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Abstract

We propose an adaptively weighted group Lasso procedure for simultaneous
variable selection and structure identification for varying coefficient quantile re-
gression models and additive quantile regression models with ultra-high dimen-
sional covariates. Under a strong sparsity condition, we establish selection con-
sistency of the proposed Lasso procedure when the weights therein satisfy a set
of general conditions. This consistency result, however, is reliant on a suitable
choice of the tuning parameter for the Lasso penalty, which can be hard to make in
practice. To alleviate this difficulty, we suggest a BIC-type criterion, which we call
high-dimensional information criterion (HDIC), and show that the proposed Lasso
procedure with the tuning parameter determined by HDIC still achieves selection

consistency. Our simulation studies support strongly our theoretical findings.
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1 Introduction

We propose adaptively weighted group Lasso (AWG-Lasso) procedures for simultaneous
variable selection and structure identification for varying coefficient quantile regression
models and additive quantile regression models with ultra-high dimension covariates.
Let the number of covariates be denoted by p. Throughout this paper, we assume
p = O(exp(n')), where n is the sample size and ¢ is a positive constant specified later in
Assumption A4 and A4’ of Section 5. Under a strong sparsity condition, we establish
selection consistency of AWG-Lasso when its weights, determined by some initial esti-
mates, e.g., Lasso and group Lasso, obey a set of general conditions. This consistency
result, however, is reliant on a suitable choice for the tuning parameter for the Lasso
penalty, which can be hard to make in practice. To alleviate this difficulty, we sug-
gest a BIC-type criterion, which we call high-dimensional information criterion (HDIC),
and show that AWG-Lasso with the penalty determined by HDIC (denoted by AWG-
Lasso+HDIC hereafter) still achieves selection consistency. This latter result improves
previous ones in [20] and the BIC results in [36] since the former does not deal with
semiparametric models and the latter concentrates on linear models. See also [4] and
[18] for recent developments in BIC-type model selection criteria. With the selected
model, one can conduct final statistical inference by appealing to the results in [32] or
[26]. Moreover, our approach can be implemented at several different quantiles, thereby
leading to a deeper understanding of the data in hand.

High dimensional covariate issues have been important and intractable ones. How-
ever, some useful procedures have been proposed, for example, the SCAD in [9], the
Lasso in [28], and the group Lasso in [34] and [24]. The properties of the Lasso were
studied in [37] and [2]. The adaptive Lasso was proposed by [37] and it has the selec-
tion consistency property. The SCAD cannot deal with too many covariates and needs
some screening procedures such as the SIS procedure in [11]. [14] proposed a quantile
based screening procedure. There are some papers on screening procedures for varying
coefficient and additive models, for example, [8], [10], and [19]. Forward type selection
procedures are considered in [31], [16], and [6]. We name [3], [13], and [30] as general
references on high-dimensional issues.

Because parsimonious modelling is crucial for statistical analysis, simultaneous vari-
able selection and structure identification in semiparametric regression models has been
studied by many authors, see, among others, [35], [21], [33], [5], [22], and [15]. Another

important reason to attain this purpose is that in some high-dimensional situations, there



may be a lack of priori knowledge on how to decide which covariates to be included in
the parametric part and which covariates to be included in the nonparametric part. On
the other hand, to the best of our knowledge, no theoretical sound procedure has been
proposed to achieve the aforementioned goal in the high-dimensional quantile regression
setups. Note that [21] and [22] proposed using the estimated derivatives of coefficient
functions to identify the structures of additive models. These estimated derivatives,
however, usually have slow convergence rates. Moreover, as shown in Section S.2 of the
supplementary document, the conditions imposed on the B-spline basis functions in [21]
and [22] seem too stringent to be satisfied in practice. Instead of relying on the esti-
mated derivatives of coefficient functions, we appeal to the orthogonal decomposition
method through introducing an orthonormal spline basis with desirable properties as in
[15], which is devoted to the study of Cox regression models. Our approach not only
can be justified theoretically under a set of reasonable assumptions, but also enables a
unified analysis of varying coefficient models and additive models.

The Lasso for quantile linear regression is considered in [1] and the adaptively
weighted Lasso for quantile linear regression are considered in [7] and [36]. Some authors
such as [17] and [27] deal with group Lasso procedures for additive models and varying
coefficient models, respectively. [23] applied a reproducing kernel Hilbert space approach
to additive models. [26] deals with SCAD type variable selection for parametric part.
In [26], the authors applied the adaptively weighted Lasso iteratively to obtain their
SCAD estimate starting from the Lasso estimate. However, in the quantile regression
setup, there doesn’t seem to exist any theoretical or numerical result for simultaneous
variable selection and structure identification based on the adaptively weighted group
Lasso, in particular when its penalty is determined by a data-driven fashion. To fill
this gap, we establish selection consistency of AWG-Lasso and AWG-Lasso+HDIC in
Section 3, and illustrate the finite sample performance of AWG-Lasso+HDIC through
a simulation study in Section 4. Our simulation study reveals that AWG-Lasso+HDIC
performs satisfactorily in terms of true positive and true negative rates.

This paper is organized as follows: We describe our procedures in Section 2. We
present our theoretical results in Section 3. The results of numerical studies are given in
Section 4. We state assumptions and prove our main results in Section 5 and describe
some important properties of B-spline bases in Section S.2 of the supplement. Technical
lemmas and the proofs are also given in the supplement.

We end this section with some notation used throughout the paper. A and |A| stand



for the complement and the number of the elements of a set A, respectively. For a vector
a, |a| and a” are the Euclidean norm and the transpose, respectively. For a function g
on the unit interval, ||g|| and ||g||o stand for the L, and sup norms, respectively. We
denote the maximum and minimum eigenvalues of a matrix A by Apax(A) and Apin(A),
respectively. Besides, C', (', Cs, ..., are generic positive constants and their values may
change from line to line. Note that a, ~ b, means C < a, /b, < Cy and that a VV b and
a A b stand for the maximum and the minimum of a and b, respectively. Convergence in

probability is denoted by 2.

2 Simultaneous variable selection and structure iden-

tification

2.1 Varying coefficient models

Suppose that we have n i.i.d. observations {(Y;, X;, Z;)}1,, where X; = (X1, Xia, ..., Xip)T

=1
is a p-dimensional covariate vector and Z; is a scalar index covariate. Then we assume a
quantile varying coefficient model holds for these observations. First we define the 7-th

quantile check function p.(u) and its derivative p! (u) by
pr(u) =u(r — {u <0}) and p.(u) =7— I{u <0}

Then our model in this subsection is
p

Y, = ZXijgj(Zi) + €, (1)
j=1

where Z; € [0,1] and E{p.(¢;) | X;, Z;} = 0. Usually we take X;; = 1 for varying
coefficient models.
To deal with partially linear varying coefficient models, we decompose g;(z) as g;(2) =

gcj + gvj (Z)7 Where

1
gy = [ 9 and g(:) = g5(2) g

0
We define the index set, SY = (82, 8?), for the true model, where

ng{j‘gcj#o} and ng{j|gcj(z)7_é0}



The index set for a candidate model can be similarly given by & = (S.,S,). In
the following, we refer to S° and S as the true model and the candidate model, re-
spectively whenever confusion is unlikely. When some j’s satisfy both j € 82 and
j & S? simultaneously, our true model is a partially linear varying coefficient model,
for example, S = ({1,2,3},{1,2}) with S? = {1,2,3} and S? = {1,2}. Moreover,
S1 D S means S D S and Sy1 D Syo, where S; = (8.5, Sy5), J = 1,2. In addition,
S1USs = (81 US, St US,).

We use the regression spline method to estimate coefficient functions and the covari-

ates for regression spline are defined by
W = X; ® B(Z), (2)

where B(z) = (By(2), Ba(2), ..., Br(2))T is an orthonormal basis constructed from the
equispaced B-spline basis By(z) = (Bo(2), ..., Bor(2))" on [0, 1] and ® is the Kroneker
product. We can represent B(z) as B(z) = AgBy(z) and we calculate the L x L matrix
Ap numerically. As in [15], let B(z) satisfy By(2) = 1/VL, By(z) = /12/L(z — 1/2),
and

/O B(2)(B(2))'dz = L'I. (3)

We denote the L x L identity matrix by I,. Note that Bi(z) is for g.; (the j-th con-
stant component) and B_1(z) = (Ba(z), ..., Br(z))" is for g,;(z) (the j-th non-constant
component). More details are given in Section S.2 of the supplement.

To carry out simultaneous variable selection and structure identification, we apply

AWG-Lasso to

Y= Wiy +¢, (4)
where v = (7{,...,7})". For a given A > 0, the corresponding objective function is
given by

1 < P
Qv(viA) =~ D (Vi = W)+ A (w4 wogglyg), (5)
=1 =1

where { (w1, w_1;)};_, is obtained from some initial estimates such as Lasso and group
Lasso, and (v15,v",;)" = 7;, noting that ~y; is for By(z) and ~y_y; is for B_;(z). Mini-
mizing Qv (v;A) w.r.t. v, one gets

3 = argmin Qy (7; A).
~YERPL



Denote 4* by (33,91, --..31,,¥21,)". Then, the model selected by AWG-Lasso is
S = (8}, 8), where 8 = {j |37 # 0} and Sh = {j] A}, # 0}, and this enables us to
identify variables and structures simultaneously.

Theorem 1 in Section 3 establishes the selection consistency of S* under a set of
general conditions on {(wy;, w_1;)}_; and a strong sparsity condition on the regression
coefficients that |S?| and |S?| are bounded. Theorem 1, however, also requires that \
falls into a suitable interval, which can sometimes be hard to decide in practice. We
therefore introduce a BIC-type criterion, HDIC, to choose a A in a data-driven fashion.
Express W; as (115, 07115, Ui, 07 1,,;) 7, where (vyj5,v” ;)7 is the regressor vector

corresponding to ;. For a given model S = (S, S,), define Ry (vs) and vs by

1 & - ,
Ry(ys) == p:(Yi=Wiys) and Js= argmin  Ry(ys),  (6)
=1

~sERISelH(L-1)[S0]

where W;s € RISIHE=DIS] consists of {vy;]j € S.} and {v_1;;|j € S,}. The corre-
sponding coefficient vector s consists of {y1,:|j € S.} and {v_1;:|j € Sy} as well. The
elements of these vectors are suitably arranged. In this paper, we sometimes take two
index sets &1 and S, satisfying S; C S» and compare ~ys, and «s, by enlarging s, with 0
elements or something, for example, (v&,07)". Then (& ,07)" and ~s, have the same

dimension and the elements of these vectors are assumed to be conformably rearranged.
The HDIC value for model § is stipulated by

HDIC(S) = log Ry (3s) + (18] + (1 — 1|8 P8P, (1)
where p, = pVn and ¢, — oo at a slow rate described in Section 5. We consider a set
of models {3\’\} chosen by AWG-Lasso, where A € A with A being a prescribed set of
positive numbers, and select SA among {‘SA’)‘}, where

A= _argmin HDIC(g’\),
AEN|SA|<Me,| S| < M,

with M, and M, being known upper bounds for |S?| and |S?|, respectively. Under some
regularity conditions, the consistency of S is established in Corollary 1.

Note that in the case of high-dimensional sparse linear models, it is shown in [16]
that (7) with p,(-) replaced by the squared loss (-)? can be used in conjunction with the
orthogonal greedy algorithm (OGA) to yield selection consistency. The major difference
between (7) and the BIC-type criteria considered in [20] is that we deal with semipara-
metric models in this paper. It seems difficult to derive the consistency of S* in any

high-dimensional regression setups without the additional penalty term g, in (7).
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2.2 Additive models

Next we deal with additive models. Recall we assume some initial estimates are available
here, too. We have no index variable and assume the additivity and X;; € [0,1] for

7 =1,...,p. Hence our model is

P
Yi=p+) g;(Xy)+e, (8)

j=1
where X;; € [0,1], fol gj(x)dr = 0, and E{p.(¢;)| X;} = 0. To deal with partially
linear additive coefficient models, we decompose g;(z) as g;(z) = gij() + ga;(z), where
gij(z) = ¢;jBa(x) (the j-th linear component) and gqj(z) (the j-th nonlinear component)

satisfies .
/ 91 (%) gaj(x)dz = 0.
0

Our regression spline model is given by
Yi=p+ Wiy +e, 9)

where v = (77, ... f)’ﬂp)T and W; = (BL,(Xa),..., BY,(Xjp))", with y_y; and
B_(z) defined as in Subsection 2.1. Denote the true model by 8 = (S, S8?), where

S ={jlg; #0} and 8 ={j|ga;(x)# 0}.

When some j’s satisfy both j € S and j ¢ SY simultaneously, our true model is a
partially linear additive model.

We describe the details of our simultaneous variable selection and structure identifica-
tion procedure for additive models. First express y_1; as y_1; = (72;,7"y;)", noting that
95 i for By(Xij) = \/12/L(X;;—1/2) and v_y; is for B_5(Xy;) = (B3(Xy), ..., Br(Xi;)T.
For a given \, the AWG-Lasso objective function is

p

1 n
Qa(y-13A) = ~ D o (Vi — =Wy )+ (ws]y5] + woas|y-24), (10)
=1

i— j=1

where {(wy;, w_9;)};_, are obtained from some initial estimates. Minimizing Q(v-1;\)

w.r.t. «y_y, one gets

o~

’711: argmin  Qa(v_1; \),
~_1€RP(L-1)

where 32, = (351,251, - - -, V5, ¥5,)" . Then, the model selected by AWG-Lasso is

A~

S* = (8),8)), where §} = {j|73; # 0} and S} = {j|7",, # 0}. Like Subsection

7



2.1, this subsection also considers using HDIC to choose a suitable A from a prescribed
set A of positive numbers. Denote W; in (9) by (va1i, v 5y, ..., vapi, v75,;)7, where
(vaji, vT5;;)7T is the regressor vector corresponds to y_y;. For a given model § = (S, S,),

define

1< N _
Ra(vs) ==Y p(Yi—p—Wikys) and Fs=  argmin  Ra(ys),  (11)
o ~sERISIH(L=2)|Sal
where W € RISUFE=2ISa consists of {vg; |7 € S} and {v_g; |j € S,} and the corre-
sponding coefficient s € RISIH(E=2)I8l ig conformably defined as in (6).
The HDIC value for model S is stipulated by

qn log py,

HDIC(S) = log Ra(¥s) + (I5i] + (L = 2)ISal) ==~

(12)

where p, and ¢, are defined as in Subsection 2.1. Let M; and M, be some known upper
bounds for |SP| and |S?|, respectively. We suggest choosing model 35‘, where

A= argmin HDIC(§)‘).

XEA,|SN <M, |S) <M,

3 Consistency results

We prove the consistency of AWG-Lasso and AWG-Lasso+HDIC separately in Subsec-
tion 3.1 and 3.2. It is worth pointing out that due to the similarity between (4)-(7)
and (9)-(12), the theoretical treatment is almost the same for the two types of models
considered in this paper. Therefore, this section concentrates only on the varying coef-
ficient model. On the other hand, our numerical studies are conducted for both types

of models, see Section 4.

3.1 Adaptively weighted group Lasso

The consistency of AWG-Lasso for suitably chosen A and weights is stated in Theorem
1. The proof of Theorem 1 is reliant on the methods of [7], [36], and [26] subject to non-
trivial modifications. The details are deferred to Section 5. For clarity of presentation,
all the technical assumptions of Theorem 1 are also given in Section 5. Roughly speaking,
we assume that the coefficient functions have second order derivatives and we put L =

cpnl/s

. More smoothness is necessary for Theorem 2. If X;; is uniformly bounded, the
Holder continuity of the second order derivatives with exponent o = 1/2 is sufficient for

Theorem 2.



Define dy (S) = |S.| + (L — 1)|S,| and let wso denote a weight vector consisting of
{wyj]j € 8% and {w_y;|j € 8}. For an index set S, we define 42 by

~\ .
vs = argmin Qv (vs;A).
vsERW(S)

Then 432, is an oracle estimator on RW(S°) with the knowledge of S°. Assumption A2
assumes that the relevant coefficients and the coefficient functions are large enough to
be detected.

Theorem 1 Assume that Assumptions A1, A3-5 and B1—4 in Section 5 hold. Moreover,
assume
%%?wlj v ?é%? w_1; = Op(1), (13)
and for some 0 < ay,as < 00,
‘?é}g%wlj > (a1|wso|) V1 and ﬁg%w_lj > (as|wso|) V 1, (14)
with probability tending to 1. We enlarge Yso by adding 0 elements for the S° part so
that (a5 ,07)" € RPE and define SX from this (33, 00T Then for any X satisfying

1/2 1/2

(log pn)
ni/2

(log py)

037 S A S (logn)”

(15)

asymptotically, where ag is a sufficiently large constant and k is any positive constant,

(732, 00T is actually an optimal solution to minimizing Qv (v; \) w.r.t. v € RPY with

probability tending to 1. If Assumption A2 also holds, we have for SA defined here that
lim P(8* = 8% =1.

n—oo

The order of LY2X in (15) is the standard one in the literature since (logp,)"/? is

1/2 is the standard rate for regression

from the large number of covariates and (L/n)
spline estimation. Recall that our normalization factor of the orthonormal basis is 1/L.
The upper bound of A in Theorem 1 is a technical one since we approximate Ry (v) by
a quadratic function in 4 on a suitable bounded region.

We need an initial estimate ¥ = (7,1, ¥, - Y 1ps ﬁflp)T from the group Lasso as in
[27) and [17] to construct weights for AWG-Lasso. Note that L~/2%,;| and L~2[57_, |
are estimates of |g.;| and ||g.;||, respectively. They have the convergence rates smaller

than CL'Y2) for some sufficiently large C' and A in Theorem 1. Hence
wyy = (L7277 and woyy = (L2 _y)) ™ (16)

9



satisfy the conditions (13) and (14) for any positive 7 when the norms of the relevant co-
efficients and the relevant functions are larger than a fixed non-zero constant. Otherwise
we should adjust the range of A by multiplying A by a suitable constant and dividing
the weights in (16) by the suitable constant, respectively so that the assumption on A,
(13), and (14) can hold for these adjusted ones. However, we usually have no knowledge
of |g.j| and ||g,;|| in advance and this kind of adjustment is infeasible. Then we should
carry out search for an optimal A\ on a larger interval than specified by Theorem 1 in
practical situations.

When Assumption A2 holds and we use the wights based on the local linear approx-
imation (LLA) to the SCAD penalty as in Section 4, the weights in (19) and (20) satisfy
(13) and (14) due to the properties of the SCAD penalty. Some authors as [26] applied
this kind of AGW-Lasso iteratively to calculate their SCAD estimates.

3.2 Consistency of AWG-Lasso+HDIC

To state the main result of this subsection, we need to introduce Assumption Al, which
assumes that |SY| < C, and |S?| < C, for some fixed C, and C,. Let M, and M, be
known positive integers fixed with n such that C. < M, and C, < M,. Define
S = argmin HDIC(S).
[Sc|<M. and |Sy|<My
Under certain regularity conditions, the next theorem and corollary show that both S
and S* are consistent estimates of S°. We need to replace Assumptions A2-5 and B1-4
with Assumptions A2'-A5" and B1'-B4’ to carry out subtle evaluations of Ry (vs) in
the proof since we deal with high-dimensional semiparametric models. All the technical

assumptions of Theorem 2 are also given in Section 5.

Theorem 2 Assume that Assumptions A1,A2'-A5’, B1’-B/’ and B5 in Section 5 hold.
Then,

lim P(S =8%) =1.

n—oo

Theorem 1 gives a suitable set of A, A, as in Corollary 1 for which {Sy|A € A}
includes S® with probability tending to 1. Thus the consistency of the proposed AWG-

Lass+HDIC procedure immediately follows from Theorems 1 and 2.
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Corollary 1 We assume the same assumptions as in Theorem 2 and that (13) and (14)
hold true. Then for A satisfying A C [c,;*\/10g pn/n, cnr/10g p/n] and {c,\/logp,/n} €

A, where ¢, — o0 and ¢, /(logn)* — 0 for some k > 0, we have

lim P(8* = 8% = 1.

n—o0

Some comments are in order. While S can achieve selection consistency without
the help of AWG-Lasso, it seems difficult to obtain S directly when p is large and M,
and M, are not very small. On the other hand, S* s applicable in most practical
situations. We also note that Theorem 2 extends the result in [20] and can be viewed
as a generalization of the BIC result in [36] to the semiparametric setup, which is of
fundamental interest from both theoretical and practical perspectives. Like [36], [18]
also confines its attention to linear quantile models. Moreover, it seems difficult to
extend the proof in [18] to situations where the dimension of the true model tends to

infinity. Finally, we mention that there is another version of HDIC,

~  log p,
HDICu(S) = Ry (3s) + (18] + (L = IS ) T2, ()
which becomes
_ n log py,
HDICH(S) = Ry (s) + (|1 + (L = 2)|8.)) b (18)

in the case of additive models. It can be shown that HDIC;; and HDIC share the same
asymptotic properties and their finite sample performance will be compared in the next

section.

4 Numerical studies

In this section, we evaluate the performance of AWG-Lasso+HDIC and AWG-Lasso+HDICyy
using one varying coefficient model and two additive models in the case of pL > n. We
set ¢, = 1 in these numerical studies since the optimal choice of ¢, in finite sample
remains unsettled and is worth further investigation.

We start by assigning {(ws;, w_1;)} and {(wq;, w_2;)} used for (5) and (10), respec-
tively. We only focus on {(wy;, w_1;)} because {(ws;, w_o;)} can be assigned in a similar
fashion. With the initial estimates (7,;,%_,;) obtained from the quantile regression with
the Lasso penalty, we apply one-step LLA (see [12]) based on the SCAD penalty as in
[26] to obtain {(wy;,w_1;)}. More specifically, we set

Mwyj|y1,| = pi\Ll/z (L_1/2|71j |)(L_1/2|71j|)7 (19)

11



and

Aw_1;]y_15] = Phpae (L2 _ DL voy)), (20)

where py(-) is the SCAD penalty function. Recall the definition of the spline basis in (3),
whose normalization factor is L™!, and see a comment after Theorem 1 and Assumption
A2 to get a better understanding of the role played by L2 in (19) and (20). Note that a
standard theory for the group Lasso as in [17] and [27] ensures that the weights imposed
in (19) and (20) obey (13) and (14).

In our simulation study, (n,p) is set to (500, 400) or (1500,2000), L = 6, 7 = 0.5,
M. = M, = M, =M, =20 and

A= {C;I\/logp/n—i—kdn,k =1,... ,50},
where ¢, = 2logn and

PR Ch ¢, t)y/logp/n

20

Based on a A € A and the weights described above, we employ the alternating direction
method of multipliers (ADMM) to minimize (5) ((10)) over « (v_1), and then choose
the A minimizing HDIC(S*) defined in (7) ((12)) over A € A, and the A minimizing
HDIC; (S*) defined in (17) ((18)) over the same set. For each of the following three
examples, we conduct 50 simulations and record the performance of AWG-Lasso+HDIC
and AWG-Lasso+HDICy; in Tables 1-3.

Example 1. We generate the output variables Y7, ..., Y, using the varying coefficient

model,
P
Yo=Y Xigi(Z) + e,
j=1

where ¢;, Z; and {Xj;}/_, are independently generated from N(0,0.5%), U(0,1) and
U(0,100) distributions, respectively. Following [15], the coefficient functions g;(z) are

set to
91(2) = g2(2) = 1, 93(2) = 42, 94(2) = 42°,9;(2) =0, 5 < j < p.

Therefore, X;; and X;, are relevant covariates with constant coefficients, X;3 and X, are

relevant covariates with non-constant coefficients, whereas X;5,..., X, ,, are irrelevant

12



variables. Note that our goal is to identify not only relevant variables, but also the

structures of relevant coefficients. To this aim, we first define

CSj = I {g;() is identified as a constant function at the sth replication}>
NCSJ =1 {g;(-) is identified as a non-constant function at the sth replication}»
NSSJ' =1 {g;(-) is identified as a zero function at the sth replication}-

It is clear that Cy; + NC,; + NS;; = 1 for each 1 < 57 < p. We further define the true
negative rate (TNR) and the strictly true positive rate (STPR),

TNR, = 2=s0NS,=1

S p . 4 ?
S Lioyg=1y + 2 s Iiney,=1)
4 M)

noting that STPR, = 1 if at the sth replication, X;; and X;, are identified as relevant

STPR, =

variables with constant coefficients and X;3 and X4 are identified as relevant variables
with non-constant coefficients. Therefore, STPR, can be viewed as a stringent version of
the conventional true positive rate, which treats constant and non-constant coefficient
functions indifferently. Now, the performance measures of the proposed methods are

specified as follows:

T T 1

150

50

1

TNR = — TNR,, STPR = — TPR,.
20 5 20 ; 5

s=1

The performance of AWG-Lasso+HDIC and AWG-Lasso+HDICy; on (C;, NC;, NS;), j =
1,...,4, STPR and TNR is demonstrated in Table 1. Table 1 shows that AWG-
Lasso+HDIC and AWG-Lasso+HDICy; have high capability in identifying the true vari-
ables and true structures in the sense that C;=Cy=NC3=NC,=STPR=1 hold for every
method and every (n,p) pair. Table 1 also reveals that AWG-Lasso+HDICy; performs
quite satisfactorily in identifying irrelevant variables since all of its TNR values are equal
to 1. On the other hand, AWG-Lasso+HDIC tends to erroneously choose some irrele-
vant variables in the case of (n,p) = (500,400). This situation, however, is somewhat
alleviated when (n,p) becomes (1500, 2000).

Example 2. We generate Y7,...,Y, from the following additive model,

P
Yi=p+ > g;(Xy) + e (21)

Jj=1
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where 1 = 0, ¢; and {Xj;}7_, follow N(0,0.5%) and U(0,1), respectively. Following [15]
again, we set
g1(x) = ga(z) = 2% (2 — 1/2), g3(x) = 272 cos(2mz) + (z — 1/2), (22)
g4(x) = sin(2mz), gi(z) =0, 5 <i < p,

noting that X;; and X, are relevant through the linear functions ¢ (-) and go(-), whereas
X3 and X4 are relevant through the nonlinear functions gs(-) and g4(-). Let NSy; and
TNR; be defined as in Example 1, and define

LSj =1 {g; (") is identified as a linear function at the sth replication}»
NLy,; = 1 {g;() is identified as a non-linear function at the sth replication}>
2 4
YT, =+ I, =1
STPRS _ j=1 +{Ls;=1} 7 j=3{ j }'

Then, the performance measures of the proposed methods in this example are given by

150

50 50
1 1
Lj = % sz, NL] = % E NLSj,NSj = % g NSsj7
s=1 s=1

s=1
1 50 1 50
TNR = — > TN TPR = — TP
R 50; R,, STPR 50828 R,

and summarized in Tables 2. Table 2 shows that LL; = Ly = 1 hold for every method
and every (n,p) pair, implying that AWG-Lasso+HDIC and AWG-Lasso+HDICy; can
easily identify relevant linear functions. On the other hand, when (n,p) = (500, 400),
AWG-Lasso+HDICy; tends to be more conservative in choosing nonlinear structures
than AWG-Lasso+HDIC because while the NL3 and NL4 of the latter still achieve the
highest possible value of 1, the NL3s and NL,4 of the former are slightly less than 1.
However, as (n,p) becomes (1500, 2000), NL3 =NL, = 1 are attained by both methods.
These results also coincide with the corresponding results for STPR. The TNR values
of AWG-Lasso+HDICy; (AWG-Lasso+HDIC) increase (decrease) from 0.994 to 0.998
(0.989) when (n, p) changes from (500, 400) to (1500, 2000), revealing that both methods
tend to include a few irrelevant functions. Moreover, the false positive problem of AWG-

Lasso+HDIC appears to have slightly worsened when p grows faster than n.

Example 3. Suppose that Y7,...,Y,, are still generated from model (21), but with
(22) replaced by
3sin(2mx)
— 0.4641016 =6x(l—2x)—1,9: =2r—1
2 _ Sln(27T.T)) ; 92 (l’) .73'( .T) ) gS(x) X ) (23)

91(17) = (
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Table 1: (C;,NC;,NS;),i =1,...,4, STPR, and TNR in Example 1

(n,p) = (500, 400)

(Ci,NCy,NS; ) (Cy,NCy,NS,)  (C3,NC3,NS3 )  (Cy,NCy,NS; ) STPR TNR

AWG-Lasso+HDIC (1.0, 0.0, 0.0) (1.0, 0.0,0.0) (0.0, 1.0,0.0) (0.0, 1.0, 0.0) 1.0 0.948
AWG-Lasso+HDICy; (L0, 0.0, 0.0) (L0, 0.0,0.0) (0.0, 1.0,0.0)  (0.0,1.0,0.0) 1.0 10

(n,p) = (1500, 2000)

(Ci,NCq,NS; ) (Cy,NCy,NSy) (C3,NC3,NS3 ) (Cy,NCy,NS; ) STPR TNR

AWG-Lasso+HDIC (1.0, 0.0, 0.0) (1.0, 0.0, 0.0) (0.0, 1.0, 0.0) (0.0, 1.0, 0.0) 1.0 0.999
AWG-Lasso+HDICy, (1.0, 0.0, 0.0)  (1.0,0.0,0.0) (0.0, 1.0, 0.0)  (0.0,1.0,0.0) 1.0 1.0

which are suggested in [21]. As observed in (23), X;; and X, are relevant through
the nonlinear functions ¢;(-) and go(-), and X;3 ~ X5 are relevant through the linear
functions gs(-) ~ g5(-). With
TNR, — Z?:G [{NSszl}
p=5
232':1 I{Nszzl} + 25:3 I{szzl}
5 )

STPRs =

the performance measures of the proposed methods in this example are given by

| & 1 & 1
Lj = % sz: NLj:%ZNLSJ’NSj:%ZNSSj’
s=1 s=1

s=1

50 50
1 1
TNR = — E TN TPR = — g TP
R 50 2 R,, STPR 50 2 STPRs,

and summarized in Table 3. As observed in Table 3, NL; = NL, = L3 =L, =Ls =1
hold for every method and every (n,p) pair, suggesting that AWG-Lasso+HDIC and
AWG-Lasso+HDICyy perform perfectly in identifying the relevant variables as well as
the corresponding functional structures. The performance of the two methods on TNR
in this example is similar to that in example 2.

In conclusion, we note that the results of this section, together with those obtained
in the previous sections, demonstrate that AWG-Lasso-+HDIC and AWG-Lasso+HDICyy
have a strong ability to simultaneously identify the relevant variables and their corre-
sponding structures in the high-dimensional quantile regression setup, a feature rarely
reported in the literature. Moreover, while AWG-Lasso+HDIC seems to have a better
STPR than AWG-Lasso+HDICyy, the latter tends to outperform the former in terms of
TNR.
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Table 2: (L;,NL;,NS;),i = 1,...,4, STPR, and TNR in Example 2

(n,p) = (500, 400)
(Li,NL,NS; ) (Ls,NL3,NSs) (Ly,NL;,NS; ) (L, NL,,NS, ) STPR TNR
AWG-Lasso+tHDIC (1.0, 0.0, 0.0) (1.0, 0.0,0.0) (0.0, 1.0, 0.0) (0.0, 1.0,0.0) 1.0 0.994
AWG-Lasso+HDICy; (1.0, 0.0, 0.0) (1.0, 0.0, 0.0) (0.0, 0.94, 0.06) (0.06, 0.94, 0.0)  0.97 0.994
(n,p) = (1500, 2000)
(Li,NL;,NS; ) (Ls,NLs,NSs) (Ls,NLy,NS; ) (L, NL,NS, ) STPR TNR
AWG-Lasso+HDIC (1.0, 0.0, 0.0) (1.0, 0.0,0.0) (0.0, 1.0, 1.0) (0.0, 1.0,1.0) 1.0 0.989
AWG-Lasso+HDICy (1.0, 0.0, 0.0)  (1.0,0.0,0.0)  (0.0,1.0,1.0)  (0.0,1.0,1.0) 1.0 0.998

Table 3: (L;,NL;,NS;),i =1,...,5, STPR, and TNR in Example 3

(n,p) = (500,400)
(Li,NL;,NS; ) (Ls,NLy,NSy) (Ly,NLy,NS; ) (Ly,NL,,NS, ) (Ls,NL;,NS;) STPR TNR
AWG-Lasso+HDIC (0.0, 1.0, 0.0) (0.0, 1.0, 0.0) (1.0, 0.0, 0.0 (1.0, 0.0, 0.0) (1.0, 0.0, 0.0) 1.0 0.993
AWG-Lasso+HDICy; (0.0, 1.0, 0.0) (0.0, 1.0, 0.0) (1.0, 0.0, 0.0 (1.0, 0.0, 0.0) (1.0, 0.0, 0.0) 1.0 0.993

)
)
)
(n,p) = (1500,2000)
)
)
)

(L1,NL;,NS; ) (Ly,NLy,NSy) (L3, NL3,NS3 ) (Ly,NLy,NS; ) (Ls,NL;,NS; ) STPR TNR
AWG-Lasso+HDIC (0.0, 1.0, 0.0) (0.0, 1.0,0.0)  (1.0,0.0, 0.0)  (1.0,0.0,0.0) (1.0, 0.0, 0.0) 1.0 0.991
AWG-Lasso+HDIC;; (0.0, 1.0, 0.0) (0.0, 1.0,0.0) (1.0, 0.0,0.0)  (1.0,0.0, 0.0) (1.0, 0.0, 0.0) 1.0 0.997

5 Proofs of the main theorems

First we introduce notation and assumptions. Then we prove Theorems 1 and 2. All
the technical proofs are given in the supplement.

We denote the conditional probability and expectation on {(X;, Z;)}, by P.(-) and
E.(-), respectively.

Assumption Al is about |S?] and |S?|.
Assumption A1l: There are bounded constants C.., C,, M., and M, such that

S’ <C.< M, and |S°| <C, < M,.

We know M, and M, in advance.

This assumption looks restrictive and we may be able to relax this assumption
slightly. However, there are still many assumptions and parameters and we decided
not to introduce more complications to relax Assumption Al. Note that we can easily

relax the conditions on C, only for Theorem 1 if

Z w%j = Op(1).

jes?
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Assumptions A2 and A2’ are about the relevant non-zero coefficients and coefficient
functions. We need to assume that they are large enough to be detected for our con-
sistency results. Recall that L is the dimension of the spline basis and referred to in
Assumption A3 and that ¢, appeared in (7).

Assumption A2: We have in probability

Minjesy |gej| A minjeso | go; |

— 00.
LY2{(n~"log pn)'/? + Alwso| }
Assumption A2’: We have
mitjeso |gej| A minjesp llgoill |

> (n~1Llog p, )1/

Next we consider the smoothness of relevant non-zero coefficient functions and spline
approximation.
Assumption A3: We take L = ¢;n'/® and use linear or smoother splines. Besides, we

have for some positive Cy,

Y (1gslloo + 1195 lle + 1197 1) < Cs.
JESIUSY
When Assumption A3 holds, there exists v = (v;;,v1;)" € R for every j € STUS)
such that

> g =¥ Bllw < C1L72,

JESOUSY
Vi =LY, and Y llgu — ¥ Boallee < CoL7?,
JESY

where C; and Cy depend only on C,; and the order of the spline basis. Let 5, consist
of vi;, j € S8°, and Y i, J € 8. For S including the true S, 4% means a vector
of coefficients for our spline basis to approximate g; up to the order of L=2. When
jes. ﬂS_S orjesS, ﬂS_S, the corresponding elements are put to 0. The other elements
are 71, j € 8, and v*,;, j € S)). See section S.2 in the supplement for more details on
the above approximations.

We define some notation related to spline approximation, d;, d;;, €;, and 7;, by 6;; =
9i(Z;) — ;" B(Z),

6= Y Xilgi(Z)="B(Z)= > Xiby.

JESIUSY JESIUS?

€ =¢+0;, and 7, =P <0). (24)
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Under Assumptions A3 and A4 below, we have uniformly in ¢ and j,
16;jl = O(L™?) and |§] < C1XyL 2 — 0
for some positive Cy, where let X, be a constant satisfying
H%E}X|Xij| < Xyu.

We allow X, to diverge as in Assumptions A4 and A4’. Note that

1”2 _1" 5\ 2 /2 _1” 5\ 2)1/2
PREIUDNPIEDHE R UDIO VLN SN

When we examine the properties of our BIC type criteria, we need more smoothness
of the coefficient functions to evaluate the approximation bias. We replace Assumption
A3 with Assumption A3’ for simplicity of presentation. In fact, the Holder continuity
of g} with exponent a > 1/2 is sufficient if X3, L7** = O(L™"). If X is bounced, the
proof of Theorem 2 will work if & = 1/2. See Lemma 3 at the end of this section. When
we assume Assumption A3’, we can replace L=2 with L=3 in the above approximations.
Assumption A3’: We take L = ¢;n'/® and use quadratic or smoother splines. Besides,

we have for some positive Cy,

Y (llgslloo + 11} lloc + 1197 lloo + 1957 1) < Co.

JESIUSY

Next we state assumptions on Xy, p, and ¢,. When we consider additive models,
we can take Xp; = 1. Assumptions A4 and A4’ imply that ¢ in p = O(exp(n')) is less
than 1/5.

Assumption A4: For any positive k,

X (log pp)?n~ 1 (logn)* — 0. (26)

Besides, E{B§(Z1)X?};} = O(L™") and E{By/(Z1)|X1;} = O(L™") uniformly in [ and j.
Recall that By/(z) is the [-th element of the B-spline basis.
Assumption A4’: In Assumption A4, (26) is replaced with

X (log pn) 24320~ (log n)* — 0.

Next we state assumptions on the conditional distribution of ¢; on (X;, Z;). We

denote the conditional distribution function by F;(€) and the conditional density function

by fi(e).
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Assumption A5: There exist positive Ui, Cfe, and Cys such that uniformly in ¢,

when [0] + |u| < Cys.

Assumption A5’: In addition to Assumption A5, E{|¢;|} < oo and when |a| — 0, we

have uniformly in i,
2
Edl(a—e—8)H{0 < &+ < a}) = S Ai(=0) + O(laf') fora >0,
and
a2
El(e +0; —a)l{a <¢e+6; <0} = Efl(—éz) + O(|al®) for a < 0.
Actually, when a > 0 and a — 0, we have under some regularity conditions that

oo a? ,

di
We introduce some more notation and another kind of assumptions to describe prop-
erties of the adaptively weighted Lasso estimators.
We define two index sets Sy, and Scy . These index sets are defined for Theorem

2 and they are related to Assumption Al.

Sy =1{S|8"CS, |S.| <M, and |S,| < M,} (27)
and

Sorn =1{8|8°cC S, |S.| < C.+ M, and |S,| < C, + M,} (28)

We define some random variables related to W5 and describe assumptions on those
random variables. The assumptions on those random variables follow from similar as-
sumptions on their population versions and standard technical arguments. We omit the
assumptions on the population versions and standard technical arguments here since

they are just standard ones in the literature.
We define ©,(S) by

01(8) = S IWil = 317 Sl 4 DD IB A T Il

JESe JESy
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For technical and notational convenience, we redefine ©(S) by ©1(S) V 1.
Assumption B1: For some positive Cz;, we have ©;(8°) < Cp; with probability
tending to 1,

Assumption Bl follows from some mild moment conditions under Assumption Al.
We define ©5(S) and ©3(S) by

~

05(S) = LAui(Ss) and  03(S) = LAmax(Ss),

where ig =n~ 3" fi(—6;)WisWXL. The following assumptions are about their eigen-
values. Recall that our normalization factor of the basis is L™!.

Assumption B2: For some positive Cpgy, we have @2(80) > (o with probability
tending to 1.

Assumption B2’: For some positive C,, we have O(S) > O, uniformly in S € Soy

with probability tending to 1.

Assumption B3: For some positive Cg3, we have with probability tending to 1

05(S°U ({j},4)) < Cps uniformly in j € S  and
05(S°U (¢,{j})) < Cps uniformly in j € SY.

Assumption B3’: For some positive (54, we have with probability tending to 1
O3(S) < O uniformly in S € Scy -

We define ©4 by
1 & )
0 -1y Y x
i=1 je&0
Assumption B4: For some positive Cgy, we have ©4 < Uy with probability tending
to 1.

Assumption B4’: In addition to Assumption B4, we have for some positive Cg,,

n 2
n! Z ( Z ij) < (%, with probability tending to 1.

=1 jeSIuUS)

Assumption B4’ is used to control (25). Assumptions B4 and B4’ follow from mild

moment conditions under Assumption Al.
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We define ©5(S) by 05(S) = max;<;<, |[W;s|?>. Notice that there are positive con-
stants C; and C5 such that

Wil = L7 3 X5+ [BA(Z)F 3 X )

JESe JESy
< CLXG(LTHS] +[S0]) < Ca Xy

for any S € S¢y under Assumption Al.
We define QS by Qg =n 1Y " (1 —7)WisWk. The last assumption is about its
eigenvalues. Recall that 7; is defined in (24).

Assumption B5: There is a positive constant Cgs such that uniformly in § € Scy

1 ~ ~
—— < LAnin(Qs) < LAnax(Q2s) < Cps  with probability tending to 1.
B5

We state Proposition 1 before we prove Theorem 1. The proposition gives the con-
vergence rate of the AWG-Lasso estimator. We prove this proposition by following that
of Theorem 1 in [7] in the supplement.

We use the proposition with & = 8% or with & € Scyy and A = 0. Let ws be a
vector consisting of {ws;|j € S.} and {w_y;|j € S,}. Then we define |ws| and K, by

wsl* =Y wi; + > w?y; and K, (S) = /n710,(S)log p, + Alws].

j€Se JES,

Tentatively we assume the weights are constants, not random variables.

Proposition 1 Suppose that S° C S and Assumptions Al and A3-5 hold. Besides we

assume Os(SI\
5 V2 12 1/2
K, L
(ous) (@2 (8) Ve K.SIL 0 (30)
and we define 0, by n, = Cyy LK, (S), where Cyy satisfies
1 O, \1/2
>b 1
O 2 1{@2(5) v (@2(3)> } (31)

for sufficiently large by depending on by in (32). Then we have for any fixed positive by
that

Pe(ﬁg - '7;| > 1) < exp(—bylogpy). (32)

Later we use Assumptions B1-4 to control random variables in (30) and (31) in

Proposition 1. Here some remarks on Proposition 1 are in order.
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Remark 1 When wg is a random vector and A > 0, “— 07 in (30) should be replaced

with “% 0.” Besides, when for some positive Cy, Cy, and Cs,
P(Cy £ 05(S), ©:(S) < Cy, 04, < C3) — 1,

the RHS of (31) is bounded from above in probability and ©,(S) in K,(S) can be

replaced with a constant. Thus we have
P33 — 75l = na) = 0
under (30) in probability with a fixed C;. Especially when & = §°,
M~ L{(n"" log p,)"/* + Alwsol }.

Remark 2 Since O5(S8°) < €4 X3, for some positive Cy under Assumption A1, (30)
reduces to Xy L{(n " log p,)"/? + Mwso|} 2 0 in the setup of Remark 1 with S = S°

and this is not a restrictive condition.

Remark 3 When A = 0 and the assumptions in Theorem 2 hold, we have for & = s
that

A8 — 75 = As — v5 < CsL(n" " log p,)/?

uniformly in § € Sy with probability tending to 1 for some positive C5. We use this
result in the proof of Theorem 2.

We provide the proof of Theorem 1. We define I's(M) by

Ls(M) = {vs € RV ||ys — 75| < M} (33)

Proof of Theorem 1) First we prove (¥%,,07)" € RP* is an global minimizer of (5)
by checking the following conditions (34) and (35). These conditions follow from the
standard optimization theory as in [36] and [26]. In addition to (34) as in [36] and [26],
we should deal with (35) since we are employing group penalties. Hereafter in this proof,
we omit the superscript A and write Jgo for 43

With probability tending to 1, we have

1 « . =0
’E Z L*l/QXijp’T(Y; — WkoAs0)| < Awy; for any j € 89 (34)
i1
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and
(—ZB Z) X (Y; = WhFso)| < Mu_y; for any j € SO, (35)

We verify only (35) since (34) is easier.
Proposition 1, Remark 1, and the conditions of the theorem imply that

[Fso = Y5l < CiL{(n™ logp,) /% + Mwsol) < CoL(n™ " logpa)'/*(logn)™  (36)

with probability tending to 1 for some positive Cy and Cy. We define Vj(vs0) by

Vi(vs0) = ZB Z;) w{pT(Y Wiso¥se) — p’T(K—Wﬂo’YEo)}

_Ee[n_IZB—l(Zi)Xi{ (Vi — Wigoyso) — pi(Yi — WSO’YSO)}]

By considering the upper bounds given in (36), we can take a positive constant C;

for any small positive £ such that with probability larger than 1 — &,

‘_ZB Zi) Xigp (Vi — WSO'YSO) (37)
|: ZB z z]{pT(Y WSOPYSO) (Y WSOPYSO)}] -
Ys0=7s0

\—ZB 70 X330 (Yi — Wihovso)| + max [V, (o)l

Ys0 EFsO (CéL(n71 log pN)l/Q(lOg n)kk)

We use the following two lemmas to evaluate (37). These lemmas are to be proved

in the supplement.

Lemma 1 For some positive C', we have
‘_ZB Z:) X0, (Yi = Wisovso)| < Ci(n~ logp,)'/?

uniformly in j € S_S with probability tending to 1
Lemma 2 Take any fixed positive C' and k and fix them. Then we have

max Vi(vso)| = 0,(A
msoersowun—llogpn)l/%logn)k)| i) = 0(A)

uniformly in j € 8_8.
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Finally we evaluate

[ZB Z) XY = Whiye) = o (i - Whva)l| . (39)

_ —ZB Z) X {Fi(=0;) — Fi(—6; + Wigo(Fso — ¥0))}-

*

Setting A0 = Aso — Y& and recalling Assumption A5, we find that (38) is rewritten as

__ZB 2 zyfz( ) SOAO+OP<< 7110gp )1/2) DAO_'_OP(( 7110gpn)1/2)

(39)
uniformly in j € S_S, where D; is clearly defined in the above equation.
Assumption B3 implies that for some positive (7,
)\max(DJTDj) S ClL_2 (40)

uniformly in j € SY with probability tending to 1. This is because D; is part of
ESOU(d) ¢i1)- Thus (36) and (40) yield that for some positive Cs,

[D;A < Co{(n" log p,)/* + Mwso} (41)

uniformly in j € SO with probability tending to 1.
By combining (37), Lemmas 1 and 2, (39), and (41), we obtain

‘—ZB Zi)Xijpr (Y — WisoeAso) | < Aw_yj

uniformly in j € SO with probability tending to 1. Hence (35) is established.
As for the latter part of the theorem, Assumption A2 implies that v7;, j € S?. and
Y1, J €Sy, are large enough to be detected due to Proposition 1 with § = S°.

Hence the proof of the theorem is complete.

Now we state the proof of Theorem 2

Proof of Theorem 2) First we deal with the overfitting case. Then let S satisfy
S € Sy and S # S8 See (27) for the definition of Sy “Uniformly in &” means
“uniformly in S satisfying S € Sy; and S # §°. We have replaced Assumption A3
with Assumption A3’. We use Assumption A3’ only once in the proof (Lemma 3) and
we use Assumption A3 in the other part. Assumption A3’ can be relaxed in some cases.

See Lemma 3 at the end of this section for more details.
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If we verify

Re() = = 3 prle) + O(XuL ™) = - S B ()} + o,(1), (42)

Ry () = Rulyn) +0,(1),  and (43)

Ry (o) = Ry () = (d(S) = dv(S)0y(n~{(l0g ) V (anlogpa) 2} uniformly in S,
(44)

then we have for some positive Cf,

RV(%’S) - RV(%’SO) } (45)

0 < log Ry (3s0) — log Ry (3s) = —log {1+ FCRS

1 ~ ~
= g{Rv(’YsO) — Rv(3s)}
1
uniformly in S with probability tending to 1. By (44) and (45), we obtain

log Ry (s0) — log Ry (s) = (dy(S) — dv(S°))O,(n " {log p, V (gn log pn)*/?})

< (@(S) — dy(S")ELng,

uniformly in S with probability tending to 1. Hence the proof for the overfitting case is
complete.

Thus we have only to prove (42)-(44). We prove only (44) since (42) and (43) are
easy to deal with.

(63), (64), and (67) are important when we prove (44). To verify (63), we take a

positive M; and consider

Ry (. ) — Ry (73) (46)

+ Z is(¥s = ¥5) (1 = I{e; < 0}) — E{Rv(vs) — Rv(v5)}
- Z s(Ys —5)(r — 7)

= Z D;(vs),

where D;(~s) is clearly defined in the above equation, 7; = P.(¢; < 0), and |vs — v%| <
M, L(g,n""log p,)"/2.
We show that

2 2P0 = 0y () (47)
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uniformly in vs € T's(M;L(g,n " logp,)/?) and S for any fixed M;. To verify (47), we
should note that

Di(7$) = Ei(’YS) - EE{Ei(’YS)h (48)
where
Di(vs) = p-(Y: = Wivs) — p-(Wisys) + Wis(ys — 78)(m — I{e; < 0})

and that

pr(€ = ai) = pr(€;) = —ai(T — I{e; < 0}) — (6 — ai)[[{e; < a;} — {e <0}],  (49)

where a; = Wk(vs — v%).
By using (49), we can obtain the following three facts (50)-(52) uniformly in s €
Ls(M,L(g,n " logp,)"/?) and S. Note that Cs, ..., C; are some positive constants.

max |Wis| <CoXn (MY2L7Y2 4 MYV?) < Cs Xy (50)
max |D;i(vs)| < max |VVZ$|M1 (gan " log pp)Y? < C4u X My L(gun " log p, )2
(51)
1 ¢ —
— > EB{Di(vs)} Z! Evs — 5P (52)
i=1
C B B n
< —= max [Wis|{M1 L(gun™" 1og pa)'/*} A (n ! Zl WisWig)
C7 M3 M.
< 2R X (gen H log py)?
n
if
M,
max( Z Vst > = T (53)
By using (50)-(52) and Bernstein’s 1nequahty, we have
1 N 1/10 1 N 1/2
D002 ) < g (- CBI
(logn)? M3 Mogn'” X p(log n)?

for any fixed vs € T's(M;L(g,n"'logp,)*/?) and S if (53) holds. Note that Cg and Cy
are some positive constants.
By appealing to the standard argument based on the Lipschitz continuity and (54)
and using Assumptions A4’ and B5, we obtain (47) uniformly in vs € ['s(M; L(g,n "' log p,)"/?)
and S for any fixed M.

26



We evaluate E.{ Ry (vs) — Ry (7v5)} in (46) by using (49) and Assumption A5’. Since

Ec{p-(€; — ai) — p-(€)} = %f@-(—&)af +a;(ri = 7) + O(la; "),

where a; = Wk(~s — v%), we have

B Ry (vs) — Rv (75} QHZfZ Jat+ 1> aln—m)+0(= Zmz) (55)

uniformly in vs € T's(M,L(g,n ' logp,)'/?) and S. Assumption A4’ implies that uni-
formly in vs € T's(M1L(g,n""logp,)*/?) and S for any fixed M,

RS 5 maxyy |ai| ¢ 2 log pn

= P < EEELEINT g2 = 0, (—22 ). 56

n;|a| - n ;|a| p(n(logn)2> (56)

By (55) and (56), we obtain
1 A *
E{Rv(vs) = RBv(75)} = 5(vs = 78)" Zs(vs = 75) (57)
1 log px,
- n 121 ailmi —7) + OP(n(log n)2)

uniformly in vs € I's(M;L(g,n""log p,)*/?) and S for any fixed M;.
By combining (46), (47), and (57), we obtain
* 1 A *
Ry(ys) = Rv(v3) = —(vs —73)" Z Wis(ri = H{e; < 0}) + 5(vs = 5)" Zs(vs —5)

(58)

+(vs —73)" ZVVZS +O<%)

uniformly in vs € ['s(M; L(g,n " log p,)*/?) and S for any fixed M;.
We use (58) to derive a useful expression of Ry (7s). Put

1 — 1 — _ . o
as = E;W"S(“ —I{e, <0}), bs = E;W"S(“ —7), and 5 — 5 = S5'as. (59)

According to (87) in Lemma 3 at the end of this section,

(g log pn)Y 2)

(vs —78)" Z Wis(r = (15 —75)bs =0 ( n (60)

and this term in (58) is negligible uniformly in s € T's(M;L(g,n"* logp,)*/?) and S for
any fixed M;.
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By applying Bernstein’s inequality conditionally on {(X;, Z;)}I, first and using As-

sumption B5, we have

asl? = 0,5 (61)

uniformly in §. Thus we have from Assumption Assumption B2’

Ys =75 = Op(L(n” ' logp,)"?) (62)

uniformly in S.
We take some 85 € RV, If 5 + ds € T's(MyL(g,n " logp,)'/?), we have from
(58) and (60) that

_ . 1 ra 1 e gn log p,)"/? log pn
RV(73+53)_RV(7&') = —EGEESIQS—Fé(SgZS(SS‘FOp(( - ) >+Op<n(logn)2>

(63)
uniformly in ds and S.

Because of the optimality of Ry (vs) and (63), we should have

)+ OA%) (64)

uniformly in 8. This expression also holds for 8. By combining (63) and (64) and

_ § | » log p,) /2
Ru(3s) ~ Ry (13) = — balSstag + 0, (o8

setting ds = s — 75, we also obtain

(L(qn log pn) /2

As ~ sl = 0, ) + 0, (250 ) (65)

n(logn)?

uniformly in S. Note that these expressions also hold for S°. This equation is used later
in the underfitting case.

We evaluate the difference between Ry (7s) and Ry (Yso). Now write

. Yo O
Ss= 5 ) and as= (" (66)
Ys21 2822 as?

and note that Ry(v5) = Ry(v%). Thus due to (64), we have only to consider the

difference

T$—1 T 5i—1 T -1y o 33—l
AsY5 As — QoY goAs0 = AgoYigy Ls12F 50X 5013 50 aso (67)

raie A oA
—2a50Y 50 Yis12Fs2a52 + agyFsaass,

where

Fsy = @522 - ismigolism)_l-
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We will demonstrate that the RHS of (67) has the stochastic order of (dy(S) —
dy(8°))0,(n"'log p,) uniformly in S.

From Assumptions B2’ and B3’, we have for some positive C;, Cs, and Cj,
ClL S >\max<ﬁ32) S )\max(ﬁSZ) S C(2L and )\max<is2li‘$12> S CSL72 (68>

uniformly in & with probability tending to 1.
By applying Bernstein’s inequality conditionally on {(X;, Z;)}7, first and using As-

sumption B5, we have

Jassl? = (dr(8) — dy(8")0, (21 (69)

uniformly in §. Hence (68) and (69) imply that the third term on the RHS of (67)

satisfies
alyFssasy = (dy(S) — dv(S8°))0,(n ' log p,) (70)

uniformly in S.
To evaluate the first and second terms on the RHS of (67),

(ago25012512)?32@521253@50) and (agoigolisn)ﬁszasm (71)
we evaluate
~ =~ PO
Vsndgias = SenSg > Wiso(ri — I{ < 0}) (72)
i=1
to obtain (76) as well as (69).
Write
i512 = (81, cey SdV(S)—dV(SO))
and note that (68) implies
sTs; = 0,(L7?) and Aax (Ss21 250 Qs S50 Bs12) = Op(L7) (73)

uniformly in j and S with probability tending to 1. Besides, we have for some positive
04 and 05,

max 57550 Wiso| < CuL|s;||Wiso| < C5L|s;|Xar = Op(Xar) (74)

uniformly in ¢ and § with probability tending to 1.
Hence by applying Bernstein’s inequality conditionally together with (73) and (74),

we obtain

1l e . B
- Z s1 S5 Wiso(ri — I{€; < 0}) = O,({(nL) ™" log p,, }*/?) (75)
=1
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uniformly in j and S. Therefore (75) yields
SsnSgiase]® = (dv(S) — dv(8°)Oy((nL) " log py) (76)

uniformly in S.

Thus (68), (69), (71), and (76) imply that the first and second terms on the RHS of
(67) have the stochastic order of (dy(S) — dy(S8"))O,(n"tlogp,) uniformly in S as in
(70). We have demonstrated that the RHS of (67) has the stochastic order of (dy(S) —
dy(8°))O,(n"'log p,) uniformly in S.

Hence (44) follows from (64) and this evaluation of (67) and the proof of the overfit-
ting case is complete.

Next we consider the underfitting case. For § = (8., S,) that does not include S&°
and satisfies

|Se] < M, and |S,| < M,,

we put

St=85uUs". (77)

Then St € Scyy in (28). Note that uniform results proved in the overfitting case still
hold for 8T in (77).

Since
log Ry (vs) — log Ry (s0) = log {1 i RV(%’}S‘%)V(_%ZX;(’VSO)}
and
Ry (Ys0) = % Z pr(€:) +op(1) = E{p-(e:)} + 0,(1), (78)

i=1
we have only to demonstrate

log p,,
2n

Ry(¥s) — Rv(Js0) > C1LG, (79)

uniformly in & with probability tending to 1 for some C; and ¢, such that (,/ q}/ 2= Ce.
Note that we should be able to take and fix any sufficiently large C; and that C; has
to be independent of C¢ when C¢ is large. Then Assumption Al and (78) assure (79)
dominates the penalty terms. Since (78) follows from the argument for the overfitting
case and Assumption A5’ we consider only (79).

From Assumption A2’, we have uniformly in S,

|7§0_3‘
L(n~1g, log p,)'/?

— 00,
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where %, g is obtained by removing all the j-th elements satisfying j € S N S° from
Ys0-
Since ST includes S° and S does not include SY, Proposition 1 with no penalty
implies that
(35, 07)" = As+| > Léu(n " logpa)'? (80)

uniformly in & with probability tending to 1 for ¢, = C’gqi/ ®. Note that we can take and
fix any large C¢ here. This also holds with s+ replaced by Fg:+ due to (65).
Let us follow the standard arguments for general underfitting cases. There is an

0 < a < 1 such that

(35, 07)" =Fs+)l = Léu(n™ ' logpa)

and set
As = a((75,0")" —7s4).

The arguments from (58) to (64) imply that

_ _ Llogp, (¢n log py)'/? log pr,
> 2 \4n 108 Pn) "~ _08Pn
Ry(Fs+ + As) 2 By (Yse) + CoGu—o > + Op< ) + O”(n(log n)2>
(81)
. Llogp, - Llogp,
> Ry (Fg+) + Co? 4ip > Ry (Ys+) + Co? 45}9

uniformly in & with probability tending to 1 for some positive Cy independent of C¢.
We used the optimality of s+ and Assumption B5 here.
Because of (81), the convexity of Ry (vs+), and the definition of Ag, we have

Ry (¥s) > Ry (Fs+ + As) > Ry(Vs+) = Ry (Ys+) (82)

uniformly in S with probability tending to 1. From (81) and (82), we obtain

Llog py,
4n

Ry (Fs) > Rv(As+) + CaC (83)

uniformly in § with probability tending to 1. Recalling the results for the overfitting

case such as (64) and the evaluation of (67), we have

qnlog py,

Ry(Fs+) = Ry(Fse) + (dy(S) — d(S) 222

(84)

uniformly in & with probability tending to 1.
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By combining (83) and (84), we get

Llogpy,
4n

T (dy (8°) — d(S+)) L8P (85)

Ryv(¥s) > Rv(Js0) + Co() 2n

uniformly in S with probability tending to 1. Since dy(S°) — d(ST) = O(L) from
Assumption Al and ¢, = chrl/ ? we have from (85) that

Llog py
2n

Ry(Js) > Rv(As0) + C5¢;, (86)

for any sufficiently large fixed C¢ uniformly in S with probability tending to 1. Note that
Cj3 is independent of C¢ when C¢ is larger than some value depending on the assumptions.

Hence we have established (79) and the proof for the case is complete.

We state Lemma 3, which is used to evaluate the bias from (7; — 7) in the proof of
Theorem 2. The proof is given in the supplement. Note that the Holder continuity of
g} with exponent a is almost sufficient for 7; — 7 = O, (X L~).

By using the properties of bs and bgs in this lemma and replacing as with as + bs
in (59), we can prove Theorem 2 in the same way if X3,L72* = O(L™'). Recall that
L = c;n'/® in this paper. Both of |bs|? and |bss|? have Op(ngiZi"> and these are not

typos.

Lemma 3 In the setup of Theorem 2, we have
\ ¢n log pn)'/?

(s —3)7bs = O, (LB (57)
uniformly in vs € Ds(MyL(g,n" logp,)"/?) and S for any fized M,. Let Assumption
A8’ be replaced with Assumption AS. If 7, — 1 = O,(Xpn L™+ uniformly in i for some
nonnegative o, we have

X1 logn

X431
IER) and [bsaf? = (di(S) — di(S*)0 (Si™)

|bs|* = OP( I5+2a

uniformly in s, where bss is defined as asy in (66) .
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Supplement to “Adaptively weighted group Lasso for
semiparametric quantile regression model”

by Toshio Honda, Ching-Kang Ing, and Wei-Ying Wu

S.1 Technical results for Theorems 1 and 2

We provide the proofs of Proposition 1 and Lemmas 1-3 here. We omit A of 74 for
notational simplicity.

First we state Lemma 4 for Proposition 1 and the notation for the lemma. Then we
prove Proposition 1 by following Lemma 1 and Theorem 1 in [7]. Next we present the
proofs of Lemmas 4, 1, 2, and 3.

Before we state Lemma 4, we define

Gs(M)= sup |{Rv(vs) — Rv(vs)} — E{Rv(vs) — Rv(vs)}]

vs€ls(M)

where I's(M) is defined in (33).

Lemma 4 Assume that Assumption A3 holds. For any fized M, t, and S, we have

PE<GS(M) > 40N - W}.

When t = KoM {n~'0,(S) log p, }'/2, we have from Lemma 4 that

@1 (8) log Pn

P, (GS(M) > (44 Ko)M .

) < exp(— K log pa/8).

Proof of Proposition 1) We follow that of Theorem 1 in [7]. The following arguments
do not depend on S.
Taking M = Cy LK, (S), we evaluate the following expression on I's(M).

E{Ry(s) ~ Rv(13)} = B[ Z{pfe—a@ ~ o} (8.1)

where we use the notation defined in (24) after Assumption A3 such as €, = ¢; + J; and

a; = Wik(vs —~%). Note that
la;] < |Wis|M < 0F*(S)M — 0

1



due to the assumption of this proposition.

If a; > 0, we have from the definition of p,(-) that
prlé = a) = o) = [ 1O < € < shas 4 a1 <0} = 7).
Then from Assumption A5, we obtain
EE[/ai I{0 < €; < s}ds + a;(I{e; <0} —7)
0
_ /Oai(ms —6)) — Fy(—6))ds + as(rs — 7)

= %fi(—él-)a? +o(a?) + O(aZ(logn) ) + O(|r — 7|* log n).

uniformly in i. Note that |7 — 7;|*> < C1d;]* for some positive C; and that we can deal

with the case of a; < 0.

Hence the expression in (S.1) can be represented as

Zfz )a; —|—0< Za?)+0<n‘llogn;53>.

1=1

The first term of (S.2) is written as

Zfz z 73_78 Zfz z zSW ( '78)

S @2(5)
- 2L

vs — vsl*.

As for the third term of (S.2), we have from Assumption A3 that

i=1  jesH i=1 ;e&89 jESY
Chlogn < Cllogn
< =2 DX S =6
nL
1= 1]680

for some positive C;. We defined ©4 just before Assumption B4.
By combining (S.2), (S.3), and (S.4), we have

02(5)
2L

E{Ry(vs) = Rv(13)} = =5 =2 (1 + o(1) s = 75l* + O

A
We define ¢ by
¥s = as + (L —a)vs

2

IOgnZ(iz lognz(zxw%>2§10gnz<z )(Z&fj)

64logn>'



for

M
<«

<a= — — <1
M+ 7s — 75

Then
75 € T's(M).

Since the convexity of Qv (vs) implies that

Qv(7s) < aQv(Fs) + (1 — )Qv(vs) < Qv(7s),
we have with probability larger than or equal to 1 — exp(— K2 log p,/8) that
B[Ry (vs) = By (78)]ys=va (S.8)
< % > pr(vE) - E{% > pT(’YZ%)} - % > p-(v8) + E [% > pT('rs)]
i=1 i=1 i=1 i=1
+Qv(75) — Qv(vs)
A wyhl = A wogly A whi A woaglyt

Ys=7s

JE€Se JESy JESe JESy
< Gs(M) + Mwsl[vs — sl
0.(S) log pn
< 4+ KO)M{ % + )\|w5|} = (4+ Ko)MEK(S).

By (S.6) and (S.8), we have

2(4 + Ko)L —4
W{MKn(S) + O(0,4L *logn)}

2(4+ Ky)L 9 4
W{CMKn(é‘)L +O0(04L " logn)}

lve —v5)* <
<

with probability larger than or equal to 1 — exp(— K¢ log p,,/8). Hence

o s 2(4 + Ko) }1/? ~
g - gl < 2 7z (P RA(S)L+ OO L 0gm) D) (89)
0,”*(8)
1 1
< — = _
< QCMLK,L(S) oM

with probability larger than or equal to 1 — exp(—KZ log p,,/8).
(S.7), (S.9), and simple algebra yield

Vs — 5| < M = Cy LK, (S)

with probability larger than or equal to 1 — exp(—KZ log p,,/8).

Hence the proof of the proposition is complete.

3



Proof of Lemma 4) We follow that of Lemma 1 in [7].
Due to the Lipschitz continuity of p,(u) and application of the concentration inequal-
ities (Theorems 14.3 and 14.4 in [3]), we have

E{Gs(M)} < 2B sup \—Z@{pﬂ WEs) = pr(Yi — WEre)}|

Ys€ls(M

§4Ee[ sup ‘—Z& ZS’YS—’YS)H

Ys€ls(M

where {&;}7_; is a Rademacher sequence of and independent of {(Y}, X, Z;)}}_,. Since
‘ Z EW5(vs —5)

_ ‘Z(ZgX =y, )71] " +Z{Z§X BT (Z)(y-1; — 'yilj)}‘

JES: i=1 JES, =1
. " 12 2 n 24 1/2
< |'78_'7S|{Z‘Z§iXijL ‘ +Z‘Z§¢X B_,(Z } ;
jeS.  i=1 JjES, =1
we have
EA{Gs(M)} (S.10)
1 ) 1/2
712
< n1/2E€[{nZ‘Z€’X”L ‘ T Z‘Z& } }
JjES:, =1 ]E o 1=1
< 1 —-1/2 1/2
< o [Ee{n Z\Z&XM \ =y \Z& z)[ }]
JjES:, =1 ]E o 1=1
1 n
< 1/2{n2‘m5| <4M
=1

Next we apply Massart’s inequality (Theorem 14.2 in [3]) to evaluate the stochastic
part Gs(M) — E{Gs(M)}. Then noticing

(Wis(vs —v5)1? < [WislPlys — vél? < [Wis|PM?
and

1 n
=~ IWisPM? < 0y(8)M?,

i=1

we have as in Lemma 1 in |

(GS ) 2 4M 86, (5)M2}



We used (S.10) to evaluate E.{Gs(M)} in the conditional probability.

Hence the proof of the lemma is complete.

Proof of Lemma 1) Recall that B(z) = AyBy(z) and note (S.20) in section S.2. Thus

we have only to demonstrate
’—ZBOZ Xiipl (64 0;)| < Ci{(nL)™ logpn}l/2 (S.11)

uniformly in [ and j with probability tending to 1 for some positive ;. Recall By/(z) is
the [-th element of the B-spline basis.
Note that

{ Z BOZ WPT €+ 5 } Z BOlXZ] 7- - 7_1)

and |7 — 7;| = O(L™?) uniformly in 1.

Since Assumption A4 implies

E{% i Bo(Z:) X5 (1 — n)} = O(L™?)

and
var{l zn: Bo(Z:) Xij (T — Ti)} = O(n'L™°)
n =1 ! ,

uniformly in [ and j, we apply Bernstein’s inequality unconditionally and obtain

{ Z Bo(Z;) Xijp (€ + 0; )}‘ < Co{(nL?) tlog p,}? + O(L7?) (S.12)

uniformly in [ and j with probability tending to 1 for some positive Cs.
Noticing that

—ZB Z)XE < CsL™!

uniformly in [ and j with probablhty tending to 1 for some positive C5, we apply Bern-

stein’s inequality conditionally and obtain

‘_ Z B(Jl zypr € + 5 { Z BOZ ngT €; + 6 )}‘ é C4{(TLL)71 logpn}1/2
(S.13)

uniformly in [ and j with probability tending to 1 for some positive Cj.

5



Hence (S.11) follows from (S.12) and (S.13) and the proof of the lemma is complete.

Proof of Lemma 2) We can prove this lemma almost in the same way as Lemma B.5
in [26] and the detailed proof is very lengthy. We just outline the proof.
First we define dj;(7s0) by

dij(vs0) = ZBOI Xl (Y = Wisoyso) — o (Yi — Wigos0)

_E{/JT(Y WSO’YSO) (Y WSO'YSO)}]

and take and fix any positive Cy. Then as in the proof of Lemma 1, we have only to

prove that
dij (ys0)| < Co{(nLlogn)~*log p}'/?

uniformly in [, j € 89, and g0 € I'so(CoL(n " logp,)*/*(logn)*) with probability tend-
ing to 1 for some positive C'; depending on Cj.
Note that the conditional variance of dj;(so) is uniformly bounded by

CoXy
nL

L(n™" log p,)"/*(log n)* < C3X{n"*(logn)* log p, }'/2

with probability tending to 1 for some positive C5 and C3. They depend on Cj. Besides,
we can cover I'so(CoL(n~!log p,)*?(logn)*) by N open balls with radius

{CoL(n" og p,)*?(log n)* }n=2m)1/2
for any large fixed m and this N satisfies
N = O(n™dv &),

See Lemma 2.5 in [29] for this upper bound of N. We denote the centers of the covering
open balls by 71, ...,7vn. Note that

pLN = O(exp{log p, +mdy(S°)logn}).

For any =, among the centers, we have by employing Bernstein’s inequality condi-

tionally that

)1/277,3/10

log pr (log pn
P.(ld. > < -
e<| l](78)| > Cy nLlogn> - exp{ Cs XM(logn)’”l }



uniformly in 4, with probability tending to 1 for some positive Cy and C5 and we also
have from Assumption A4 that

1/2,,3/10 1/2,,3/10

(log pn)
Xy (logn)k+t

(log pn)
X (logn)k+t

pLN exp { —Cj } = exp [C’ﬁ{logpn +mdy (8% logn} — Oy

—0

for some positive Cy. Therefore we successfully evaluated d;;(yso) at all the centers.
We can evaluate d;;(7yso) inside the open balls exactly as in the proof of Lemma B.5

in [26] since we can take any large m. Hence the proof of the lemma is complete.

Proof of Lemma 3) We prove the former half by using Assumption A3’. By exploiting
(25) and Assumptions A3" and B4’, we have

- Z la;(1; — 7)] < ( ia?) i (n‘l i(n — 7)2>1/2 = OP(M>'

=1 =1

uniformly in s € I's(M;L(g,n " logp,)'/?) and S since

n

1
o —1 1 ) 2 —6
— E a Lg,logp,) and - E (1, = 7)) =0,(L™°)

i=1
uniformly as well.

Before we consider the latter, we should recall that B(z) = AqBy(z), where By(z) =
(Bo1(2), ..., Bor(2))T is the equispaced B-spline basis on [0, 1], and that the first element
of B(z) is L™Y/2. Therefore we should deal with

n

X
nLi/? > Imi=l (5.14)

=1

and

ZBO )| — 7. (S.15)

As for (S.14), we have

n

Xu X2,
a7 27— 1= O G ) (5.16)

i=1
from the assumption on (7; — 7).

Since we have E{By;(Z;)} = O(L™") uniformly in j, we have

" X3, (log )"
n ZBO] |TZ T| = Op (T) (817)



uniformly in j from the standard argument based on Bernstein’s inequality.
(S.16) and (S.17) yields that

s = 15,10, (L) 415,10, (A1)

uniformly in §. Since

dy(S) = (L = 1)|Su| + |5,

the result for bsy follows from the same argument.

Hence the proof of the lemma is complete.

S.2 Properties of B-spline bases

We describe properties of our basis and give comments on some misleading assumptions
on spline bases in the literature for reference.

First we describe how to construct our orthonormal spline basis B(z) = (By(2), ..., Br(2))"
from the equispaced B-spline basis on [0, 1], which is denoted by By(z) = (Bp1(z), - Bo ()T

Recall that L = ¢;n'/® in this paper. We also should recall two well-known facts:

Byj(z) =1 and  Byj(z) >0 (S.18)
2

e S /\min(QO) S )\max(QO) S % (819)

where Qg = fo By(2)Bl(z)dz and C; and Cjy are positive constants and independent of
L.

Therefore there exists an L x L matrix Ay such that
B(2) = AyBy(z / B(2)BY(2)dz = A)QAL = L7,

12 1
Bl(Z) = L1/2, and BQ(Z) = I(Z — 5)

We denote the L x L identity matrix by I.
We can obtain an Ay numerically by carrying out the Gram-Schmidt orthonormal-

ization. Notice also that

C’3 S )\min(AOAg) S AmaX(AOA ) < 04, (SQO)



where C3 and Cy are positive constants and independent of L.
When we deal with varying coefficient models, B;(z) = L~'/2 is used for the con-
stant parts and B_; = (Ba(2),...,Br(2))T is used for the non-constant parts. When

T 2
(B3(2),...,Br(2))T is used for the nonlinear parts.

we deal with additive models, By(z) = /% (z — l) is used for the linear parts and

Next we consider approximation by our spline basis B(z) = (Bi(z), BT,(2))T =
(Bi1(2), Ba(2), BT,(2))T under Assumption A3. Assume that

1glloe +1lg'llse + Nl lloe < Cy.

IA

Varying coefficient models: There exists v*; € RY™! such that [|g, — Y1 B_1]le
C,CyL~% We can take v; = L'2g,.
Additive models: Let g(x) satisfy fol g(x)dx = 0. Then there exist 75 € R and v*, €
RE2 such that

lgr = % Balloe + llga — Y5 B-alloc < C2C,L72.

Note that C and C5 are independent of the specific function. We verify the latter
here since the former is easier.

Corollary 6.26 in [25] implies that there is v* = (v§, 73, v*5)? such that
lg = 7" Bllo < C5C,L72 (S.21)

since B(x) is constructed from By(z). Noticing

=L / (T B(z) — g(x))dz

and |vi| < C3C,L™/%, we can take v; = 0 without affecting (S.21).
Put

9" (2) =% Ba(x) +¥5Ba(x) and  g(x) = %Ba(x) + ga(2),

where 4 is defined in the second equation and g;(x) = v4B2(x) . Recalling the decom-
position of g(z) and that B(z) is an orthonormal basis with the normalization factor of
L7 and || By||oe = O(L™Y?), we get

1
s =l = | [ (6@ - g@)Balwyis] < CiCyL
0
Thus we have |y5 — 74| < C4CyL™3/% and
1(75 —72) Balloo < C5Cy L. (S.22)

9



Note that C3, C4, and Cj are independent of the specific function. Hence the desired
result follows from (S.21) and (S.22).

Finally we consider

o = [ BBy 0= [ BB ds, and Bo(Z) ~ B{Bo(Z).

We demonstrate that both 2; and €25 does not necessarily have desirable properties
for theoretical analysis. This conclusion also applies to By(Z;) — E{By(Z1)}.
Take a three times continuously differentiable function g(z). Then Corollary 6.26 in

[25] implies that for some v € RE,

3
lg =" Boll < C1L7) " [lg"]],
=0
3
lg' =~ Byl < C2L™ Y " |lgY]l,
=0

3
lg" =" Byl < G5 [lgP]l.
=0

where C, Cy, and C5 are independent of g(z).
Taking g(z) = sin(27Rz) with R — oo and R*/L — 0, we have from the above three

inequalities that

ol ~ 1, gl ~ R, "l ~ R,
Yy~ 1 ()P~ R (v )~ R
These and (S.19) imply that ©; and 2y have eigenvalues A1 and Ao satisfying XjL —

oo (j = 1,2), respectively. This contradicts some critical assumptions in some papers.

To consider By(Z;) — E{By(Z1)}, we note the following equations.

. Boz(Z1) — E{Bo2(Z1)}
ZT]- =1 and : = DBy(Zy), (S.23)
=t Bor(Z1) — E{Bor(Z1)}

where 7; = E{By;(Z1)} and the (L — 1) x L matrix D is defined by



When Z; has a bounded density function, 7; ~ 1/L uniformly in j and we have

it D= (r—1,7,...,m)and |DTiy_,| ~ 1
for i, 1 = (1,...,1)T € RE~!. This means

Amin(DDT) = O(L™Y) and A\pin (D% DY) = O(L72).

This implies that the basis in (S.23) is not suitable for additive models for this poor

eigenvalue property. That is why we have introduced another basis.
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