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1. Introduction

The Sato (1976)-Vartia (1976) (SV) index is a logarithmic index to measure changes in prices and quantities
which is specifically designed to satisfy factor reversal test. This index satisfies several other test properties
including time reversal test, has the same properties as the Fisher (1922) ideal index. It is the first log-
change index found to possess this property. Commonly used Térngvist-Theil and geometric-young indices
fail the factor reversal test. The SV index has been shown to be exact cost-of-living (COLI) index for
constant elasticity of substitution (CES) utility function ((Sato, 1976 and Feenstra, 1994) and pseudo-
superlative (Barnett and Choi, 2008). The SV index features prominently in trade and macroeconomic
analyses ( Feenstra, 1994; Reading and Weinstein, 2015; and Rao, Rambaldi and Balk, 2015).

The SV index has not been used in multilateral international price and real income comparisons as the index
does not satisfy transitivity condition.? The Gini- Elteté - Koves -Szulc (GEKS) approach is used to
construct transitive multilateral index that is closest (in the least squares sense) to a desired binary index
such as the Fisher Index. In this paper we show that the SV index offers a rich set of alternative methods of
generating transitive comparisons. We prove several important results including non-uniqueness of the SV
index except for the two-country two-commaodity case. Empirical results based on data from the 2011
International Comparison Program (ICP) (World Bank, 2015) are presented and contrasted.

2. Notation and the Sato-Vartia Index

Let {py. O }ikj‘:j:",:” respectively represent the price and quantity of i-th commodity in country k. The price

and quantity index numbers for country k with country j be denoted by P, and Q; . The value or
expenditure and the expenditure shares are denoted, respectively, by EksziN: , PG and

W, = pikqik/zi“il Py (1=12,..,N). The value index is defined asE, = E, /E; .

An index number satisfies the factor reversal test if and only if
Py Qi =Ej © InP, +InQ, =InE; < InE; —InP, —InQ; =0 (1)
Log-change index number formulae are essentially geometric averages of price and quantity changes which

are additive in logarithmic form. Following Sato (1976), log-change price and quantity index numbers have
the following generic form:

jk i jk i jk jk
InPy =Y, ¢/ l“(Z_;)’l“ka =y, ¢/ ln(Z—l’]‘) Mool =19/ >0
| )
where ¢* are weights which are usually functions of the observed expenditure shares in countries j and k.
The Sato-Vartia log-change index, Pjiv , is defined as in (2) with the weights;®
Wik—Wij

B = = 12, ®)
lzlln(wik)—ln(wij)
We establish the following result regarding uniqueness of the SV index.

2 See Balk (2008) for details of transitivity in multilateral comparisons..
% The SV quantity index is similarly represented. Easy to show that the SV index satisfies the factor reversal test.
Weights are defined using logarithmic averages of expenditure shares in countries j and k.
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Proposition 1: Log-change index number satisfying the factor reversal test is not unique. It is unique up to
a factor of proportionality if and only if the number of commodities is equal to two, in this case the log-
change index is unique and equals the SV index.

Proof: A log-change index with weights, (¢i"k =12,..., N) satisfies factor reversal test if and only the
following condition is satisfied:

tn () = St 0% in () - 5Ly 9% in () = 0 = XL, ¢/t () = 0 @
j Y

dij ij
Any index number formula with weights ¢* satisfying (4) is a log-change index number with factor

reversal test property. Equation (4) is one linear homogeneous equation in N-1 unknown weights since the
weights add up to unity. Therefore, there are infinitely many log-change index numbers that satisfy the
factor reversal test. Sato-Vartia index is only one from this class.

In the two commaodity case (N=2) it can be shown by simple algebra that (4) has unique solution given by:

ol o 1 -
Y W) 2 (W =W )/(Inwg, —Inwg, )

This proves the “if” part. The only if part is established using the following three commodity example.

i=12 (5

Table 1: Example of Weights Passing Factor Reversal Test

Expenditure Share Sato-Vartia Altenative Weights
country j country k Weights (equation 3) | Satisfying equation (4)
1 0.3 0.2 0.2508 0.2000
Commodity 2 0.2 0.4 0.2934 0.2833
3 0.5 0.4 0.4557 0.5167

Our Proposition is not inconsistent with Fattore (2009) who proves that the SV index is the only log-change
index number that satisfies the factor reversal test when observed quantities follow a special structure.
Otherwise , SV index is not unique. The choice of index satisfying (4) must depend on other properties. For
example, SV index can be justified since it is exact for the CES utility function (Sato, 1976 and Feenstra,
1994).

3. Sato-Vartia Index for multilateral comparisons and Transitivity

Section 2 focused on SV index for bilateral comparison between two countries j and k. In the case of
multilateral comparisons with M countries, we are interested in price and quantity comparisons between all

pairs of countries represented by { P, ,Q;, }:122;' . These indices satisfy transitivity if and only if

Py R =P, orInP,+InR, =InR, VjkI1=12.,M (6)

The SV price index with weights in (3) does not satisfy transitivity property except in the case considered
below.

Proposition 2: The SV log-change index number satisfies transitivity if and only if the weights satisfy the
condition: ¢*=¢ V j,k=12,.,M;i=12,.,N.
Proof: See Appendix



When the condition in Proposition 2 holds, the resulting index is:

¢
N
P, :H{ﬁ} for all j,k=12,..,M )
ij

This result is consistent with an important theorem by Funke, Hecker and Voeller (1979) which proves that

the index in (7) is the only index that satisfies identity, commensurability and transitivity properties.

i=1

SV Based Gini- Eltetd - Kdves -Szulc (GEKS) Index

The GEKS method is a technique to generate transitive indices that are closest to the binary comparisons
that lack transitivity property.

Proposition 3: Let {Pji" PR e }tjz """ :j denote the SV and SV-based GEKS indices, then solution to the

following minimization problem
. M M R 2 . .
min ijlzkzl[ln Py —In ij] subject to P, - B, =P, Vj,k,1=1,2,..,M

M UM

PjSkV—GEKS _ H[lesv . PIkSV ] (8)

1=1
Derivation of (8) can be found in Rao and Banerjee (1985).

The GEKS approach is the only way to generate transitive indices from Fisher binary indices. In the case
of SV indices, we propose three additional methods to generate transitive indices that retain the general
character of the SV index.

Proposition 2 implies that we need to generate a set of weights {4 }IN: ,- We propose three different criteria
for generating transitive weights, ¢ ’s, that are as close as possible (maintain characteristicity) to the

observed non-transitive SV weights {qﬁ,jk} ; :

j.k
j.k
Proposition 4: Suppose we have observed weights, ¢*; Vi and j,k ,which are non-negative and add up to
unity for any j and k, Z_’Lgﬁ,jk =1. Then the optimum set of weights, {gi, }':N that

1= i=1

min %ZZZ(W— 4) st >4 =1 )

j=1 k=1 i=1
is given by

for all i (10)

Proof is straightforward.

The log-change price index with weights in (10) is an alternative to the SV-GEKS index in (8). The weights
in (10) are obtained when discrepancies for all commaodities are considered to be of equal importance. It is
possible to accord differential weights reflecting relative importance of items through weighted
optimization below.



Proposition 5: Suppose we have observed weights, ¢*; Vi and j,k, which are non-negative and add up

to unity for any j and k, z ¢’k =1. Let { }:;-,-J;;M be a set of non-negative set of weights with

M M N ik . . ~i=N L
D D DX =1. Then the optimum set of weights, {¢;} " that minimizes

DPWLACEIEESVE (1)
IS given by o )
¢ = % +4* —¢ foralli (12)
where
4 :ﬁ,ikia‘jk -g¥ for all i; 501:12“:53 (13)

N

Proof: Follows from first order conditions. The optimal weights {45 }' . in (13) are non-negative and add

upto 1.

Corollary: If weights, {ai"k}leijk'k:M , in Proposition 5 satisfy the condition &, =, =...= aqy; Vi. K,
i=1;j.k=

then weights {qﬁ,}lj in equation (12) simplify to {gz?,”‘}:j in equation (13).

The third approach is to construct optimal shares ¢ which minimize the magnitude by which the factor

reversal test is not satisfied. This is equivalent to the following quadratic optimization minimization
problem:

mln ZZ{Zqﬁ In( H subject to 0<¢ <1 and Zi'il(,zi, =1. (14)

¢ j=1 k=1| i=1

No closed form solutions similar to (8), (10) and (12) are available and hence not considered further.

Our multilateral SV indices of the form (7) with weights in (10) and (13) have the additional advantage that
they satisfy the strong identity test (see Balk, 2008 for details) which is not satisfied by the Fisher and SV-
based GEKS indices.

4. Empirical Results

Results reported here make use of Household Consumption data drawn from the 2011 ICP.* We compute
the following multilateral indices: (i) GEKS based on Fisher index; (ii) GEKS based on bilateral SV index
(equation 8); (iii) SV index with optimal weights in (10) associated with the unweighted objective function
(equation 9); (iv) SV index with optimal weights in (12) with three different specification of weights:
1 Wik +w; PL;
(a) Aijk = [Wik—w | (b) Aijk = ( kz ]) ( ) Aijk = N><|PL]-k]fPij| ,
where PLj, and PP;, are bilateral Laspeyres and Paasche indices, respectively.

(15)

A complete table of transitive multilateral price indices with USA as base are in Appendix Tables. We find
that the Fisher-based GEKS and SV-based GEKS are similar in magnitude. These are to be expected as the

4 The authors gratefully acknowledge the data made available by the Global Office of the ICP.
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Fisher and SV binary indices tend to be numerically close. The four transitive indices proposed in the paper
are also close to the Fisher and SV-based GEKS.

The relative performances various transitive SV indices can be examined using the following two distance
measures,

A; = SQRT {ﬁzyﬂ,j;ﬁk Yk=1 [In(PR™T) = In(PR)] } (16)
2

Ay = SQRT (5= 2Ly jere Ty [In(E) —In(PSY"T) —In(Q37T)] 3 (17)

A, and A, show the distance from the binary SV index and factor reversal, respectively.® Table 2
summarizes the results. The index with weights (3) based on the Laspeyres-Paashce gap (column c) is the
best performing index.

Table 2: Relative Performances of Four Transitive Sato-Vartia Indices
Weight Unweighted | @) E (®) i ©

0.0471

Distance from the Binary S-V

Distance from the Factor Reversal

Correlations between the six transitive logged price indices (four transitive SV and two GEKS) are greater
than 0.999.

5. Conclusions

In this paper we propose extensions of the Sato-Vartia index, dubbed as the ideal log-change index number,
for making multilateral price and quantity comparisons. We show that it is possible to construct transitive
indices by generalizing the SV index in several directions thereby demonstrating versatility SV index
framework. Based on the analysis, we recommend the use of index of the form (7) with optimal weights (c)
in equation (15. Our proposed index preserves the core philosophy of the SV index in generating transitive
multilateral indices and unlike Fisher and SV-based GEKS indices it satisfies the strong identity test.
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The Appendix

1 Proof of Proposition 1

Suppose @ is a quantity index corresponding to the price index, P. Also denote
the value index as E.Then, the definition of the factor reversal test is,

PQ/E=1
InP+In@Q—-InE=0.
If the price and quantity indices of a log change class, by denoting the total

Expenditure of country k by E* and the expenditure for commodity 4 in country
k by E;j, we can obtain

N
Py + Q= Y ¢F In (p”“q”“)

P Pij 4ij
N
. Ei
; Eis
Then, the definition of the factor reversal can be written as
In Py +InQ;r —InE*¥ +In EJ = 0.

This condition can be written in terms of the products of the ratios of the
expenditure shares and the weights, that is,

N E. '
> ¢FIn (E") ~mE* +InE =0
i=1 i

N

N
Jk z Jk gy _
gqﬁl ln(Ek>§¢)i ln<Ej)O
i=1 i=
. Wi

where



If we impose the adding up conditions for the weights, that is,

N .
Z(bgk =1orall jk

i=1
then, the necessary and sufficient condition for the log change price index to
pass the factor reversal test are

N
Zq&?kln (:Zm) =0 for all j,k (A1)
i=1 K

N

Z({)jk =1loralljk (A2)

i=1

As Sato (1976) shows, the Sato-Vartia index satisfies the factor reversal test
for cases with N > 1 and M > 1, it is easy to show that if N = 2 and M = 2, the
Sato-Vartia index satisfies the factor reversal test. Then, consider the converse.
Suppose that a log change price index satisfies the factor reversal test, that is,
(A1) . Note that the number of conditions (A1) is M x (M — 1)+ M. On the other
hand, the number of parameters, gbzk, of the price index is N x M x (M —1).
To exactly identify the price index, both number should be the same, that is

Mx(M-1)+M=NxMx(M-1)
Mx (M-1)+M
M x (M-1)
1
(M —1)

N =

Since N should be an integer, 1/ ((M — 1)) must be an integer. This holds
only when M = 2 and N = 2. Therefore, for the factor reversal condition to
identify the price index, we must have M = 2 and N = 2.

Finally we need to show that if M = 2 and N = 2, the index must be the
Sato-Vartia index.

Now, using adding up condition, rewrite (A1) as

¢'* In (“’”‘) +(1-¢*)In (“’”‘) =0.
wlj U)Qj
The minimum can be attained when
das + (1 —¢) B2 =0,
—f2

ag — B2

In (wa2) — In (wo1)
In (w11) — In (w12) — In (wa1) + In (wa2)

A2



Recall that the S.V. weight is defined as

w11 — W12 W11 — W12 W21 — W22
SV = .
In (

In (wu) —In (w12) ’U}u) —In (’wlg) In (wgl) —In (’LUQQ)

The denominator for the normalization is,

w11 — W12 W21 — W22
hl (wn) — ln (wlg) ln (wgl) — hl (w22)
B Wi — W12 1 —wi — (1 —wi)

o ln(wu) 7111(’1012) ln(lfwll) 7111(].77,012).

Combine the two terms:

w11 — W12 (1 —wi1) = (1 —wi2)
ln (’Ujll) — 11’1 (’wlz) hl (1 — wn) — hl (1 — wlg)
= Wi = Wiz (ln(l—wn) —ln(l—wlz) —lnw11 +lnw12).

(ln w11 — In ’wlg) (ln (1 — 11)11) —In (1 — wlg))

Therefore,
Wi — Wi (Inwy; —Inwig) (In (1 —wip) — In (1 — wqa))
In (wn) —1In (U)lg) (w11 — U)lg) (ln (1 — ’LU11) —1In (1 — ’LU12) —1In w11 + In ’LU12)
(In(1 —w11) —In (1 —wi2))
(ln (1 — ’Ll)ll) —In (1 — ’LU12) — 1nw11 -+ In wu)
- In (wgl) —In (U}QQ)
~ In(wg21) — In (w2e) — Inwyy + Inwyy’

SV =

Then we have just proved that

¢ = sv.

2 Proof of Proposition 2

By definition, for all j,k,l, a transitive price index, P, and Pj; must satisfy

the equation.
Vi, k1, In Py +1In Py = In Pj;.

Suppose the price index is a log-change index number, then, the price index

can be written as

N N
iy = 3ol (2) Y 10l 0
i=1 =1

L)

A3



then, by expressing the price index in terms of price relatives at commodity
level, we can rewrite the above as

N
InPjy + Py =Y ¢*In (p”“> + ZW In (p”)

i=1 DPij i=1 Pik

SACH R )
- (o (5) - (31))

= Z (ln (pir) (¢3k - ¢§l> - ¢{k In (p;;) + ¢§l In (pu))

z I

i=1

= nle
N

=Y ¢/'ln <p“> :
i=1 Pij

That is, if the price index is of a log-change index number class, the following
equation is the necessary and sufficient condition of transitivity;

In Py + In Py = Zgbﬂ <pl> for all j, k, L.

A simple calculation leads us to the following relations.

,_.

In Pkl In P]l

+
(ln (pik) (bjk ¢kl) - ¢'Zk In (pi;) + ¢fl In (pir) — (bgl In (I)’l))

Dij

I
Mz M= k

i) (618 = 611) = 6" n (pig) + ¢ In (pir) — 67" I (pua) + /' In (i)

1

-
Il

I
Mz

n(p
n(pa) (97 = 0') = (01 = 97 ) m(piy) + (4 = ¢! ) In (b))

I
=0
L

Since the above equation must hold for all 7,1, and k and for all the observed
prices, the necessary and sufficient conditions for transitive to hold are that, for

A4



all j,k,1, and 1,

¢]" — ol =0, (A3)
/' —ol" =0,
¢ — ol =0.

From the second equation in (A3), we can infer that for given 4, the matrix,
gbfk (j, k) should have an identical value within the same rows. Next, from
the third equation in (A3), we can show that the matrix has an identical value
within the same columns. Therefore, for given i, all the elements of the matrix
d)fk (7, k) should be identical, that is,

1,1 1,2 1,3 1,N—1 1,N
% 9L 9 %o Yy
a9, e Yy
N o) o)
N':l,l N.:1,2 1\/':1,3 Nf.l':Nfl N:I,N

(biNl ¢iN2 ¢1N3 d)iNNl iNN
o @i ;" @ ;"

bi Qi Qi o Pi G
i i Gi . i b
Gi Qi i o Qi i
i i Qi o Gi G
i i Qi o G0 G
Therefore, we can state that the necessary and sufficient condition for
a log change index number to satisfy transitivity is that the weights used in the

index for each commodity i should be identical for all different countries (or
over time).

3 Proof of Result 2

Consider the following minimization problem,

M M N 1 ) 9 N
min Zzzi (¢3k - ¢i) ;8 t, Z(bi =1 forall ¢
k=1j=1i=1 i=1

The minimization problem can be formulated using Lagrangian,

M M N 9 N
min 2225 (dﬁk - ¢z’) + A (Zdh - 1) :
T k=1j=1i=1 i=1

The first order conditions are

A5



M
TR B
;[(qsg ¢)] A for all i
N
Z(/)i:l-
=1

After simple manipulation we have

M
k=1

M M

M =35 (6F) - A

k=1j=1

N M M

M%@ =3I (@) -

i=1 | k=1j=1
N M M

M =Yy (¢>{”€) ~ N

i=1k=1j=1
Therefore, the multiplier can be written as,

N M M ‘
DICHET
i=1k=1j=1

N

)\ =
That is, the optimal weights, (;Aﬁi, become

N M M

M M ZZZ(M}C%MQ
ZZ: ((ﬁk) _ z:lk:l]:llv

¢z = M2 (A4)
M . N M M .
IDICHEEDHHACL
_ k=1j=1 _ l i=1k=1j=1 L1
N M? N M? N

Define the mean of the weights as,

M M

Ity
¢ ="

‘ M2 ’

A6



then, the average share, ¢, becomes

N M M

>3 ()

N
- i=lk=1j=1
NZ@ - M2N

Substituting ¢; and ¢ to (A4) gives us

~ 1 - _
¢i:N—¢+¢i-

Due to the adding up condition, we have

N M M .
> (o)
1 imik=1j=1
N M?
M M N .
>33 (41)
1 k=1j=1i=1
N M?
M M
D
_ L k=15=1
N M2
1

N
Therefore, we get the simple formula for the optimal weight,

gf’\i = ¢z

4 Proof of Proposition 4

Consider the following Lagrangian function for the minimization problem with
weights,

i

k=1j=1i=1

M M N ‘ 0 N

min 330 L (67— 0r) 2 (z@ . 1)
k=1

The first order conditions become

M M

ZZ |:Ch‘jk (Mk - @)} = ), for all 4,

k=1j=1



The first order conditions can be transformed as,

M M M M
ZZ [aijk (fﬁzkﬂ - ZZ i (9)] = A
k=1j=1 k]\_/llj]\—/ll .
S - $55 o (o)]
) j_M M M JM .
@;2 [viji] = ;Zl {aijk (¢Zk>} —A
o e |
55 o ()
¢i = k:U:lM M :
> il
k=1j=1

Substituting the last equation to the adding up condition, we can solve for

A8



S5 o ()]
1= Zk:U:lM M
= D ik

k=1j5=1
M M

S ) .
1:Z*JLM _)‘ZW
TS gl TS il

k=1j=1 k=1j=1

Therefore, the optimal weight can be written as

M M

> fense (614)] -2

kl]l

(A5)

M ~N
ZZ [cvijk] ZZ [cvijn] = Z [vijin] ZW
k=1j=1 k=1j=1 k=1j5=1 =1 ZZ[OAUK]

k=1j=1

Now, if the following conditions,

A9




M M
E i = 1, § gk = 1.
k=1 j=1

are satisfied, we get

M M M
ZZaijk = Z]. =M.
k=1

k=1j=1
Define the weighted average of (;Sg’k given i as

M M

Zzaijk (fﬁzk)

- k=1j=1

b

M b

and the weighted average for all the observations as

| N
T T
¢ = N Z@‘ .
i=1
Then, some algebraic manipulation gives us

b= 5 (V& —1) &
1

:N‘Fﬁbi -0 .

5 Proof of Corollary
Suppose the following relations hold,
aljk = agjk = ...= OéNjk = ajk.

Consider a variable v;; which is defined as:

k="M M :
> ol
k=1j=1
Then, after some calculations using o i = qojr = ... = aNjr = @, We can

obtain

A10



M M

N ;2 {a’i’jk (d)zk)} N M M _
Z _M:w M - ZZZ”JWfk
i1 ZZ ] i—1k—=1j=1

k=1j=1
-3 (1)
k= 1] 1
D
k=1j=1
=1.
Therefore,
M M -
B8 s ()]
Z — —1=0.
= o> [l
k=1j=1

Substituting this to (A5)

6 Data

For our empirical analyses, we obtained Basic Heading PPPs from the OECD
for the year 2011 from the ICP unit at the OECD. The data cover 47 OECD
countries with 202 basic headings. In this paper, we restrict the expenditure cat-
egories to household consumptions, which leads to 139 basic headings covering
various type of consumption of goods and services.!

1For the detail of the basic heading and price data, see World Bank (2014).
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7 Weighting Formulae

In this paper, we use three weighting systems.

(1) Expenditure Share Differences: Weights here are inversely related to the
extent to which expenditure shares for a commodity differ between countries k
and j. We take absolute differences.

1
|wijk—wij|

Qijk = =
Z [wijr—wij|

J

(2) Country Level Expenditure Shares: In this specification the weights
reflect the importance of the item in these two countries which is measured
by the average of expenditure shares.

“"ijk-;'“’ij
J
N

(3) Laspeyres-Paasche Gap: In the index number literature reliability of a
bilateral comparison between two countries is measured through the Laspeyres-
Paasche spread, higher the spread less reliable is the index. We take the ab-
solute difference between Laspeyres and Paasche index expressed relative to the
Laspeyres index to define our weights. It is usually expected that Laspeyres
index is greater than Paasche index.

Qjf =

_ PLjk
N |PLj; — PPj]

PLjj, : Laspeyres price index when j is the base country

Qjk

PPj;, : Paasche price index when k is the comparison country

The list of countries is given in Appendix Table 1, and the list of the basic
headings as well as the optimal weights for our four transitive Sato-Vartia indices
are shown in Appendix Table 2. The transitive price indices are reported in
Appendix Table 3.
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