means that the number of residents causes the production effect. On the other hand,
Buchanan (1965) model assumes that the number of residents directly affects the perceived amount of
public good, that is, the congestion effect can be observed in the utility function.

8Since the government can observe the region in which individuals live, they cannot mimic those in
the other region. Therefore, we consider only the incentive constraint within a region.
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denoted by gi(w).

gA(w) ≡

∫ θ

θ̂(w)
W ′(θGA + VA(w))f(θ|w)dθ

γf c
A(w)

, gB(w) ≡
∫ θ̂(w)

θ
W ′(θGB + VB(w))f(θ|w)dθ

γf c
B(w)

gi measures the relative value of the government that gives an additional 1$ to individ-
uals with labor productivity w in region i. Thus, if the government has redistributive
tastes, gi is decreasing in w, which allows income tax schedules to be progressive in re-
gion i. Moreover, as shown later, these parameters are crucially related to the optimal
redistribution between two regions as well as within each region.

3. Non-differentiated marginal tax rates

First, we illustrate the benchmark case in which the government designs differential
income tax schedules with the same marginal tax rates, that is, T ′ ≡ T ′

A = T ′
B. In this

case, we allow the government to make the lump-sum transfer E within two regions,
where E ≡ TA−TB and E is constant in w. Before characterizing the optimal tax policy,
we show that it suffices to satisfy the following constraints to solve the optimization
problem.

It is sufficient to meet either the incentive constraint in region A or B. Under the
same marginal tax rates, the labor supply of individuals in region A is the same as
that in region B from equation (2), that is, ℓ ≡ ℓA = ℓB and z ≡ zA = zB. Therefore,
each incentive constraint coincides. Without loss of generality, we take account of the
incentive constraint in region B, that is,

V ′
B(w) =

ℓ(w)

w
v′(ℓ(w)) ∀w (8)

Second, the threshold θ̂(w) becomes constant in w. From the definition of θ̂(w), the

first derivative of θ̂(w) is
V ′
B(w)−V ′

A(w)

∆G
. Since V ′

A(w) = V ′
B(w) holds from the incentive

constraint given that ℓA = ℓB, θ̂(w) takes a constant value defined as θ̂. This result
allows for a further interpretation of equation (4). In this case, equation (4) can be
rewritten as

θ∆G ≥ E = θ̂∆G (9)

That is, individuals prefer to access region A if benefit θ∆G they draw from the addi-
tional enjoyment of a public good exceeds additional taxes E.

Finally, using E = θ̂∆G, budget constraint (5) can be rewritten as follows:∫ θ

θ̂

θ̂∆Gf(θ)dθ +

∫ w

w

TB(z(w))f(w)dw = ϕ(GA, NA) + ϕ(GB, NB) (10)
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In addition, substituting VA = −θ̂∆G+VB into social welfare function (6), the following
denoted by Ŵ is obtained:

Ŵ ≡
∫ w

w

[∫ θ

θ̂

W ([θ−θ̂]∆G+θGB+VB(w))f(θ, w)dθ+

∫ θ̂

θ

W (θGB+VB(w))f(θ, w)dθ

]
dw

(11)
In sum, the government faces with the problem of choosing VB(w), ℓ(w), and θ̂ to
maximize social welfare function (11) subject to budget constraint (10) and incentive
constraint (8):

max
VB(w),ℓB(w),θ̂

Ŵ s.t. V ′
B(w) =

ℓ(w)

w
v′(ℓ(w)) and∫ θ

θ̂

θ̂∆Gf(θ)dθ +

∫ w

w

TB(z(w))f(w)dw = ϕ(GA, NA) + ϕ(GB, NB)

(12)

The corresponding Lagrangian is

L = Ŵ +

∫ w

w

λ(w)

[
ℓ(w)

w
v′(ℓ(w))− V ′

B(w)

]
dw

+ γ

[∫ θ

θ̂

θ̂∆Gf(θ)dθ +

∫ w

w

TB(z(w))f(w)dw − ϕ(GA, NA)− ϕ(GB, NB)

] (13)

where γ is the Lagrangian multiplier in the resource constraint and λ(w) is the co-state
variable in the incentive constraint.

The first-order conditions are given in Appendix A. Rearranging the first-order
conditions, we can obtain the following.

Proposition 1. Under non-differentiated marginal tax rates, the optimal marginal in-
come tax rate and optimal level of lump-sum transfer are characterized by

T ′(z(w))

1− T ′(z(w))
=

[
1 +

1

ϵ

]
1

wf(w)

∫ w

w

[1− g(x)]f(x)dx (14)

E − (ϕNA
− ϕNB

)

E
=

1

ηNA

[
NA

∫ w

w

gB(w)f
c
B(w)f(w)dw −NB

∫ w

w

gA(w)f
c
A(w)f(w)dw

]
(15)

where g(x) ≡ f c
A(x)gA(x)+f c

B(x)gB(x) is the average social marginal welfare weight for

individuals with labor productivity w and η ≡ −∂1−F (E
G
)

∂E
E

1−F (E
G
)
is the migration elasticity

with respect to E in region A.
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These derivations are also included in Appendix A. Equation (14) is the traditional
formula for optimal marginal income tax rate obtained by Mirrlees (1971) under no
income effect. The heuristic derivation is followed by Saez (2001).

Equation (15) is the Ramsey inverse elasticity rule in terms of lump-sum transfers.
The amount of lump-sum transfers charged is determined by two main terms. First, the
elasticity of demands for additional taxes η in the denominator represents distortions,
that is, a decrease in individuals accessing region A, created by imposing additional
taxes. If η is highly inelastic, the level of lump-sum transfers tends to increase. Second,
the numerator expresses the net welfare gains from the redistribution between regions
and the first and second terms in the numerator describe the government’s redistributive
tastes for each region. If the government prefers to redistribute from region A to B, that
is, the first term in the bracket on the right-hand side is greater than the second term,
additional taxes are charged above the marginal congestion cost to increase revenues
from lump-sum transfers and raise consumption levels. Therefore, whether the level
of lump-sum transfer deviates from net marginal congestion cost ϕNA

− ϕNB
crucially

depends on the sign of the numerator. Since the Ramsey formula above is very general,
making the sign of the numerator ambiguous, we present a special case in which the sign
is determined by placing assumptions on the correlation between two characteristics.

3.1 Heuristic derivation and interpretation of the Ramsey in-
verse elasticity formula

Here, we provide the heuristic derivation for equation (15) to help with intuition. We
suppose a situation in which the government marginally increases additional taxes E.
Let dE be a small tax reform for the lump-sum transfer. First, a small reform, such that
E increases, distorts the decision making on the extensive margin. That is, individuals
with lower preferences for a public good tend to access region B, which amounts to
the size of f(θ̂)dθ̂. Therefore, revenues from additional taxes E decrease. In addition,
the decrease in public good users from region A mitigates net marginal congestion cost
ϕNA

−ϕNB
. As a result, we can express the participation effect denoted by dP as follows:

dP = −(E − (ϕNA
− ϕNB

))f(θ̂)dθ̂

Moreover, using dE = dθ̂ ·∆G obtained from equation (9), gives us

dP = −E − (ϕNA
− ϕNB

)

∆G
f(θ̂)dE

Therefore, the participation effect exhibits a net efficiency loss from imposing additional
taxes. Second, a small perturbation that uniformly increases additional taxes E affects
tax revenues from income taxes from region A without behavioral responses and the

10



net mechanical effect denoted by dM is measured as follows:

dM =

∫ w

w

(1− gA(x))fA(x)dx× dE

Rearranging this and then substituting equation (A.13) in Appendix A yields

dM =
1

γ

[
γ(1− F (θ̂))−

∫ w

w

∫ θ

θ̂

W ′(θGA + VA(w))f(θ, w)dθ

]
× dE

=

[
NA

∫ w

w

gB(w)f
c
B(w)f(w)dw −NB

∫ w

w

gA(w)f
c
A(w)f(w)dw

]
× dE

The increase in additional taxes E amounts to revenue NAdE, which increases the level
of private consumption by NAdE units. Therefore, the first term on the right-hand
side is the welfare gain from an increase in the private consumptions of individuals in
region B. On the other hand, although the tax burdens of individuals in region A
decrease NAdE units, the level of private consumptions decreases NBdE units since
they are levied dE. As a result, the second term on the right-hand side represents the
welfare loss from the decrease in the private consumptions of individuals in region A.
That is, the term on the right-hand side is interpreted as the net welfare gain from
redistribution. In sum, we must have dP + dM = 0 at the optimum, which leads to
equation (15). Put differently, equation (15) implies an equity − efficiency tradeoff .

3.2 Special cases for the Ramsey inverse elasticity formula

The determinants for whether additional taxes should be charged above the marginal
congestion cost are the correlation between θ and w and the government’s redistributive
tastes, as seen in equation (15). However, we do not know the direction of the optimal
tax policy in general since the formula is complicated.

Here, we assume that θ and w are independently distributed. In this case, equation
(15) is transformed as follows:

E − (ϕNA
− ϕNB

)

E
=

NB

η

∫ w

w

(gB(w)− gA(w))f(w)dw (16)

If social welfare is a strictly concave function as in equation (6), the sign of the equation
is positive because gB(w) − gA(w) is positive for any labor productivities given the
concavity of the social welfare function. In other words, the redistribution from region
A to B causes net welfare gains. Therefore, we can summarize the statement as follows:

Corollary 1. If θ and w are independently distributed, the level of lump-sum transfer
exceeds the net marginal congestion cost.
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4. Differentiated marginal tax rates

In this section, we examine the effect of introducing the differentiation of marginal
income tax rates between two regions. If the government is able to design differential
income tax schedules with differentiated marginal tax rates, it faces with the problem
of choosing Vi(w), ℓi(w) for i = A,B, and θ̂(w) to maximize social welfare function (6)
subject to budget constraint (5), incentive constraints (7), and participation constraint
(4). Therefore, the optimization problem is formulated as follows:

max
Vi(w),ℓi(w),θ̂(w)

W s.t. V ′
i (w) =

ℓi(w)

w
v′(ℓi(w)), θ̂(w)∆G+ VA(w) = VB(w) and∫ w

w

TA(zA(w))fA(w)dw +

∫ w

w

TB(zB(w))fB(w)dw = ϕ(GA, NA) + ϕ(GB, NB)

(17)

The corresponding Lagrangian is

L = W + γ

[∫ w

w

TA(zA(w))fA(w)dw +

∫ w

w

TB(zB(w))fB(w)dw − ϕ(GA, NA)− ϕ(GB, NB)

]

+
∑
i=A,B

∫ w

w

λi(w)

[
ℓi(w)

w
v′(ℓi(w))− V ′

i (w)

]
dw +

∫ w

w

µ(w)

[
θ̂(w)∆G+ VA(w)− VB(w)

]
dw

(18)

where γ is the Lagrangian multiplier on the resource constraint, λi(w) is the co-state
variable associated with the incentive constraint in region i, and µ(w) is the co-state
variable associated with the participation constraint. The first-order conditions are
given in Appendix B and the optimal marginal income tax rate for each region is
derived by rearranging them.

Proposition 2. The optimal marginal income tax rate for each region is characterized
by

T ′
A(zA(w))

1− T ′
A(zA(w))

=

[
1 +

1

ϵA

]
· 1

wfA(w)
·
∫ w

w

[
(1− gA(x))f

c
A(x)− Φ(x)

]
f(x)dx (19)

T ′
B(zB(w))

1− T ′
B(zB(w))

=

[
1 +

1

ϵB

]
· 1

wfB(w)
·
∫ w

w

[
(1− gB(x))f

c
B(x) + Φ(x)

]
f(x)dx (20)

where Φ(x) ≡ TA(zA(x))−TB(zB(x))−(ϕNA
−ϕNB

)

∆G
f(θ̂(x)|x)

These formulas describe the optimal differentiated marginal income tax rate for
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each region. This result is consistent with those in the existing literature (Kleven et al.
(2006, 2009), Kessing et al. (2015)). In contrast with the optimal tax rate on the basis
of an immutable tag, the novel effect Φ(·) appears, which negatively (positively) works
for tax rates on individuals in region A (region B) if Φ(·) is positive. The term consists
of two terms: TA(zA(w)) − TB(zB(w)) and ϕNA

− ϕNB
. The first term expresses the

additional tax revenue obtained by inducing individuals to access region A. Thus, if
this term is positive, the government intends to decrease (increase) the marginal tax
rates in region A (region B) to attract people to the region. The second term is the net
marginal congestion cost ϕNA

−ϕNB
for the government, which differs from the previous

literature examining variable categories. If the government decreases the marginal tax
rate in region A as an incentive to live in region A, efficiency loss occurs in region A
owing to the congestion cost. On the other hand, efficiency gain occurs in region B
due to population outflow. This mechanism reflects the net marginal congestion cost
ϕNA

− ϕNB
. If it is positive, this implies that the government increases (decreases) the

marginal tax rates in region A (region B) to mitigate the congestion cost in total. As a
result, even if the government can extract additional tax revenue inducing individuals
to access region A, it must determine income tax schedules while taking account of the
congestion cost.

The social welfare criterion affects the differentiation of the marginal income tax
rate. If the government has distributional concerns, government redistributive tastes
for region A is estimated to be lower than those for region B because the utility of
individuals in region A is higher than that of individuals in region B. That is, from the
concavity of the social welfare function, we have gB > gA. Therefore, the government
intends to redistribute income from region A to region B by imposing more income
taxes on individuals in region A.

Furthermore, it is shown that the property of optimal marginal income tax rates
under tax systems with tagging obtained by Cremer et al. (2010) holds.

Corollary 2. (i) The optimal marginal income tax rate with non-differentiation in-
curred by individuals with labor productivity w is bracketed by the optimal marginal
income tax rate with differentiation incurred by individuals with labor productivity w in
each region:

T ′(z(w))

1− T ′(z(w))
=

T ′
A(zA(w))

1− T ′
A(zA(w))

fA(w)

f(w)
+

T ′
B(zB(w))

1− T ′
B(zB(w))

fB(w)

f(w)
(21)

(ii) If T ′
h(zh(w)) > T ′

j(zj(w)), T
′
h(zh(w)) > T ′(z(w)) > T ′

j(zj(w)), where h, j = A,B and h ̸=
j

The first result is that the marginal income tax rate with non-differentiation coin-
cides with a weighted average of the marginal income tax rate for individuals in each
region. The second result is that, if applying differentiated marginal tax rates, higher
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marginal income tax rates is imposed on one and a lower marginal income tax rate on
the other compared to the marginal income tax rate with non-differentiation. While
Cremer et al. (2010) present these results under Rawlsian preferences, Corollary 2 in-
dicates that their findings hold under the Bergson-Samuelson criterion.

4.1 Direct proof of optimal differentiated marginal tax rate

We present an intuitive interpretation of formulas in Proposition 2 by characterizing
optimal marginal nonlinear income tax rates by means of direct derivation as in Saez
(2001). We consider a situation in which the government marginally increases the
marginal income tax rates for individuals in region A whose income levels are distributed
over [zA, zA + dzA], denoted by dT ′

A. This small tax reform causes the following three
effects: mechanical, behavioral, and participation effect.

4.1.1 Mechanical effect

The rise in marginal income tax rates increases tax receipts without behavioral re-
sponses. Since individuals in region A with labor productivity above wzA must pay the
additional payment dT ′

A × dzA, the added net tax receipts amount to

ϱAM ≡
∫ w

wzA

(1− gA(x))fA(x)dx× dTA (22)

where wzA is the ability of individuals in region A who earn labor income zA.

4.1.2 Behavioral effect

The change in the marginal income tax rate distorts decision making in terms of la-
bor supply. If the marginal income tax rates increase, the tax base decreases by the
reduction of labor supply. Thus, a decrease in tax receipts occurs due to behavioral
responses. To measure this effect, we rearrange the change in labor income owing to a
small change in the marginal income tax rates, denoted by dzA

dT ′
A
as follows:

dzA = − zA
1− T ′

A(zA)
× ϵA × dT ′

A (23)

Substituting equation (23) with dTA(zA) = T ′
A(zA)dzA yields

dTA(zA) = −T ′
A(zA)

zA
1− T ′

A(zA)
× ϵA × dT ′

A (24)

Let ϱAB be the total reduction of tax receipts from regionA brought about by a behavioral
effect. Thus, ϱAB is equal to dTA(zA)× fA(wzA)dŵ because individuals whose skill levels
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are within the interval [wzA , wzA +dŵ] are affected by the change in marginal tax rates.
Given that dŵ = dzA

(1+ϵA)ℓ
is derived using equation (2), we have

ϱAB = − T ′
A(zA)

1− T ′
A(zA)

× ϵA
1 + ϵA

× wzAfA(wzA)× dTA (25)

4.1.3 Participation effect

Unlike in the traditional literature examining differential income taxation on immutable
categories, our model considers a variable category as a tag. The increase in marginal
tax rates induces individuals in region A with x ≥ wzA such that the number of

switchers amounts to f(θ̂(x), x)dθ̂(x) to drop out of the access to region A. Be-
cause their payments change from TA(zA) to TB(zB), the government’s revenue de-
creases by TA(zA) − TB(zB) units. In addition, the decrease in the number of indi-
viduals in region A alleviates the congestion cost in region A and augments that in
region B, measured by ϕNA

− ϕNB
. Therefore, a net effect on tax revenues is equal to

−(TA(zA) − TB(zB)) + (ϕNA
− ϕNB

). Using dθ̂(x) · ∆G = dTA, the total effect on tax
receipts is as follows:

ϱAP ≡ −
∫ w

wzA

TA(zA)− TB(zB)− (ϕNA
− ϕNB

)

∆G
f(θ̂(x), x)dx× dTA

As a whole, the three effects need to be offset at the optimum, and accordingly, we have
ϱAM + ϱAB + ϱAP = 0. Rearranging this, we can obtain the optimal marginal income tax
rate in region A in Proposition 2.

Using a similar method, the optimal marginal income tax rate in region B in Propo-
sition 2 is characterized, where the participation effect is the opposite since the increase
in marginal tax rates in region B induces individuals to access region A.

In the traditional literature, a tagged group as an immutable category depends
on the mechanical effect and the behavioral effect. However, if a tagged group is a
variable category, the change in the tax system due to differential income taxes distorts
decision making on the extensive margin. Hence, the government takes account of the
participation effect on tax revenues when differentiating income taxes.

4.2 Tax perturbation method: welfare gains introducing dif-
ferentiated marginal tax rates

Beginning from the tax system with non-differentiated marginal tax rates at the op-
timum, we examine how differentiation of marginal tax rates should be introduced.
Similar to Kleven et al. (2006, 2009), we consider a little bit of tax reform at any labor
productivity w as depicted in Figure 1. The tax reform is decomposed into two com-
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Ability

TaxPaid
E+THzL

THzL

T
A

TB

w w+ dw

E

Figure 1: Small tax reform perturbation

ponents. Above labor productivity w, we decrease income taxes on people accessing
region A and increase income taxes on people accessing region B. Let dT a

A and dT a
B

be the small tax reform for each region above labor productivity w. Here, we assume
that θ and w are independently distributed. We numerically examine the implication
of correlation between two characteristics in section 5. Let the change in income taxes
on each segment be inversely proportional to the population on the segment; in other
words, dT a

A = − dT
1−FA(w)

and dT a
B = dT

FA(w)
. Therefore, the tax reform is revenue neutral.

The tax reform causes three effects. First, an implementation of the tax reform
induces individuals with labor productivity above w to access region A. The effect is
associated with participation responses. Above w, while individuals accessing region A
provide the government with additional revenue TA − TB, they cause efficiency loss by
the amount of the net marginal congestion effect ϕNA

− ϕNB
. The number of switchers

due to the tax reform amounts to the size of |f(θ̂(w))f(w)dθ̂(w)|, which is an absolute
value. Therefore, a net effect at labor productivity w is measured by (TA−TB− (ϕNA

−
ϕNB

))|f(θ̂(w))f(w)dθ̂(w)|. Moreover, given that dθ̂(x) · ∆G = dT a
A − dT a

B, the total
effect associated with participation responses denoted by dP is expressed as follows:

dP =

∫ w

w

TA − TB − (ϕNA
− ϕNB

)

∆G
f(θ̂(x))f(x)dx×

(
1

1− FA(w)
+

1

1− FB(w)

)
dT

(26)
As we begin with tax systems with non-differentiated marginal tax rates, we have
TA = TB and constant threshold θ̂. Using the assumption of independence between θ
and w and substituting equation (15), equation (26) can be rewritten as follows:

dP =

∫ w

w

(gB(w)− gA(w))f(w)dw (27)
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The sign of dP is positive, implying that the government can collect more tax revenues
through the response that individuals participate in region A owing to the tax reform.

Second, a small perturbation that changes the tax burden on each segment directly
affects tax revenues without behavioral responses and the net mechanical effect denoted
by dM is measured as follows:

dM ≡
∫ w

w

(1− gB(x))fB(x)dx× dT a
B +

∫ w

w

(1− gA(x))fA(x)dx× dT a
A (28)

Since we start from tax systems with non-differentiated marginal tax rates, we have
the constant threshold θ̂. By the assumption of independence, dM is transformed as
follows:

dM =
1

1− F (w)

∫ w

w

(gA(x)− gB(x))f(x)dx× dT (29)

The sign of dM is negative, which means that the mechanical effect caused by the tax
reform decreases tax revenues.

Finally, the tax reform associated with the change in marginal income tax rates
affects an individual’s behaviors with respect to labor supply with labor productivity
around w. The decrease in tax rates for individuals in region A increases tax receipts
through the promotion of labor responses and the increase in tax rates for individuals
in region B reduces tax receipts through the distortion of labor responses. As with the
derivation of behavioral effects in subsection 4.1.2, we describe the effect on [w,w+dw]
in each region, denoted by dBa

A and dBa
B.

dBa
A ≡ − T ′

A

1− T ′
A

e

1 + e
wfA(w)× dT a

A (30)

dBa
B ≡ − T ′

B

1− T ′
B

e

1 + e
wfB(w)× dT a

B (31)

Since we start from tax systems with non-differentiated marginal tax rates, we have
T ′
A = T ′

B and constant threshold θ̂. Therefore, by the assumption of independence,
these behavioral effects cancel out.

Here, we denote the total welfare effect by dW , which is the sum of the effects
above. As a result, if θ and w are independently distributed, the total welfare effect
of introducing differentiated marginal tax rates starting from tax systems with non-
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differentiated marginal tax rates is as follows:

dW = dP + dM

=

[∫ w

w

(gB(w)− gA(w))f(w)dw︸ ︷︷ ︸
Participation Effect

+
1

1− F (w)

∫ w

w

(gA(x)− gB(x))f(x)dx︸ ︷︷ ︸
Net Mechanical Effect

]
× dT

(32)

The direct welfare effect represents the trade-off between the positive effect due to par-
ticipation responses and the negative effect associated with the mechanical effect. The
first term expresses welfare gain (the tax reform enables the government to reinforce
the redistributive tax system, inducing individuals to access region A from the decrease
in tax burdens) and the second term reflects welfare loss (the tax reform weakens re-
distribution by decreasing total tax receipts). As shown in Appendix C, dW is positive
if the first derivative of the social welfare function is strictly convex such as the con-
stant rate of risk aversion (CRRA) form W = V 1−π/(1 − π), where π measures the
government’s taste for redistribution. This means that the welfare gain owing to the
participation effect exceeds the welfare loss caused by the mechanical effect, and thus,
dW > 0. In sum, the government can enhance social welfare by implementing the tax
reform (Figure 1) and the following statement holds.

Proposition 3. If θ and w are independently distributed and the first derivative of
the social welfare function is strictly convex, starting from the tax system with non-
differentiated marginal tax rates, the social welfare increases by introducing differenti-
ated marginal tax rates, such that the marginal tax rate on individuals who access region
A decreases and the marginal tax rate on individuals who access region B increases for
any labor productivity w.

However, we cannot assess whether this result holds even if it allows for the cor-
relation between θ and w. To confirm how income tax schemes at the optimum are
differentiated in various situations, we exercise numerical simulations in section 5.

5. Numerical examples

To illustrate our results at the optimum, we now exercise a simulation. The objective
is to (i) confirm that, if preferences for public goods and labor productivity are inde-
pendently distributed, the tax perturbation analysis in section 4.2 is consistent with
tax reforms implemented at the optimum while checking the robustness with respect to
alternative parameters (ii) examine the impact of the correlation between two character-
istics on the differentiation of marginal tax rates at the optimum, and (iii) contrast the
marginal tax rate of an immutable tag with that of a variable tag under the correlation
between two characteristics.
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Figure 2: Benchmark simulations and sensitivity with alternative parameters

In the simulation, we set the following assumptions. First, we assume that the
Bergson-Samuelson criterion is CRRA form. Second, we assume that the disutility of
labor v(·) takes the following functional form: v(ℓi) = ℓ

1+1/e
i /(1 + 1/e), where e > 0.

In this case, e = ϵA = ϵB, and thus, the elasticity of labor supply with respect to
the net-of-tax wage rate ϵi is constant. Third, following by Kleven et al. (2006, 2009),
public goods preferences θ are distributed as the power function F (θ) = (θ/θ)σ with the
density function f(θ) = σ · θσ−1/θ

σ
on the interval [θ = 0, θ = 2.5], where σ indicates

the constant migration elasticity θ̂(w)f(θ̂(w))/F (θ̂(w)) in region B. Fourth, we assume
that a cumulative distribution function of labor productivity w is a truncated Pareto
distribution with parameter a = 2 over [w = 1, w = 2], expressed by F (w) = [1 −
(w/w)a]/[1− (w/w)a]. Fifth, we consider GA = 0.8 and GB = 0.05 and assume that the
cost function for the public good takes the following functional form: ϕ(Gi, Ni) = G2

iNi.
In the benchmark simulation, we consider π = 2, e = 0.5, and σ = 0.5 and that the
preference for a public good and labor productivity are independently distributed.

We plot optimal marginal tax rates T ′
A and T ′

B in each figure. Figure 2(a) is our
benchmark simulation and describes their results. The marginal income tax rate on
individuals enjoying a higher quality public good is lower than that on individuals
enjoying a lower quality public good, which is in line with Proposition 3. Moreover,
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Figure 3: Simulations with positive or negative correlation

we present the sensitivity of optimal policies with respect to changes in the parameter
values around the benchmark simulation. First, we increase the redistributive taste π
from 2 to 3, the result of which is depicted in Figure 2(b). We find that all marginal
tax rates increase to reinforce the redistribution. Second, we increase the elasticity of
labor supply ϵ from 0.5 to 1, whose effect is described in Figure 2(c). As expected,
all marginal tax rates decrease. Third, we increase migration elasticity σ from 0.5
to 1, the outcome of which is shown in Figure 2(d), and find that the increase in
migration elasticity has a limited impact on the marginal tax rate. Nevertheless, the
marginal tax rate in region A remains lower. Thus, as long as preferences for public
goods and labor productivity are independently distributed, the tax reform in our tax
perturbation method is implemented at the optimum, regardless of the sensitivity of
alternative parameter values.

Here, we examine the implication of introducing a positive and negative correlation
between the preference for a public good and labor productivity. We introduce a positive
correlation by considering θ as a increasing function of w and a negative correlation
θ as a decreasing function of w, as in Kleven et al. (2006, 2009). First, we consider
the case in which the preference for a public good is weakly correlated with labor
productivity (θ = 1 + 0.5w). As shown in Figure 3(a), the level of marginal tax rates
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Figure 4: Simulations with labor immobility
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Figure 5: Simulations with respect to Φ(·)

in the weak positive correlation case is higher than the independent case to reinforce
the income redistribution because the inequalities between categories are more serious.
In contrast, as depicted in Figure 3(b), the level of marginal tax rates in the weak
negative correlation case (θ = 3.5 − 0.5w) is lower than the independent case because
the inequalities are mitigated. The fact that the marginal tax rate in region A is
lower remains even though weak correlation is allowed. This is consistent with the
findings of Kleven et al. (2006, 2009), who numerically demonstrate that introducing
a positive or negative correlation between two characteristics does not overturn the
tax perturbation results. Next, we present a situation in which the preference for a
public good is strongly correlated with labor productivity. Figure 3(c) shows that the
marginal tax rates in region A in a strong positive correlation case (θ = 1.5w) can be
higher than those in region B. Therefore, it is not necessary that the effect of a positive
correlation does not overturn the theoretical results obtained from the tax perturbation
analysis. Undoubtedly, a strong negative correlation (θ = 4.5 − 1.5w) does not affect
the relationship between T ′

A and T ′
B, as described in Figure 3(d).

Finally, we investigate how the correlation between two characteristics should be
reflected in the optimal tax system depending on whether the category is immutable
or variable. We apply an income distribution that is endogenously generated from the
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result in Figures 3(c) and 3(d) when calibrating the marginal tax rate without labor
mobility. Figure 4(a) (Figure 4(b)) depicts the optimal differentiated marginal tax rate
in the positive correlation case (negative correlation case) with immobile labor. These
outcomes imply that the marginal tax rate on the region comprising a higher proportion
of individuals with high ability is greater. Note that labor mobility decreases (increases)
the marginal tax rate in region A (region B), regardless the correlation. As shown in
Figures 5(a) and 5(b), Φ(·), which appears when the labor is mobile, is always positive;
this acts the marginal tax rate in region A (region B) as downward (upward) pressure,
which in line with Proposition 2. Therefore, labor mobility weakens the differentiation
of marginal tax rates on the basis of the positive correlation.9

6. Concluding Remarks

This study analyzes optimal nonlinear income taxes under spatial differences in terms of
the quality of public goods when individuals have two types and determine labor supply
along both intensive and extensive margins. The government can design differential
income taxes on two regions, of which one has a higher quality public good. We show
that the government’s redistributive tastes and correlation between preferences for a
public good and labor productivity are especially crucial in determining the shape of
income tax schedules. In particular, if the preference for a public good and labor
productivity are independently distributed and the first derivative of the social welfare
function is strictly convex, the marginal income tax rate on individuals enjoying a higher
quality public good is lower. This is because the decrease in tax burdens on the region in
the presence of higher quality public goods leads to greater welfare gain from individuals
being induced to access the region (participation effect) than the welfare loss caused
by a decrease in tax receipts (mechanical effect). Moreover, we numerically find that
the theoretical results are supported when the correlation between two characteristics
is weak. However, the marginal tax rate on individuals enjoying a higher quality public
good can be higher when the positive correlation between two characteristics is strong,
although labor mobility weakens the differentiation of marginal tax rates on the basis of
the positive correlation. Therefore, the present study offers implications for the optimal
design of differential income tax schedules in the presence of a correlation between two
characteristics, which is in contrast to Kleven et al. (2006, 2009).

Our findings have key implications for applied tax policies. If the aim of the govern-
ment is to mitigate inequalities between regions in which income distributions slightly
differ, the marginal income tax rate on individuals who enjoy higher quality public good
services should be lower. However, if income stratification across regions is serious, the

9These results cannot be directly compared in general because the redistributive taste gi can differ
depending on whether labor is mobile. However, the simulation result suggests that the the effect
of the change in Φ(·) is crucial to decrease (increase) the marginal tax rate in region A (region B),
regardless of the change in gi.
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differentiation of the marginal tax rates on the basis of the correlation is recommended,
as shown in previous studies examining tagging on immutable categories corresponding
to the present study, in which individuals do not vote with their feet. Therefore, our
novel findings are that the government should put emphasis on the information in terms
of serious income stratification across regions in designing income tax schedules.

Our findings can be further applied to the optimal tax and transfer program designed
by the central government. Indeed, Boadway and Pestieau (2006) present the federal
government with regions of different income distributions as an example. In particular,
the results of this study will be useful when a supranational government such as the
European Union is transfered the responsibility of redistributive taxation from national
governments.

Appendix A: First-order conditions under the tax system with
non-differentiated marginal tax rates

Proof of Proposition 1

Using integration by parts,
∫ w

w
λ(w)V ′

B(w) is transformed into λ(w)VB(w)−λ(w)VB(w)−∫ w

w
λ′(w)VB(w). Applying this to the optimization problem with non-differentiated

marginal tax rates, the corresponding Lagrangian is rewritten as follows:

L = Ŵ + γ

[∫ θ

θ̂

θ̂∆Gf(θ)dθ +

∫ w

w

TB(z(w))f(w)dw − ϕ(GA, NA)− ϕ(GB, NB)

]

+

∫ w

w

λ(w)
ℓ(w)

w
v′(ℓ(w))dw +

∫ w

w

λ′(w)VB(w)dw − λ(w)VB(w) + λ(w)VB(w)

(A.1)

By the definition of indirect utilities, income taxes are expressed by TB(z(w)) = wℓ(w)−
VB(w)− v(ℓ(w)) and substitute this for (A.1) yields:

L = Ŵ + γ

[∫ θ

θ̂

θ̂∆Gf(θ)dθ +

∫ w

w

(
wℓ(w)− VB(w)− v(ℓ(w))

)
f(w)dw −

( ∑
i=A,B

ϕ(Gi, Ni)

)]

+

∫ w

w

λ(w)
ℓ(w)

w
v′(ℓ(w))dw +

∫ w

w

λ′(w)VB(w)dw − λ(w)VB(w) + λ(w)VB(w)

(A.2)
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The first-order conditions associated with VB(w), ℓ(w), and θ̂ are as follows:

∂L
∂VB(w)

=

∫ θ

θ̂

W ′(θGA+VA(w))f(θ, w)dθ+

∫ θ̂

θ

W ′(θGB+VB(w))f(θ, w)dθ+λ′(w)−γf(w) = 0

(A.3)
∂L

∂ℓ(w)
= λ(w)

[
v′(ℓ(w))

w
+

ℓ(w)

w
v′′(ℓ(w))

]
+ γ

[
w − v′(ℓ(w))

]
f(w) = 0 (A.4)

∂L
∂θ̂

= −γ

[
θ̂f(θ̂)−(1−F (θ̂))

]
∆G−

∫ w

w

∫ θ

θ̂

∆G·W ′(θGA+VA)f(θ, w)dθdw+γ(ϕNA
−ϕNB

)f(θ̂) = 0

(A.5)
∂L

∂VB(w)
= −λ(w) = 0,

∂L
∂VB(w)

= λ(w) = 0 (A.6)

Integrating (A.3) between w and w and using the transversality condition (A.6)
yields:

−λ(w)

γ
=

∫ w

w

[
1−

∫ θ

θ̂
W ′(θGA + VA(x))f(θ|x)dθ

γ
−
∫ θ̂

θ
W ′(θGB + VB(x))f(θ|x)dθ

γ

]
f(x)dx

(A.7)
Rearranging equation (A.7) yields:

−λ(w)

γ
=

∫ w

w

[
1−

∫ θ

θ̂
W ′(θGA + VA(x))f(θ|x)dθ

γf c
A(x)

f c
A(x)−

∫ θ̂

θ
W ′(θGB + VB(x))f(θ|x)dθ

γf c
B(x)

f c
B(x)

]
f(x)dx

(A.8)
Therefore, by the definition of gi and g,

−λ(w)

γ
=

∫ w

w

[
1− gA(x)f

c
A(x)− gB(x)f

c
B(x)

]
f(x)dx =

∫ w

w

(1− g(x))f(x)dx (A.9)

On the other hand, equation (A.4) is transformed as follows:

λ(w)
v′(ℓ(w))

w

[
1 +

ℓ(w)

v′(ℓ(w))
v′′(ℓ(w))

]
+ γw

[
1− v′(ℓ(w))

w

]
f(w) = 0 (A.10)

Substituting equation (2) and (3) and rearranging, (A.10) is rewritten as follows:

T ′(z(w))

1− T ′(z(w))
= −

[
1 +

1

ϵ

]
λ(w)

γ

1

wf(w)
(A.11)

Finally, combining (A.9) and (A.11) yields (14).
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We transform (A.5) using E = θ̂∆G as follows:

γ
E − (ϕNA

− ϕNB
)

E
θ̂f(θ̂) = γ(1−F (θ̂))−

∫ w

w

∫ θ

θ̂

W ′(θGA+VA(w))f(θ, w)dθdw (A.12)

Furthermore, integrating (A.3) between w and w and using the transversality conditions
(A.6) yields:

γ =

∫ w

w

[∫ θ

θ̂

W ′(θGA +VA(w))f(θ, w)dθ+

∫ θ̂

θ

W ′(θGB +VB(w))f(θ, w)dθ

]
dw (A.13)

Substituting (A.13) into (A.12) and dividing by NA, the following is obtained:

E − (ϕNA
− ϕNB

)

E

θ̂f(θ̂)

1− F (θ̂)
=

1

NA

[
NA

∫ w

w

∫ θ̂

θ
W ′(θGB + VB(w))f(θ|w)dθ

γ
f(w)dw

−NB

∫ w

w

∫ θ

θ̂
W ′(θGA + VA(w))f(θ|w)dθ

γ
f(w)dw

]
(A.14)

By the definition of gi and η, we can rewrite (A.14) for (15).

Appendix B: First-order conditions under differentiated marginal
income tax rates

Proof of Proposition 2

Using integration by parts,
∫ w

w
λi(w)V

′
i (w) is transformed into λi(w)Vi(w)−λi(w)Vi(w)−∫ w

w
λ′
i(w)Vi(w). Applying this to the optimization problem with differentiated marginal

tax rates, the corresponding Lagrangian is rewritten as follows:

L = W + γ

[∫ w

w

TA(zA(w))fA(w)dw +

∫ w

w

TB(zB(w))fB(w)dw −
( ∑

i=A,B

ϕ(Gi, Ni)

)]

+
∑
i=A,B

[∫ w

w

λi(w)
ℓi(w)

w
v′(ℓi(w))dw +

∫ w

w

λi(w)Vi(w)dw − λi(w)Vi(w) + λi(w)Vi(w)

]

+

∫ w

w

µ(w)

[
θ̂(w)∆G+ VA(w)− VB(w)

]
dw

(B.1)
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By the definition of indirect utilities, government’s revenues from region i are expressed
by Ti(zi(w)) = wℓi(w)− Vi(w)− v(ℓi(w)) and substitute this for (B.1) yields:

L = W + γ

[ ∑
i=A,B

∫ w

w

(
wℓi(w)− Vi(w)− v(ℓi(w))

)
fi(w)dw −

( ∑
i=A,B

ϕ(Gi, Ni)

)]

+
∑
i=A,B

[∫ w

w

λi(w)
ℓi(w)

w
v′(ℓi(w))dw +

∫ w

w

λi(w)Vi(w)dw − λi(w)Vi(w) + λi(w)Vi(w)

]

+

∫ w

w

µ(w)

[
θ̂(w)∆G+ VA(w)− VB(w)

]
dw

(B.2)

The first-order conditions associated with Vi(w), ℓi(w), and θ̂(w) are as follows:

∂L
∂VA(w)

=

∫ θ

θ̂(w)

W ′(θGA + VA(w))f(θ, w)dθ + λ′
A(w)− γfA(w) + µ(w) = 0 (B.3)

∂L
∂VB(w)

=

∫ θ̂(w)

θ

W ′(θGB + VB(w))f(θ, w)dθ + λ′
B(w)− γfB(w)− µ(w) = 0 (B.4)

∂L
∂ℓA(w)

= λA(w)

[
v′(ℓA(w))

w
+

ℓA(w)

w
v′′(ℓA(w))

]
+ γ

[
w − v′(ℓA(w))

]
fA(w) = 0 (B.5)

∂L
∂ℓB(w)

= λB(w)

[
v′(ℓB(w))

w
+

ℓB(w)

w
v′′(ℓB(w))

]
+ γ

[
w − v′(ℓB(w))

]
fB(w) = 0 (B.6)

∂L
∂θ̂(w)

= −γ

[
TA(zA(w))−TB(zB(w))− (ϕNA

−ϕNB
)

]
f(θ̂(w), w)+µ(w)∆G = 0 (B.7)

∂L
∂Vi(w)

= −λi(w) = 0,
∂L

∂Vi(w)
= λi(w) = 0 i = A,B (B.8)

Substituting (B.7) for (B.3) to delete µ(w) and dividing by γ yields:

λ′
A(w)

γ
= fA(w)−

∫ θ

θ̂(w)
W ′(θGA + VA(w))f(θ, w)dθ

γ

− TA(zA(w))− TB(zB(w))− (ϕNA
− ϕNB

)

∆G
f(θ̂(w), w)

(B.9)
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By the definition of gi,

λ′
A(w)

γ
=

[
(1−gA(w))f

c
A(w)−

TA(zA(w))− TB(zB(w))− (ϕNA
− ϕNB

)

∆G
f(θ̂(w)|w)

]
f(w)

(B.10)
Integrating (B.10) between w and w and using the transversality condition (B.8) yields:

−λA(w)

γ
=

∫ w

w

[
(1−gA(x))f

c
A(x)−

TA(zA(x))− TB(zB(x))− (ϕNA
− ϕNB

)

∆G
f(θ̂(x)|x)

]
f(x)dx

(B.11)
On the other hand, (B.5) is transformed as follows:

λA(w)
v′(ℓA(w))

w

[
1 +

ℓA(w)

v′(ℓA(w))
v′′(ℓA(w))

]
+ γw

[
1− v′(ℓA(w))

w

]
fA(w) = 0 (B.12)

Substituting equation (2) and (3) and rearranging,

T ′
A(zA(w))

1− T ′
A(zA(w))

= −

[
1 +

1

ϵA

]
λA(w)

γ

1

wfA(w)
(B.13)

Finally, combining (B.11) and (B.13), we can obtain equation (19). In the similar way,
(20) is obtained.

Appendix C

Proof of Proposition 3

Let us start from the separable taxation with non-differentiated marginal income tax
rates. By differentiating gB(w)− gA(w) with respect to w, we can get the following:

g′B(w)−g′A(w) =

[
W ′′(θGB + VB(w))

γ
−
∫ θ

θ̂
W ′′((θ − θ̂)∆G+GB + VB(w))f(θ)dθ

γ(1− F (θ̂))

]
·V ′

B(w)

(C.1)
By the assumption, W ′′ is strictly increasing. Hence, g′B − g′A is negative for any w. By
using this fact, we can derive the following inequality for any w:

1

F (w)

∫ w

w

(gB(x)−gA(x))f(w)dw > gB(w)−gA(w) >
1

1− F (w)

∫ w

w

(gB(x)−gA(x))f(w)dw

(C.2)
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Here, we rearrange the equation (32) as follows:

dW =
1

1− F (w)

[
(1−F (w))

∫ w

w

(gB(x)−gA(x))f(x)dx−F (w)

∫ w

w

(gB(w)−gA(w))f(w)dw

]
×dT

(C.3)
Using (C.2), we can conclude that dW is positive.
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