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Abstract

In contrast to Mandler’s (1999; Theorem 6.1) impossibility result about
the Sraffian indeterminacy of the steady-state equilibrium, we have pro-
posed a simple example of overlapping generation economy in which generic
indeterminacy occurs in the Sraffian steady-state equilibrium.
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1 Introduction

It is well-known that Sraffa’s (1960) system of equilibrium price equations con-
tains one more unknown than equation, which leads to the indeterminacy of
the steady-state equilibrium, that is, so-called Sraffian indeterminacy. Mandler
(1999) critically examined Sraffian indeterminacy by embedding the Sraffian
system of price equations in a general equilibrium framework. In section 6 of
Mandler (1999), generic determinacy of the steady-state equilibria is argued in
overlapping generation economies where Walras’ law holds. This conclusion fol-
lows from his claim that “Due to the way in which 1+ r appears in Walras’ law,
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the standard argument that one of the equilibrium conditions is redundant is
not valid in the present model” [Mandler (1999; section 6; p. 705)], though the
claim is not seriously verified in his paper.

In contrast to Mandler (1999; section 6), this paper provides a concrete
example of overlapping generation economy with a locally nonsatiated utility
function, in which a steady-state equilibrium is generically indeterminate. To
reach to this result, it explicitly shows that, unlike the claim of Mandler (1999,
p-705), one of the equilibrium conditions becomes redundant due to Walras’ law
even if 1 4 r appears (the interest rate r is positive).

In the rest of this paper, section 2 introduces a simple model of overlapping
generation economies and defines the steady-state equilibrium. Section 3 argues
the generic indeterminacy of such an equilibrium. Section 4 concludes.

2 A simple example of overlapping generation
economy

A simple overlapping generation model is constructed, in which each generation
t =1,2,..., is a single individual who lives for two periods. The individual
works only in her youth, retires in her old age and purchases her old-aged
consumption goods with her past saving. Let w; > 0 be the labor endowment of
each and every generation. There are two goods produced in this economy and
used as consumption goods as well as capital goods, respectively. Let (A, L) be
a Leontief production technique, where A is a 2 X 2 positive square, productive
matrix of reproducible input coefficients and L is a 1 x 2 positive row vector of
direct labor coefficients. Finally, every generation has the following specialized
form of utility function of lifetime consumption activities:

w o 7a) = [857 (on — <)™] - [ (Jz2 +€)°7]

where z, (resp. z,) is the consumption bundle consumed by the generation in
her youth (resp. old age), and ¢ > 0 is sufficiently small.

For each period ¢, let p; € Ri represent a price vector of 2 commodities
prevailing at the end of this period; wy € R, represent a wage rate prevail-
ing at the end of this period; and r; € R, represent an interest rate pre-
vailing at the end of this period. Then, given a sequence of price vectors
{(pt, we,7e) , (Pr41, Wey1,7e41)}, each generation ¢ in the youth would like to
maximize her lifetime utility by the following economic activities: she can sup-
ply I* amount of labor in her youth as a worker employed by generation ¢ — 1.
From the wage income w;l* earned at the end of her youth, she can save pyw?t!
amount of money and can purchase a consumption bundle z;. By using the
saving p;w!'™!, generation ¢ at the beginning of her old age can purchase 6"
for speculative purposes and a bundle of capital goods Ay*t! as a productive
investment. As an industrial capitalist, she can employ Ly*t! amount of gen-
eration ¢t + 1’s labor. Then, at the end of her old age, she can earn pt+16t+1 as
the revenue of the speculative and p; 19T — wy 1 Ly**! as the return on the



productive investment. From these revenues, she can purchase a consumption
bundle z¢.

Formally, for a given sequence of price vectors {(pt, we, t) , (Pt+1, W1, T4+1) }s
each generation ¢ in her youth is faced with the following optimization program
MPt:

U (zlt,,zfl)

t4+1 t
Pwt L syt 41 2 2t

subject to

PtZE‘FthtH < wilt, 1 < wyy p8 T 4 Ay = prot™ and prr12h < pt+15t+1+Pt+1yt+1—wt+1Ly

At the optimum, all of the weak inequalities in these constraints should hold with
equality, on the basis of the assumption of u. Given a sequence of price vectors
(p,w, ) = {(pt, we,7¢) 150, let (lt,wt"‘l,étﬂ,yt“,zi (p,w,7), 2. (p,w,7)) be
a solution of the generati_ons t=1,2,..., to the problem M P?.

As our concern is of indeterminacy of equilibria with stationary prices, con-
sider that a sequence of price vectors (p, w, r) given in the economy is stationary:
(p,w,r) = (ps,ws,7¢) for each and every ¢ > 0. Then, a solution to M P! has
the following form for every t > 0: I = w;, 6" = 0, and there exists y > 0
such that y = y'*! and w'*! = Ay for every ¢t > 0. Moreover, the demand
functions for each ¢ > 0 is reduced to a pair of stationary demand functions:
(2l (p,w,7), 2t (p,w, 7)) = (2 (p,w,7), 24 (p, w, 7)) for every t > 0.

With these notions, let us introduce a steady-state equilibrium in the fol-
lowing way:

Definition 1 [Mandler (1999, section 6; Definition D6.2)]: A steady-
state equilibrium under the overlapping economy ((A, L);w;;u) is a pair of a
stationary price vector (p,w,r) € Ri x Ry x Ry and a gross output vector
y € R2 ,, such that the following conditions hold:

p = (1+7r)pA+wL; (a)
y 2 z(p,w,r)+ Ay, (b)
where z (p,w,r) = 2z (p,w,r)+ z, (p,w,r); and
Ly £ w (c)

In particular, a steady-state equilibrium ((p,w,r),y) is called Sraffian if all of
the above (a), (b), and (c¢) hold with equality.

3 Indeterminacy of the Sraffian steady-state equi-
librium

Given the economy specified above, we will see that there exists an indeterminate
Sraffian steady-state equilibrium.

t+1



Definition 2 (Mandler (1999)): A Sraffian steady-state equilibrium ((p, w,r) ,y)
under the economy ((A,L);w;;u) is indeterminate if for any € > 0, there is
a Sraffian steady-state equilibrium ((p’,w’,r’),y’) such that ((p',w’,7"),y") #
((p,w,7),y) and [|(p/,w',7") = (p,w,7)|| <e.

Let (p,w,r) be a stationary price vector such that w > 0, » > 0, and the
condition (a) of Definition 1 holds with equality. In the following discussion, let
us take commodity 1 as the numéraire, so that the commodity price vector is
given by p = (1,p2) with ps > 0. Given this price vector, as € > 0 is sufficiently
small, the Marshallian demand vector is the following:

1 1 -Y

21 = —(wwl—Y—p25)>0;zb2:—<%+s)>0;
2 2 P2
1 1 /(1 Y

Za1 = —((1+7’)Y+p28)>0;2a2:—(ﬂ—Zf)>0,
2 2 D2

where Y = pAy is the monetary amount of productive investment.
From this information, we will comupute an equilibirum production activity
vector y > 0 corresponfing to (p,w,r). As the aggregate demand vector is given

by 2z, + 2z, = (% (ww; +71Y), %%) and the condition (b) of Definition 1

holds with equality, we have
1 bQ 1 b4
=(=(b+—= Y),= b3+ — Y 1
v=(5 (0 +2) oty g (b2 ) e ). )
where by > 0,by > 0,b3 > 0,bs > 0 are derived from

AR

Now, by substituting Y = pAy = (a11 + p2asz1) y1 + (a12 + paasz) yo into the
right hand side of (1) and then rearranging (1), we finally obtain the following
system of equations:

2 — (b1 + Z—i) rpA;  — (b1 + z—z) rpAs { n ] _ b, + z—z wwj @
- (bs + %‘;) rpAr 2-— (b3 + %) rpAs Y2 by + 2 ) ww;

where pA; = a11 + p2ag; and pAs = a1 + paasze. We can see that the above
matrix of (2) satisfies the Hawkins-Simon condition for at least sufficiently small
r > 0. Therefore, for at least sufficiently small r > 0, we can solve the equilib-
rium production activity vector as

1 b b
y(p,wﬂ") = ) ) <(b1 + —2> wwp, (b3 + —4> wwl) > 0. (3)
2 (b + 2 ) rpdy — (b + 2) rpdy P2 P2

Next, we will show that for any stationary price vector (p,w,r) > 0 with
any sufficiently small r > 0, the pair ((p,w,r),y (p,w,r)) constitutes a Sraffian




steady-state equilibrium. To do so, it is sufficient to show that this pair satisfies
Definition 1-(c) with equality. First, as (p,w,r) satisfies Definition 1-(a) with
equality, we have the following condition:

p[I*(lJrr)A]y(p,w,r):wLy(p,w,r). (4)

Second, as Definition 1-(b) holds with equality for the aggregate demand vector

1 ww+rpAy)
p

2y + 2, = (5 (ww; + rpAy), %( ), we have:

pll—Aly=p- (2 +2,) = ww; +rpAy

for y = y (p,w,r), where the equality p - (z» + 2z,) = ww; + rpAy at the right
hand sides of the above equation implies that Walras’ law holds in this economy.
Therefore, we have:

pll—(1+r)Aly(p,w,r) =ww. (5)

From (4) and (5), we have Ly (p,w,r) = w;. Thus, Definition 1-(c) holds with
equality, which also verifies that Definition 1-(c) with equality is redundant.

Finally, given the stationary price vector (p,w,r), we can see that p = p(r)
and w = w (r), as

) L ([I— (1+7) Arl)

w(r) = L([I_ (1+T) A]_l) and po (T) = I ([I— (l—‘,—r)A}_l)

2

1 1

hold, where ([I —(1+7) A]_l) _is the j-th column vector of the matrix [ — (14 7) A] ™"
j

Therefore, the equilibirum production activity vector (3) is also given by a
continuous function y (p(r),w(r),r). As y(p(r),w(r),r) > 0 for at least
sufficiently small r > 0, the profile (p (r),w (r),r,y(p(r),w(r),r)) is a Sraf-
fian steady-state equilibrium for at least sufficiently small » > 0. As all of
p(r),w(r),r,and y (p(r),w(r),r) are continuous functions of = 0, there ex-
ists a non-empty and open subset of interest rates over which every component
of the profile (p (r),w (r),r,y (p(r),w (r),r)) represents a continuous function
of interest rates. Thus, by Definition 2, the Sraffian steady-state equilibrium
(p(r),w(r),ry((r),w(r),r)) is one-dimensionally indeterminate.

3.1 Genericity

In this subsection, we will argue the genericity of the indeterminacy of Sraffian
steady-state equilibrium. For the demand functions z, (p,w,r), z, (p,w,r), la-
bor endowment w; and for h = (hy, ha, h°) € R3, define a perturbed demand
functions with similar form to Mandler (1999) as z;(h) = 2%(h) + 2¢(h) where
20 (h) = 25 (p, w,r)+ ¢ and 2§ (h) = 2 (p, w,r)+2h° for each i = 1,2. Then,
to preserve Walras’ law and homogeneity, the perturbation of labor endowment

is given as wi(h) = w; + Z?:l hi + f—ﬁ



Now define a function F : Ry x Ry x [0, R) x R% x Rf x R% x R? — R* as

follows, where (1 + R)™" is the Frobenius eigenvalue of the matrix A:

z1 (p,w,r) +w (h1 + h°) — (1 —a1)y1 + ai2y2
22 (p, w,r) + 2% (hz + ho) + as1yr — (1 — CLQQ) Y2
1-— (]. + 7") ((111 +p20,21> — ’LULl
p2 — (1 +7) (a12 + paazz) — wls

Definition 3: An economy is a profile of (A, L, h) where (A, L) is a Leontief
production technique, in which A is 2 x 2 positive square and productive matrix
of reproducible input coefficients, L is 1 x 2 positive row vector of direct labor
coefficients, and h = (hy, ha, h°) € R3 is for perturbation.

F(p,w,r,y,A,L,h) =

An economy (A, L,h) is regular if every Sraffian steady-state equilibrium
((p,w,r),y) is regular, that is, the Jacobian DF with respect to ((p,w,r),y)
has full-rank.

For the system of equations (6), we can compute the corresponding Jacobian
DF. Then, it can be easily shown that for any fixed (A, L, h), every Sraffian
steady-state equilibrium is regular. Moreover, by calculating the Jacobian D F
with respect to (h, A, L), which is denoted by Dy, 4 1 F, it can be easily shown
that the matrix Dy, 4 F has full-rank. Therefore, by applying the Transver-
sality Theorem, we can see that the set of regular economies has full measure.
Finally, it can be shown in a usual way that the set of regular economies is open.

4 Conclusion

We have proposed a simple example of overlapping generation economy with
a locally nonsatiated utility function, in which generic indeterminacy occurs
in the Sraffian steady-state equilibrium. In particular, we have shown that in
that economy, even if the interest rate is positive, the labor market equilibrium
condition follows from the condition for stationary equilibrium prices, the excess
demand condition for commodities, and Walras’ law. This proof implies that
Mandler’s (1999; section 6, p. 705) claim is invalid, which is a crucial point
to verify the generic Sraffian indeterminacy. Indeed, the system of equilibrium
equations (6) must contain 5 independent equations with 5 unknown if his claim
holds. Therefore, generic determinacy of Sraffian steady-state equilibria would
occur only if the utility function is allowed to be locally satiated, and so Walras’
law does not hold.
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Abstract

This is the addendum of the main text of “A Simple Example of Sraf-
fian Indeterminacy in Walrasian General Equilibrium Framework,” which
is not for the purpose of publication, but for helping the referee’s review
process.

1 The indeterminacy of Sraffian steady-state equi-
libria

In this section of this Addendum, the detailed process to compute the equi-
librium production activity vector y (p,w,r) > 0 for a Sraffian steady-state
equilibrium price vector (p,w,r) is provided. First, we explain the process of
how to derive the Marshallian demand vectors z, and z, from the optimization
program M Pt. Second, with these Marshallian demand vectors z, and z,, we
provide a detailed process to compute the equilibrium production activity vector
y (p,w,r) > 0. Finally, we discuss Walras’ law in the final subsection.

1.1 Derivation of Marshallian demand vectors

Remember that the optimization program is given as follows. For a given se-
quence of price vectors {(ps, we, r¢) , (Pt+1, Wet1,Te+1) }, €ach generation ¢ in her
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youth is faced with the following optimization program M P?:

t ot
max u (2t 2
Ittt Tyttt ot (b’ a)
subject to
t t+1 t
pezp, F o' S wlt
"< ow,
t+1 t+1 t+1
pd" T+ p Ayt = pttt
t t+1 t+1 41
and pry12, S pe1dT + pepy'™t — w Lyt

where the locally nonsatiated utility function w (2}, z!) of lifetime consumption
activities is specified by the following form:

uansza) = [ fzva = )] - 285 (a4 )]

As our concern is of indeterminacy of equilibria with stationary prices, consider
that a sequence of price vectors (p,w,r) given in the economy is stationary:
(p,w,r) = (pt,wy, ) for each and every t = 0. Then, M P? for each and every
generation ¢ 2 0 has the following reduced form: given a market price vector
(p,w,r) with p=(1,p2), p2 >0, w >0, and r = 0,

t _t
max U (zb, za)
O R

subject to

wlt,

pzi + pw' !
lt wi,
p6t+1 +pAyt+1 pwt+1

p5t+1 Tyttt —wLyttl.

A IIA

A

and pz’,

In the above reduced form of M P?, the second inequality constraint holds
with equality: I! = w;, as the utility function is independent of the labor sup-
ply of this generation. Then, the first inequality constraint is reduced to the
following form:

pzé +pwt+1 = wwy,

where the constraint holds with equality at the optimum, on the assumption of
the locally nonsatiated utility function. By the way, as the third constraint rep-
resents the allocation of the saving pw!*t! to the productive investment pAy**!
and the speculative investment p6°*!, the first constraint is rewritten as follows:

p2p + p&5TT 4 pAY T = ww;.

Likewise, the fourth constraint holds with equality at the optimum, pz! =
p6"Tt 4 pyttt —wLy'!. Then, given that the stationary price vector (p,w,r)



satisfies the condition (a) of Definition 1 with equality, the fourth constraint is
reduced to the following form:

pzl = p&H 4 (1+7) pAyttt.

Thus, the first and the fourth constraints of the program M P? at the opti-
mum can be reduced to the following forms:

pzh = ww —psTt — pAyT,

pzh = pot 4 (1+7)pAy'th.

Under a Sraffian steady-state equilibrium, all of the time subscript “t” and
“t +1” can be removed, so that the program M P! under the Sraffian steady-
state equilibrium is reduced to the following form:

mase [<47% - (22 — <)) - [207 - (1202 + )]
6,Y,2p,%a

subject to

Pz = ww; —pd — pAy,
pza = pb+ (1+7)pAy.

Let (p,w,r) be a stationary price vector such that w > 0, » > 0, and the
condition (a) of Definition 1 holds with equality. In this case, the optimal in-
vestment plan satisfies pAy = pw and pd = 0, as one unit of the productive
investment is more profitable than one unit of the speculative investment, be-
cause of r > 0. Given such a price vector, as ¢ > 0 is sufficiently small, the
Marshallian demand vectors z, and z, are derived as the following form:

1 1 -Y

2t = = (ww; —Y —poe) >0; 2p0 = = &Jrs > 0;
2 2 P2
1 1 1 Y

Zat = =((1+7)Y +pag) >0; 242 = = ﬂ—s >0,
2 2 D2

where Y = pw = pAy.!

1.2 Derivation of equilibrium production activities

Now consider the equilibrium production activity vector y. By the condition (b)
of Definition 1, an equilibrium production activity vector y > 0 in the Sraffian
steady-state equilibrium must satisfy:

U—My:(%+%1) *)

2p2 + Za2

INote that even in a stationary price (p,w,r) with r = 0, the Marshallian demand vectors
can be represented by the same forms with » > 0, as the property Y = pw still holds in this
case.



where 21 + za1 = 3 (ww; + 1Y) and 22 + za2 = %W As the matrix A
is productive, the above system of equations (*) can be solved in the following

way:
gt Atz gt 2 (ww; + 1Y)
y = U-A{ .., |=H-A L ey
_ 1 (b1+ z—z (ww; + 1Y) ()
(b3 + z% (ww; + 1Y)

where each b; for every i = 1,2, 3,4 comes from

{2 Z]zu_m*.

As A is productive and indecomposable, b; > 0 holds for every i = 1,2, 3, 4.
Now, as Y = pAy = (a11 + p2az21) y1 + (a12 + p2ass) y2, the right hand side
of the above system of equations (**) can be written as:

A < Z51 + Za1 ) _

2p2 + Za2

b + z—i (ww; + 7 [(a11 + p2a21) y1 + (a12 + p2a22) y2))

(] o

bs + %; (ww; + 7 [(a11 + p2az1) y1 + (a12 + p2aszz) y2))

where 3; and y, are the components of the optimal solution to M P*t. Therefore,
we have the following reduced form of the system of equations (**):

Y| _

Y2
Under the Sraffian steady-state equilibrium, the ex-ante production plan y =
(y1,y2) presented in the right hand side of the above system of equations (***)
must be identical to the ex-post production activity vector y = (y1, y2) presented

in the left hand side. Therefore, the above (***) can be reduced to the following
system of equations:

by + %zs (wwi + 7 [(a11 + p2az1) y1 + (a12 + p2az2) y2))

(***)

[ 1

by + 24 ) (wwi + 7 [(a11 + paaz1) y1 + (12 + p2asa) y2))

1= (e (o)) o ) (3o )t ] )
- (% (b3 + Z—‘;)) r(ann +pean) 11— (3 (bs + b_i)) 7 (a12 + p2az2) b2

ba
b1 + o) ) Wwi

[ S

by
bs + o | ) Wwi

which is also equivalent to the following form:

2- (b1 + ;%) 7 (a1 +paaz1) - (bl + %) r(a12 + paags) [ (1 ] _ b+ f?_z W

B (b3 + %) (a1 +peaz) 22— bz + z%) 7 (a12 + p2a2) v bs + I% e

4



Let us denote D = (b1 + z—z) , E = (b3 + z—é) , ™A1 = r(a11 + paag1), and

rpAs = 7 (a12 + p2asg2). Then, the above system of equations can be represented
by:

—FErpA;  2— ErpAs Y2 Fww;

2—DrpA; —DrpAs

—FErpA,  2— ErpAs
condition for at least sufficiently small » > 0. Therefore, for at least sufficiently
small r > 0, we can solve the vector y = (y1,y2) as follows:

{2DrpA1 ~DrpA; } [yl ] _ { Duw, ]

Note that the matrix ] satisfies the Hawkins-Simon

2 — ErpAs DrpA,

Y 1
{ Y2 } (2= DrpAy) (2 — ErpAs) — ErpA; DrpA, { ErpA; 2 — DrpA;

1 2Dwwy
(2 — DrpAy) (2 — ErpAs) — ErpA1DrpAsy | 2Bww,

wwi
(2—DrpA,)(2—ErpAs)—ErpA; DrpAs

2Dww;
_ (2—DrpA1)(2—ErpAs)—ErpA1DrpAs
- 2F

wwj

)

wwi

_ | EEE R
€

(bri—;,—;) (bg—i-f,—g)rpAlTPAz
C

L (27(b1+%)rpA1> (b3+—‘k)TPA2) 1 %)(str%)TPAlTPAQ
r 2(b1 %2)
. 4— 2(b3+—‘k)rpA2 2({)1 )rpAl waw
- 2<b3+b4)
wwi

L 472(b3+5‘§)rpA2 2(b1+;§-)rpA1

Thus, the equilibrium production activity vector is specified as:

o)
y (p w T) - yl <p7w7r) = 2*(b3+:)—3)7"p1427 b1+z—z)rpA1 l > 0
T Y2 (p,w,r) <b3+%

2— (b3+%‘§)rpA2— (b1+%§)7‘pA1 e

1.3 Walras’ Law

Let (p,w,r) be a stationary price vector such that w > 0, r > 0, and the
condition (a) of Definition 1 holds with equality. Remember that in this case,
the budget constraints of the lifetime utility maximization are reduced to

pzy = ww; —pd— pAy,
pZa = pd+ (1+7)pAy.

These two equations respectively represent the young generation’s and the old
generation’s consumption expenditures. Therefore, the aggregate consumption

Il

Dww;
Fuww;

|



expenditure is given by
pzp + Pz = ww; + rpAy.  (1.3.1)

In this equation, the right hand side presents the aggregate net revenue of this
economy, and so the equation implies that the aggregate consumption expen-
diture is equal to the aggregate net revenue. This implies that Walras’ law
holds.

Remember that Mandler (1999, section 6, p. 704) introduces Walras’ law by
the following form:?

(14 7) (pzp — ww;) + pz = 0. (1.3.2)

It is easy to see that (1.3.1) and (1.3.2) are equivalent. Indeed, the first com-
ponent (1+7) (pzy, — ww;) of the left hand side of (1.3.2) implies that all of
the residual of the wage revenue after purchasing the young generation’s con-
sumption bundle, ww; — pzyp, is invested in production activity. Therefore, the
revenue of the old generation (1 + ) (ww; — pzp) represents the gross return of
the productive investment ww; — pz, with the return rate » > 0, that is ex-
pended to the consumption of the old generation, pz,. This implies that there
exists a production activity y > 0 such that pAy = ww; — pzp. Therefore, as
the equation (1.3.2) can be rewritten as follows:

P2y + Dzq — wwi + 7 (P25 — wwy) =0,

it is equivalent to
P2y + pza — ww; — rpAy =0,

that is (1.3.1). Therefore, the equation (1.3.1) represents Walras’ law even
according to the primitive definition given by Mandler (1999, p. 704).

2 Regularity and genericity of the Sraffian steady-
state Equilibrium

In this section, we will provide a detailed process to examine the regularity and
the genericity of the Sraffian steady-state equilibrium, where the existence of
an indeterminate Sraffian steady-state equilibrium is shown in the main text
of the paper. First, remember that the perturbed demand functions are given
by: for the demand functions z, (p,w,r), 2z, (p,w,r) and the parameter h =
(h1,ha, h°) € R3, 2b(h) = 22(p,w,r) + orhi and z{(h) = 2{(p,w,r) + ;2h° for

2More precisely speaking, Walras’ law in a stationary price vector (p,w,r) > 0 is given by
Mandler (1999, section 6, p. 704) as the following form:
(14 7) (pzp — ww;) + pza — wwi =0,

where the last component —wwj in the left hand side of the above equation represents the
labor endowment of the old generation. Though Mandler (1999, section 6) presumes that
wi 2 0, our model in our main text considers the simplest case that wi = 0.



each commodity 7 = 1,2. Moreover, the perturbed aggregate demand functions

are given by z;(h) = 22(h) + 2z2(h) for each commodity i = 1,2, and the
perturbation of labor endowment is given as w;(h) = w; + Z?:l hi + f_’f_or

Second, the system of Sraffian steady-state equilibrium equations is given by:

{ 2(h) = [I - Aly
p—(1+r)pA—wL

Note that the equation of the labor market equilibrium, Ly — w; (h) = 0, is not
included, as it is shown, in the main text of our paper, to be redundant.

Given this, we can see that in our example of a simple economy, there are
4 independent equations and 5 unknown, yi1,¥ys,p2,w, and r. Remember that
R > 0 is used to argue that (1 + R)_1 is the Frobenius eigenvalue of the matrix
A. Then, a continuously differentiable function F : Ry x Ry x [0, R) x R3 x

R3 x RZ x R2 — R* is given by:

z1 (p,w, ) +w (hy +h°) — (1 — a11)y1 + a12y2
22 (pyw, ) + 52 (ha + h%) + azyr — (1 — az2) v
1-— (]. + 7‘) (0,11 —|—p2a21) — U/Ll
p2 — (14 7) (a12 + p2azz) — wls

F(p’ w7 T? y’ h? A’ L) =

2.1 Regularity of the Sraffian steady-state Equilibrium

Let 21 (p2,w,r,h) = 21 (p,w,r) +w (h1 + h°) and 23 (pa, w, 7, h) = 23 (p,w, r) +
= (ha + h°). Therefore, for any fixed (h, A, L), the regularity of a Sraffian
steady-state equilibrium in the economy (A, L, h) can be checked by examining
the following Jacobian matrix:

D(p,w,r,y) Fh7A7L(p7 w,T, y)

—(1—a11) aio D,z (p,w,m,h) Dz (p,w,r,h) D,z (p,w,r,h)

_ as1 —(1—ag2) Dy,z(p,w,r,h) Dyze(p,w,r,h) Dyzo(p,w,r, h)
B 0 0 —(1+7r)ax —L — (@11 + p2a21)
0 0 1—(147)as —Ls — (@12 + p2ag2)

where D,z (p,w,r, h) represents the partial derivative of the demand func-

tion 23 (p2,w,r, h) at the Sraffian steady-state equilibrium (p,w,r,y) with re-

spect to po, and a similar argument is applied to each of the other notations,

Dz (p,w,r, h), Dy2zy (p,w,r,h), Dp,zs (p,w,r, k), D2z (p,w,r, h), and D,zs (p, w,r, k).
To show the regularity, it is sufficient to show the following condition:

*(1 - all) a2 Dpzzl (pvwa T, h) Dwzl (pa w,T, h)
az1 - (1 - (122) DPQZQ (pvwa T, h) DwZQ (pa w,T, h) 7& 0
0 0 —(]. +7") asy —L1 )
0 0 1-— (1 + 7“) 99 —Lo



Note that the following property holds:

*(1*@11) ai2 Dpzzl (pvwara h) Dwzl (p,w,r, h)
az1 *(1 7(122) DPQZQ (pvwara h) DwZQ (p,w,r, h)
0 0 - (]. + 7") any —L1
0 0 1-— (1+T) 99 —Lo
_ 7(17&11) a12 ‘ ’ *(14’7’) az1 —Ly
B a1 —(1 —a22) 1-— (].+7") a2 —LQ

In the above equation, the first component of the right hand side is non-zero,
because the Hawkins-Simon condition holds. Moreover, the second component
is also positive as 1 — (1 4+7r)ags > 0. Therefore, the above determinant is
non-zero, which implies that the Jacobian matrix D, ) Fh,a,L(p, w,7,y) has
full-rank.

Note that the above argument can be applied to any Sraffian steady-state
equilibrium in the economy (A, L,h). Thus, we can see that every Sraffian
steady-state equilibrium is reqular in the economy (A, L, h), which implies that
(A, L, h) is regular.

2.2 Genericity of the Sraffian steady-state Equilibrium

To check the genericity stated in section 3.1 of the main text of the paper, now
define the Jacobian D F with respect to (h, A, L), which is denoted by Dy, 4 . F,
as below:

w 0 w Dg,F' D,,F! 0 0 0
0 » 0 0 D,,, F? D.,F2 0
D F — P2 P2 a21 a22
h.A,L 0 0 0 —(1+7) 0 —(147)p2 0 —w
0 0 0 0 —(147) 0 —(1+7r)p2 0

where D, F* is the partial derivative of the function F'(p,w,r,y,h,A,L) =
zi(p,w,r,h) — (1 — ay)y; + aipyr (for i,k = 1,2 with i # k) with respect to
a;j (for ¢,j = 1,2). The first 3 columns of Dy 4 rF are for (hi,ha, h°), the
next 4 columns are for the components of A and the last 2 columns are for the
components of L. It is easy to see that the matrix Dy 4 pF has full-rank, as
the 1st and the 2nd column vectors and the 8th and the 9th column vectors
constitute a 4 X 4 nonsingular square matrix:

w 0 0 0

0o =2 0 0
P2

0 0 —-w 0

0 0 0 -—w

Therefore, by applying the Transversality Theorem, we can see that the set of
regular economies has full measure.

o O O



Now let us examine the openness of the set of regular economies. First,
denote the set of economies as P and the set of regular economies as Pr. Sup-
pose Pg is not open. Then there exists a sequence {(4, L, h)x} of non-regular
economies converging to a regular economy (A4, L, h), € Pr. Correspondingly,
there exists a sequence of non-regular equilibria {(p,w,,y);} which converges
to a regular equilibrium (p,w,r,y). at (A, L, h).. Then the corresponding Ja-
cobian matrices DF(hVA,L)k(p7w,r, y)r of 4 rows and 5 columns exist, which
have less than full rank. For a Jacobian matrix, we can pick 5 separate square
submatrices of order 4. The determinants of square submatrices of order 4
are all zero. Now we can define a continuous function, say ¢, from the set
of Jacobian matrices to the set of 5-dimensional vectors whose components
are determinants of square submatrices derived from the Jacobian DFj, 4 1.
Since ¢(DFy a.) = (0,..,0) € R for any DF}, 41 of less than full rank,
c«(DFp a1y, (00,7, 9)k) = (0,...,0)x — (0,...,0) € R® as k — oo.

Since {(0,...,0)x} converging to (0, ...,0) is closed in R and c is continu-
ous, the inverse image ¢=* ({(0,...,0)x}) = {DF(h,,AL)k(p,w,r, )k} is closed.
Tts elements are Jacobian matrices from P\Pg of less than full rank. Since
{DF(h’A’L)k (p,w, r, y)k} is closed, D Fy,, ,1)_(p,w,7,Yy)« is contained in {DF(h’A,L)k (p,w,r, y)k}.

Note that ¢(DF, a,) (p,w,7,y)«) = (0,...,0) € R®. This implies that
the converging point of the sequence {DF(h,A’L)k(p, w,T, y)k}, each element of
which is correspondingly defined from (A, L, h); € P\Pg, must also have less
than full rank. In other words, the convergent point of the sequence of non-
regular economies must also be non-regular. This contradicts the supposition
of (A, L,h), € Pgr. Therefore, the set of regular economies Pg is open. m
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