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Abstract

Stationary and nonstationary common factor models are a driving force of recent empirical studies
in various fields of economics. For example, in macroeconomics, the model represents the traditional
idea of summarizing a large set of macroeconomic time-series by a small number of factors related
to fundamental concepts such as real and nominal factors. In asset pricing, there is a long history
of modeling common factors in investigating cross-sections of asset returns. In this dissertation, I
make further contributions to theoretical developments in stationary and nonstationary common
factor models under the perspective of developing useful applications in the fields of empirical
macroeconomics and asset pricing.

Chapter 1 proposes tests to investigate whether the skewed property of time-series data is
attributed to the economy-wide common components and/or the idiosyncratic components. To
this end, I apply the formal econometric test based on the coefficient of skewness proposed by Bai
and Ng (2005) to the large dimensional common factor model. I propose the Wald-type and max-
type test statistics for the space spanned by the common components and a test for idiosyncratic
components. The results show that these tests have the standard asymptotic distributions. Monte
Carlo simulations confirm that all tests have good size and power in finite samples. Furthermore,
I apply the tests to a common factor model using 127 U.S. macroeconomic time-series data from
1960 to 2019. Strong evidence of skewness is found in the common components as well as some
idiosyncratic components related to housing, labor market, and uncertainty. Finally, results suggest
empirical relevance of incorporating the skewed dynamics in business cycle modeling in a general
equilibrium context or in specific factor markets.

Chapter 2 assesses the size and power properties of the right-tailed version of the Panel Analysis

of Nonstationarity in Idiosyncratic and Common Components (PANIC) of Bai and Ng (2004) tests
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when the common and/or the idiosyncratic components are moderately explosive. I find that, when
the idiosyncratic component is moderately explosive, the tests for the common components may
have considerable size-distortions, and those for the idiosyncratic component may suffer from the
nonmonotonic power problem. I provide an analytic explanation under the moderately local to unity
framework developed by Phillips and Magdalinos (2007). I then propose a new cross-sectional (CS)
approach to disentangle the common and idiosyncratic components in a relatively short explosive
window. Monte Carlo simulations show that the CS approach is robust to the nonmonotonic power
problem.

Chapter 3 applies the date-stamping methodology for the origination of explosive behaviors
proposed in the seminal work of Phillips et al. (2011) to the large dimensional factor model. To this
end, I compare two methods of identifying the common and idiosyncratic components: PANIC and
CS investigated in the previous chapter. Monte Carlo simulations show that, when the explosive
behavior lies only in the common component, the origination date is precisely estimated by either
method. However, when the explosive behaviors exist in the idiosyncratic components, the PANIC
method loses its power of detection and provides inaccurate origination dates. These problems are

resolved through the CS method.
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Chapter 1

Testing Skewed Dynamics in the

Common Factor Model

1.1 Introduction

Asymmetric properties in the U.S. macroeconomic time-series have been considered as an important
element in understanding business cycles since Mitchell (1927) and Burns and Mitchell (1946).
Previously, Neftci (1984) showed statistical evidence of the asymmetric behavior exhibited by the
unemployment rate using a Markov-switching model. Hamilton (1989) reached a similar conclusion
for the GNP using Markov-switching model. Morley and Piger (2012) used a nonlinear regime-
switching model and provided an empirical support for highly asymmetric business cycles with large
negative recessions using the cycle component of the GDP. Compared with such ample evidence of
asymmetric business cycles, empirical studies that dealt with skewness have been relatively scarce,
even though these two terms are typically used interchangeably. De Long and Summers (1984) is one
of the few studies that used a simple coeflicient of skewness for the GNP, industrial production, and
unemployment rate over the OECD countries. They found no evidence of skewness in all variables,
except for the U.S. unemployment rate. They concluded that asymmetry is not a phenomenon
of first order importance in understanding business cycles. Later, Bai and Ng (2005) developed a
formal econometric test based on the coefficient of skewness to assess whether a univariate time-

series exhibits skewed dynamics by accounting for serial dependence. Using data up to 1997, they



found that the U.S. unemployment rate did not show skewed dynamics and strengthened the view
of De Long and Summers (1984). However, evidence of skewness in exchange rates, CPI inflation,
and stock returns is newly obtained.

The discussion has changed focus with the recent short but deep recessions such as the Great
Recession of 2007-2008. Jensen et al. (2020) highlighted increasing negative skewness in the U.S.
business cycles over the last three decades. The phenomenon is linked to financial frictions emanated
from borrowing constraints of households and firms during recessions. In particular, they emphasized
the importance of increasing financial leverages due to financial liberalization.! Plagborg-Mgller et
al. (2020) attempted to forecast higher moments, including skewness of the real GDP, using financial
variables. They found that financial variables contributed slightly to forecasting the skewness of the
GDP growth, that is, growth risk. Additionally, another strand of research investigates micro-level
or cross-sectional skewness to uncover mechanism of business cycles. Salgado et al. (2019) studied
firm-level panel data of almost fifty countries and found a procyclical skewness in the growth rates
of firm sales, productivity, and employment. Ilut et al. (2018) focused on the fact that firms with
concave hiring rules respond more to negative shocks than to positive shocks. Busch et al. (2018)
used panel data of individual labor income in the United States, Germany, and Sweden and showed
that the skewness in income distribution is procyclical. Dew-Becker et al. (2021) reported that the
production network model matched the sectoral data in the United States, suggesting the existence
of missing common factors in the model. Kent et al. (2019) used data of the GDP, consumption,
and investment of 154 countries and quantified the importance of skewness shock. All these works
are suggestive to the goal of this chapter.

In this study, I aim to provide methods to investigate the long-standing question whether the
U.S. macroeconomic time-series exhibits skewed dynamics, particularly focusing on whether the
skewed dynamics is detected in the economy-wide common factors and/or the idiosyncratic compo-
nents. To this end, I extend the formal econometric test proposed by Bai and Ng (2005) to a large
dimensional common factor model. A large body of literature applied the common factor model
to macroeconomic panel data set (Bernanke et al., 2005; McCracken & Ng, 2016; Stock & Watson,

2016) with the presumption that the concepts of important macroeconomic variables may not be

1For details of the mechanism of financial frictions as a source of skewed business cycles, see, for example, Brun-
nermeier et al. (2013) and reference therein.



directly observed. Instead, they are latent factors that drive the set of observed data. If I find
skewed dynamics in the common components, it should support incorporating fundamental mech-
anisms such as concave decision rules and borrowing constraints in the business cycle modeling.
Furthermore, identifying skewed dynamics in the idiosyncratic components may offer important
information, for example, that related to production network model.

Thus, I propose two types of tests: the Wald-type and max-type to assess the skewed property
in the common components. The former is expected to have a higher power when all the common
factors are uniformly skewed and the latter when only one factor is skewed. I also propose a test
to investigate the skewness in the idiosyncratic component. I derive their asymptotic distributions
under N, T — oo with v/T /N — 0, where N and T are the cross-section and time dimensions,
respectively. Technically, the latter condition warrants the effect of factor estimation errors to
diminish in the limit. Monte Carlo simulation shows that the two tests for the common component
and the test for the idiosyncratic components have very good size properties, especially when N
and T are large. All tests have a power close to their observed counterparts. The effects of factor
estimation errors are minor even if IV is relatively smaller than 7" in finite samples. As an empirical
analysis, I apply the tests to 127 U.S. macroeconomic time-series data obtained from 1960 to 2019.

When I investigate the raw observed data, the results match those obtained by De Long and
Summers (1984) and Bai and Ng (2005). In addition, I find strong evidence of skewness in data
related to housing because the sample includes the period of the Great Recession and is consistent
with the literature that emphasize financial frictions. More importantly, I obtained evidence that
the space spanned by the common factors are skewed by using either the Wald-type or max-type
test. Furthermore, skewed dynamics is found in several variables related to employment, which is
consistent with previous studies. Overall, results suggest empirical relevance of incorporating the
skewed dynamics in business cycle modeling.

The remainder of this chapter is organized as follows. Section 1.2 explains the model, hypotheses,
and test statistics. Section 1.3 provides the asymptotic distributions of the proposed tests and
examines the regularity conditions to derive them. Section 1.4 conducts Monte Carlo simulations
to assess the finite sample size and power of the proposed tests. Section 1.5 provides an empirical
application using the U.S. macroeconomic time-series data, and Section 1.6 concludes. The following

notations are used throughout the chapter: the Euclidean norm of vector x is denoted by ||z||. For



the matrices, the vector-induced norm is used. The Kronecker product of two vectors x and y is
denoted by the symbol = ® y. Especially, the Ith Kronecker power of vector z is denoted by the
symbol .2 The symbol 2 represents convergence in probability under the probability measure
P and the symbol = denotes convergence in distribution. Finally, O,(-) and o,(-) are the orders of

convergence in probability under P as N,T — oc.

1.2 Model and test statistics

I consider the following common factor model.

Tit = MNify +eiy, fori=1,... Nandt=1,...,T, (1.2.1)
where z;; is a scalar of the observed random variable; f; = (fi4,..., frt) represents an r x 1 vector
of the common factors; \j = (A1, ..., An1) indicates an r x 1 vector of the factor loadings; and e; ; is

a scalar idiosyncratic component. Subscripts ¢ and ¢ denote the cross-section and time dimensions,
respectively. I am interested in a type of data in which both N and T are large while the number
of common factors r is small, so that a few important factors drive a large set of panel data. The
model may include cross-sectional specific intercepts; however, it would be trivial to consider them
for estimation and inference, so I suppress them to focus on the essence of the problem. I may also
use a matrix representation of (1.2.1) by writing X = FA’ + e, where X is a T x N matrix whose
(t,i)th element is x; 4, F = (f1,..., fr)" is a T x r matrix of the common factors, A = (A1,...,An)’
is an N x r matrix of the factor loadings, and e is a 7' x N matrix whose (¢,%)th element is e; ;. In
the absence of ambiguity, notations e; = (e;1,...,e;7)’, a T x 1 vector, and e; = (e14,...,eny),
an N x 1 vector, may also be used.

I estimate f; and A; using the principal component method (Bai, 2003; Bai & Ng, 2002). In other
word, I obtain F= ( fl, e fT)’ , an estimate for F, as the /T times eigenvectors corresponding
to the 7 largest eigenvalues of (NT)~!X X’ with normalization of F/F/T = I, where I, is an
r x r identity matrix. The factor loadings are estimated via the least squares principle i =
71 Zthl ftxm. The idiosyncratic components are also estimated by é;; = x;+ — 5\2 ft. In this

study, I assume that r is known for simplicity, although the standard methods of Bai and Ng (2002)

2For example, (z1,22)'®? = (z1,22) ® (21, 22) = (23, T122, 271, 23)".
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and Ahn and Horenstein (2013) are applied in practice.

Previous studies have applied the common factor model to a large macroeconomic panel data
set (Bernanke et al., 2005; McCracken & Ng, 2016; Stock & Watson, 2016) with the presumption
that concepts of important macroeconomic variables might not directly be observed. Instead, they
might be latent factors that drive the set of observed data. In this study, I focus on the issue that
skewed dynamics observed in macroeconomic time series data are attributed to the economy-wide
common components such as policies or the idiosyncratic components of individual variables. This
could contribute to macroeconomic modeling that appropriate frictions should be included as the
source of business cycle.

To this end, I employ the standard type of coefficient of skewness for a univariate time series
(Bai & Ng, 2005; De Long & Summers, 1984). If I take the kth common factor {fy,}I_,, it is

defined by the following equation:

f
f M3
T, = ———3

(1)

where Nﬁ,l = E[(frt— N£,1)l] for I = 2,3, and ,u£71 = E(fr+). I use the letter u to denote population

Y

Nlw

centered moments supplemented with the superscript f indicating the common factor, with the first

subscript k indicating the kth factor (k = 1,...,r), and the second subscript ! indicating the Ith

moment (I = 1,2,---). Additionally, an r x 1 vector of the population coefficients of skewness is
f

expressed by 7/ = (19,... ,qu ). T employ the sample counterparts of the population coefficients of

skewness 7/ = (Alf, . ,ﬁf)’, where

with ﬂi,l =7! Ethl(fk,t — [Li’l)l for I = 2,3, and ﬂi,l =71 Zthl fAk-7t.

Moreover, I use the null hypothesis (Hy) and alternative hypothesis (H)

Hy: 7/ = 0,51, (2-N)

H1 . Tf 7é O'r’><1- (2—A>

I aim to test whether the entire space spanned by the r common factors is skewed; hence, I collec-

tively deal with the coefficients of skewness for the » common factors. I do not aim to examine a



specific individual factor because it cannot be identified without appropriate restrictions. Further-
more, I focus on whether the 77 is zero, that is, whether the dynamics in the common component
is not skewed positively or negatively. This is because I cannot identify the specific 7/ without the
true data generating process; similarly, I cannot verify specific individual factors. To that effect, I
propose two types of test statistics based on 77.

Wald-type test:

WNT:T[%f/Vflf'f},

where

V = M, 3T/,
with M, = diag(ﬂ{z, . .,ﬂf:Z) and TV is the consistent estimate for the covariance matrix of
(@i214,...,al24) and

/

ar = (1,-30,) -
. 3 . /
St = ([(fk,t — i) - ﬂi,g] (A= ﬂ£,1)> .

Max-type test:

3 1
Myp = b T(Af )2<ff) 21
NT %féa S |:\F Mk:,Q T

First, the use of the max-type test is intuitively justified because the estimated factors by the
principal components are orthogonal and thus produce sample coefficients of skewness that are
asymptotically independent. Second, it is expected that the Wald-type test is more powerful when
all r factors are uniformly skewed; thus, the max-type test is used when there is heterogeneity in
the coefficient of skewness among the common factors. Third, I can construct T/ by the standard
heteroskedasticity and autocorrelation consistent (HAC) estimator, in line with Newey and West
(1987) or Andrews (1991) if some serial dependence is potentially present in z;, where

/ /
)

z = ([(ftuf)mﬂﬁ] (ftu{)/> :

with ug,j = FE(fi — ,u{ )®3] and ,u{ = E(f:), which stacks the elements of the first and third centered



cross moments.3
Investigating the ith idiosyncratic components, the null and the alternative hypotheses are as

follows:

Hy: 15 =0, (3-N)

Hy:10#0, (3-A)

where 7¢ is the population coefficient of skewness of {e;;}£ | defined by

[
e M3
T, = ———%,

(Mfg) i
where i, = Ef(ei — ,uzl)l] for I = 2,3 and puf,; = E(e;1). These population centered moments of
e;+ also employ p with the same notations as those of the common factors but by replacing f by e.
Additionally, ¢ is used as the first lower subscript to denote the cross-sectional unit.
The test statistic is constructed based on the sample coefficient of skewness computed by the
estimated ith idiosyncratic component, as given below:

~e
e M3
T, = ———7,

(752)

where fi§, = T~ S (Eig — i) for I = 2,3 and fif, = T~ ST, éis. Since the idiosyncratic

Njw

component is one-dimensional, I propose the test statistic as follows:

(I

where I'§ is the consistent estimate for the variance of b,0;; and

(NI
[NIES

Sint =VT ey

bi = (1,-3i5,)",
/
Vip = ([(éi,t - ﬂf,l)g - ﬂf,s} (i — ﬂf,l)) .

3Lemmas A.2.3 and A.4 in Appendix A.1 show that the estimation error of the sample mean in the sample third
moment remains asymptotically. This error corresponds to the second element of z;.




If dependence is considered in v; ¢, where

!
Vig = ({(%t - Hf,l)g - #f,g} , (eir — Mf,1)> ,

I replace f‘f with the HAC estimator. In the next section, I derive the asymptotic distributions of

the suggested tests.

1.3 Theoretical results

1.3.1 Assumptions

In this section, I derive the asymptotic distributions under the null hypothesis. I follow the regularity
assumptions of Bai (2003) for the common factor models and those of Bai and Ng (2005) to guarantee

the property of the skewness tests. Let m be a generic constant.
Assumption 1.1.

1. E(||f:]|57%) <oo with some § > 0 and T~Y S, fifi — Sp for some r x r positive definite

matrix.
2. {fi}L, is stationary up to the 6th order.
3. 712 2 LN N(0,9), where Q@ = limp_oo TS5 ST B(22)).
Assumption 1.2. ||\|| < m and N7'A’A — X5 as N — oo for some r x 1 positive definite matriz.

Assumptions 1.1.1 and 1.2 are standard in the literature of common factor model. Assumption
1.1.1 excludes factors with a time trend. Assumption 1.2 ensures that every common factor has a
certain contribution to the infinitely observed variables. Assumption 1.1.2 restricts the moments to
be time-invariant for the common factors up to the 6th order and, Assumption 1.1.3 warrants the
central limit theorem for up to the third moment. These follow the skewness test examined by Bai

and Ng (2005). For the idiosyncratic components, I require the following regularity conditions.

Assumption 1.3.

1. E(eiy) =0 for alli and t and E(|e;(|*T?) < oo with some § > 0.



2. {eis}E, fort=1,...,T is stationary up to 6th order for all i.
3. T~1/2 Zthl Vit S N(0,), where §; = limp oo T71 2:{21 Zzzl E(vmvé’s).

4. Let v = E(NTYSSN e cein).

Then, |vss| <m and T~V ST |yse| < m for all s and t.

5. Let ¢ije = E(eirejr). Then, e < |¢ij| for all t with some ¢;;
such that N—1 Zi\;l Zjvzl |pij| < m.

6. Let ¢ijs = Eeigejs). Then, (NT)"V X, ST S0 S0 [ijus] < m
7. For every (t,s), E|N~1/?2 Z?Ll[@i,t%s — E(eieis)]|* <m.
Assumption 1.4. f; and e; s are mutually independent for all leads and lags.

Assumption 1.3.2 requires time-invariant moments of the idiosyncratic components similar to
Assumption 1.1.2. Assumptions 1.3.4-1.3.7 allow weak cross-sectional and time dependence in the
idiosyncratic components, following the standard setup of the common factor model such as Bai

(2003). Assumption 1.4 ensures independence between the two components.

1.3.2 Asymptotic distributions

I derive the asymptotic distributions of the proposed test statistics under the null hypotheses. I

obtain the following results for the common components.

Theorem 1.1. Suppose Assumptions 1.1-1.4 hold and {Zt}thl has no serial dependence. Under
the null hypothesis (2-N), the following hold as N,T — oo with T /N — 0,

1. Wald-type test: Wyt = x2.
2. Maz-type test: Myt = © where © ~ max(abs(N(0yx1,1;))).

These results imply a direct use of Bai and Ng’s (2005) idea in the common factor model with
an added condition v/T'/N — 0. This condition is similar to the asymptotic normality of the factor
loading estimate in Bai (2003) and ensures that the factor estimation errors diminish asymptotically

and the estimated common components are regarded as factual. Although I do not assume serial



dependence in z; to obtain the theoretical results, it is allowed in practice using the standard
HAC estimator proposed by Newey and West (1987) or Andrews (1991). I study the finite sample
properties of the test in the next section via Monte Carlo simulation. Furthermore, I obtain the

following theorem for the idiosyncratic components.

Theorem 1.2. Suppose Assumptions 1.1-1.4 hold and {viyt}le has no serial dependence. Under

the null hypothesis (3-N), S; n7 = N(0,1) for any i as N, T — oo with VT /N — 0.

Here, the same remarks apply as Theorem 1. Importantly, I investigate the power of these tests

under various specifications in the next section.

1.4 Monte Carlo simulations

In this section, I investigate finite sample properties of the proposed tests via Monte Carlo sim-
ulation. In particular, I am interested in two issues. First, I examine whether the properties are
affected by the behaviors of the other components. For example, I am interested in whether the tests
for the common components present a good size when the idiosyncratic components are skewed, and
whether the test for the idiosyncratic components yields a good size when the common components
are skewed. Such an interaction between the common and idiosyncratic components is concerned if
the effects of factor estimation errors are relevant in finite samples. Notably, these effects disappear
under VT /N — 0 as N,T — oo in the limit. Second, I investigate if the tests have a good power
against various types of skewed distributions. To this end, I follow the setup of Bai and Ng (2005)
and consider four different distributions: the log normal distribution, chi-squared distribution, ex-
ponential distribution, and generalized lambda distribution.? I also consider four variations of the
generalized lambda distributions with respect to the parameter values. These are summarized in
Table 1.1 as D1-D7. When I consider a symmetric distribution, the standard normal distribution

is used and is labeled as DO.

4The generalized lambda distribution can take on various shapes depending on the parameters. The inverse of the
cumulative distribution function is known as F~'(u) = A1 + [u™? — (1 — u)*]/A2,0 < u < 1.

10



Table 1.1: Probability distributions and coefficient of skewness.

Probability Distributions T
DO standard normal distribution 0
D1 log normal distribution 6.18
D2 chi-squared distribution with 2 degree of freedom 2
D3 exponential distribution with parameter 1 2

D4 generalized lambda distribution with (A1, A2, A3, Aq)
D5  generalized lambda distribution with (A1, A2, Az, Aq)
D6 generalized lambda distribution with (A1, A2, Az, Aq)
D7 generalized lambda distribution with (A1, A2, Az, A4)

(0,—1,—-0.0075,0.03) 1.5
(0,—1,—-0.1, —0.18) 2

(0,—1,-0.001,0.13)  3.16
(0,—1,-0.0001,0.17) 3.8

I generate data from the following model:

Tig = N ft + €ig,
Jt =051+ uy,

e = 0.5€; 11 +€it,

fori=1,...,Nandt=1,...,T. I draw )\; from the standard normal distribution and u; and €;
fort =1,...,T as well as fp and e;( independently from the distributions presented in Table 1.1.
I use a simple autoregressive (AR) model of order one with the AR coefficients 0.5 for f; and e;;
for all 4, although using other values for the AR coefficients does not change results qualitatively.
To assess the effects of sample size, I consider that N and T are either 100 or 300, and the number
of factors r is 2. Throughout this section, I use the nominal level 0.05, and the results are assessed
based on 2,000 Monte Carlo replications. All tests are constructed using the HAC variance proposed
by Newey and West (1987).

I first investigate the size of the Wald-type and max-type tests for the common components.
Table 1.2 reports the size of the Wald-type and max-type tests. In both experiments, I independently
draw the two components of u; from the standard normal distributions. The column DO shows the
size when the idiosyncratic components ¢;; are also drawn from the standard normal distribution.
The columns D1-D7 present the size of the tests when the idiosyncratic components €; ; are drawn
from the skewed distributions D1-D7. In the column labeled as “observed,” the size is reported for

the true common factors (f;) instead of the estimated factors (f;); hence, this corresponds to the
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Table 1.2: Size of the Wald-type and max-type tests.

(%)
T N DO DI D2 D3 D4 D5 D6 D7 observed

100 100 Wald 3.05 245 250 295 280 210 1.90 2.80 3.00
Max 290 2,55 2.60 2.25 285 240 2.00 3.15 3.05
100 300 Wald 280 3.30 3.00 3.10 2.20 3.20 3.10 3.20 3.00
Max 2.75 3.15 2.60 2.55 250 230 2.70 3.05 3.05
300 100 Wald 4.25 4.40 4.15 4.25 4.00 4.05 4.30 4.05 5.10
Max 4.05 4.15 4.10 3.70 385 3.70 3.75 3.50 5.15
300 300 Wald 4.15 4.10 5.35 4.60 4.70 4.00 4.05 4.40 5.10
Max 395 4.25 5.15 4.15 435 4.25 4.25 4.25 5.15

test that is not affected by the factor estimation errors.’ The size of the Wald-type test is relatively
close to 5% when T = 300. When T = 100, the size is somewhat conservative, but this occurs
even in the “observed” column; hence, these size-distortions are not caused by the factor estimation
errors. The larger sample size, the less distinct the difference from “observed” column. I suspect
that the factor estimation errors would have an effect, but with a minor magnitude. The max-type
test is similar to that of the Wald-type test. This table confirms the relevance of Theorem 1.1.

I then investigate the size of the test for idiosyncratic components. Table 1.3 reports the size
of the S; y7 test for i = 1 when all the idiosyncratic components ¢;; are drawn from the standard
normal distribution. The two common components of u; are drawn from the distributions D0O-D?7,
so that the common components may or may not be skewed. The results suggest that the size is
close to 5% in all cases, validating the results of Theorem 1.2 in finite samples. Importantly, the
effects of factor estimation errors also remain immaterialized in this case. In addition, I conducted
an experiment in which the idiosyncratic components for ¢ = 2,..., N are drawn from the same
skewed distributions as u;. The results are similar to those of Table 1.3; thus, they are suppressed.

I now focus on the power of the proposed tests. To consider the tests for the common compo-
nents, I draw the two components of u; from the skewed distributions D1-D7. The idiosyncratic
components ¢;; are drawn from the standard normal distribution; however, using the skewed dis-
tributions has not changed the qualitative results. Table 1.4 reports the power of the Wald-type

test, and Table 1.5 presents the power of the max-type test. The power using the true series is

®The results for the true series directly reflect the characteristics of Bai and Ng’s (2005) test, since there are no
issues regarding identification and estimation of the common factors, Thus, they provide a benchmark result.
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Table 1.3: Size of the idiosyncratic test.

(%0)
T N D0 DI D2 D3 D4 D5 D6 D7 observed

100 100 3.55 3.55 3.50 3.10 3.15 3.55 4.25 3.95 4.40
100 300 5.35 4.85 4.70 4.15 4.00 4.75 535 5.10 4.40
300 100 3.65 4.00 3.70 3.55 4.75 4.45 4.00 3.50 4.90
300 300 4.20 450 5.50 5.40 450 5.00 5.35 4.10 4.90

Table 1.4: Power of the Wald-type test.

(%0)
T N DI D2 D3 D4 D5 D6 D7

100 100 5825 7140 5530 7570  61.15  67.75  64.15
(62.20) (89.60) (80.10) (84.90) (66.15) (78.35) (73.30)
100 300 57.90 69.95 5325 7510 6590  63.55  65.10
(62.75) (88.25) (78.60) (85.35) (69.50) (76.75) (73.70)
300 100 81.05 9740 9530  97.45 8560  92.80  90.90
(83.00) (99.70) (99.30) (98.80) (88.45) (94.85) (93.05)
300 300 80.75 9750  95.35  97.20  85.65 9325  89.85
(84.10) (99.60) (99.50) (98.90) (88.05) (95.75) (93.55)

Note: The values in parentheses show the powers when the true common factors are used.

reported in parentheses. I observe that; although the power becomes slightly lower than that using
the true series, both tests have a good power in all cases. Furthermore, the Wald-type test has a
higher power than the max-type test because the two factors are uniformly skewed in this experi-
ment. Additionally, I set an experiment in which the first component in wu; is generated from the
skewed distributions D1-D7 but the second component in wu; is drawn from the standard normal
distribution. The other specifications are similar to the previous experiment. Table 1.6 shows the
power of the Wald-type test in the upper row and that of the max-type test in the lower row. I
observe that the max-type test has a higher power than the Wald-type test, especially when T is
large. This is expected because only one factor is skewed in this experiment.

Finally, I investigate the power of the idiosyncratic test. The idiosyncratic components ¢;; are
drawn from the skewed distributions D1-D7. The common components u; are drawn from the
standard normal distributions, although the results do not change even if u; are drawn from the
skewed distributions. Table 1.7 reports the power of the idiosyncratic test for ¢ = 1 and suggests

that the idiosyncratic tests have a decent power in all cases. Indeed, the power is close to that of
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Table 1.5: Power of the max-type test.

(%0)
T N DI D2 D3 D4 D5 D6 D7

100 100 4025 5830  41.60 6170 4580  50.85  50.25
(48.10) (79.80) (62.70) (73.70) (54.40) (64.30) (62.00)
100 300 4320 56.65 41.75 6150  49.05  51.55  50.85
(49.00) (78.70) (63.50) (75.35) (55.60) (64.65) (61.40)
300 100 64.70 9455  91.60  93.00 71.80  82.65  79.45
(71.20) (98.50) (97.70) (95.80) (77.55) (90.10) (85.20)
300 300 63.95 9465 9260 92.35 71.85  83.10  77.60
(72.30)  (98.40) (98.45) (96.15) (77.65) (90.85) (86.00)

Note: The values in parentheses show the powers when the true common factors are used.

Table 1.6: Power of the Wald-type and max-type tests : When only one factor is skewed.

(o)
T N DI D2 D3 D4 D5 D6 D7

100 100 Wald 25.40 34.30 24.00 35.75 26.25 29.05 27.75
Max 25.10 34.20 23.35 34.90 26.25 29.45 2745
100 300 Wald 23.00 35.00 23.75 37.80 26.70 31.05 29.35
Max 21.80 35.65 23.50 37.40 25.25 31.30 29.40
300 100 Wald 46.20 81.95 72.55 76.90 54.60 64.35 58.70
Max 48.25 81.50 72.50 78.30 56.15 66.05 60.30
300 300 Wald 46.55 82.10 71.35 77.25 52.80 64.15 56.60
Max 47.00 81.45 72.70 78.50 55.00 66.75 60.35

Table 1.7: Power of the idiosyncratic test.

(%)
T N DI D2 D3 D4 D5 D6 D7

100 100 4255 68.00 5425 64.85 4675 56,50  52.10
(43.60) (70.80) (59.35) (66.65) (47.15) (58.00) (53.30)
100 300 59.75 9325 9225 8850 66.75  80.25  73.85
(60.10) (93.55) (92.60) (88.40) (67.00) (80.55) (74.25)
300 100 4540  68.20  56.95  66.05 4725  56.00  51.60
(45.60) (70.15) (60.20) (66.85) (48.30) (56.95) (52.85)
300 300 60.15  92.80  92.80 89.25 6830  78.90  72.95
(60.00) (92.95) (93.05) (89.20) (68.30) (78.75) (72.95)

Note: The value in parentheses shows the power when the true common factor is used.
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the test using the true series reported in the lower row.

1.5 Empirical application

In this section, I apply the proposed tests for the common and idiosyncratic components to U.S.
macroeconomic time-series data of FRED-MD provided by McCracken and Ng (2016). I also present
results of the original test proposed by Bai and Ng (2005) when applied to the updated observed
data. The data set contains 127 series from April, 1960, and I use the sample period up to September,
2019. I follow Stock and Watson (2002b) to clean outliers. The 127 series are categorized into eight

bR INAY

groups: “output and income,” “labor market,” “housing,” “consumption, orders and inventories,”

L

“money and credit,” “interest and exchange rates,” “prices,” and “stock market.” All variables are
transformed to achieve stationarity, as suggested by McCracken and Ng (2016). I determine the
number of factors using the ICpy of Bai and Ng (2002) and obtain r = 7. Through a casual
investigation, I find that the first factor has relatively large factor loadings for the output and labor
market related series. The second to the fourth factors are more related to price, housing and
financial variables. The fifth to the seventh factors are related to unemployment, hours worked, and
asset pricing variables such as stock prices and term spreads of interest rates. To implement the
proposed tests, I use the HAC variance estimate with the bandwidth selected by Newey and West
(1987) to account for potential serial correlations in the first three moments.

Table 1.8 reports the results of the tests. Table 1.8(a) contains the two tests for the space
spanned by the common factors. Table 1.8(b) provides the results of the idiosyncratic components
as well as those of the original Bai and Ng’s (2005) tests applied to the observed data. I start
with the tests using the observed data. Consistent with De Long and Summers (1984) and Bai
and Ng (2005), relatively scarce evidence on the skewness is obtained. However, I clearly observed
the skewed property in some series of “labor market.” These accord with De Long and Summers’s
(1984) finding using the U.S. unemployment rate. I also observe that many series of “stock market”
and “interest and exchange rates” exhibit the skewed property, which is consistent with the finding
of Bai and Ng (2005). In addition, I find strong evidence of skewness in many series of “housing,”
which remained unexplored in previous studies.

This study analyzed whether the skewed dynamics are attributed to the economy-wide common
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factors. Table 1.8(a), I observe that both the Wald-type and the max-type tests give significance
at the 5% level. My casual observation into the test statistics for each common factor shows that
every test statistic for common factor, except for the second to the fourth factors, takes a relatively
large value.® These justify the mechanism of skewed dynamics of the nation-wide business cycles in
terms of a general equilibrium.

Some interesting findings in the tests for idiosyncratic components are as follows. First, many
series of “housing” such as “Housing Starts (Total New Privately Owned)” and “New Private Housing
Permit” and some series of “employment” such as “All Employees: Financial Activities” and “Avg
Weekly Hours: Goods-Producing” have skewed properties even after the common components are
controlled. Second, “Japan/U.S. Foreign Exchange Rate” and “Crude Oil Price, spliced WTI and
Cushing” reveal evidence of idiosyncratic skewness. These are likely produced by some international
factors, which may not be captured by the common components estimated by this data set. Third,
skewness in the idiosyncratic component is also found in the “S&P’s Volatility Index,” which is
related to uncertainty or risk perception in financial markets.

Overall, results suggest empirical relevance of incorporating skewed dynamics in business cycle
modeling either in a general equilibrium context or in specific factor markets. These include recent
studies that emphasize the role of financial frictions (Jensen et al., 2020), concave decision rules in
labor markets (Ilut et al., 2018), and uncertainty shock (Plagborg-Mgller et al., 2020; Salgado et

al., 2019), among others.

SThe test statistics for individual factor estimates are -2.256 (the first), -0.768 (the second), -1.282 (the third),
-1.517 (the fourth), -2.075 (the fifth), 2.770 (the sixth), and -1.825 (the seventh).
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Table 1.8: Tests for skewed dynamics for common and idiosyncratic components of the U.S. macroe-
conomic time-series.

(

a) Tests for common component

Wald-type test Max-type test

15

.006 ok 2.770 ok

Note: «H¥*7 «8 and “*’ denote
the significance levels at 1%, 5% and
10%, respectively.

(b) Tests for idiosyncratic components and tests for observed variables

tcode Description Observed  Idiosyncratic tcode Description Observed  Idiosyncratic
Group 1. Output and Income Group 5. Money and Credit
5 Real Personal Income 1.400 - 1.387 - 6 M1 Money Stock -0.682 - -0.781 -
5 Real Personal Income Ex Transfer Receipts 0.251 - 0.092 - 6 M2 Money Stock -1.657 * -1.703 *
5 IP Index -1.703  * -1.519 - 5 Real M2 Money Stock 1.273 - 1.545 -
5 IP: Final Products and Nonindustrial Supplies -1.501 - 0.510 - 6 Monetary Base 0.905 - 0.769 -
5 IP: Final Products (Market Group) -1.239 - 1.118 - 6 Total Reserves of Depository Institutions 0.254 - -0.205 -
5 IP: Consumer Goods -0.058 - 0.465 - 7 Reserves of Depository Institutions -0.018 - -0.721 -
5 IP: Durable Consumer Goods -0.049 - 0.839 - 6 Commercial and Industrial Loans -1.412 - -1.370 -
5 IP: Nondurable Consumer Goods -0.973 - -0.428 - 6 Real Estate Loans at All Commercial Banks 0.834 - 0.505 -
5 IP: Business Equipment -1.496 - -0.053 - 6 Total Nonrevolving Credit 0.426 - 0.328 -
5 IP: Materials -1.813 * -1.629 - 2 Nonrevolving Consumer Credit to Personal Income 0.574 - 0.552 -
5 IP: Durable Materials -2.336 *f -1.666 6 Consumer Motor Vehicle Loans Outstanding 0.829 - 0.813 -
5 IP: Nondurable Materials -1.626 - -1.222 - 6 Total Consumer Loans and Leases Outstanding -0.214 - -0.258 -
5 IP: Manufacturing (SIC) -1L715 * -1.684 * 6 Securities in Bank Credit at All Commercial Banks -0.940 - -0.991 -
5 IP: Residential Utilities -1.476 - -0.903 - Group 6. Interest and Exchange Rates
5 IP: Fuels 1319 - 1.366 - 2 Effective Federal Funds Rate -0.730 - -0.540 -
2 Capacity Utilization: Manufacturing -1.779  * -2.340  ** 2 3-Month AA Financial Commercial Paper Rate -1.834 * -1.304 -
Group 2. Labor Market 2 3-Month Treasury Bill -1.049 - 1.685 *
2 Help-Wanted Index for United States 0.493 - 1.034 - 2 6-Month Treasury Bill -0.765 - 1.700 *
2 Ratio of Help Wanted /No. Unemployed -1.558 - -0.402 - 2 1-Year Treasury Rate -0.419 - 1.604 -
5 Civilian Labor Force 0.956 - 0.770 - 2 5-Year Treasury Rate -0.943 - 0.767 -
5 Civilian Employment -0.096 - 1.056 - 2 10-Year Treasury Rate -1.008 - -0.266 -
2 Civilian Unemployment Rate 1.885 * -0.589 - 2 Moody’s Seasoned Aaa Corporate Bond Yield -0.751 - 0.910 -
2 Average Duration of Unemployment, (Weeks) -0.256 - -0.760 - 2 Moody’s Seasoned Baa Corporate Bond Yield 0.978 - 1.444 -
5 Civilians Unemployed - Less Than 5 Weeks 0.499 - 0.705 - 1 3-Month Commercial Paper Minus FEDFUNDS -1.144 - 2.166 **
5 Civilians Unemployed for 5-14 Weeks 2.028 ** * 1 3-Month Treasury Bill Minus FEDFUNDS -2.616 *F* 2,063 **
5 Civilians Unemployed - 15 Weeks & Over 2.061 ** - 1 6-Month Treasury Bill Minus FEDFUNDS -2.494  ** 0374 -
5 Civilians Unemployed for 15-26 Weeks 0.265 - - 1 1-Year Treasury C Minus FEDFUNDS -2.434  ** 1.699 *
5 Civilians Unemployed for 27 Weeks and Over 2.158 ** - 1 5-Year Treasury C Minus FEDFUNDS -2.718  *FE0.621 -
5 Initial Claims 1.408 - - 1 10-Year Treasury C Minus FEDFUNDS -2.752  FFF 0506 -
5 All Employees: Total Nonfarm -1.519 - - 1 Moody’s Aaa Corporate Bond Minus FEDFUNDS -2.586  FF* _0.157 -
5 All Employees: Goods-Producing Industries -2.368  ** - 1 Moody’s Baa Corporate Bond Minus FEDFUNDS -2.061 ** -1.909 *
5 All Employees: Mining and Logging: Mining -0.734 - - 5 Trade Weighted U.S. Dollar Index: Major Currencies -0.207 - -1.925 *
5 All Employees: Construction -0.249 - - 5 Switzerland/U.S. Foreign Exchange Rate -0.748 - -0.855 -
5 All Employees: Manufacturing -2.412  ** - 5 Japan/U.S. Foreign Exchange Rate -2.496 FF 2452 *F
5 All Employees: Durable Goods -2.127 O+ - 5 U.S./U.K. Foreign Exchange Rate -1.413 - -1.728 *
5 All Employees: Nondurable Goods -1.573 - - 5 Canada/U.S. Foreign Exchange Rate 0.614 - -0.860 -
5 All Employees: Service-Providing Industries -0.211 - - Group 7. Prices
5 All Employees: Trade, Transportation & Utilities -1.243 - - 6 PPI: Finished Goods -0.628 - 0.698 -
5 All Employees: Wholesale Trade -1.645 * - 6 PPI: Finished Consumer Goods -0.849 - 0.729 -
5 All Employees: Retail Trade -0.805 - - 6 PPI: Intermediate Processed Goods -1.817 -1.038 -
5 All Employees: Financial Activities -1.344 - o 6 PPI: Intermediate Unprocessed Goods -0.713 - -0.546 -
5 All Employees: Government 1.616 - * 6 PPI: Metals and Metal Products: -1.080 - -0.903 -
1 Avg Weekly Hours: Goods-Producing -1.291 - *k 6 Crude Oil, spliced WTT and Cushing 2493 ** 2.319 **
2 Avg Weekly Overtime Hours: Manufacturing -0.524 - - 6 CPI: All Items 0.107 - -0.672 -
1 Avg Weekly Hours: Manufacturing -1.763  * *k 6 CPI: Apparel 1.594 - 1.786  *
6 Avg Hourly Earnings: Goods-Producing -0.279 - - 6 CPI: Transportation -0.722 - -1.286 -
6 Avg Hourly Earnings: Construction -0.723 - - 6 CPI: Medical Care -0.817 - -1.058 -
6 Avg Hourly Earnings: Manufacturing 0.999 - - 6 CPI: Commodities -0.977 - -0.885 -
Group 3. Housing 6 CPI: Durables 0.596 - 0274 -
4 Housing Starts: Total New Privately Owned -2.994  WRE 2756 X 6 CPL: Services 0.964 - 0.663 -
4 Housing Starts, Northeast -2.294 ** 2427 ** 6 CPI: All Items Less Food -1.166 - 0.481 -
4 Housing Starts, Midwest -4.246  FFE 2802 FFE 6 CPI: All Ttems Less Shelter -0.834 - -0.798 -
4 Housing Starts, South -2.207 *f 0325 - 6 CPI: All Items Less Medical care -0.779 - -0.978 -
4 Housing Starts, West 356 KR 3115 R 6 Personal Cons. Expend.: Chain Index -1.297 - 0.883 -
4 New Private Housing Permits S2.740  FFE 3,014 FEE 6 Personal Cons. Exp: Durable Goods -0.729 - -0.713 -
4 New Private Housing Permits, Northeast -1.800 * 3.369  FxE 6 Personal Cons. Exp: Nondurable Goods -1.259 - -1.481 -
4 New Private Housing Permits, Midwest -3.685  FRE 3,047 *RE 6 Personal Cons. Exp: Services 1.069 - 1.047 -
4 New Private Housing Permits, South -1.754  * -3.834  FwE Group 8. Stock Market
4 New Private Housing Permits, West -3.258  F¥k 2187 ** 5 ’s Common Stock Price Index: Composite -2.340  ** -0.881 -
Group 4. Consumption, Orders and Inventories 5 ’s Common Stock Price Index: Industrials -2.407 ** -0.755 -
5 Real Personal Consumption Expenditures -1.014 - -1.188 - 2 ’s Composite Common Stock: Dividend Yield 1.492 - -0.660 -
5 Real Manu. and Trade Industries Sales -0.740 - -1411 - 5 Composite Common Stock: Price-Earnings Ratio  0.037 - -0.777 -
5 Retail and Food Services Sales -0.936 - -0.880 - 1 S&P’s Volatility Index 1.915 * 3.027 k¥
5 New Orders for Consumer Goods -1.072 - -1.290 -
5 New Orders for Durable Goods -1.021 - 0.108 -
5 New Orders for Nondefense Capital Goods -0.315 - 0.062 -
5 Unfilled Orders for Durable Goods 2,284 ** 1932 *
5 Total Business Inventories -0.754 - 0.978 -
2 Total Business: Inventories to Sales Ratio 117 - 1.070 -
2 Consumer Sentiment Index -0.044 - 0.619 -

Note: “#**7 «*%7 and “*” denote the significance levels at 1%, 5% and 10%,

Az (3) A%; (4) log(a1); (5) Alog(ae); (6) A% log(xy; (7) Alwe/we—1 — 1.0).

respectively. The column tcode denotes the following data transformation for a series to achieve stationarity: (1) no transformation; (2)



1.6 Conclusions

A rapidly growing body of literature have been investigating the skewed property in business cycles.
Some studies have emphasized the role of financial frictions while others have focused more on
concave decision rules in labor market. Importance of the role of uncertainty in business cycles
have been attracting much attention. However, statistical evidence of skewed dynamics in the U.S.
macroeconomic time-series has been scarce. De Long and Summers (1984) found no evidence of
skewness, except for the U.S. unemployment rate. Bai and Ng (2005) intensified this view, although
evidence of skewness in exchange rates, CPI inflation, and stock returns is newly obtained.

In this study, I proposed methods to investigate whether the skewed property observed in pre-
vious studies is attributed to the economy-wide common components and/or idiosyncratic compo-
nents. I considered two types of test statistics for the space spanned by the common components
and a test for idiosyncratic components. Additionally, I derived the asymptotic distributions under
the null hypothesis and investigated their finite sample size and power using the Monte Carlo simu-
lations. Furthermore, I applied these tests to a common factor model using 127 U.S. macroeconomic
time-series data of McCracken and Ng (2016). I found strong evidence of skewness in the common
components. Additionally, some idiosyncratic components related to housing, labor market, and
uncertainty exhibited skewed properties. These results suggest empirical relevance of incorporating
the skewed dynamics in business cycle modeling.

The results of this study suggest directions for future research. First, it would be beneficial, if the
methods could incorporate time-varying characteristics of the skewed property, as indicated by many
authors including Jensen et al. (2020) and Plagborg-Mgller et al. (2020). Second, my methods may
potentially be extended to produce cross-section data set that is free from the common components

as pointed out by Dew-Becker et al. (2021).
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Chapter 2

A Cross-Sectional Method for
Right-Tailed PANIC Tests under a

Moderately Local to Unity Framework!

2.1 Introduction

Large dimensional common factor models are a driving force in recent empirical analysis in various
fields of economics. Bai (2003) and Bai and Ng (2006) provide sufficient conditions under which the
principal component estimator is consistent for the common and idiosyncratic components when the
series have no time trends. When the series have stochastic trends of integration of the order one,
the standard practice is to induce stationarity by transforming the original data by first differencing
before identifying and estimating the common and idiosyncratic components.? If one is interested
in identifying whether the stochastic trends lie in the common or idiosyncratic components, Bai
and Ng (2004) suggest applying augmented Dickey—Fuller (ADF) tests (Dickey & Fuller, 1979) for
these components estimated by first-differenced data. This method is called the panel analysis of

nonstationarity in idiosyncratic and common components (PANIC). One main advantage of this

!This chapter is a joint work with Yohei Yamamoto. The published version is Yamamoto, Y., & Horie, T. (2022).
A cross-sectional method for right-tailed PANIC tests under a moderately local to unity framework. FEconometric
Theory, forthcoming. (Available at http://doi.org/10.1017/S0266466622000044).

’Bai (2004) proposes estimating common stochastic trends by using the principal components of level data when
none of the idiosyncratic errors have stochastic trends, but the common factors do. See also the seminal work of
Stock and Watson (2002a, 2005) for empirical examples.
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method is that the common and idiosyncratic components are separately identified under the null
hypothesis of a random walk. In addition, the ADF test has nontrivial power when testing against
the alternative hypothesis of stationarity (hereafter, the left-tailed test) because, under such a
hypothesis, the first-differenced series may be over-differenced, but has no time trends; hence, the
common and idiosyncratic components are correctly identified. Bai and Ng (2004) show that the test
for the common components has good size and power despite stationary or random walk idiosyncratic
components. The same can be said of the test for the idiosyncratic components. Therefore, the
PANIC approach successfully disentangles the common and idiosyncratic components.

In this study, I investigate whether this convenient property of the PANIC approach is available
even when the right-tailed version of the ADF test (hereafter, the right-tailed test) is used. The
right-tailed unit root tests are used in various applications. For example, testing for speculative
bubbles in asset prices is a long-standing problem for which numerous econometric techniques have
been developed. The most recent studies include the seminal work of Phillips et al. (2011), in which
they pay attention to the link between speculative bubbles and the explosive behaviors of asset
price data. Their strategy is to fit a univariate AR model and test whether the root is greater than
unity. The present study considers situations where speculative bubbles may be present in large
dimensional panel data of financial assets. It is important to investigate whether these bubbles are
an economy-wide phenomenon or market-specific events. This study takes a step towards answering
such a question.

Consistent with Becheri and van den Akker (2015) and Westerlund (2015), I first show that
both left- and right-tailed PANIC tests for common and idiosyncratic explosive behaviors exhibit
the standard local asymptotic power when the AR coefficient shrinks to one at a fast rate of 771,
where T is the time dimension of the panel data set (see Appendix B.1). A potential problem of
such a local to unity (LTU) asymptotic framework is that it only considers small deviations from the
unit root. The recent literature establishes that the asymptotic results under such local asymptotic
frameworks may not adequately approximate the finite sample behaviors of the test statistics (see,
e.g., Deng & Perron, 2008). With this caveat in mind, I take an approach that considers the AR
root that shrinks to one at a slower rate than 7'. In particular, I use the moderately local to
unity (MLTU) framework developed by Phillips and Magdalinos (2007). Under this framework, I

find that the explosive idiosyncratic components may be identified as the common component. As

20



a result, the tests for the common and idiosyncratic components have size distortions and power
loss.

Monte Carlo simulations illustrate the analytic findings. I first confirm Bai and Ng’s (2004)
results — that is, as far as the left-tailed tests are concerned, the PANIC approach provides good
size and power. However, the right-tailed tests behave very differently from the left-tailed tests.
First, the test for the common components shows significant size distortions when some idiosyncratic
components are explosive because the explosive idiosyncratic components are misidentified as the
common factor. Second, the test for the idiosyncratic components suffers from size distortions when
the common components are explosive for the same reason. Finally, and most importantly, the
test for the idiosyncratic component shows an upward power function when the AR coefficient is
slightly larger than one. However, the power function starts to decline toward zero as the AR
coefficient further increases. This phenomenon is the well-known nonmonotonic power problem
widely documented in the context of structural change tests (Perron, 1991; Vogelsang, 1999). What
is new in this study is that the source of nonmonotonic power is the identification failure between
the common factors and explosive idiosyncratic components under the alternative hypothesis.

This study provides a new method of testing for explosive behavior in the common and id-
iosyncratic components. In many empirical situations, explosive behaviors appear only in a certain
subperiod and the series are not explosive in the remaining sample period — I take advantage of
this fact. Therefore, I can set a training sample during which no, or only weak, explosive behav-
ior exists. I then use cross-sectional (CS) regressions to estimate the common components in the
explosive window as the coefficients attached to the factor loadings, while the factor loadings are
estimated in the training sample. I call this the CS method. It is shown that the tests for the
common components and the tests for the idiosyncratic components achieve the correct asymptotic
size and are consistent under the MLTU framework. A Monte Carlo simulation shows that the CS
test for common components considerably reduces size distortions. More importantly, the CS test
for idiosyncratic components is robust to the nonmonotonic power problem.

The structure of the remaining chapter is as follows. Section 2.2 introduces the model, as-
sumptions, and existing PANIC tests. Section 2.3 presents the finite sample size and power of the
right-tailed PANIC tests and investigates their theoretical properties under the MLTU framework.

Section 2.4 proposes a new CS method and investigates its theoretical and finite sample properties.
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Section 2.5 concludes the chapter. The details of technical derivations and additional results are
provided in Appendix B, including further details on the Results under the LTU Framework (Ap-
pendix B.1), Proof of Theorem SA-1 and Theorem 2.1 (Appendix B.2), Proof of Factor Estimation
Errors in Theorem 2.1 (i) (Appendix B.3), and Proof of Theorem SA-2 and Theorem 2.2 (Appendix
B.4). Throughout the chapter, the following notations are used. The Euclidean norm of vector
x is denoted by ||z||. For the matrices, the vector-induced norm is used. The symbols O(-) and
o(+) denote the standard asymptotic orders of sequences. The symbol RN represents convergence in
probability under the probability measure P and the symbol = denotes convergence in distribution.
O,(-) and 0,(-) are the orders of convergence in probability under P as N,T — oo (or N, T, h — o).

I use the symbol = ~ y when ||z — y|| = 0,(1), for two vectors of random variables  and y.

2.2 Model and test statistics

I consider the common factor model:
Xit=pi+NF,+ Uy, fori=1,.,Nandt=1,..T, (2.2.1)

where X;; is a scalar of the observed random variable, p; is an intercept, F} and A; are the r x 1
vectors of the common factors and factor loadings, respectively, and U;; is a scalar idiosyncratic
component. I focus on the essence of the problem by assuming the number of factors is one with
no loss of substance and is known by the econometrician so the estimation of r is not needed.?*
The common factor follows (1 —aL)F; = C(L)e; where C(L) = 3772 C;L7 with Cp =1 and ¢; is a
white noise disturbance. The idiosyncratic components follow (1 — p;L)U; ; = D;(L)z; s, where p; is
the AR coefficient of the ith cross-section, D;(L) = Z;’;o Diij , Dip =1, and z;; is a white noise
disturbance.

I consider the following assumptions in this model. Let M < oo be a generic constant.

3When r > 1, one can implement the right-tailed test series-by-series with the individual factors to investigate
whether the common factor space is explosive. This is adequate because at least one rejection implies that the
whole space is explosive. This is in contrast to the left-tailed tests. As Bai and Ng (2004) contemplate, rejections
of individual factors do not necessarily imply a rejection for the common factor space if they have a cointegration
relationship. Note that since the estimated factors are uncorrelated with each other, the size of the testing for
series-by-series is controlled.

4The cross-section-specific intercepts, j:, are eliminated in the first-differenced data such that they do not affect
inference on « and p;. When (2.2.1) includes linear time trends, one can work with the demeaned first differenced
data and the equivalent principal components are obtained.
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Assumption 2.1. For every t = 0,1,....T, e; ~ i.i.d.(0,02), Ele;|* < M, and Z;’ioj |C;| < M.

Furthermore, E|Fy| < M.
Assumption 2.2.
1. N; is a nonrandom quantity satisfying |\;| < M or a random quantity satisfying E |)\i|2 <M.
2. N1 ZZ]\LI )\% RN O'i, where oy 1s a positive constant.
Assumption 2.3. For everyt,s =0,1,....,T andi=1,..., N, the following hold.
1. 2y ~i.0.d.(0,02), E|zi> < M, and > i20d IDij| < M.
2. Let ¢; j = E(2i12j¢). Then, Zfil |¢i.j] < M for all j and Nt Zf\il Z;VZI |pij| < M.
3. Let (54 =E N—1/2 Zfil[zi,szi,t —E(2is2it)] 4. Then, Csp < M.
4. E\Uio| < M for everyi=1,---,N.
Assumption 2.4. z;, e;, and \j are mutually independent for every (3, j, s, t).

The model and assumptions follow those of Bai and Ng (2004). In particular, Assumption 2.3.1
permits weak serial correlations in the idiosyncratic errors (1 — p;L)U; ¢, while Assumptions 2.3.2
and 2.3.3 allow weak cross-sectional correlations. Bai and Ng (2004) consider the unit root test
against the alternative hypothesis of stationarity for the common and idiosyncratic components. In
this study, I am interested in the test against the alternative hypothesis of an explosive process. For
the common component, Hy : @ = 1 versus H; : « > 1, and for the ¢th idiosyncratic component,
Hy : p; = 1 versus Hy : p; > 1. Under the restriction of @ = 1, the model is the same as Bai
and Ng’s (2004) PANIC. They propose a method of separately identifying the common factors and
idiosyncratic errors under the null hypothesis that the common factors follow random walks. This is
based on first-differenced data; therefore, x;; = A; fi +u; s where 2,4 = X4 — X1, fr = Fy — Fy_1,
and u;; = U;y — U;;—1. In the following, I assume that there are T+ 1 observations ¢t = 0,1,...,T
for X+ (so that F} and U; ;) for notational simplicity. The common factors and factor loadings can

be estimated by using x;; following the principal component method such that

(fis \i) = arg agin S S (@ie = Nifo)?, (2.2.2)
=10t =1
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with normalization 7! Zthl ff = 1. This minimization problem provides a common factor esti-
mate f = [fl, cee fT]’ as the v/T-times eigenvectors of zx' corresponding to the largest eigenvalue,
where x is a T' x N matrix with the (¢,7)th element being z; ;. The factor loadings are estimated by
N = % Zthl ftxi,t, the level common factor is estimated by F; = 22:1 fs, and the level idiosyncratic
errors are estimated by (A]i,t = 22:1 U, where U; s = x; s — Xzfs

The unit root test for the common component (hereafter, the common test) can be implemented
by using a t-test for Hy : § = 0 in the regression f; = 6 Fy_1 4+ error such that tp = 5/56(5), where &
is an ordinary least squares estimator for § and se(d) represents its standard errors. The regression
may include an intercept and a time trend with appropriate adjustment to the critical values to
take account of the time trend. When an intercept is included, I denote the t-test by ¢ 7+ When
the errors are suspected of being serially correlated, I can include the lags of ft in the regression.
However, a model with no lags is relevant for asset price data in which no serial correlations are
present in their first differences.® If necessary, I can extend the framework to the model with p lags.
The lag order selection follows the conventional method, such as the information criteria based on
estimated components. As shown in Said and Dickey (1984), the asymptotic distributions of the
t-tests are not affected by including p lags if p3/T — oco. Here, this condition must consider that
factor estimation errors vanish if N, — oo; hence, I require p®/ min{N,T} — 0. When r > 1,
I propose testing the estimated common factors series-by-series to determine whether any of the
common factors are explosive. This is a sufficient treatment for the present study because I am only
interested in the space spanned by the common factors. The unit root test for the ith idiosyncratic
component (hereafter, the idiosyncratic test) is implemented by using a t-test for Hy : 6; = 0 in the
regression ; ; = 5i0i,t71 +error so that t; (i) = Si/se(&) where the same note as tz applies. When
an intercept is included, I denote the t-test by #(i).

As Bai and Ng (2004) note, this approach is convenient because the common and idiosyncratic
components are separately identified by using the first-differenced data. This way, both common
and idiosyncratic tests have the standard Dickey and Fuller (1979) distribution under the null

hypothesis. If the alternative hypothesis of stationarity is true, the series become over-differenced,

®Phillips and Yu (2011) also consider only the model with p = 0.

5Bai and Ng (2004) consider the method proposed by Stock and Watson (1988) to determine the number of
common trends in the factor space in the setting of 7(0) and I(1). However, the number of explosive common trends
is not direct interest. Hence, their method is not used in this study.
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but they remain stationary; hence, the tests have nontrivial power. Further, their simulation study
shows that the common test demonstrates good size and power despite stationary or random walk
idiosyncratic components. The same can be said of the idiosyncratic test. Therefore, the PANIC

approach successfully disentangles the common and idiosyncratic components.

Remark 2.1 (Bai & Ng, 2004). Let Assumptions 2.1-2.4 hold. (i) Under a = 1 and |p;| < 1 for all 4,

tp = [folW( fo r)2dr]'/? and tz = [folW(r fo r)2dr]'/? as N, T — oo,
where W(r) is the standard Wiener process defined on r € [0 1] and W (r) fo

(ii) Under p; = 1, o = 1, and |p;| < 1 for all j # i, tp fo fo i(r)2dr)'/?
and fo fo r)2dr]t/? as N,T — oo, where W;(r) are standard Wiener
processes defined on r € [0, 1] and W; ( fo

These null distributions are applicable to both left- and right-tailed tests, as long as the common
and idiosyncratic components are consistently estimated. This is warranted in Bai and Ng’s (2004)
framework, where all components are I(1) or I(0) such that their first differences are stationary.
However, this is not necessarily the case if explosive processes are present. When some idiosyncratic
components are moderately explosive, the common components may not be consistently estimated,
and a consistent estimate for the idiosyncratic components is not warranted either. Hence, size
distortions in the common and idiosyncratic tests are concerned. I discuss the properties of PANIC

tests in explosive environments in the next section.

2.3 Properties of the PANIC tests

2.3.1 Finite sample properties

I begin analysis by investigating the finite sample properties of the PANIC tests via Monte Carlo
simulations. Although I focus on the empirical size and power of the right-tailed tests, those of
the left-tailed tests are also presented for reference. While the latter experiment overlaps with Bai
and Ng’s (2004) results, it is instructive to illustrate how differently the left-tailed and right-tailed
tests behave. The data are generated from (2.2.1) with F; = aFi_1 + e and U; 3 = piUi—1 + zit

with 7 = 1, where \;, e, 2y, Fp, and Up; are independently drawn from the standard normal

25



Table 2.1: Size of the PANIC tests.

Common tests

Left-tailed tests Right-tailed tests
N 100 150 100 150 N 100 150 100 150
T 100 100 150 150 T 100 100 150 150

pi =10 0.049 0.050 0.048 0.054 p;=1.0 0.049 0.050 0.048 0.045
0.8 0.043 0.046 0.049 0.046 1.02 0.069 0.063 0.243 0.206
0.6 0.051 0.046 0.043 0.051 1.04 1.000 1.000 1.000 1.000
0.4 0.047 0.050 0.050 0.049 1.06 1.000 1.000 1.000 1.000
0.2 0.053 0.048 0.049 0.052 1.08 1.000 1.000 1.000 1.000
0.0 0.051 0.044 0.049 0.045 1.10 1.000 1.000 1.000 1.000

Idiosyncratic tests

Left-tailed tests Right-tailed tests
N 100 150 100 150 N 100 150 100 150
T 100 100 150 150 T 100 100 150 150

a=10 0.047 0.049 0.052 0.060 «o=1.00 0.048 0.049 0.045 0.051
0.8 0.050 0.054 0.052 0.051 1.02 0.035 0.039 0.025 0.025
0.6 0.050 0.050 0.052 0.050 1.04 0.011 0.010 0.002 0.002
0.4 0.050 0.045 0.053 0.052 1.06 0.001 0.001 0.002 0.001
0.2 0.049 0.049 0.053 0.044 1.08 0.001 0.001 0.005 0.006
0.0 0.051 0.056 0.051 0.050 1.10 0.002 0.002 0.010 0.008

7 To evaluate size and power, I vary the values of a

quasi-random variables in each replication.
and p; from 1.0 to 1.1 for the right-tailed test and from 1.0 to 0.0 for the left-tailed test. Results
using the regression models that include (A) no deterministic components, (B) an intercept but
no time trend, and (C) an intercept and a linear time trend are produced. Since they are almost
identical, I only report case (B). I use the first idiosyncratic component to evaluate the idiosyncratic
tests; however, this choice is trivial because the Monte Carlo design is symmetric for any 7. I use
(N,T) = (100, 100), (100, 150), (150, 100), (150, 150) to investigate size and power. The number of
replications is 5,000 and the nominal level 5% is used.

I first consider size. I set a = 1.0 to evaluate the size of the common test and p; = 1.0 to

evaluate that of the idiosyncratic test. The upper panel of Table 2.1 reports the size of the common

test as a function of p; and the lower panel shows the size of the idiosyncratic test as a function of

I also computed the size and power of the right-tailed PANIC test using models with p = 4[%]1/4. The
results are qualitatively the same and are, thus, not reported.

26



common tests
left-tailed test right-tailed test
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Figure 2.3.1: Power of the PANIC tests.

a. The left-tailed tests exhibit good size properties — along the same lines as in Bai and Ng (2004)
— confirming that the PANIC approach successfully disentangles the common and idiosyncratic
components. However, the results of the right-tailed tests are markedly different. The size of the
common test is close to the nominal level when p; is approximately smaller than 1.02; however,
it quickly reaches one as p; increases. Further, the size of the idiosyncratic test is also distorted
toward zero as « increases. These size distortions suggest that the convenient property of Bai and
Ng (2004), that is, the common and idiosyncratic components are separately identified no longer
applies to the right-tailed tests. Regarding the effect of sample size, the size of the left-tailed test
is good regardless of IV and T', while the size of the right-tailed test deteriorates as T increases.
Next, I consider power. The upper panels in Figure 2.3.1 report the power functions of the

common test under p; = 1 for all i and show that the common test has a standard power function.®

8Setting at p; > 1 does not show any unique power features of the common tests, except for the size distortions
already reported in Table 2.1. That is, the power functions of the right-tailed test in the case of p; > 1 start at a
point above the nominal level, but draw an upward curve.
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Table 2.2: Size of the PANIC right-tailed tests when one idiosyncratic component is explosive.

Common tests Idyosyncratic tests
N 100 150 100 150 N 100 150 100 150
T 100 100 150 150 T 100 100 150 150

pny =1.00 0.047 0.050 0.048 0.048 «a=1.00 0.050 0.047 0.047 0.046
1.02 0.050 0.054 0.045 0.047 1.02 0.043 0.039 0.025 0.026
1.04 0.069 0.056 0.471 0.389 1.04 0.011 0.012 0.003 0.003
1.06 0.529 0.445 0.966 0.962 1.06 0.002 0.002 0.001 0.003
1.08 0.920 0.900 0.997 0.998 1.08 0.001 0.001 0.006 0.004
1.10 0.986 0.983 1.000 1.000 1.10 0.004 0.003 0.010 0.011

1.0
"" T=100,N=100

0.8 h —6— T=100,N=150
7/ =<%=-T=150,N=100
4 -~ --T=150,N=150

0.6

0.4 |

0.2

0.0 - )

1.00 1.02 1.04 1.06 1.08 1.10

Figure 2.3.2: Power of the PANIC idiosyncratic test when one idiosyncratic component is explosive.

My interest is the power functions of the idiosyncratic test presented in the lower panels. The
left-tailed test again has the standard power function; however, the right-tailed test shows a clear
nonmonotonic pattern. When the explosive coeflicient p; is slightly larger than one, the power
increases as p; increases; however, the power function starts to decline toward zero as p; further
increases. This means the PANIC approach fails to detect explosive behaviors in an individual
idiosyncratic component unless they are quite small.” Regarding the effect of sample size, the
power increases as 1" increases when the function is monotonic, but remains the same as IV increases.
When it is nonmonotonic, the peak of the power shifts leftward as T increases, but again, remains

the same as N increases. I also present simulation results in which only one of the idiosyncratic

9Bai and Ng (2004) also propose a pooled test for the idiosyncratic components and investigate the properties
of the left-tailed tests under the assumption that idiosyncratic components are cross-sectionally independent. This
is not direct interest. However, unreported Monte Carlo results show that the pooled version of the right-tailed
PANIC tests have qualitatively similar finite sample properties to those of the individual idiosyncratic tests reported
in Figures 2.3.1 and 2.4.1.
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components is explosive, that is, py > 1.0 and p; = 1.0 for all ¢ # N. Table 2.2 shows the size of
the common and the idiosyncratic right-tailed tests, while Figure 2.3.2 presents the power of the
idiosyncratic test for ¢ = N. The results are consistent with the previous case in which all the
idiosyncratic components are explosive, that is, the common test has considerable size distortions
and the idiosyncratic test shows nonmonotonic power. These findings motivate us to theoretically

investigate the PANIC methods under explosive environments in the following subsections.

2.3.2 Analytic investigation

Becheri and van den Akker (2015) and Westerlund (2015) derive the standard local asymptotic
power of the pooled panel unit root tests in which common factors are extracted by the PANIC
method. In doing so, the first-order AR coefficients are assumed to shrink to one at a fast rate of
T—1.10 T also investigate the power properties of the common and individual idiosyncratic right-
tailed tests by using two complementary asymptotic frameworks. The first approach follows the
same lines and assumes that the AR coefficients shrink to one at a fast order ar = 1 + & and
pi,;7 = 14 7, where ¢ and ¢; are constants. This LTU asymptotic framework is expected to capture
the finite sample properties of the tests when explosiveness is weak. Appendix B.1 shows that the
common and the idiosyncratic tests have the standard local asymptotic power for both the left- and
right-tailed versions.

It is well known that the results under the LTU framework may not adequately approximate
the finite sample behaviors of the test statistics. In the context of structural change tests, a certain
type of test statistic may have good power when the magnitude of change is assumed to shrink to
zero at a fast rate of T71/2, but it loses power when the magnitude is fixed. This class of tests
typically draws a concave-shaped power function, called the nonmonotonic power problem.!! One
reason for this phenomenon is that, under the alternative hypothesis, a change in the conditional
mean and a change in the persistence parameter are not separately identified. Yamamoto and
Tanaka (2015) further investigate this problem in the factor model, pointing out that the factor
loading structural change and appearance of extra factors may not be separately identified under

the alternative hypothesis when the structural changes occur at common dates. In such a case, the

10The rate also depends on N because they consider the pooled tests.
' As far as the authors know, Perron (1991) was the first study to point out this problem in structural change
tests. See Vogelsang (1999), Perron and Yamamoto (2016), and the references therein.
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standard tests of Breitung and Eickmeier (2011) suffer from the nonmonotonic power problem.

I provide an analytic explanation for why the PANIC tests may have size distortions and non-
monotonic power. I claim that an identification problem between the common and explosive id-
iosyncratic components occurs under the alternative hypothesis. To this end, I take an approach
that assumes the explosive root shrinking to one at a slower rate. In particular, I use the MLTU

framework developed by Phillips and Magdalinos (2007).

Assumption M. 1. The AR coefficients satisfy ap = 1 + é and piT = 1+ kc—;, where ¢ > 0,
¢i > 0 and kp is a deterministic sequence such that kp — oo and kr = o(T). 2. C(L) =1 and

D;(L) =1 for all 1.

The quantities ¢ and ¢; (i = 1,..., N) are localizing coefficients and take nonnegative values to
focus on the explosive case. The scaling factor kp is an arbitrary deterministic function of T' that
satisfies k7 — oo strictly slower than T to consider stronger explosiveness than that in the local
assumption. A typical formulation is kr = T, where 0 < xk < 1.

In this setting, the principal component estimate cannot only consistently estimate the common
factors, but also misidentify the common components. I illustrate this fact in the following theorem
by considering two cases. The first case assumes that ¢ > 0 but ¢; = 0 for all 4, such that only the
common factor is explosive. The second case is ¢; > 0 for some or all ¢ but ¢ = 0. Hence, only the

idiosyncratic components are explosive.

Theorem 2.1. Let Assumptions 2.1-2.4 and M hold. If kr grows sufficiently slowly such that
a%T*1/2 and pZTT*1/2 go to infinity as T — oo, then the following equation holds for the factor
estimate:

ft = Aft + Nt Zf\il Qi t, (231)

where A= VINTITLf fAA + VAN f'ulk and a; = VAT fN, + VLT flug with V
being the largest eigenvalue of N~'T~'za’. Then, the following hold:

(i) If ¢ > 0 and ¢; = 0 for all i, then V = Op(aT~/?). Furthermore, if the stochastic order of
Vs b T2, A= 0,(1) and a; = Opy(1).

(ii) If ¢ = 0 and ¢; > 0 for all i, then V = Op(pg:TTfl/Q). Furthermore, if the stochastic order
of V is pZTT_lﬂ, A =0,(1) and a; = Oy(1).
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A proof is provided in Appendix B.2. From part (i), I can deduce that the common test
behaves well under the alternative hypothesis. This is because, when the true common component
is explosive, the estimation errors of the factor space consist of the second term of (2.3.1). Since
the explosive common component dominates the factor estimation errors,'? the common component
estimate continues to be explosive and the power remains.!3

Part (ii) yields a more interesting case. When the idiosyncratic components are explosive, the
second term dominates the first term, because w;; are explosive, while f; is not. Hence, ft is
dominated by the explosive idiosyncratic components u; ;. Therefore, even when the true common
component is not explosive, its estimate may be so when some idiosyncratic components are ex-
plosive. More intuitively, because the principal component estimator is based on the eigenvectors
associated with the largest eigenvalues of the covariance matrix of the panel data, when the idiosyn-
cratic components are explosive, one of the eigenvalues diverges. This causes the idiosyncratic time
series to be misidentified as a common component.

To provide intuition of the condition that a:‘_ﬁT ~1/2 (and p;{TTfl/ 2) tends to infinity, let us
consider the case of kpr = T". In this case, a% is approximated by exp(cT'~*) and the condition
requires it grows faster than T%/2. Apparently, the LTU (k = 1) does not satisfy this condition,
because exp(cT1 ") = exp(c) is a flat function of T. On the contrary, if £ = 0, then ok = exp(cT)

1/2 diverges to infinity.* Therefore, this

and this always diverges faster than 7%/2; hence, a%T‘
condition is more relevant, as  is smaller (or ap is larger). In my unreported numerical exercise,
a%Tﬁl/ 2 increases as T when  is 0.80 or smaller when ¢ = 1.0. The value of o that corresponds
to £ = 0.80 when T" = 100 is oy = 1.03. This gives us a rough guide for when the condition
oz%T_l/2 — 00 holds.!?

I can derive clear implications of part (ii): when wu;; are explosive, the size of the common test

is distorted because ft is dominated by u;; that are explosive. More interestingly, because ft is

dominated by the explosive u; ¢, the idiosyncratic component estimate 1, ; becomes nonexplosive for

2In Appendix B.3, I show that, in case (i), the factor estimation errors in the differenced factor are o,(1), but
those in the level factor are O,(T/2N~1/2).

13Things are different for the idiosyncratic tests, because the true idiosyncratic components are not explosive and
do not dominate the factor estimation errors. Therefore, the idiosyncratic test could suffer from size distortions.

14Here, how long it takes for the divergence to be evident depends on c. I appreciate this advice from Professor
Peter C. B. Phillips.

15 As shown in the Monte Carlo simulation, the finite sample power of the idiosyncratic test starts to decrease when
T =100 and p; = 1.03.
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the reason in the following remark. This explains the nonmonotonic power of the idiosyncratic test.

Remark 2.2. T illustrate the power loss of the idiosyncratic test by taking the special case of (ii),
where only the first cross-sectional unit has an explosive idiosyncratic component. I have ft R a1U ¢

~ o\ —1 A
By plugging this into the factor loading estimate A\ = (Zthl ft2> (Ethl ftxlvt) I obtain

~

-1 -1
T 7 T 7 2 T T
Moo= (S ) (Sl fa) = (@Xwd,) (00X we)

-1
= (G%Til ZtT:1 U%t) (CZI)\IJF1 Z;f:l utefe + a7 Z;f:1 u%t) ~apl, (232

because the numerator of the second line is dominated by the second term. By plugging ft R ajul g

and (2.3.2) into the idiosyncratic component estimate 4 = x4 — 5\1ft I obtain

U1 = T1t— M i,
~ urg+ A fe — (a7 ) (aruny),

= uitt+Mft —uig = Mife (2.3.3)

Therefore, equations ft ~ ajui ¢ and (2.3.2) imply 5\1ft ~ w1, and equation (2.3.3) implies @+ ~
A1ft- These mean that the common and idiosyncratic components are reversely identified by their

estimates. Hence, the idiosyncratic test loses power.

I validate this identification problem by investigating the correlation coefficient between ft and
fr and the correlation coeflicient between ft and uq ;. If the misidentification occurs, the former
decreases, but the latter increases as u1; becomes more explosive. To this end, I generate the same
data as in section 2.3.1 and compute the average of the absolute correlation coefficients between the
estimated and true common components ‘C’orr( ft, ft)’ over 5,000 replications. I also compute the
average of the absolute correlation coefficients between the estimated common component and true
idiosyncratic component Cor?“(f t u1,t)‘. The left panel of Figure 2.3.3 shows that, as u; ; becomes
more explosive, ft becomes less correlated with f;, but more correlated with wu;;. This finding
is consistent with Theorem 2.1 (ii). Next, as equation (2.3.3) suggests, I compute the average
of the absolute correlation coefficients between the estimated and true idiosyncratic components
|Corr(t,,u1+)| and the average of the absolute correlation coefficients between the estimated

idiosyncratic component and true common component |Corr(wis, f:)|. The right panel of Figure

32



estimated common component estimated idiosyncratic component

g 1.0 ===
0.8
—O— w/true common
0.6 component 0.6
w/ true idiosyncratic
component
0.4 0.4
0.2 0.2
o P
0.0 0.0
1.00 1.02 1.04 1.06 1.08 1.10 1.00 1.02 1.04 1.06 1.08 1.10

Figure 2.3.3: Absolute values of the correlation coefficients of the estimated components (with the
true common and idiosyncratic components).

2.3.3 shows that, as u;; becomes more explosive, i1, becomes less correlated with wu; ¢, but more

correlated with f;, because 11 inherits the time-series properties of f;.

Remark 2.3. To make Theorem 2.1 more comprehensive, I may consider the case of ¢ > 0 and ¢; > 0
for some i. Then, I have V = Op(max{a%T_l/Q,pg:TT_l/z}), A = 0,(1), and a; = O,(1). The
explosive idiosyncratic components become dominating components in the estimated factors if they
are more strongly explosive than the common components. This case yields the same implication
as part (ii), because what matters is the explosive behavior in the idiosyncratic components. In
addition, I may also consider the case of ¢ < 0 and/or ¢; < 0 for some i. Then, F; and/or U,
are 1(0) for some i and they would not contaminate the factor estimation as shown in Bai and Ng

(2004). Therefore, this case merely gives the same implication as when ¢ = 0 and/or ¢; = 0.

2.4 Cross-sectional approach

This section provides a new method of testing explosive behavior in the common and idiosyncratic
components. It is based on the following two key ingredients. First, it takes advantage of the fact
that explosive behaviors appear only in a certain subperiod and the series are not explosive in the
rest of the sample period. If this is the case, I can time-wise localize the explosive behaviors by
considering model (2.2.1) with F; = aF;—1 + e¢; and U;y = p;Uj—1 + 2y where a = p; = 1 for
t=1,....,Tand a, p; > 1fort =T +1,...,T + h, for any i, with h being the length of the window,

such that the data are assumed to have a certain period ¢ € [1,T] in which no explosive behaviors
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exist in either the common or the idiosyncratic components. I call this the training sample.'® On

the contrary, the period of interest t € [T'+ 1,T + h] is called the explosive window.

2.4.1 Algorithm

The second key element is using cross-sectional regressions to estimate the common factors in the
explosive window instead of using the principal component estimation of the first-differenced series.
This is because the first-differenced series of the explosive process remains explosive and, thus,
violates Assumption 2.3. Hence, the common factors are not consistently estimated. To address
this problem, I estimate the factor loadings in the training sample in a nonexplosive environment.
I then use these loadings as the regressors of the cross-sectional regressions in the explosive window
to estimate the common factors as the coefficients attached to the factor loadings. In this way, I can
avoid the identification problem between the common and idiosyncratic components investigated
in section 2.3.2. An important model assumption is that the factor loadings are constant for the
training sample and explosive window. I also keep the assumption that the number of factors

remains the same. I call this approach the CS method and it involves the following steps:

Algorithm:

Step 1. Use the first-differenced data x;; for t = 1,...,T to estimate the factor loadings A; by
using the principal component method (2.2.2). Denote the factor loadings estimated in the training
sample by 5\:‘

Step 2. At t =T +1, estimate the level of the common factors by the CS regression of {Xi,t}i]il
on {5\:}11 so that F, = (Z,fil 5\;‘5\;7’)_1 (vazl S\jX”> and the idiosyncratic components by
ﬁi,t =Xt — S\;"’F't. Then, repeat this for t =T +2,...,T + h.

Step 3. Construct the common test t*F by using F, and ft = F, — F,_1 in the regression
ft = 6F,_1 + error and the idiosyncratic test t*U(z) by using UM and U;; = Ui,t — Uz’,t—l in the
regression ;s = 51‘01',1571 +error fort=T+1,...,T + h. In both regressions, lags of the dependent

variable can be included if serial correlations in the errors are concerned. I denote the tests using

the regression with an intercept by t_} and t_*U(z)

Ci

7 can exist in the

16T can easily show that weak (local) explosive processes with AR coefficients 1 4 % and 1 4
training sample.
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Remark 2.4. Although I'set ¢t € [1,T] and t € [T'41,T + h] as the training sample and the explosive
window, respectively, this does not mean that the origination dates of explosive behaviors have to
be known in practice for the following reasons. First, the explosive behaviors can start later than
T + 1. If so, I am merely implementing the right-tailed unit root tests for the sample that includes
a nonexplosive subsample. Second, explosive behaviors can start before T' as long as they are as
weak as the LTU. This is because, even in the presence of the explosive behavior, the common
and idiosyncratic components are identified as I see in Theorem SA-1 of Appendix B.1 and so are
the factor loadings. Third, the origination dates of explosive behaviors in the common components
and in any idiosyncratic components are allowed to be heterogeneous because I implement the tests
series-by-series. One method of selecting the training sample is to use an existing date-stamping

method, such as in Phillips et al. (2011), to the cross-sectionally averaged series X; = N~! ZZ]\L 1 Xt

2.4.2 Theoretical results

I next provide an asymptotic justification of the CS method. Note that the time dimension of the
testing period is now h instead of T'; hence, I consider the following Assumption 2.5 in place of

Assumption M.

Assumption 2.5. 1. The AR coefficients satisfy oy, = 1—|—é and p;p = 1—1—,5—;, where c >0, ¢; > 0
and kp, is a deterministic sequence such that kp — oo and kp, = o(h). 2. C(L) =1 and D;(L) =1

for all i.

I obtain the following results. For brevity, again, I provide a proof under i.i.d. assumptions,
setting C(L) = 1 and D;(L) = 1 in Appendix B.4. The case with an intercept is shown, while the

case with no intercept can be similarly given.

Theorem 2.2. Let Assumptions 2.1-2.5 hold. With ¢ > 0 and ¢; > 0 for any j = 1,...,N, the
following hold as N, T,h — cc.

(a: common tests) If ¢ =0,

Z*F = <f01 W(r)dW(r)) / [fol W(r)2dr} 12

7
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hop—1
P5nhky

zfm — 0 for any j. If ¢ > 0, with m € (0,00) and © = N(0,0?/2¢),

aht Vioez 6], if T/kp, — 0
h “F )
Vagz | VT 6|, if T/ky =
—h11/2—1/2 .
ah kh/T /tﬁ ~ ﬁ % ’ 'LfT/:ICh—>OO,
. hpkt ol bk )
me —>0 andm —>0f07“ any j.
(b: idiosyncratic tests) If ¢; =0,
i (e AR LT
05 (i) = (Jy Walr)awi(r)) / [ Jy Wir)?ar| .
hpp—1 bkl
f% =0 andW — 0 for any j. If ¢; > 0, with m € (0,00) and ©; =
N(0,02/2¢;),
. 231'2 9], if T/kp, — 0
Pinty (1) =~ '
“hU ¢ |Uir .
53 \/‘T\/E—l-@i ,  if T/kp — 7
pi,h kh/ T / tU(Z) ~ 2(;:2 \/;Il: ) @f T/kh — 00,
) hpkt ol hk 1 )
me —>O andm —>Of07” any j.

Theorem 2.2 shows that the CS method provides the test statistics that have the correct asymp-
totic size under the MLTU framework if the stated conditions on the relative rate among N, T,
and h hold. Under the alternative hypothesis, the tests are consistent and behave as follows. If kj,
is faster than 7" so that T'/kp — 0, then I obtain the limit involving the explosive sample thus |©|
and the test diverges to positive infinity at a rate of ozZ with probability one. If kj is slower than
T so that T'/k, — oo, then the test statistic scaled by a;hk}lﬂT*l/Q is asymptotically dominated
by the absolute value of the initial value term. The test diverges to positive infinity at a rate of
aﬁk}ZlﬂTl/Q with probability one. If T" and kj, grow at the same rate (T'/k, — m), then both effects
are dominant and the test diverges to positive infinity at a rate of ozZ with probability one. More

importantly, the divergence becomes faster as the localizing coefficient ¢ increases, which ensures
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the monotonic power property of the CS test.

hp.—1 h -1
.. aphk; pj’hhkh .
The added condition min{ N1/ — 0 (and i {NU2.T77) — 0) requires h not to grow very

fast to eliminate the effects of factor estimation error. To obtain an intuition behind the condition,
I give a parametric example of kj = h* where « lies on (0,1) and I let N = T for simplicity. Then,

hpl—k
aph

the condition reduces to 27— — 0. Taking its logarithm and using log(ay,) = ch™" + o(1) yield,

1
ch'™F + (1 — k) log(h) — 3 log(T) — —o0.

Suppose ¢ = 0.5. Then, I can show that this is satisfied when h grows at a rate of log(T). As

another example, I set kp, = h/log(h). Then, the condition becomes

clog(h) + log(log(h)) — %log(T) 5 —. (2.4.1)

alhk; !

With ¢ = 0.5, h is required to grow slower than T" only slightly. Because the condition mn{NU2T77)

—

h —1
Pinlky

0 (and min{Nl/Q,Tl/Q}

— 0) requires h not to grow very fast, only the case of T'/kj, — oo applies in
most examples. However, T'/k, — m and T'/kp, — 0 are also relevant when h is relatively fast. To
see this in the second example, I let T = h'~¢/log(h) with € > 0. Then, T/k;, — 1 when € = 0 and
T/kp — 0 when € > 0. In either case, (2.4.1) holds when c is sufficiently smaller than 3. In the next

subsection, I consider the finite sample performance of the test via Monte Carlo simulation using

realistic values for the parameters and the sample size.

Remark 2.5. The key element of the CS method is estimation errors in the levels and the first
differences of the common factors as shown in Lemma B.6 (or Lemma B.11 for the demeaned

version) in Appendix B.4:
_ ahk1/2 phkl/Z
FE,-HF, = O, —t_——]+0 o ,
! ! P <min{N, 7172y | 7O iz, 7172y

) b2 ol 12
- H = O, | —h*h o) h'Vh
Ji Ji p(min{N,Tl/Q} O min{N/2,T1/2} |’

where pj, = max; p; j,. Hence, I extensively use them to prove Theorem 2.2.
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2.4.3 Finite sample properties

This subsection investigates the finite sample property of the CS method via Monte Carlo simula-
tions. The data are generated by the same model as in section 2.3.1. To investigate the validity
of theoretical results more directly, I set the AR coefficients to be a = 1 + ;% and p; = 1 + 7%,
where c =¢; =0fort =1,....,T and ¢, ¢; > 0 fort =T +1,....,T + h, for any i. I use the sample
size N = 100 and T = 50 and two lengths of the explosive window h = 50 and 100. All A;, w;,
zit, Fo, and Up ; are independently drawn from the standard normal quasi-random variables in each
replication. The size and power of the CS and PANIC tests in the explosive window are computed
at the 5% nominal level using 5,000 replications.

Table 2.3 presents the size of the common and idiosyncratic tests in the upper and lower panels,
respectively. The left and the right panels correspond to the h = 50 and 100 cases, respectively.
Consistent with the findings in section 2.3.1, the PANIC common test shows serious size distortions
when the idiosyncratic components are explosive and the PANIC idiosyncratic test becomes under-
sized when the common component is explosive when k£ = 0.8 and c is large. Although the CS
common test also shows size distortions, these are considerably smaller than those in the PANIC
common tests. As for the CS idiosyncratic test, I now see over-rejections, especially when k£ = 0.8
and c is large. This is consistent with the conditions provided in Theorem 2.2. In my unreported
results, I observe that the size of the CS test slightly improves as both N and T increase, although
the effect is not discernible. Figure 2.4.1 reports the power of both tests. Most importantly, the
bottom panels of Figure 2.4.1 suggest that the CS idiosyncratic test is free of the nonmonotonic
power problem. The power functions of the CS and PANIC common tests are similar because
the tests are asymptotically equivalent. In summary, the CS tests display size distortions when
the explosiveness is strong, but it performs well in general with a moderately explosive process
with x being 0.85 or lower. The CS tests outweigh the PANIC tests with respect to the power of
idiosyncratic tests.

Finally, the CS method relies on the fundamental model assumptions that the factor loadings
and the number of factors are constant even when the explosive regime starts. I investigate the
consequences of instabilities pertaining to them. First, the factor loadings have structural changes

such that X;; = NF; + Uy fort =1,...,T and X;; = (N + Ay)Fy + Uy for t =T +1,...,T + h,
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Table 2.3: Size of the CS and PANIC tests.

Common tests

h 50 50 50 50 100 100 100 100
K 0.80 0.8 090 095 080 085 090 0.95
CS

¢;=0.0 0.053 0.048 0.047 0.050 0.055 0.056 0.044 0.057
0.2 0.063 0.052 0.053 0.057 0.052 0.066 0.046 0.044
0.4 0.059 0.057 0.053 0.058 0.054 0.053 0.046 0.063
0.6 0.075 0.066 0.060 0.054 0.067 0.043 0.048 0.049
0.8 0.087 0.070 0.072 0.057 0.094 0.079 0.055 0.056
1.0 0.142 0.095 0.075 0.058 0.190 0.089 0.063 0.059

PANIC

ct=0.0 0.048 0.047 0.050 0.056 0.054 0.052 0.043 0.055
0.2 0.056 0.0564 0.053 0.056 0.054 0.073 0.044 0.043
0.4 0.063 0.059 0.050 0.059 0.061 0.060 0.045 0.063
0.6 0.097 0.069 0.067 0.053 0.095 0.050 0.050 0.053
0.8 0.238 0.114 0.092 0.064 0.209 0.108 0.067 0.054
1.0 0.872 0.280 0.125 0.085 0.814 0.192 0.086 0.068

Idiosyncratic tests
h 50 50 50 50 100 100 100 100
K 0.80 0.8 090 095 080 085 090 0.95
CS

c=0.0 0.067 0.063 0.056 0.043 0.050 0.055 0.054 0.048
0.2 0.068 0.046 0.057 0.043 0.051 0.062 0.041 0.054
0.4 0.049 0.048 0.049 0.052 0.057 0.053 0.055 0.045
0.6 0.079 0.069 0.074 0.063 0.055 0.060 0.052 0.062
0.8 0.108 0.066 0.076 0.064 0.116 0.090 0.065 0.058
1.0 0.206 0.122 0.069 0.064 0.219 0.103 0.078 0.065

PANIC

c=00 0.068 0.062 0.058 0.037 0.049 0.057 0.054 0.042
0.2 0.064 0.047 0.050 0.042 0.048 0.064 0.044 0.043
0.4 0.044 0.044 0.055 0.057 0.048 0.043 0.055 0.047
0.6 0.059 0.059 0.052 0.054 0.046 0.063 0.041 0.058
0.8 0.038 0.040 0.052 0.046 0.027 0.046 0.051 0.051
1.0 0.031 0.039 0.042 0.044 0.025 0.037 0.052 0.048
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Figure 2.4.1: Power of the CS and PANIC tests.

where the change A; ~ 4.9.d.U[0,1]. Second, I generate F} and U;; via the same processes, but with
an additional common factor Gy = 0 for t € [1,T] and Gy = aGy—1 +v; for t € [T+ 1,T + h], where
vy follows 4.i.d.N(0,1). Then, X;; = NiFy + Uiy for t = 1,...,T and X, = NiFy + Gy + Uy for
t=T+1,...,T+h, where the new factor loadings are generated by ~; ~ i.i.d.N (0, 1). In both cases,
I implement the PANIC and CS tests in the same manner as the previous case without accounting
for such instabilities. Since the structural changes in the factor loadings and the presence of the
additional factor are most likely to occur simultaneously when F; switches to the explosive regime,
I focus on the power of the tests. Figure 2.4.2 reports the power of the common and idiosyncratic
tests in the case of structural changes and Figure 2.4.3 presents them in the case of the new factor
for N = 100, T' = 50, h = 100 and x = 0.85. They show that the nonmonotonic power of the
idiosyncratic tests is still found in the PANIC tests, but it is resolved in the CS tests. The power
of the common tests is rarely affected by the structural changes, although I see some power loss in

the PANIC tests in Figure 2.4.2 and in the CS tests in Figure 2.4.3.
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Figure 2.4.3: Power of the CS and PANIC tests when a new factor appears.

2.5 Conclusions

In this study, I showed that, when the PANIC tests are applied to the explosive alternative hy-
pothesis, both the common and the idiosyncratic tests may exhibit serious size distortions. More
importantly, the idiosyncratic tests suffer from the nonmonotonic power problem. I then provide
a new CS method to disentangle the common and idiosyncratic components to obtain standard
monotonic power function. The proposed tests achieve the correct asymptotic size and are consis-
tent under the MLTU framework. A Monte Carlo simulation shows that the CS test for common
components considerably reduces size distortions and the CS test for idiosyncratic components is
robust to the nonmonotonic power problem.

This study has several implications. First, the nonmonotonic power problem can occur not only

in certain structural change tests, as shown in Perron and Yamamoto (2016), but also in more

41



general circumstances in which important model parameters are not correctly identified under the
alternative hypothesis. FEarlier studies such as Miiller and Elliott (2003) argued that Elliott et
al.’s (1996) efficient unit root tests may have power that drops to zero when the initial value is
moderately large. This study uncovers another possibility of the nonmonotonic power problem in
unit root testing when unobserved common and idiosyncratic components are misidentified. Second,
asymptotic frameworks that allow general deviations from the null hypothesis, such as the MLTU of
Phillips and Magdalinos (2007), are extremely useful in approximating such phenomena. Third, the
proposed method can potentially extend the right-tailed PANIC tests to various empirical analyses,
including testing financial bubbles (see Phillips et al., 2011) in large panel data and factor-augmented
regressions (see Stock & Watson, 2016). A caveat is that the proposed method is not free from size
distortions when the other nuisance components are strongly explosive. In addition, the relevance
of the constant factor loading assumption must be assessed in particular empirical settings. These

issues should be carefully incorporated in future studies.
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Chapter 3

Date-Stamping the Origination of
Explosive Behaviors in the Large

Dimensional Factor Model!

3.1 Introduction

Testing for speculative bubbles in asset prices is a long-standing problem for which numerous econo-
metric techniques have been developed. The most recent studies include the seminal work of Phillips
et al. (2011) which linked speculative bubbles to explosive behaviors of asset prices.? Their strategy
is to fit a univariate AR model and test whether the root is greater than unity. Although this chap-
ter is motivated by these studies, it explicitly accounts for empirical facts, such as the speculative
bubbles that prevailed in global as well as individual markets during the period of exuberance. It is
important to investigate whether these bubbles are an economy-wide phenomenon or market-specific
events. To address this question, I formally analyze how panel data of asset prices comove in an
explosive environment. A common practice in the empirical finance literature is to assume a linear
factor structure in panel data of asset prices. A short list of major works includes Fama and French

(1993), Litterman and Scheinkman (1991), and Ang and Piazzesi (2003), who examined stock and

!This chapter is a joint work with Yohei Yamamoto.

Phillips et al. (2011) and Phillips and Yu (2011) developed methods for a single bubble. Phillips et al. (2015a,
2015b) modified this to account for multiple bubbles. For other testing methods, see Giirkaynak (2008) and Homm
and Breitung (2012).
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bond prices. Del Negro and Otrok (2007), Stock and Watson (2008) and Moench and Ng (2011)
applied the factor model to U.S. house prices.

In the previous chapter, I adopt the framework of principal component estimation of the large
dimensional approximate factor model developed by Stock and Watson (2002a), Bai (2003) and Bai
and Ng (2002, 2004). Specifically, Bai and Ng (2004) proposed PANIC framework to test for the
unit root against stationarity in the common and idiosyncratic components of the factor model.
They showed that the standard ADF tests applied to the common and idiosyncratic components
have good size and power for the left-tailed version of the ADF tests. However, the previous
chapter discovered that the ADF tests in the PANIC framework have very different size and power
properties when the right-tailed versions are considered in an explosive environment. First, the test
for the common component suffers from serious size distortions when the idiosyncratic components
are explosive. Second, the test for the idiosyncratic components exhibits the nonmonotonic power
problem, that is, the power can go down to zero when the idiosyncratic component is moderately
or strongly explosive. To address these problems, I proposed a method based on cross-sectional
regressions to disentangle the common and idiosyncratic components.

In this study, I apply the date-stamping methodology for the origination of explosive behaviors
proposed in the seminal work of Phillips et al. (2011) to the large dimensional factor model. To
this end, I compare two methods of identifying the common and idiosyncratic components: PANIC
and CS. Monte Carlo simulations show that when the explosive behavior lies only in the common
component, the origination date is precisely estimated by either the PANIC or CS method. However,
when the explosive behaviors exist in the idiosyncratic components, PANIC method loses its power
of detection and the origination dates become inaccurate. I also show that these problems are
resolved by using the CS method, although some tendency of overdetection is observed when the
idiosyncratic components are strongly explosive.

The remainder of this chapter is organized as follows. In section 3.2, I introduce the model. In
section 3.3, I explain the date-stamping methodology of Phillips et al. (2011) and two approaches
to disentangle the common and idiosyncratic components. In section 3.4, I implement Monte Carlo
simulations to assess the empirical probability of correctly or incorrectly detecting explosive behav-

iors and the accuracy of the date-stamping strategies. Section 3.5 is the conclusion.
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3.2 Model

I assume that a panel data set of asset prices follow the factor model:
Xit=pi+NF,+ Uy, fori=1,..,Nandt=1,..T, (3.2.1)

where X ; is a scalar of the observed asset price with subscripts ¢ and ¢ indicating cross-section and
time, respectively. In addition, u; is a cross-section specific intercept, F; and \; are r x 1 vectors of
the common factors and factor loadings, respectively, and U;; is a scalar idiosyncratic component.
The cross-section and time dimensions N and 7" are large, while the number of factors r is small
indicating that the large dimensional panel data is driven by a small number of factors. For the
moment, I consider » = 1. I assume that the common factor and the idiosyncratic components
follow the first-order AR processes: Fy = aFy_1 + ¢; and U;y = p;U;4—1 + 2i ¢, where o and p; are
the AR coefficients and e; and z;; are stationary disturbances, respectively. I assume e; and z; for
any ¢ are mutually independent for all leads and lags.

The fact that the asset price X;; follows a random walk is consistent with the efficient market
hypothesis (Fama, 1970). Therefore, during normal times, both F; and U; ¢ follow a random walk
(v = p; = 1). When asset price X, is subject to a speculative bubble, it exhibits explosive behavior,
such that « > 1 and/or p; > 1. Thus, I allow for regimes that switch between the random walk
and the explosive process in the common and idiosyncratic components. For simplicity, I consider

a single bubble in each component so that

aF; 1+ ey, forTeFJrl §t§Tf,
F, = (3.2.2)

Fy_ 1+ e, otherwise,

where T and TJF are the origination and termination dates of the bubble in the common component.
Further,

piUip—1+ 2y, for TVi+1 <t <TV?
Uy = (3.2.3)

)

Uit—1+ zit,  otherwise,

where TY% and ij ¢ are the origination and termination dates of the bubble in the ith idiosyncratic
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component. As X;; exhibits bubble when either F} or U;; does so, the bubble in X;; starts at
TX = min{TF, TV} and ends at T}Xi = maX{TJF , T}] 3. If these do not overlap, multiple bubbles
appear in X; ;. I'let h = TJ}XZ' — T2 be the length of the explosive period.

When r > 1, one can consider the common factors series-by-series to investigate whether the
common factor space is explosive. This is adequate because the existence of at least one explosive
factor implies that the whole space is explosive. This contrasts with the case of investigating station-
arity of common factor space. As Bai and Ng (2004) point out, random walks of individual factors
do not necessarily imply a random walk for the common factor space if they have a cointegration
relationship and a separate treatment may be needed.

I consider the AR coefficients in the explosive period in the forms of

a=1+ " and pr=1+ 3, (3.2.4)
kn kn

where ¢ and ¢; > 0 for all i are the localizing coefficients. I follow Phillips and Magdalinos (2007) to

assume kp — oo and kp,/h — 0 as h — oo to justify the use of the methods of Phillips et al. (2011)

and the previous chapter.

3.3 Date-stamping methodology

3.3.1 Univariate time series

Phillips et al. (2011) proposed the following methodology for date-stamping explosive behavior in a
univariate time series, say Y; fort = 1,...,T. I denote the ADF test using the subsample t = 1, ..., Tp,
where 1 < Ty < T of Y; by ADFX[/1 ’TO]; that is, a t-test statistic for the coefficient dy in the regression
Y; — Y1 = puy +0vYi—1 + error. Thus, I construct a sequence of the ADF test statistics, starting
from sample ¢ € [1, Tp] with Ty being the minimal amount of data, and extending forward [1, Ty +1],
[1,To + 2], ..., [1,T]. I identify explosive behaviors when the test statistic exceeds the critical value
(cvy), diverging to infinity as T'— oo, so that the origination date is estimated by:

ny _ 1 . [lvt]
T, = Tog:ng{t : ADFy" > e}
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In practice, I follow Phillips et al.(2011, 2015a, 2015b) and set the critical value diverging at a rate
of double logarithms. I apply this method to the estimated common and idiosyncratic components

identified by the following methods.

3.3.2 Identifying the common and idiosyncratic components
3.3.2.1 The PANIC method

The first approach to identifying the common and idiosyncratic components is the PANIC method
proposed by Bai and Ng (2004). The main concept is simple. I use the principal component method
of the first-differenced data (z;; = X;;—X;+—1) for the entire sample to estimate the first-differenced
common components (fy = F;y — Fy_1) and the idiosyncratic components (u;; = U — Ujz—1).
Then, the levels of the common and idiosyncratic components are recovered by accumulating their

differences. The algorithm is described as follows.
1. Take first-differences of the observed data x;; = X;; — X; ;1 for t =2,...,T.

2. Obtain the principal component estimate of the common components (ft, t=2,..,T) out
of z; as follows. Let z be a (T' — 1) x N matrix, with the (¢,%)th element being z; ;11 and
f= [fg, ceey fT]’ be a (T'— 1) x r matrix of an estimate for the common component. Then, fis
the /T — 1 times the eigenvectors of za’ corresponding to the r largest eigenvalues. The factor
loadings and the first-differenced idiosyncratic components are estimated by =2 f /(T —1),
where A = [y, ..., Ax]’ an N x r matrix, and @y = 25, — N, f; for i = 1,..., N and t = 2,..., T,

respectively.

3. The levels of the common and idiosyncratic components are obtained by F, = 2222 fs and

Uit = 22:2%‘,87 fori=1,...,Nand t =2,...,T, respectively.

Bai and Ng (2004) considered the left-tailed ADF test for the common and idiosyncratic components
for the null hypothesis of unit root against an alternative hypothesis of stationarity. They showed
that the tests for either component have the same asymptotic distribution as N,T — oo and good
size and power in finite samples. However, the property of the right-tailed version of the ADF test

was not investigated.
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3.3.2.2 The CS method

The previous chapter thoroughly investigated the right-tailed version of the ADF tests under the
PANIC framework. It showed that the test for the common component suffers from serious size
distortions when the idiosyncratic components are explosive. It also showed that the test for the
idiosyncratic components exhibits the nonmonotonic power problem such that the power can go
down to zero when the idiosyncratic component is moderately or strongly explosive, because they
may be misidentified as the common component. To address these problems, it proposed a method
based on cross-sectional regressions to disentangle the common and idiosyncratic components. The

algorithm is described as follows.

1. Divide the entire sample period (¢t = 1,...,T') into two: the training sample (¢ = 1,...,77) and
the testing sample (¢ = T7 + 1,...,7). The training sample must be selected such that no

explosive series or only weakly explosive series are included.

2. Use the first-differenced data z;; in the training sample to estimate the first-differences of the
common components and the factor loadings by the principal component method. Denote
the first-differenced common components, the level estimates, and the factor loadings by ft
and F, = ZZ:Qfs for t = 2,...,77 and j\f for + = 1,...,N. The first differences of the
idiosyncratic components are obtained by u; ; = xi,t—;\;" ft and the level estimates are obtained

by Ui,t = 2222%75 for t = 2,..., T} in the training sample.

3. In the testing sample for t = T1+1, ..., T, the common factor is estimated by the cross-sectional

regression with X;; and 5\: as the regressand and regressors for t =1,..., N
. o a1 .
B= (SN0 (SN xy),

and the idiosyncratic components are estimated by U@t =Xt — 5\;“ Ft. Their first-differences

are ft =F,— F,_; and Uiy = UM — Uz‘,t—l, respectively, for t =11 + 1,...,T .

In practice, this method requires us to select the sample demarcation point (¢t = T}) in Step 1.

Ideally, the training sample should be the longest possible, as far as the factor loading estimates

A7 are not contaminated by the inclusion of explosive series in the sample. Hence, I wish to select

48



the sample [1,T1] in which no or only weakly explosive series are included in the data X;;. A
simple scheme is to apply the aforementioned date-stamping method to the cross-sectional average
X, = Nflzf\;lXit for t =1,...,7 and use the estimated origination date as 71 + 1. This criterion
would be justified by the fact that, when some series start to be explosive, the average (X;) also
exhibits explosive behavior. A more direct criterion is given by the date-stamping method applied
to the estimated common component via the full-sample PANIC method. This is because the factor
loading estimate will not be contaminated as long as the factor estimate is not contaminated. I will

use both criteria in the following section.

3.4 Monte Carlo simulations

In this section, I conduct Monte Carlo simulations to investigate the empirical probability of de-
tecting explosive behaviors by the proposed procedures. I also assess the accuracy of the origination
date when the explosive behavior is present and detected.

I first generate data using models (3.2.1), (3.2.2), (3.2.3), and (3.2.4), where r = 1 and p; =0
for all 7. I set the following two experiments. In the first experiment, I generate data with explosive
behavior only in the common component, such that ¢ > 0 and ¢; = 0 for all ¢. In the second
experiment, the data contains explosive behaviors in all the idiosyncratic components but not in
the common component so that ¢ = 0 and ¢; > 0 for all <. In both experiments, I identify the
common and idiosyncratic components and implement the aforementioned date-stamping method
for both components, enabling the study of correct and false detections. To report the results of
the idiosyncratic components, I particularly select the first cross-section unit. This choice loses no
generality as the model is symmetric for cross-section units.

I implement the following steps in each Monte Carlo replication. If the sequence of ADF test
statistics exceeds the critical value for more than four consecutive periods, the first date when the
test statistic exceeds the critical value is recorded as the origination dates: Tf for the common com-
ponent and 7Y for the idiosyncratic components. The critical values are set at cv; = log(log(t))/1.5
following Phillips et al.’s (2011, 2015ab) recommendation for the rate of double logarithms. The
scale constant 1.5 is chosen such that the false detection rate becomes approximately 5% in my

setting by a separate simulation. Based on 5,000 replications, I compute the empirical probability
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that the explosive behavior is not detected falsely when there is an explosive behavior in the model.
I also compute the empirical probability that the explosive behavior is incorrectly detected when

there is no explosive behavior in the model. These are called error rates. Given that the bubble

TF_T,

[Ui_ . .
is correctly detected, I compute the averages of ( ) and (%) across replications as the

bias and the mean squared error (MSE) of f’f and Téjl I present the case of N = 100, T" = 200,
TF = TV = 40, and Tf = T}Ji = 80 so that the duration of the bubble is h = 40. However,
reasonable variations regarding the model setting do not affect qualitative results. The minimal
amount of data is set at Ty = [roT], where 79 = 0.01 + 1.8/+/T, following Phillips et al. (2015a).
Because I am interested in how the results change as the AR coefficients varies, a set of values for ¢
and ¢; = [0.2,0.4,...,2.0] is considered in the AR coefficients (3.2.4) with k;, = h" and k = 0.85. I
compare the error rates for the common and idiosyncratic components, the bias, and the MSE for
the PANIC, CS1, and CS2 methods, where CS1 uses X; and CS2 uses F} to select the end of the
training sample (77). I also compute the error rates, the bias and the MSE when the true common
and idiosyncratic components are used and these are labeled “Observed”. These results are free from
the effects of identification scheme and thus serve as a benchmark.

Figure 3.4.1 shows the results of the origination date for the case of explosive behavior in the
common component but not in the idiosyncratic components. The error rate for the common
component is high when c¢ is small, however, it steadily declines as ¢ increases. This corresponds
to the standard power curve of the ADF test against the explosive alternative hypothesis. The
error rate for the idiosyncratic components remains low in any methods, however, I observe some
tendency for overdetection of CS1 and CS2 when the common component are strongly explosive.
This reflects the size-distortions of the CS based test for idiosyncratic components documented by
the previous chapter. There is no large differences in the biases and the MSEs across the four
methods in this case. Overall, PANIC shows very similar properties to the Observed, which proves
the usefulness of PANIC in this case. However, the results of CS1 and CS2 do not differ much from
them.

Figure 3.4.2 in turn presents the results of the origination date for the case when the idiosyn-
cratic components have explosive behaviors but the common component does not. Remarkably,
the error rate for the common component when using PANIC rapidly increases to one. This cor-

responds to the size distortion of the ADF test for the common component when the idiosyncratic
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Figure 3.4.1: Bias, MSE and error rates when the explosive behavior is in the common components.
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Figure 3.4.2: Bias, MSE and error rates when the explosive behaviors are in the idiosyncratic
components.

components are explosive. This occurs because PANIC misidentifies the common and idiosyncratic
components and suffers from spurious explosive behavior in the former. More interestingly, the
error rate for idiosyncratic components when using PANIC remains very close to one. This is due to
the nonmonotonic power problem of the ADF test applied to the idiosyncratic components pointed
out in the previous chapter. These imply that the explosive behavior in the common component is
falsely detected and the explosive behaviors in the idiosyncratic components are hardly detected by
PANIC. In contrast, the error rates of the idiosyncratic components when using CS1 or CS2 show
similar patterns to that of the Observed. The error rates of the common component when using
CS1 and CS2 are low, although I see some tendency for overdetection when ¢; becomes large. The
bias and the MSE when using PANIC are high across all values of ¢;, however, when using CS1
or CS2, the values are very low and similar to those of the Observed. Finally, although the bias
and MSE are very similar for CS1 and CS2, the latter tends to provide a lower error rate than the

former in these experiments.
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In summary, the properties of the right-tailed unit root tests investigated in the previous chapter
are passed over to the date-stamping of explosive behavior. When it lies only in the common
component, the origination date is precisely estimated by either PANIC or CS. However, when
the explosive behaviors exist in the idiosyncratic components, PANIC loses its power of detection
and the origination date is inaccurate. These problems are addressed by using CS, although some

tendency for overdetection is observed when the idiosyncratic components are strongly explosive.

3.5 Conclusions

In this study, I applied the date-stamping methodology for the origination of explosive behaviors
proposed in the seminal work of Phillips et al. (2011) to the large dimensional common factor model.
To this end, I compared two methods of identifying the common and idiosyncratic components:
PANIC and CS. As discovered by the previous chapter, when the PANIC method is used, the ADF
test for the common component may suffer from serious size distortions and that for the idiosyncratic
components exhibits the nonmonotonic power problem. These features are passed over to the study
regarding date-stamping. Monte Carlo simulations show that, when the explosive behavior lies only
in the common component, the origination date is precisely estimated by either the PANIC or the CS
method. However, when the explosive behaviors exist in the idiosyncratic components, the PANIC
method loses its power of detection and the origination dates are inaccurate. These problems are
resolved by using the CS method, although some tendency of overdetection is observed when the

idiosyncratic components are strongly explosive.
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Appendix A

Proofs of Theorems in Chapter 1

A.1 Preliminaries for Theorem 1.1

Let V7 be an r x r diagonal matrix of the first » largest eigenvalues of (NT)~!X X’ and the kth
cigenvalue be vyrx. Let H = (NA/N)(F'F/T)Vyt = (hi,...,hy) be an 7 x 7 rotation matrix
where hy, is the kth column. I also use the notation oy = mm(\/ﬁ , \/T) The following identity

equation holds.

fer = hife + ukg,

where

T ~ T ~ T ~ T ~
s = o (T o + TV et TV a4 T )

with ys¢ = N71 Zfil E(eiseit), (st = N7 ejes — E(ejes)], nse = N7UfiA e and & = N1 f{ A es.
Proposition A.1. Under Assumptions 1.1-1.4, the following hold.

1 TS (e = W i) = Op637),

2. Vnr = Op(1),

3. hr = 0p(1),

_ T T
4. T ! Zt:l Zs:l 7§t <m,

99



(1 5L, N ) < m
Proof. First three propositions are shown in Bai (2003). Proof of 1 is Lemma A.1 of Bai (2003).
Proof of 2 and 3 are implicitly shown by Lemma A.3 of Bai (2003). The last two propositions are
shown in Lemma 1.(i) and Lemma 1.(ii) of Bai and Ng (2002). O

Lemma A.1. Under Assumptions 1.1-1.4, I have

2 1

1. T2 Zthl 23:1 JrsVst = Op(T_zéNlT),
P 1 1

2. T2 S0 fusCot = Op(T7IN"2),
» 1 1

8. T2 S0 frsnet = Op(T2N72),
; _3.. 1

4' T_2 ZtT:1 23:1 fk,sgst = Op(T 1N~ 2 ),

—1 T A
5. T3y (fre — kft) = Op(0y )

6. T 20y (frs = Wfi)' = Opl037)-
Proof. These can be proved almost the same way as Lemma A.2 in Bai (2003).

1. Let us consider

T_2 Zthl ZZ:I fk,sVst = T_2 Zj:l Zj:l (fk,s - h%fs) Vst + T_2 Zf:l Zj:l h;gfs7st-

The first term is

‘T_2 Zj:l Zj:l (fk,s - %fs) Vst

Because T2 Y7 [y /2 < (7 ye])V/2 , T have

NJ\)—I

P T 2 )
T t=1 (Zs:1752t> <T < 121& 123 175t> ’

by Proposition A.1.4. Therefore, this is Op(T_%cSR,%) by Proposition A.1.1. The second term

without hj, is O,(T~!) since

E HTl S e

1 T T
S ) S SN
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by Assumptions 1.1.1 and 1.3.4. Hence, the lemma holds.

. Consider

T2 S e =T2 S (e M) Gt T2 S

The first term is Op(NfééﬁlT) by Bai (2003). The second term without hj, is

IN

T T
HT2 Do Dy Fi

1 —_= % - T N ! %
(T : ||sz) DD (T 125:1@
O (Nfﬁ).

This is because the first set of parentheses is Op(1) by Assumption 1.1.3. The second set of

|
»M»—‘

parentheses is shown in Bai (2003) and is Op,(N _%) Hence, the lemma holds.

. Consider

T_2 Zj:l Zj:l fk,snst = T_2 Zj:l Zj:l (.fk,s - hkfs) Nst + T_2 Zj:l Zj:l h%fsnst-

The first term is

3 1
‘Tz Zj:l Zj:l <fk75 - h;fs) Nst| < |:T1 Zj:l (fk,s - ;€f5> 2:| ’ T’i1 23;1 <T1 2321 7]?}&) :

The second set of parentheses is

N[

IN
=
N

T Zthl <T_1 ZsT:1 773t>

by Assumption 1.1.3 and Proposition A.1.5. Therefore the first term is Op(Tfi]\V%(S;éﬂ).
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The second term without A, is

1
HT_2 Zj:l Zj:l fsnst < T_i <T_é Z |fs|| ) ! Zt 1 (T_l Zj:l 77§t> 2

Therefore, this is Op(T_%N_%). Hence, the lemma holds.

4. Consider

T2 S Geka = T2 S (e M)
+T‘QZ;Z; o fssts
S D D SN ¢ e A LAY
TN S R feAf

The first term is O, (N 7%6;,%) by Bai (2003). The second term without hj, is

3 1
< T iN~2

1

e (e 5 )
1

< (L fvreal)’

HT2N1 SN ReAd

The third set of parentheses is bounded by Proposition A.1.5. Therefore, this is Op(ngNfé)

and the lemma holds.

. Using Lemma A.1.6,

NI

S (R i) < [ S ()] T (fm—h;da)‘jé

= Op (5N1T) x Op (5 7) = Op (51\1?%’)

Therefore, the lemma holds.

6. Because Holder’s inequality implies (z +y + 2z +u)* < 43(z* +y* + 2* +u*) , I obtain

(fk,t — h;ft) < ’UNT k43 (at + 074+ dg)
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where ay = (T_l ZZ:l fk,syst)a bt = (T_l 23:1 fk,sgst)ga Ct = (T_l ZZ:I fk,snst)2 and dt =

(r—! Zzzl fk,sgst)? Because a; is positive,

2
Ty s (1)

In addition, 7~ Y7 a; = O, (T~') by Bai and Ng (2002). Hence, T~* ST a2 =0, (T2).

Similarly,
T Zthl b = O, (N_Q) , T Zthl i =0y (N_Q) , T Zthl di = 0, (N_Q) :

Therefore, T~ ! Zthl(fk,t - h;gft)4 = Op(‘sﬁé’ff)'

Lemma A.2. Under Assumptions 1.1-1.4,

y — 1.1
: :“Jg,l:T LS B fi + Op(T7IN"2),

(0 - 1.1
fi =TV [(fe = w])E2RE? + Op(T71INT2),

o TS = )P = 3T S ((fe = i)V PT T SS (e = )

+O,(T"1N"3).

Proof.

1. Consider

L f o _1 T ~
g1 = T thlfk,t

1T 1T
= T thl "+ T thlukvt.
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The second term is

157
1 Ukt

- T2y S Frs¥st T T2 S0 frsat

T\ AT S Fesna A TR S frsla
onm | % (T-405%) +0, (T7IN7E)
+0, (T*%N*%) +0, (T*%N*%)

0, (T—iN—%)

by Proposition A.1.2 and Lemmas A.1.1 to A.1.4. Hence the lemma holds.

. Consider

—1 T P ~f 2
T Zt:l (fk,t - ,Uk,1>

Frw — Wi fo+ Wi fo — hjppa]
=A =As

I consider the sums of squares of each term. 71>, | A% is

TS (oo Wh) = 00 (533)

by Proposition A.1.1. T-' ST A2 is

T 2
T
05t - it )
t=1

Il
N
b
j‘ ~
—_
| — |
7 N\
|
[N
om'ﬂ
—_
A~
P
|
=
——
~—
~_
>
>
| I

by Assumption 1.1.3. T~} Zthl A2 s

r Y (15 wl) = o (i)
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by Lemma A.2.1. T-' ST A1 Ay is

'T—l Zthl (fkt - %ft) ( wft — klh) < 77! Zthl ‘fkt -
<
(TEL e
= 0O, (T_Z(SJ_VT)

by Assumption 1.1.3 and Proposition A.1.1. 7! Z;‘FZI AsAg is

‘ IZ ( hle) (hﬁcu{—T_lstzl 2]%)‘ < 7! (T‘ézt

by Assumption 1.1.3. T~} Zle A3Ay is

s (- o) (15 ) = o

by Lemma A.2.1. T—! Z?:l A1 Ay is

ft‘ Hft - M{H ||hk||

T ] (- h;ft)zf

1
2\ 2
HN

2
i

1 T 2 , -1 T 1 T 2
T (Fee = hiki) (T Zsluk,s> = (T Zslek,s)

by Lemma A.2.1. T-! Zthl A As is

5 (e tis) (o - S ) = o,
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by Lemma A.2.1. T-' ST AyAy is

P (i) (5 ) = 0 ()0 (1)

by Lemma A.2.1. Therefore,

2

71 ZtT:1 (fkt - ﬂ£,1)2 — 71 ZtT:1 [(ft B M{)l hk] ‘o, (Tfi(mlT)
- Zthl [(ft - M{>®1/h§2 +0, (T*i]v*%) .

. Consider

ﬂi’g =7 ZtT=1 (A1 + Az + Az + Ag)°.

7' A3 = 0, (653) by Lemma A.1.5. T~ 21 A3 is

IN

3
fo— | ||hk||>

3
_ T _ T
oy (e~ S )

T3 <T—§ Z:

e

= 0y (1"
. —1 T 3 -
by Assumption 1.1.3. T, | Ay is

3
- T _ T 3.3
r 1Zt:1 <T 1Zs1uk’s> =Op (T N 2)

by Lemma A.2.1. T—! Zthl A2 Ay is

IN

T (o) ()| = 1 [ i)

= T710, (033) x 0, (1) = 0, (T 4533
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by Lemma A.1.6 and Assumption 1.1.3. T
-1 T 3 / 2 1 f -1
TS (B i) (W] — 7Y

by Proposition A.1.1. T-' 37 A2Ay is

T Z; (fkt - h;{:ft>2 (T_l Zstl Uk,s>

by Proposition A.1.1 and Lemma A.2.1. T~

TS (e

kﬂ{) (fkt - h;gft>

AT 42 4 i

>_

! ZtT:1 AgAl i

3 T 2 .
(DN N TV

T" T £I12 3
2 _
t:l Hft MH

1
4
:
—1 2
> (e = 1)) i

70, (1) 0y (634) 0, (1)

(i)

T

T
O,

by Assumption 1.1.3 and Proposition A.1.1. T~} Zzzl AZAy s

TS () (T

IN

]
}) 0 (i)
N)

3
op(

0, (T

1
2
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by Assumption 1.1.3 and Lemma A.2.1. 7! Zthl A3A; is

T 2
SV AT LT
< 1Y A ad | el
X (e hi)
Ty (e — e

2
T Zthl (h;cN{ -7 ijl ;gfs> (fkt - h;cft)

by Assumption 1.1.3 and Lemma A.2.1. T—! Zthl AZA, is

T Zthl ( el — 12 kf5>2 < kSt — kﬂq) =0p (T_%>

by Assumption 1.1.3. 7! Z;‘FZI AZAy s

L (od -1 S is) (ML) = oo, (i)

by Assumption 1.1.3 and Lemma A.2.1. T—! Zthl A%A; s

2 3
™ Zj:1 (T_l ZST:1 u’“) (fkt - h?gft) = <T_1 Zil 6k,s>

by Lemma A.2.1. T—! Z:;F:l A2 Ay is

Y (T_lzsil“’“’) (Wisi = tid) = 0, (T3N) 0, (T7%)

by Assumption 1.1.3 and Lemma A.2.1. 7! Zthl A2 A3 is

N[
N———

2
5 (S ) (e -5 ) - 0 ()0, (-
O
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by Assumption 1.1.3 and Lemma A.2.1. 7! Zthl A1 A9 A3 is

Ty

) (fkt - ) (hkft Z;H{) < ] — IZ >
<T" i[ lzt ) Frg — hkft) r [T_éZf—l Hft H] 7] ( il‘f _M{H>
—T710, (555) x 0, (1) x 0, (1)
:0( %;VlT)

by Assumption 1.1.3 and Proposition A.1.1. 7! Zthl A1A5A, s

() (5 ) ()

i[ fk,t—h;ft)Q] ( e ) Il |
10, (5N1T> x 0y (1) x O, (TIN"3)

T
0, (T*%N*%%QT)

NI

| /\

oy
u
=1 k,s

by Assumption 1.1.3, Proposition A.1.1 and Lemma A.2.1. 7! Zthl A1A3Ay is

Ty, 1(fkt—hkft><k“1 X ) ()
(T‘EN) (T_%)
Op (T7'N7Y)

by Assumption 1.1.3 and Lemma A.2.1. T—! Zthl Ay A3Ay is

Ty, (A ku1)<’f’“ i hkfs) <T_128Tluk’s>
o)) ol
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Therefore,

s = TN AJ+TTY A3y +0, (TRoy)
!/
= L ()

St 3 () P L () e 0 (1),

Hence, the lemma holds.

O
Let oy, be the probability limit of & wheredy = (A3, (73uglh?2h;€))’.
Lemma A.3. Under Assumptions 1.1-1.4,
a2y &, .
iy | = |7 EY a0, (TiNE) (A1)
t=1 t=1
i 5 a.

Proof. 1t is sufficient to show that (A.1.1) holds for the kth element. By using Lemma A.2, the kth

element of (A.1.1) can expand as follows.

T T

_1 A _1
T 2 E apzrpy = T2 E
t=1

70



Consider I.

K\J\»—'

& M’”) Frs| = D3 (ft “1) koo~ T2ps iy

t=1

-7 ZT: [(ft - u{)@]/h?QT 2 Z <ft ) hi, + O, (TiN*%)

s=1

by Lemma A.2.3. Consider I1. [L{Q = uglh%Q + 0, ( aN %) by Lemma A.2.2.

T T T
TS (i) = TN TEY w — T] - 0y (TENT)
=1 t=1 t—1
T
- T%Z(ft )thrO(i —%>
t=1

by A.2.1. Therefore

t=1 t=1
T
/
T3 (1 ) e, (1)
t=1
T 1 1
= T2 Zakzt + 0, (TZN‘E)
t=1
with Tk =0. O
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Lemma A.4. Under Assumptions 1.1-1.4,
-3 1 T 1 1
Vi = (i) (14 e ) - 0u (ria)
t=1

Proof. 1 define @D,’: = ,u{;/h??’ / (uglhfz)% to derive the statement. This is equal to zero when ka =

/‘i,g(ﬂi,z)_% =0 for all k.

=II
Consider I.
T ®3 !
VT <ﬂ£,3 - Mg,hgg) = Tz Z { (ft - M{) - Mﬁ} hi?
t=1
S S l) T () o ),

by Lemma A.2.3. Consider II. The delta method implies

3 3 1
. 2 5 3 2 [
(Nia) c - (ﬂg,h?) = ) <M§/h§2) ’ [:“22 - uﬁ’h?ﬂ +op(1).
Therefore,
~S fry®2 1 d f ®2 f ! 2 1 1
vT (%,2 — 1y by ) =1 Z [(ft - M1) - :“2} h? + 0y (TZN—§> ;
t=1
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by Lemma A.2.2. Now I obtain

VI (o —0f) = () VT (ol ) - () oV [(aha)” - ()]
3 T3 Zt 1 [( M{)mﬂﬂ hi?
37y, [(ft u{)m} he2r—2 T 1(ft ) hy + O, ( TiN~—

- () gw’{ (“glh@)% (T | [( ul) —ug]/h?2+0p (TiN—5>>.

N[

)

t=1
Note that
f ®3 / / !
Zt:(|:(ft_M1> _Ng] (ft )> .
Hence,
VT = (finz) "2 (T P Zakzt> + 0, <T4N’§)
t=1
with T,f = 0 for all k. O

A.2 Proof of Theorem 1.1

Proof. By using Lemma A.4, I obtain

!/
VI = VT(#, 7)),

il 0 a1
_1 T
_ T2y | |ato <T4N 2)
0 il &,
~~ N—~—
=N =&’
_ M*%A/ T3 r Oy TiN“2 A21
= MR (1Y ) 0, (TINTE), (A2.1)

where & = (a4, -+, &)
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1. By plugging (A.2.1) into the Wald-type test Wy =T [?f'MS(f‘f)’lff , where I'V = T-1&/

(Zthl Zi21)a, I obtain

Wyt =

as N,T — oo and VT /N — 0 by using Assumption 1.13.

NN
2. By plugging (A.2.1) into an 7 x 1 vector of the elements in My, that is, \/T]WQ2 (Ff)*%%f, I

obtain

N

A3 s\ N N 3 T
Nag e (rf> o= g (rf) Y (T—z Ztlzt>+0p(TiN—é),

= N (Orx1,1r),

as N, T — oo and T /N — 0 by using Assumption 1.13. The result follows immediately.

A.3 Preliminaries for Theorem 1.2

Lemma A.5. Under Assumptions 1.1-1.4,
1. N —H '\ =0,(T"tN"2),
2. TS (N fi = Xifi) = Op(T72NTY),
5. T (Ve = Nifi)? = Op(037),

b TS (A = N f)? = Op(33),
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5. T (M fe = Xife)' = Op(057),
Proof.

1. According to the proof of Theorem 2 in Bai (2003), I obtain

N—H W = T 'HFe—T! (F - FH)/ (F - FH) H ) (A.3.1)
~TH'F (F - FH) H N+ T (F - FH)' e

(a) The first term is O,(T~!) by Assumption 1.4.
(b) The second term is Op(6y7)-

(c) For the third term, I have

— T T P _ T T A
71 Z (ft _ H/ft) fl = V]\?% T2 > ey Fsvstf T 723 >y [sCst fY
= T2 S fnafl A T2 S flaft

=Vyr (I +IT+IIT+1V).
First, I = Op(T’%é&lT) by Bai (2003). For I1,
2 2

1r=1" Zt 128 1( HfS) CStft+T Zt IZS 1 fsCstft
For the first term,

1

2
~t)

. T
Ty Gl

H T2 S (Fo HL) Gt

< < 12
X (T—l Z;

1
2)2

< I (TP ) (L @)

Then the second set of parentheses is

A

2
(D N A e

IN
-
—
=

N[
3
-

This is because 7! Zt L (% = O,(N~1) by Bai (2003). Therefore this is Op(T_iN_%éxéw).
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For the second term,

-

i - T - T / 2\ 2
2) (T Do T e )

HT2 S Sl

IN
=
W=
N
=
[NIES
=

Thus, IT = O,(T~iN~263%) + O,(T"2N~2). For III,

=2 T T ¢ ! ! -2 T T ! /
=723 S (S B f TS S H ]

For the first term,

fs _H/fs

1
2)2

T
T_l Zt:l nstft/

OSSN (AP

< (L]
X (T—l Z;

1
2)2

For the second set of parentheses,

2 2

= N7277! Zstl T Zthl folesf,
< v () () )
(i fvtel)

= O, (T'N7).

T AT

Therefore this is Op(TféNfééﬁlf). For the second term,

_1 _1 T 2
-} <T > \sz2>

IN

_ T
T ! Zt:l nstft/

HT_2 ZtT:1 Zil fsnstft/

(T—l Z; 2) : :

Thus, 11T = O,(T"2N"253%) + Op(T~1N~2). The proof of IV is similar to that of
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II1. Thus
Yy, (fo = H'7e) 5 = 0, (T7EN"263%) + 0, (T72N72)
=1\ ) P NT » .
(d) For the last term, I have

T_2 Z?:1 23:1 fs’}/stei,t + T_2 Zzzl 23:1 fsCstei,t
+T72 Z?:l ZZ:]_ fsnstei,t + T2 23;1 2321 fs‘fstei,t

=V (I +IT+IIT+1V).

T /. .
T thl (ft — Hlft) eir = Vyr

First, T = O,(T~ 25y} by Bai (2003). For I,

_ 2\ T (2 / o =T T
II=r Zt:l Zs:l (fs - H fs) Cst€i7t +T°H Zt:l Zs:l fsCstei,t-

The first term 1is

fs _H/fs

1
T 2\ 2

< _1
< (L) )
1
. T . T 2]2
TS (T ) |

HT_2 Zj:l Zj:l (fs B HlfS) Cst€it

X

Because T~ S°7_ | Coreiy = Op(N_%), this is Op(N_%(SX,lT). For the second term,

1

1 i 3T 2

< i (T AR
)
T T 2
ry ! (105 ) ] |

T T
a0 DD Dy

X

Therefore this is O,(T~1N~2). Thus II = O,(N~263L) + O,(T~iN~2). For I,

11 =123 S (o B ness £ T2 ST e

7



For the first term,

IN

[s

(ros! i)
7! ijl( *12 ?7st€zt> ]

H 2Zt lzs 1( Hfs) Nst€it

NI

For the second set of parentheses,

2
125 1 ( Zt Nst€; t)
=T 3N2 Zil fl Z; (Ner) ey
STOINTEY AT, (e e

<vr (1 1) (1Y HN‘ertH><T22tT_1€?¢)

=0, (T7'N7).

2

2

Therefore this is Op(T_%N —26 ~7)- For the second term,

[ S Y fanaes
_1 _1 T 2
<|H|TH (T3 I

=0, (T—%N—%) .

1
212

! Zstl <T1 Zle 775t€z‘,t> ]

Thus I11 = Op(T_%N_%(S;,;) —i—Op(T_%N_%). The proof of IV is similar to that of I11.

Thus,
TS (fo- ) e =0, (TTENTE).

Combining these results yields
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2. Consider

TS () = () TR ()
+ (5\2 - H71>\¢>/ H'T™! Zil £,

N (HY T ZtT:l (ft - H’ft) ;

For the first term,

The second term is
(i) BT fi=0, (TN
7 ) =1 t p .
The third term is
r -1 -1\ (5 AN 1.1
X(H ) TN (- H) =0, (TTENT3).

Therefore
PO () =0, ()
Thus, the lemma holds.
3. Consider

(5 -0 (5 - 1)
(N ) B Y (- )

D N CHEPT AN S

- Op (‘5;7%“) :
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This is because

IN

= Op (Tﬁ%N*l‘SR{%) )

2

< |-t T )

= Op (T_lN_l) )

“ 2
(AU SN A

= Op (5J§2T) )

IN

L e ()]

S () (i) ()

S Do A I o I A |

<[ (e ) o ()’

=0, (TN 0, (634) T4,

=0, (T7iN"105h)

‘T‘l Z; ()\ —H1) -)lH’f N (H™Y (ﬁ - H/ft)

<17y, H&— 1AHHHfHH pRUN T

<o~

=0y (TN )op(aNT)T4,

=0, (T7EN"25})
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PFIE:il(&_JTJAOI(ﬂ‘ffﬁ)M(H‘ﬁlﬁﬂ—ffﬁ)

<| (CREb ol F2
=0, (TiN"3533) .

N — H 1\

Thus, the lemma holds. Without loss of generality, I can also prove 4 and 5 in the same way
and the lemmas hold.

Lemma A.6. Under Assumptions 1.1-1.4,
. _ 1
i =T ! 23:1 et +Op(T72N h).

N _ T _
o =T Py (e — Nf,1)2 + Op(S57)-

. 1T 1T 1T -
3 iz =T ! dia(eit — NZ1>3 — 37! Dos—1(eit — Nf,l)QT ! di—1(eit — N’il) + Op((SN?EF)

Proof.

1.

Nfe+er = X;ft + €,
At €it = e+ Nife = Nife, (A.3.2)
R =T =T -
& TSy =T0Y e+ T 'S (M- NA). (A.3.3)

The second term is Op(T_%N_l) by Lemma A.5.2. Thus, the lemma holds.

2. Combining (A.3.2) and (A.3.3),

~ T—l T e T—l T e
Cit — E :tﬂ Cit = (ez‘,t - Mm) - E g it T i

G B AR D SN (BT T
— By —By— Bs— B,.

Then,
T T
T_l Zt:l (éi’t o ﬂzl)Q = T_l Zt:l (Bl - B2 - B3 - B4)2 .
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I consider the sums of squares of each term. For T—! Zthl B2 is

2
T T
T_l Zt:l (T_l thl €it — lu’f,l) = Op (T_l) .

For T_l Zz:l B%v

O Zj:l <5‘2ft - /\;'ft>2 =0y (657) -

For Til Z?:l Bza

2
71 Zil (Tl Zj:l (S\’Z.fs - )\;f5>> =0, (T7'N72).

For T—1 23:1 BB,

=T
™ thl (i -

For T—1 Zthl By Bs,

DN (o) DIRTE

For T-' 37 B3By,

T
15 1) (T_l 25:1 €is — Mf,1) =0, (T

PN T
uf,l) (Nife=Nifi) = <T1 D it uf,1>

<7 Zil (Xéft - )\th) 7
= O, (T7'N71).

T (Vo) [ (% - ) | = 00 (.

For 71 Zthl BBy,

71 ZtT:1 <€z‘,1; - le) [T‘l Zstl (5\;]@5 - )\;fs>] =0, (T—IN—l) _
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For T-'S°7 | BB,

‘T_l ZtT:l (eit — 151) (S\th - Agft)

T
< T1 (T‘% thl (ei,t - uil)Q)

O (THo3%)

S
1=

2

[T_l ijl (X;ft - A;ft) 2] ;

Finally, T=' 32| BoBy is

T axt o e AT rr e 11
Ty (T S e ﬂm) > (Nfi=Xf) =0, (1IN,
Thus, Lemma holds.

. Consider the following equation.

T T
! Zt:l (éivt - ﬂzl)g =7 thl [By — By — Bg — B4]3 .

Similar to 2, I consider the sums of squares of each term. 77! Zthl Bj = O, (T_%>. For
1T
T3 B,
T P 3 B
T (M= X)) =0, (03
For T-' S B3,

e (1 (i) o (i),

For T-' Y1, B}B;,

r Z1th1 (eie - “21)2 (X;ft - )\gft)
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For 7' 3.1 B2By,
71 ZT (34 — ué )2 71 ZT (j\lf _ )\{f) -0 (T—IN—l)
=1 it 7,1 =1 iJs iJs b .
For T-'S | B3By,

T T 2 ‘
T_l Zt:l <T_1 thl ei,t - M’il) (ei,t - :u"i]_) == Op <T_

Nleo
——

For T-' S B?Bj,

LD <T‘1 PN u§,1>2 (Mfe—Xs) = 0, (T73N71).

t=1
For T-' ]| B3By,
2
- T - T - T i 3.
T 1 Zt:l (T 1 Zt:l €it — /’67?,1) T 1 thl <)\;ft - A;ft> = Op (T o N 1) .

For T-'S°F  B2By,

‘Tl S (8- 3if) (e i)

For T-' Y2/, B2Bs,

S (=) (17 - i) = 0 (7305

For T-' [, B3By,

S (g Xg) T (M- N = 0, (17N ).
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For T—1 Zthl B?B,

S S ()] e ) =0, ().

For 71 Zthl BiBQ,

2
T Zz;l [T_l ijl <5‘;fs - )\;fs>] (T_l Zf:l €it — M21> =0, (T_%N_Q) .

For T—1 Z;‘FZI B?Bs,

™ Zj:l [T_l ZST=1 (};fs - AéfS)} 2 (S‘éft - A;ﬁ) =0y (T_%N_g’) .

For T—1 Zthl B1 B> Bs,

T T PN
‘T—l thl (ez‘,t — ,Uil) <T_1 thl €t — Mil) (A;ft — )\;ft)

TS G - ) (- ) T (V- )

< [rr T, (=) | [ e

=0, (T7INTo3%) .
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=

2
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=
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For T~' 3.7 ByB3By,

71 Zil (T‘l ZT:ei,t - Mf;) (5\;]?1% — )\;ft> [T—l ijl (5\;]?3 _ A;fs):| _o, (T_%N_Q) |
t=1

Therefore, the following holds.

T T
7! thl (éi,t - /:Lf,l)g = 7! Zt:l (em — ,uf,l)g

T T
—3r! thl (ei,t — M§,1)2 <T—1 Zt:l it — Nil) + 0, (5&2}) .

Lemma A.7. Under Assumptions 1.1-1.4,

T

T
T8N Wiy = BT > via + 0, (THo35)

t=1 t=1

Proof. By using Lemma A.6, I obtain

1 T 4 1 T

T
O t=1 bivig = T2 1 [(éi,t - ﬂf,l)g - /lf,:a} - 3/122T_% thl (e —fi54)

= I-3II

(A.3.4)

=
-7 25:1 (eie — Nf,l)z E
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by Lemma A.6.3. Consider I1.

T
TRy (e —iy) =

-1 Zthl eir+ T2 Z; ()\gft - S\gft) -1 Z e — 0, (N1,
Z; (i —p51) +Op (N7

=

e

by A.6.1. Therefore

_1 T -, 1 T 3 I
T2 —_ Viviy, = T2 i [(em — ,uf,l) — Mf,:s} + 0, (TQ(SN?F)

T
— 35T 2 thl (eie = 1E1) +Op (N71),

T A
= T2 Zt:l b;v@t + Op (T%(;]QST> .

Therefore, the lemma holds. O

A.4 Proof of Theorem 1.2

Proof. The coefficient of skewness for the ith idiosyncratic component is

3 3 3 3
VT (7§ —78) = (if5) 2 VT (53— p53) — (B5a) 275 VT [(ﬂiz) 2 — (159) 2] .

)

=I =II

For I,

T
VT (53— nis) = T3 Zt_l ((6?,15 —p)" — )

_ T 1 T _
—3T 125:1(6“ pi )T~ QZt lezt 1i1) + Op ( 5N3:}>,

by Lemma A.6.3. For II, the delta method implies

wlw
njw

N |=

DO o

(ﬂf,z) - (Mfg) (Hf,z)

(ﬂf,Q - Hf,z) +op(1).

Therefore,
T
VT ({155 — 155) = T3 E 1 [(eit — 1i1) = Hia] + Op (T%(S;f%‘) )
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by Lemma A.6.2. Now I obtain

_3 R .3 JURNE: 3
\/T(f'z‘e —7) = (ﬂfg) 2T (Mf,:’) - ,Uf,?,) - (Mf@) 2 Tze\/f [(Mf,z)g - (Mfg) 2} )
_1 T
| TR )
7,2 1
=3T3 (e — Mf,l)zT_§ S (eir — 15 1)
33 T

_3 1
() R e ) TN ((ens — pE) — pifa) + 0, (THOR).

[\

Hence,
~e ~e -2 _1 T 71 1. 9
VT# = (Mm) \T thl bivig | +Op (T25NT) ;

with 7¢ = 0. By plugging this into the test statistic for the ith idiosyncratic component S; 7 =

VT (ji5 )

3 A
2

(Ff)iéﬂea where ['¢ = 71 2321(13277@,5)2, I have

Sint = VT ‘ U

= N(0,1),

as N,T — oo and VT /N — 0 by using Assumption 1.3.3. O
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Appendix B
Supplementary Material to Chapter 2

B.1 Results under the LTU Framework

Becheri and van den Akker (2015) and Westerlund (2015) derived the local asymptotic power of
the pooled panel unit root tests where the common factors are extracted using the PANIC method.
In doing so, the first-order AR coefficients are assumed to shrink to one at a fast rate of 77!, that

1

is, the local to unity (LTU) time series rate.” Here, I present the local asymptotic power of the

common and the idiosyncratic tests of the PANIC and the CS tests by using the LTU framework:

Assumption B.1. The AR coefficients satisfy o = 1+¢/T and p; = 14 ¢;/T, where both ¢ and

¢; are the fized constants.

The localizing coefficients ¢ and ¢; can be either positive or negative, where ¢ > 0 and ¢; > 0
relate to explosive processes and ¢ < 0 and ¢; < 0 pertain to stationary processes. Therefore, the
local asymptotic results are valid against either the explosive alternative hypothesis or the stationary

alternative hypothesis. The following theorem is obtained.

Theorem SA-1. Suppose Assumptions 2.1-2.4 and B.1 hold. Let W(r) and We;(r) be inde-
pendent Ornstein and Uhlenbeck processes defined on r € [0,1], We(r) = We(r) — [ We(r)dr, and
Wei(r) = We(r) — [Wei(r)dr. The following hold as N,T — cc.

!The rate also depends on N because they consider the pooled tests.
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(i-a: The case of no deterministic components, common tests)

tp = e fo Welr)dr T [ﬁ? oyar]’ 3
0 T

(i-b: The case of no deterministic components, idiosyncratic tests)

1/2 N fol ; Wi(r)

0o we] " Lo

(ii-a: The case of the intercept, common tests)

.
[ i,

(ii-b: The case of the intercept, idiosyncratic tests)

"W T i\
tp(i) = ci [fo1 Wc,i(T)er} vy [folmﬁ//{:’l(( ))i:/](l/)Q.
o We,i(r)“dr

For brevity, I present the proof of Theorem SA-1 under the i.i.d. assumptions C(L) = 1 and
D;(L) =1 in Appendix B.2. I can obtain the proof of the tests based on the regression augmented
by p lags under p — oo and p?/min {N, T} — 0 by closely following Appendix C of Bai and Ng
(2004); hence, it is condensed. This confirms that the factor estimation errors are immaterial in
the limit distributions in a locally explosive environment. Note that the independent Ornstein and
Uhlenbeck processes reduce to the independent Wiener processes when ¢ = 0 in cases (i-a) and
(ii-a) and when ¢; = 0 in cases (i-b) and (ii-b); hence, the results encompass the asymptotic null
distributions.

This shows that the size of the common (idiosyncratic) test is robust to the LTU deviations in the
idiosyncratic (common and other idiosyncratic) components. As for the power, it ensures that the
common (idiosyncratic) test has the standard local power even though the idiosyncratic (common
and other idiosyncratic) components have the LTU deviations. Hence, this theorem theoretically

confirms Bai and Ng’s (2004) Monte Carlo findings in both the left- and right-tailed tests and implies
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that the PANIC method can disentangle the common and idiosyncratic explosive components.

I next consider the CS tests. Note that the time dimension of the testing sample is now h instead
of T'; hence, I now denote ap = 14 7 and p;, = 1 + § in Assumption B.1. I present Theorem
SA-2 under the LTU framework. For brevity, again, I provide a proof under the i.i.d. assumptions

C(L) =1 and D;(L) =1 in Appendix B.4.

Theorem SA-2. Suppose Assumptions 2.1-2.4 and B.1 hold. The following hold as N, T, h —

(i-a: The case of no deterministic components, common tests)

ty = ¢ | Jo Welr)?dr | i [ﬁ? o }7"32.
0 T

(i-b: The case of no deterministic components, idiosyncratic tests)

. Wi(r)
tr (i) = ¢ {fol chi(r)er} [jﬁo er] /5

(ii-a: The case of the intercept, common tests)

t=c [fol Wc(r)2dr] i + [?1 Wel(r) (Z/}(TEQ
0 T

(7i-b: The case of the intercept, idiosyncratic tests)

t_U( i) = ¢ [fo )er} 2 + fl WCi(T)dm](f/)Q.

[fo e 2dr

Similar to Theorem SA-1, this theorem shows that the common test asymptotically achieves the
correct size and is consistent under the LTU framework. The idiosyncratic test also asymptotically

attains the correct size and is consistent under the LTU framework.
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B.2 Proof of Theorem SA-1 and Theorem 2.1

Throughout Appendix B.2, I use the notation § = min {\/ﬁ, \/T} and H = V-Y(f'f/T)(NA/N),
where V is the largest eigenvalue of z2//(NT). Talso let F¢ | = F;_—F, where F =T 'S F
and Ft‘il =F_ - E, where F = 71 Zthl Fy_q. Let also ff=fi— f, where f = T—1 Zthl I
and ftc = ft — f, where ? = 7! Zle ft. In addition, I'let U7,y = Ujs—1 — U; where U; =

-1 Zt 1 Uit—1 and U = Ui’t_l — a, where a =71 Zthl Ui,t—L Let also uf, = u;s — u;,
where @; = T~} thl uip and 4§, = G — a;, where 4; = T—1 Zthl Ui . As I explained in the main

text, the proofs are presented under r = 1, C(L) = 1, and D;(L) = 1 for all 7.

Lemma B.1. Under Assumptions 2.1, 2.8, 2.4, and B.1, the following hold.

(a) T=Y2Fpy = oWe(r),

(b) T3 Fy= o [W(r)dr,

(c) TS Fivey = o [ We(r)dW (r),

() T2 F?2 = o [ W.(r)2dr,

(e) T_I/QUMT,,} = o;Wei(r),

(f) T—3/2 Z?ﬂ Uit = o [ Wei(r)dr,

(9) T3y Uirazig = 07 [ Wea(r)dW (r),

(h) T~23 1 Uy = of [ Wea(r)?dr,

() T~V Feqer = o [ We(r)dW(r),

() T 2L F2 = o2 [ W.(r)2dr,

(k) T30, Ufioqzip = 07 [ We(r)dW(r),

() T2 Uy = 02 [ Weu(r)2dr,

where We(r) and Wcﬂ'(r) are independent Ornstein and Uhlenbeck processes defined on r € [0, 1]
and We(r) = Wo(r) — [We(r)dr, We(r) = Wei(r) — [ Wei(r)dr.

Proof of B.1. See Phillips (1987) for parts (a)—(h). For parts (i)—(1), the results are directly

obtained from them. W

Lemma B.2. Under Assumptions 2.1, 2.3, 2.4, and B.1, the following hold.
(a) T1 Zthl Jr Y ¢, a positive constant,
(b) E(uis) =0 and E|u;s|® = O(1),
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(c) "y;s = O(1) for all s and T~* ZZ;I Zthl ”y;t} = O(1), where v, = N~} sz\i1 E(u suit),
(d) S 6551 = 0(1) for all j and N-L YN, SN

4
(6) C;k,t = 0(1)7 where C;,t =E|N~1/2 ZN [Ui,sui,t - E(Ui,suz‘,t)]‘ .

i=1

= O(1), where ¢} ; = E(uiujz),

i
Proof of Lemma B.2. (a) I start with

c
ft = TFtﬂ + é;.

Squaring both sides, summing over ¢, and multiplying both sides by T~! yields

J & r T T
T S ft = T3 S FE+ 252 Y Frve+ 7Y €f,

= I+I1T+T77'SF 2 B o2

because I = O,(T~') by using Lemma B.1 (d) and II = 0,(T~!) by using Lemma B.1 (c). The
convergence of the third term is implied by the weak law of large numbers in Assumption 2.1. Hence,
the result follows.

(b) It is straightforward that

from Assumption 2.3.1. Next,

8

Y

c
E !uz‘,t|8 = E ’TUz‘,t—l + 2t

8
CcS
< 2% x max {TSE Uii1® B |zi7t|8} ,
but
E|Uis-1|® < T®pSTE |24,

so that

8
C; 8 8
T (Ui P < GpfTE 2]

where pi::rp = (1+ %)% — exp(8¢;) and E 24> < M from Assumption 2.3.1. Hence, the result

follows.
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(c) Without loss of generality, let s > ¢. Consider

Ci Ci
E(u;suis) = E {(lUi,sfl + Zi,s) (iUi,tfl + Zi,t)} )

T T
012 C; C;
= 5EUis-1Uit—1) + mE (Uis-12it) + 7E (Uir-12is) + E(zis2i1),
T T T
= I+ IT+1IT+1V.

However,
2
1< ZE(TT02, ) = 017,
by using Lemma B.1 (e). For I1,
C; C;
171 = TE (Uis—17it) = TE[(Ui,sfl —Uit)zig + uirzip + Uir—12i4],
Ci Ci ¢
= %E[(Ui,s—l —Uit)zig + %E(Uuzi,t) + %E(Ui,t—lzi,t)y
= Ila+1Ib+ Ilc.

. —t—1
However, since U; s—1 = 2;,s—1 + piT%i,s—2 + -+ pf’T Ui,

¢ e
Ila = %E[{Zi,sq + pirzis—2 + P?,Tzi,sf?) +oF (Pf,Tt t— 1)Ui,t} Zit)s
& 2 s—t—1 s—t—1
= TE[{Zi,s—l + pirzis—2 + pirzis—3 + o+ (pir  — Dzig+pir(pip — 1)Ui,t—1} Zitl,
C; i _
= St - DEG) =0,
from Assumption 2.3.1,
c; c; ¢ ¢
IIb = %E[(zi,t + %Zi,tﬂ + %,Oi,TZi,H + 4+ %piTUi,O)Zi,t],
= ZE() =0T,

from Assumption 2.3.1, and

T1/2
=0(1) by Lemma A1l (e)

Ilc= G E(T_l/QUz‘,t—l) E(z,t) =0,
—————
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so that IT = O(TY). For II1

&
—E (Ui—1)E(2i5) = 0,

o
IH:%Mm#w@:T

since U; ;—1 and z; s are independent as long as s > ¢. Therefore,

E(ui,sum) = O(T_1> + O(T_l) + O(T_l) + 0 + E(zi,sz@t),
o2+ 0(T™Y ifs=t
o1 if s £t

I now consider

1N
'V;t = E [N ! Zz':l ui,sui,t] s

NN o240 ifs=t
o(T1) if s#t

I also have

T 1N
Yt i = N 07 +0(1),

so that

T! 23:1 23:1 }’Y;k,t‘ =N! sz\; ‘71'2 + 0(1) = 0(1)-
(d) Consider

. ¢ ¢
¢y = Eluiguji) =E [(%Uz’,m + Zz‘,t) (%ULH + Zj,t)] ;
c;C

. . .
= T EUi1Uji-1) + ZEUii1250) + ZEUje1200) + B(2i0250),

= I+II+1IT+1V.

For I,
Ci;Cj

TQJ E(Uit-1Uji—1) =

CiCj

I: ﬁ

b LIS+ 9+ 9]
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and, assuming c¢; > ¢; without loss of generality, I obtain

Ci

7)) =0(),

SO+ %] T+

so that I = ¢; ; x O(T~1). For I,

Ci

1T = T1/2

E(T~Y2U; 4 1)E(zj) = 0,
from Assumption 2.3.1, and similarly, IIT = 0. IV = ¢; ; by definition. Therefore,

o7 ;= dij[1+ 0T,

so that
Y il =+o(T) Yy Igigl = 0(1),
from Assumption 2.3.2 and
NTUE 0 |07, = L+ O(T HINT L S 1] = O(1),

from Assumption 2.3.2 as well. Hence, the result follows.

(e) Since
02 Is c
Uj sUjt = ﬁljz',&—llji,t—l + TUi,s—lZi,t + TUivt_lziys + Zi,s%it
* —1/2 N 4
st = E ‘N Do i suie — E(us suig)]|
C2 N
= By 2imt Wis1Uit-1 = E(Uis-1Uit-1)]
DN (U,
iz 2imt Wis-17ie = E(Uis1zi0)]
C
+W Zi\il [Ui,t—lzi,s - E(Ui7t_1zi75)]
+W Zi:l [Zi,szi,t - E(zi,szi,t)] ,
= E[®; + &y + 03+ 04[*,
< 4% x max {E \<I>1|4,E|<I>2|4,E|<I>3|4,gs7t},
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: 4 s—1 s—1-1 t—1—
Consider E |®1|". Since U; s—1 = Y, pr zigand Ujp—1 = Zm 0PiT T Zims

8

E|®)|" = ngE 2SN Uis—1Uii—1 — E(Uis-1Uip-1)]
A

~1/2 —1-1
- TlsE / Zz 1 [Zz oP Zm oPZT " 2i1%im

4
_Zl_l ple lZm ople mE(Zlezm)} )
8

- TSE N2 21];\;1 lez_o Ple lzm oprl " (zigzim — B(zi02im))

4

)

4

)

S 4

= Tst Siso P Iyt N m‘N_l/Q Zfil(zi,lzz',m*E(Zi,zzz',m))H ,
4
< TZSTS STE NTL2 ZZ 1(zzlzzm_E(zi,lZi,m)) )

= oM =0(1),

from Assumption 2.3.3. Next,

4 4 —1/2 4
E|®y* = TZE 2y 1[Ui,s,lzi,tfE(Ui,S,lzi,t)]‘ ,
A
= TZ4E 1/2 Zz 1[ ? (}pr Zi 1%t — Zl —0 P; T1 lE(zz 1% t)}
A

= TZ4E ?&ps "IN 1/221 1[2’212’”—1@(2@1%,0]

< i T4 47}1@’]\7 V2SN [zinzie — E(zizig)]

4

9

4

)

4

9

= cipipM = 0(1),
and E |®3)* = O(1) is similarly shown. Therefore,
iy <4t xmax{O(1), ¢t} = O(1),

from Assumption 2.3.3. Hence, the result follows. W

Lemma B.3. Under Assumptions 2.1-2.4 and B.1, the following hold.
() T2 (fo = H ) = 0p(07Y),
(0) TSy (fo = H? = 0p(672),
(¢) T7V 2 (fo = Hfuiy = Op(672),
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(&) T oy (fo = Hf)fi = Op(072),

() T2 (fi = Hf)fi = 0(672),

(f) X —H'\; = 0, (m{NlT/}) :

Proof of Lemma B.3. Part (a) follows Theorem 1 of Bai (2003). For part (b), the proof is
straightforward from Theorem 1 of Bai and Ng (2002) if their assumptions are replaced with my
Lemma B.2. For parts (c), (d), and (e), the proof follows Lemmas B1, B2, and B3 of Bai (2003),

respectively if their assumptions are replaced with my Lemma B.2. For part (f), I have

Ni—MNHY = T'HYT ) fouy
+77! Zthl(ft — Hf)fihi + T Zthl(ft — H f)u;y,

= TTUH Yy fruig + 0p(072),
by using Lemma B.3 (e) and (c). Now,

T fruie = TV ($Fa +er) (Ui + 2i)
= ¢T3 Zle FiqUipq +cT72 Zthl Fi_1ziy
+¢; T2 Zthl Uit—1er +T71 ZL €1 Zits

= I+IIT+1IT+1V.

However, by using the Cauchy—Schwarz inequality, Lemma B.1 (d) and (h), and Assumptions 2.1

and 2.3.1, I obtain

s /2 , 1/2 B
I < ceT! (T 22?:1 Ft{1> (T QZthl Uz%t—l) = Op(T 1):
1/2 1/2
o< a2 (resl ) (rr sl 2 0,) = o,
1/2 1/2
I < T2 (T_2 Zf:l Uz%t—l) / (T_l Z? 1 6?—1) = O, (T /%)

For IV, Assumptions 2.1, 2.3.1, and 2.4 imply that {etzi,t}fﬂ is a white noise sequence so that
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IV = 0,(T~%/?). Therefore,

. 1
N — H '\ =0,(T /2 0 2) = . — B.2.1
Op( )+ 0,(077) =0, (min{N’T1/2}> ( )

Hence, the result follows. W

Lemma B.4. Under Assumptions 2.1-2.4 and A, the following hold.
() TV, fR =T H> Y, f7+0,(07%),
(b) T25 . FLy =T 2H? Y[ FE 4+ 0p(071),
() TV P = T H? Y Fioa fu + Op(07Y),
(d) T Zle Uy, = T! ZtT:1 uzz,t + 0,(672),
(e) T723°), Ui%tfl =72y, Ul 4+ 0p(671),
(f) T30 Uity = TS0 Uspruze + Op(071),
(9) TV Fey fo = T H2 Y FE fo+ Op(07Y),
(h) T=23 0 B2 = T2H* Y FE2 + 0,(67Y),
(i) T4 500 Ui = T i Ufyqig + 0p(07Y),
() T2 Z?:l Uf,?—l =72 Zthl Uic,%—l +0p(671).

Proof of Lemma B.4. Note that Fj = 0 and Ui,O = 0 for all ¢ by definition. (a) I start with

the identity

Tl o= L (i G- i)
= 7' 2T Y (f - HS)?
+2T_1H Z?:l ft(ft - Hft)a

= T 'H*Y L AT+ I

However, I = 0,(072) by using Lemma B.3 (b) and IT = O,(6~?2) by using Lemma B.3 (d). Hence,
the result follows.

(b) This part closely follows Bai and Ng’s (2004) Lemma B.7. Since
Fioy=HF 1+ Y 2 (fs — Hfy), (B.2.2)
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squaring both sides, summing over ¢, and multiplying by 72 yields

. o 2
T2 Zthl F, = T7°H? Z?:l F2,+T1 ZtT:1 [T_1/2 Zz:ﬁ(fs - Hfs)}
2T H YL P [T (- HE)|

= T2H2Y L F2, +1+11

However, I = O,(67!) by using Lemma B.3 (a). For term I, I use the Cauchy—Schwarz inequality

to get

571/2

i< (st e s (re st un) |
- 0,0 <007,

by using Lemma B.1 (d) for the first term and Lemma B.3 (a) for the second term. Hence, the
result follows.

(c) Since F? = (Fy—1 + fi)? = F2 | + f# + 2F;_1 f; by construction, I obtain
1 2 2
Fiafi= ( —F - ff).
Summing over ¢ and multiplying by 7! yields
T i Fidfy = 3(T7' P = TR = TH L /7). (B23)

I also have by construction
1 .
Fiafi= ( — L = D),
so that

T S B fi= 3T BT R -T2 ). (B.2.4)
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Subtracting (B.2.3) multiplied by H? from (B.2.4) yields

TS Foafi = TUHPYS L Foafi+ 90 (F} — HXF}) — 3(F§ — H2FY)
_ T 2 _ T
B (T 1Zt:1 ft2_T 'H? Zt:1 ft2>>
= T'H*S Fioafy+ 1+ 11+ 111

For I, updating (B.2.2) to the period T, squaring both sides, and multiplying by 7! yields

~ ~ 2
TR = TOURRR 4 TS (- 1Y)

=0p(6—2) by Lemma B.3 (a)

-1/ -125T (fF
+2 T-YV2Rp [T ! 22 (fs Hfs)}v

s=1

=0p(1) by Lemma B.1 (a) =0,(6—1) by Lemma B.3 (a)

so that I = 0,(671). For I,
F2 — H?’F? = —H?*(a2F2 + €2 + 2arFyey),

is bounded as T' — 0o so that 11 = O,(T~'). Term I11 is O,(0~2) by using Lemma B.4 (a). Hence,
the result follows.

(d) Since ;¢ = it — let and ;¢ = ui; + NHYH f,,

Qg = wig+NH THf — Nife,

)

= iy — NH T (fi = Hf) — i = NH ™Y fi. (B.2.5)
Squaring both sides, summing over ¢, and multiplying by 7! yields

Tt Z?:l ﬁ?,t = 7! ZtT=1 Uzz,t + )\ZZH72T71 Z?:l(ft - Hft)2 + (;\z - )‘inl)QTfl Z?:l ft2
—2>\1'H_1T_1 Z?:l(ft — Hft)ui,t — 2(5\2 — )\inl)Tfl 23;1 ftui,t
20 (N — NH DT ZtTﬂ(ft —Hf)fr,

= T\ wd + I+ T+ 11T+ 1V +V.
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However, I = O,(672) by using Lemma B.3 (b), I] = Op(m) by using Lemma B.3 (f) and
T-! Ethz fi =1, and ITT = O,(6~2) by using Lemma B.3 (c). T also have

IV = —2(5\1' — )\iH_l)T_l ZtT:1 ftum,

= 20N - NEH O S (= Hf)wie — 200 — NH YT H Y fruig,
_ 1 2 1 —1/2
- OP (min {T, NQ}) X OP(H ) + Op (min {T, N2}> X OP(T )a

by using Lemma B.3 (f) and Lemma B.3 (c) for the first term and by using Lemma B.3 (f) for
the second term, and V = O, (W) x Op(6~2) by using Lemma B.3 (f) and Lemma B.3 (e).
Hence, the result follows.

(e) I have

Ui,t = ZZ:I ai,sa
= 22:1 Uj,s — )‘iH_l Zizl(fs - Hfs) - (5\1 - )\z’H_l) 22:1 fs>

= Uiy —Uio— NH™? Zi:l(fs —Hf)— (N —NHY 22:1 s

from (B.2.5). Multiplying both sides by 7~'/2 would yield

A~

Y20, = TVU,, -T7VU; 0 - \H! [T_1/2 S (fs — Hfs):| — (N = H )T Y2

s=1 s=1

= T YU, + T+ 114111

but I = O,(T~"/?) from Assumption 2.3.1, IT = O,(6~') by using Lemma B.3 (a), II] =

O, <mm{]\}Tl/2}> by using Lemma B.3 (f) and

T2t f = TR =T VPHE, +T V2 (fo— HSS),

= Op(1) + 0p(67),

by using Lemma B.1 (b) and Lemma B.3 (a). This results in T—Y20;; = T~Y2U;; + 0,(67") so
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that squaring both sides yields

T7U% = T7'UL +0,(072) + 0,(07") x T7V2Uy,,

= T7'U7 +0,(071), (B.2.6)
by using Lemma B.1 (e). Furthermore, summing over ¢ yields
T Ethl Uft =71 Zthl Ui2,t + Op(efl)Tfl/Q Zthl Uiy

Multiplying both sides by 7! yields

TS U2 = T2 U2 +0,007Y) T2 Uy
N e’

=0p(1) by Lemma B.1 (g)
= T2 UL+ 0,67,

Hence, the result follows.

(f) T use an identity similar to (B.2.4) for U

15T 77 U2r U 1 T 2
- y — L3 ) y
T 21 Uiy = 570 — 97 = a7 201 Ui (B.2.7)
and an identity similar to (B.2.3) for U;,
1y 7 Ulr Ul 1 ST 2
T t=1 Uiﬂg,lui’t = 5T — 5T — 9T =1 ui’t. (B28)

Subtracting (B.2.8) from (B.2.7) yields

1T f X 1T
T3 Uity — T >, Uir—1uig

1 1 - 1 T . T
= ﬁ(UzT - UZ%T) - ﬁ(UiQ,o - Ufo) ~or (Zt:l uzz,t - Zt:l U?t) )
= [+I1I+1I1.

However, I and IT are O,(0~!) from (B.2.6) and I11 is O,(6~2) by using Lemma B.4 (d). Hence,

the result follows.
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(g) Since F2 = (Fy_1+ fi — F)? = (F£, + fi)? = F2, + f} +2F¢_, f; by construction, I obtain

1
Feofe = i(Ftd - Ftczl - ftQ),

1 _
= SR —FL—2Ffi— f7).
Summing over ¢ and multiplying by 77! yields
TS P fe =T P2 T R —2Ff T S, f). (B.2.9)

I also have by construction

L 1 . R N
Ftcflft = §(Ft02 - Ftcgl - ft2)a
1 - o = A A
= §(Ft2 - Ft2—1 - 2Fft - ftz)y
so that
TS B o= YT BT —2Ff —T 'S, fR). (B.2.10)

Subtracting (B.2.9) multiplied by H? from (B.2.10) yields

T E?:l Feofy = T7'H? Ethl Feqfe+ %(F:% — H’F}) — %(Fg — H*Fy)
(r S TS g7 - (F - B

= T'H2S T Ry fi+ I+ 1T+ IIT+1V.

For the terms I + I + I11, 1 follow the proof of part (c) to obtain O,(6~!). Term IV is

Ff—HFf = (F—HF)Hf+HF(f — Hf)+ (F~ HF)(f - HJ),
= Op(T'07") x O,(T7/?)

+0,(TYV?) x 0,(T~Y/?971)

+0,(TV207Y) x 0,(T~1/2971Y),

= Op(971)7
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because Hf = O,(T~1/?),

F = 7'BY B+ TS (Fe — HE ),
= T HY L R +T ' SN (f - HS),

= HF 4 0,(T"?97Y),

and
f= T HSE f+T 'S5 (fi - HfY,
= Hf+0,(T7 Y2071,
(h) T have
~ A A a 72
T Ethl Ftc—21 = 17 Zthl Ft2—1 —2FT? Zthl Fa+T7HF
N =2
= T2 F}, -T7'F =1+1II
However,

I=T"H? Zthl FZ2 1+ 0,(07h),

by using Lemma B.4 (b) and
IT=T'H*F?*+0,(607).

Hence,

I+1I = TH2Y [ | F2,—T 'H?*F?+0,(67"),

= TPHS L (Fia = F)? 4 0p(071).
(i) The proof follows part (g) by using an identity similar to (B.2.10)

15T fre 4. lmp—1772 —1772 7T 1T 42
T > Ui,t—lul,t_ §<T U’i,T_T Uz',o_QUzuz—T D1 uz’,t)v
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and an identity similar to (B.2.9) for U;,
T Zthl Uii_1tig = %(T_le%T - T_le%O —2Uu; — T Zthl u?t)

(j) T have

~ ~ - ~ -2
T2y Ui —U)? = T2 02 - 2720y Ui + T2, U,

—aT 72 17
= T 02, —T7'0, =1 +11,
but
I=T72y, U2y +0p(071),

by using Lemma B.4 (e) and
IT=-T7'U? +0,(07").

Hence,

1411 = 1257 U3, — 17102+ 0,(67Y),

= T2 (Uipm1 — U)? + 0p(67Y),

and the result follows. W

Proof of Theorem SA-1. (i-a) The common test is

TS
to = (B.2.11)

. —1/2"
N _ T
g (T 2 thz Fthl)

Under Assumptions 2.1-2.4 and B.1, I can use Lemma B.4 (b) and (c) so that the numerator
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becomes

I T Eaf
T2 R
TH2 S Fifi+ 0,067
T2H2E  F2 + 0,071
RS Tt Y N
T2H2 Y F2 +O0p(07Y) | B

The variance estimate

52 = 7'yl (ft - 31@71)2 ,
= T'¥L [
= T'%L, [Het —0)HF; 1+ (ft Hft) +6*HF 1 — 3Ft—1]2,

= Ty (ijl Dj) ST Y5 (2?21 DJZ) ’

N N n o~ 2
Hf, —8*HF_, + (ft . Hft> Y O*HF, | — 5Ft_1} ,

T
T2 g By
Ty, B
: 15T p2 -1~ T 2,2
orders of the five terms. First, 7', Di=T""%, | H%¢;,

where §* = . To ensure this is a consistent estimate, I compute the stochastic

T 2
. [T‘IHQ D1 thlet}

= 0,(T71),
T2y FE W)

T ZtT:1 D% =
by using Lemma B.1 (c¢) and (d).
ANT 21T (F 2 —
Ty D=1 S (f— HA) = 0,(072),

by using Lemma B.3 (b).

{T*lHQ Z;:l Ft—lft} ’ _

Ty D=1 = 0,(T),
S D} T = 0T
by using Lemma B.1 (c) and (d). Finally,
~ A2
T e d
T_lthﬂD?):Tl[ o | = 0p(T7Y),

_ T 12
T2 iy
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by using Lemma B.4 (b) and (c). Therefore, the first term dominates and the variance estimate
satisfies 62 = Q202 + O,(0~?) with Q! = plim H, for any fixed c. Hence, plugging (B.2.12) into

(B.2.11) and applying Lemma B.1 (c) and (d), I obtain

1/2 fo W(r)
. %} "

tpr=c {fol Wc(r)zdr}

(i-b) I follow the same steps as above by replacing ft and F,_; with U;,¢ and Ui7t_1 and using
the corresponding lemmas to show the results. Hence, the proof is condensed.

(ii-a) The common test is

fr= - (B.2.13)

where

. Ty (B - )ft
- ZZt 1(Ft 1 _F)2
T H? Zt:1(Ft—1 — F)fi +0y(077)
T2H?Y | (Fi1 = F)?+ 0p(071)
T H* S (Foy — F? + T H2 Y (Fiy — Fer + 0p(07)

_ - 2it= . (B2.14
T2H?Y_ (Fr1 — F)? 4+ 0,(67") ( )

by using Lemma B.4 (g) for the numerator and Lemma B.4 (h) for the denominator. For the

variance estimate, I can show that 62 = Q7202 + O,(0~2) as follows.

? = 1S [ 75 (B - F)]
vt e (R - F) (5 1) - - )
= T'NL, [Hey— He+ 6 (HF 1 — HF) =& (HF, 1 — HF) + (fy— H,)
~(F=HF)+ 5 (HF ~ HF) =6 (B - Hf)r ,
= T %L, [He — He— (5° = 6) (HF - — HF) + (fi— Hf) - (f - HF)
+6* (HF,_y — HF) = § (FH - F)} :

S () < T S (S ).
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R T-1p2 ZT— (Fy_1 — F)ft B T - . ) .
where 0* = L L However, T71Y_  D? = T7'H2Y, e?, T7'>, D32 =
T-1H? ZtT:1(Ft—1 — F)? t=1"1 > =1 € > -1 D3

H282 = 0,(TY),

T _ 2
[T—le ST (Fr— F)et]
T2z} (Fon — F)?

_ T _ _
T 1Zt:1D?2>:T ! :OP<T 1)7

by using Lemma B.1 (i) and (j),
T YL D =T Y, (ft - Hft>2 = 0,(072),
by using Lemma B.3 (b),
T T, 2= (F-f) = [T S, (- HE)] = 0,007,
by using Lemma B.3 (a),

{T_IHZ Zfﬂ(Ft—l - F)ftr
TS S

T Y Dy =T =0p(T7),

by using Lemma B.1 (i) and (j),

~ = A2

(B — F) fy

Ty D2 ol ik | _ O,(TY),
23, (Fa = F)?

by using Lemma B.4 (g) and (h). Therefore, by plugging (B.2.14) into (B.2.13) and applying Lemma
B.1 (i) and (j), I obtain

1/2 § We(r)dW (r
L W) }(132,

tp=c Uol Wc(r)2dr} Ul ——
o We(r)2dr

as N, T — oo.
(ii-b) I follow the same steps as above by replacing ft and Ft_l with ;; and (7,-7,5_1 and using

the corresponding lemmas to show the results. Hence, the proof is condensed. W

Lemma B.5. Under Assumptions 2.1 and 2.5, the following hold.
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() ky'? S az'er = N(0,0%/2),

(b) Y1 Fr =

0, (krTY?) + O, (aLk?),

(¢) ap"ky' iy Frorer = op(1),

(d) a%sz%z Zf:l F? = 0p(1),

() TVXT, f2 = 0p(aZlT1) + O,(1).

Under Assumptions 2.3.1 and 2.5, the following hold for all i:
(F) k2 S g = N(0,03/263),

(9) S Ui = Oplkr T'/2) + Oppl ki),

(h) pir~Thp' S Uiie12iq = 0p(1),

(i) pir " kg 1oy Uy = Op(D),

() T Zthl uzz,t = Op(P?,jTﬂTfl) + Op(1).

Proof of Lemma B.5. Here, I present the proof of only parts (a) to

(e). The proofs of parts

(f) to (j) are shown in the same way but with U;; instead of F; and with Assumption 2.1 replaced

by Assumption 2.3.1. I suppress the proofs to conserve space.

(a) See Lemma 4.2 of Phillips and Magdalinos (2007).

(b) I start with the expression

S B

However, I = Op(k:TTl/2) from Assumption 2.1, IT = Op(«a
I1I = Op(ak

T t T-1 ¢ T-2 ¢t
tho areg + Zt:(] arel + Zt:(] apes + -+ er,
1
1-— aT

kr

c [thzl €t — Zf,T:l a?rl ‘e; + (ap — O‘T DEy|,

kr T+l _

- Zthl e — L — ZtT:I agp'e; + kTT(aT T+1)FO=

I+ 1T+ 111.

kr) from Assumption 2.1. Hence, the result follows.

(c) I start with the expression for F;_;

[(OxT—OcT VFo+ (1 —ad)er + (1 —af Heg + - -

+(1- OéT)eT] ;

%k%/Z) by using Lemma B.5 (a), and

t—2 t—1 -1 1
Foy=e1+are o+ ... +ap er+ap Fy —aT Z 1O‘T es+aT Fy.
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Multiplying both sides by a;kalet and summing over t yield

71T _ T t—s—1 7,1 T -1
ap kp Y Fioer = kr Zt 1 <Zs 197 )6t+aT kp o) g ap et

= I+1I.

The expected value of this is zero because of Assumption 2.1. To show that this is 0,(1), I confirm

that the second moments of both terms are bounded as T' — oco. For I, I can simplify the second

moment as follows by using Assumption 2.1.

2
I T _ e
E [O‘TTle D1 <Z§:%) O‘tT ° 168) et]

_ QTk 204Zt 123 ! Tt 571)7

02T aTU4 ( aff =1 T ) |
br(od—1) \kr(o3 1) kroZ

_ a%a4 < 1-— a;QT aTQTT>

N k‘T(Oé% — 1) k‘T(Oé%« — 1) ]{ITOé% '

However, since kr(a2 — 1) — 2¢, a2 — 1, and a2’ T = o(1), this is O(1). For I1,

2
E [a}kalFo ZtT,l oz%?let} ,

o1, 1 E(F@)o?
QTk 1k ( 0 1)( 2T_1)7

b e 1 - 07T) = (k)

so that the second moment of 11 diminishes. Therefore, the result follows.

(d) I take squares of both sides of F; = apFi_1 + e; and take summations over ¢t = 1, ...

111



obtain

1
T
Zt:lFtQ—I = 2 { Zt 1€t QOZTZt 1Ft 1€t}
ar 1
9T, 2T 12 1 O‘ZFQT 2 2 72h
ap” kY FLy = kT(a%_l) kg (Fr — Fy) — €
90=2T+1
R Se— Zthl Fi_qe o,
T
= L -1,
kT(O‘T 1)

where kr(a% — 1) — 2c. Now I can show that I

T T-
Fr = Z =197 -
FZ2 =
so that
—oT —2T
I = aT F2 _ aT
[
For I1,

—oT
7 <aT T

kr
For 111 (divided by 2),

—2T+1
Qr
kr

—oT+1
0‘T

111 S Faer

- 1—
Zt 1<ZJ 10‘tT -
IIIa—I—IIIb.

For I1la, because I have

[

—2T+1
OéT t—

Et 1(2 197

2
1—s
jej) et]

FO2 = Op(1) + Op(a’f

= Op(1), because

T11/2 (1 T —J, .
ej = apky Thr Ej:l ar €y,

2
o’ kr <\/E > Oéijej) = Oplaf" kr),

hr') = 0p(1).

) 5 St o () <00 = a0

azT T —(T—t
) et + Fy (jé—T) ﬁ Yol aT( e,

"4“5” ST, 3t a2t
0404_4T T 2%t—1 _
Bt -1 (e~ 7] =0ter™
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a;l L T —(T—t

IITa = op(1). For I11b, because Fy = Op(1), (\/%) =o0 (g) = 0p(1), and (\/% Dot aT( )et) =

Op(1), I11b = 0,(1). Hence, I11 = 0,(1). The result follows. W
(e) I start with

c
fir = ?thl + €.
T

Squaring both sides, summing over ¢, and multiplying by 77! yields

I 7 ¢ 2 T 1 T
T Zt:l ft2 = Tk2 Zt:l Ft2—1 + chT thl Frrer+ 1 Zt:l ef,
T

= I+II+11I

However, I = O,(a2'T~1) by using Lemma B.5 (d), IT = 0,(al-T~1) by using Lemma B.5 (c), and

IIT = O,(1) by Assumption 2.1. Hence, the result follows. W

Proof of Theorem 2.1. I start with equation (A.1) of Bai and Ng (2004). Let w; = [u1 s uay

- un,.] be a1 x N vector of the first differences of the idiosyncratic errors at time ¢.

fo = Hfi+VINTT U flulfy+ VIINTIT T AN 0

+V_1N_1T_1f'uu;,
or

fi = Aifi+Asfi + NV aruis + NTUSSN ag gy,

= Af,+N! Zfil ai; ¢,

where A = A; + A and a; = a1,; + az;. I also have A; = Vleflelf’fA’A from the definition
of the H matrix, Ay = VINTIT-1f'uA, ay; = VIT V' fX, and ag; = V1T~ f'u;. Tn the
following, because V! appears in every component Ay, As, a1; and ag;, I multiply them by V to

ease computation and separately derive the bound of V.
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(i) If ¢ > 0 and ¢; = 0 for all 4, then

va, < [l gl st NEN =0T,
=1 =0p(akT-1/2) ‘gy Lemma B. 5(e):op(mn 2.2
VAy < [T7'30 f2 1/2N DDA e D zs ‘N A2 =0,(1),
=1 =0, (1) =0,(1)
Va < |r05 T, 2 e s 2P = opet T,
=1 =Op(azT~1/?)
Var, < |05 T, 2 e e | = 0,0,
~1 =0,(1)
(ii) If ¢ =0 and ¢; > 0 for all ¢, then
va, < sl e e gl }N PN = 0p(D),
=1 =0, (1) =0,(1)
va, < [l v el e s | N S, 2 = 0y,
=1 =0p(p!xT=1/2) by Lemma B.5 (j) =0p(1)
Va < [, 2l s, 2] i = o0,
=1 =0,(1)
Vag, < |T7! 23:1 2 v T 23:1 “?,s v = Op(Pg:TT_ln)-
=1 =0y (o7, T~1/2)

The largest eigenvalue V of N~1T~!za’ satisfies V1/? = HNﬁl/QTfl/QxH, where ||-|| denotes the

Euclidean norm, so that
Vo= NT'T7|z|?,
—1p—1 N T
= N'T! D1 Dot=1 xzz,t’
O,(aXT=1/2),  for case (i)

_ . (B.2.15)
Op(pZTT_I/Q), for case (ii)

Hence, the results follow if the stochastic bound for V is sharp and the expression is asymptotically
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dominated by the mildly explosive components. ll

B.3 Proof of Factor Estimation Errors in Theorem 2.1 (i)

In the following, I provide two additional facts pertaining to consistency of factor estimation in
Theorem 2.1 (i).
First, I show that the differenced factors can be consistently estimated. From Proof of Theorem

2.1 (i) in Appendix B.2, I have

fi—(Ai+ A4 = NN aus+ N UPSSN aguiy,

= I+1I, (B.3.1)

where A = VINTITLf fANA, Ay = VIINTIT L flul aq s = VAT U N and agy = VLT fu

as I previously defined. Then,
I=V YT U HNTSN Mg,

with V' = O, (a2T~1/2) from (B.2.15) and

1/2

1 _ A _ 1/2 B
(L) < [T TS g = Oy(afT ).

=1 =0p(akT—-1/2) by Lemma B.5 (e)

Hence,

I = 0,(a;TTY?) x Op(adT12) x 0,(1) = 0,(1).

I also have, by using the definition of as; in Proof of Theorem 2.1,

I = vIr'N! Zstl fs Zi\il Uj,sUit,
1/2

)

1/2

1N 2
‘N Zi:lui,t
1/2‘

< vy

1IN 2
N Zi:lui,s

1T _ N
‘T ! Zs:l ‘N ! Zi:l u%,s

=1 =0p(1)

1/2

11T 7 1N
< VT Zs:1fs2 N Zz’:luzz,t )
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but V = Oy(alT=12) from (B.2.15), T7L 1 INTISSY w? | = Op(1), and NTPN w2, =
Op(1) under ¢; = 0. Hence,

IT = 0,(a;TTY?) x 0,(1) = 0,(1).

I also show that the level factors involve factor estimation errors of order O,(T/2N~1/2). Using

(B.3.1), the level factor estimate is

Fr=Y  fo= (A +A) Y fo+ S NI anuis + 0 NN agiuis,

or

Fy— (A4 A)F, = YL NN aqauis + Y0 N7V ag s,

= [+ 1I=0,TY*N"1/?), (B.3.2)
because

I = VTS NS N,

— V—l(T—lf/f)Tl/QN—l/Q(T—l/QN—l/Q Zi:]- Z’f\il )\iui,t)g

where V-U(T1f'f) = O,(1) because V' = O,(a;TT?) and T-' f' f = O,(a2T~/?) as T showed

in term I of the differenced factor. I also have

TYVENT2S S Ny = O,(1).

s=1

Hence,

I=0,(1) x TYV2AN712 x 0,(1) = O,(TY2N~Y/2).

and

II = VTN S wia Yy s,

_ _ A _ - 1/2
v S R et v e

2 . N .
’ ‘N 121:1 D=1 uzz,s )

IN
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where V = Op(ahT~1/2) from (B.2.15), T 'L, f2 =1, T 'S NI N uil = O0p(1), and

1/2
—1 N t 2
N7 570 2 Us s

the factor estimation errors in the differenced factor are o,(1) and (B.3.2) implies that the factor

= Op(Tl/z). Hence, 11 is dominated by I. Therefore, (B.3.1) implies that

estimation errors in the level factor are O,(TY/2N~1/2).

B.4 Proof of Theorem SA-2 and Theorem 2.2

Throughout Appendix B.4, Ilet F? | = Fy_4 —F, where F = h™! ZZ:J@H F;_1 and Ftc_l = Ft—l —F,
where F = h~ 1Zt Tl Fy_y. Let also f¢ = f; — f, where f = h~! Z?jﬁﬂ f+ and ftc = f —?,
where f = A=V ST | fi In addition, 1 let UF,_; = Usy—y — Uy, where Uy = k™' 510 Uiy
and Uft_l = f]i’t_l Uz, where U = h- IZtTJrjfLH ~,t 1. Let also “f,t = u;y — U;, where u; =

- - = = _ - 1T+h - . _
Zt 71 Uit—1 and 4g, 4 = U1 —U;, where u; = h Yot Uig—1. Talsolet pp = max; p; .

Lemma B.6. Under Assumptions 2.1-2.5, the following hold:

(a) Fort =T + 1,...,T + h uniformly in t,

Fy = Oplafiky?),
(b) Fort =T +1,....T + h uniformly in t and all i,
Ui = Oplohhy”),

i

(c) Fort =T+ 1,...,T + h uniformly in t,

~ ahk1/2 phk‘l/2
F—HF =0, —1" )10 b
! e <min{N,T1/2} O i (N2, T2) )

(d)
_ ~ a2k 2h L.
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(e)
WS B (Fy — HF ) =0, (i) 4o ( ok
Zt:T"’l til( t=1 7 til) P min{N,T1/2} + p mln{N1/2 T1/2} ’

(f)

WY BB~ HE ) = 0, (Hm?fi%) +0p (min {O;fozlfi}l/z}>
(9)
RS (B — HE1)er = O, (%) + 0, (Im{’]’fl’j%) :
(h) Fort =T +1,....,T + h uniformly in t,
fi = Opladik, "),
(i) Fort =T+ 1,...,T + h uniformly in t and all i,
uiy = Oplphky, ).

(j) Fort =T +1,...,T + h uniformly in t,

. alk 12 phk71/2
—Hf =0 h™h o) h™h
Jem M =0y <min{N,T1/2} O mm {2 TR) )
(k)
~ ath.*l 2hl€ 1
h™ ZtT+7{l+1( Hft)2 =0p (nmlh{]ng}) +0p <m1n{NT}>

(1)

~ ~ a2 2h
WS (B = HE )= H 1) = Oy (theray ) + O ()
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(m)
W (B

(n)

WSt B (e

(0)

—HF 1) fi =

O a'fﬁ +0 O‘ZPQ
P\ min{N,T1/2} P\ min{N1/2,71/2} ]

ap" b,
- Hft) - Op min{N,Tl/Q} + Op min{Nl/Q,T1/2} )

—1~T+h £ 3 a%h aZpZ
W Yrm Fialfi—Hfy) = Oy W +Op min { N1/2,T1/2}

(r)
WY (-
(q)
$:+7£l+1 F t2—1 =
(r)

“1NT+h F
h=" Y= Fier

Proof of Lemma B.6.

(a) Fort =T +j with j =1, ...,

R o=

Ph
+%<mMMTJ’

ol k_1/2 kaZl/Q
Hfi)ee=Op | Siatnzirey ) + O mgvizzey ) -
—2 772 T+h a%hhflk P21k
hH* 3 2 Fy + Oy <ml’n{7N2;}> +O0p (mthNTh})

a2 h 1k, al ok, )

+0, (min (N, T1/2}> +0p (mm (N2, 712}

= h” Zt T+1Ft—1et

hp— 1/2k1/2 hh_1/2k1/2
min { N, T"/?} min { N1/2,T1/2}

- 4
et + ape—1 + ... +ay epjo1 + o Fr,

J N —s J _ h1.1/2
ay Zs:l ap etyj—s + o Fp = Op(ahkh )
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by using Lemma B.5 (a).
(b) The proof is the same as part (a).

(c) I start with

N 3 _ N 3« _ N {x
F _Zi:l/\*Xit_N 121:1)‘1)‘1'}7 N IZizl)\iUi,t

)

SN N oeyae

1=1""
For I,
— N 3 N 3 *
; N 1Zi:1(H)\i2+)\i)\i—H>\i2)Ft
= — N ,
N7 A2
_ [H CHNTIYN A - Hm] 5
= Ty ,
N 121:1)\2-2
but

N N
NS XM(r—H'N) = N HNA —H N+ N (A —H )2
; i=1 =1

1
= Op| ———~ |,
P <min{N,T1/2})
by using Lemma B.3 (f). For I1,

7= NN H IN\Uiy + NP (A = H ) Uiy
_ AN, ,
N ! Zi=1 )\i2

Therefore,

i=1""
1N 3x2
N Zi:l )\Z

NISN HI\U, N NUSN (N — H ' \)U,
N-1 ZN \*2 N-1 ZN \*2 ’

1=1"" 1=1""

1/2 1/2 1/2
0 O‘Zkh/ ) Plﬁk‘h/ L0 szh/
P\ min {N, 71/2} P\ N2 P\ min {N, T2} |’
1/2 1/2
o) O‘Zkh/ +0 szh/
P min { N, T"/2} P min {N1/2,T1/2} |’

uniformly in ¢ by using (a) and (b). (d) is straightforwardly shown from (c).

. HNISSN (v — H 1,
Ft _ HFt — _ Z ( (] )Ft
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(e) Since F} = Op(aZk}l/Q),

Ft(Ft — HFt) == Op(OéZkifll/Q) X

1/2 1/2
o, (k" Y o ol
P\ min {N, T2} P\ min {N12, 112} |7
2h
Op (mm {N,T1/2}> + Op <min {N1/2,T1/2}) ;

uniformly in ¢ for t =T+ 1,--- ,T + h by using (a) and (c). Hence,

— T+h ~ a2l alplky,
W i Frea(Fia = HE ) = Oy (m{NT:/}> +0p <m{zvp/§r/}> :
(f) By using (e) and (d),

Fy(F,— HF,) = HF,(F,— HF,) + (F, — HF,)?,

— YhPh
= O (mln{N T1/2}> O (mln{N1/2 T1/2}>
+0, 0, (Litn
min {N2 T} P\ min{N,T}
hk‘h alp
— O 9] hh
(mln{N T1/2}> O (mln{N1/2 T1/2}>
O (mm{M})

uniformly in ¢t for t =T+ 1,--- ,T 4+ h. Hence,

2h
LT B B N AL o1k
Y irn Fea(Fia — HE 1) = Oy (min{N,T1/2}) +0p (min{N1/2,T1/2}>
2h
_ Pukn
+O0p <min{N,T}>'

(g) Since

~ aZkl/z kal/z
F_1—HF,_ =0, | —"—=+ O
( t—1 t 1)€t P min {N, T1/2} +0p min {NI/Q,Tl/Q} )

uniformly in ¢ and (Ft_l — HF;_1) and e; are independent with e; being i.i.d. with E(e;) = 0, I
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have

1/2 1/2
a}}tkh/ Phkh/

— T+h I
h V2 Zt:—FT"‘l(Ftil o HFtil)et - Op <min{N7T1/2}> + Op <min{]\¢1/2,T1/2}> )
(h) From (a), I obtain
c
fi = FF—F_1=(1+ ?h)Ft_l +e — Fi,

c

Fte = O,k 1),
h

uniformly in ¢. (i) The proof is the same as (h).

(j) I start with

N Ix —1 N Y%y —1 N  {x .
s D NTie NI AN N7 il A uig

— — — = —I— N == I + II,
Ji 25\21 /\§2 N*Zfil )‘IQ Ji N-1 Zi\il )‘f2
where
_ |, HNT'SX Ay - AHTY
I = |H 1N e ft,
N=LY A

h1.—1/2
_ ok,
= Hfi+0, (min{N,T1/2}> ;

P;Lkgl/Q pzk}jl/Q pzk;1/2
p— 3 — —
and IT = Op | *57— | + Op w{NTY ) T Op (VAT ) Hence,

~ ahkfl/Q phk71/2
fe= T =0 <min{N,T1/2} O in {12, T12) )

uniformly in ¢. (k) is straightforwardly shown from (j).

(1) (c) and (j) imply that

(Fra—HF ) (fi—Hf) =

1/2 1/2
O O‘Zkh/ +0 p}likh/
P\ min {N, T2} P\ min {N1/2, T2}
~1/2 ~1/2
Op . a;lbkh / + Op : p};l:kh / ,
min { N, T"/2} min { N'/2,T%/2}

0, (—% Yo (—th
P <min{N2,T}> O <min{N,T}) ’

X
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uniformly in ¢, which yields the result.

(m) Since

x Op(alky, /%),

) opky”? phk”
(F1—HE )i = |Op min {N, T2} +0p min { N1/2, T1/2}

P min { N, T1/2} P min { NV/2, T2} |’

uniformly in ¢, which yields the result.

(n) (a) and (j) imply that

Ei(fi—Hf) = Op(aﬁki/2)><

—1/2 —1/2
O apky, / L0 Pk, /
b min { N, T1/2} P min {N1/2,T1/2} ||’
O —a%h + O o
P min { N, T1/2} P min { N1/2,T1/2} |~

uniformly in ¢, which yields the result.

(o) By using (n) and (1), I obtain

Fea(fi—Hf) = HF_\(fi—Hf) + (F,— HE)(f, — Hfy),
= 0O %h O OZZPZ
- m O Inin{Nl/Z,Tl/2}>
" aj o)
+O<mmwwm)+%<mmmwy”>
Ph
O min {N, T}
h h
= *hPh
B (mln{N T1/2 >+Op (min{Nl/Q,Tlh})
O (mm{m>

uniformly in ¢, which yields the result.

(p) From part (j), I obtain

N ol k_1/2 k_1/2
WS (fo— Hfer = 0, (m{NT/}> +0p <m{N/T/}> :
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(q) T have

T+h [ T+h ~ T4h Tah -
Zt;TH(Ft—l —~HF1)? = Zt:JFTH F? , + H? thTH F2 | —2H Zt:JFTH F 1 Fyy,

= ZtT:JrThH Ft2—1 + H? tT:JrTh+1 FEA
—2H Zf:+7{l+1(ﬁ‘t—1 — HF;_1)F,_; — 2H? ;‘F;jfﬁrl F?

_ T+h 2 2 x\~T+h 2
- t=T+1 F,-H t=T+1 Fy

—2H Y (Fioy — HF, 1) Fyy.
This yields

T+h 72 _ 2 ~T+h 2 T4+h 5 9
=t Fioe = H™ ) p Fioq + Zt:TH(Ft_l — HF; )

+2H ZtT;T}L+1(Ft—1 —HF, 1)F,_q,
or

_ T+h I — T+h — T+h r-
h~? Zt:JrT—H Fr, = h°H? thTH FE o +h? Zt:JrT-l—l(Ft—l — HF; )
+2h72H Z$:+%Z+1(Ft_1 — HFt_l)Ft_l,

— T+h
= h 2H22t:+T+1Ft2—1
2hp—1p 2hp—1p
+0, M + 0, M
min {N2,T} min {N, T}

4O a%hh_lk‘h 40 ozZth_lk‘h
P min { N, T"/2} P min { N'/2, T2} |

by using (d) and (e).
(r) T have

h ZtT;ThH Fiyer = h_lefjﬁH Firer+h™! E?;T}}Jrl(pt—l — HF;_1)ey,

-1 T+h
= h HZt:T.H Fi_1e

N (L WP . 1
P min { N, T1/2} b min {N1/2,T1/2} |’

by using (g). B
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Lemma B.7. Suppose Assumptions 2.1-2.4 and B.1 hold or Assumptions 2.1-2.5 and the following
condition hold:
ol 20

min {Nl/z,T1/2} -0

Then, I have

6,2 £> Q72O'2,

as N, T, h — oo, where
&2 =hT Y (o= R,
with o
Sx _ Z?jji:_l Ft—].ft
- T+h [ :
Zt=T+1 Ft2—1
Proof of Lemma B.7.

I start with the AR coefficient estimator,
T+h I Py
§r = i=ri Fiorfe
- T+h 2
> i1 Fia

Since

fi = F—F,
= HF,—HF,.1+ (F,— HF,) — (F_1 — HF, 1),

. 3 5
— Hk—th71+Het+(Ft—HFt)—(thl_Hthl)’
o _
= k—th_l'f‘Het"‘(ft_Hft)

c

- (Fy—1 — HF, ),
h
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I obtain

s - ¢ HZtTJrJ@HFt 1€t+ t= T+1Ft l(ft Hfy)
- T+h T+h
kn DT F2 DTt F2
© Yt Ft—l(Ft—l —HF, 1)
T+h 1 ’
kn Zt:+T+1 F, t2—1
. C O[}:Qhk}:QHZ ?+7£L+1 Ft 1€t agzhk;QH Z?jjfl+1(Ft 1 — HFt_l)et
- —2h . — T+h —2h 1y, — T+h
kh ah2 kh2zt +T+l F2 2 k 221& +T+l F2
a,jghk,jz ZtTiqiLH Fy 1(ft—Hft) i Othhk ZtTJEﬁH Fy 1(Ft 1— HF 1)
—2h,—2~~T+h —2h 2~ ~T+h
o kT +T+1F2 n k™ i T+1F2
This yields
h 1 —hp—1 T+h (&
R (5* ) B k, 'H? Stk o Fioie L % by 'HY 7 (Fro1 — HE,_1)ey
h ®h = 2h2Th —oh,—2~~T+h [
kin D D O a, k2 Y I B
o "k S B (f — HfY) N o, "k S B (Fioy — HE )
—oh;.—2~~T+h —oh,—2~~T+h [ J
a, Myt Y FEy kn a, "k, Zt:+T+1 2y
= I4+IT4+1IT+1V.
For the denominator,
—2h1—-2x~"T+h F —2h1.—2 172 \~T+h Rkt 2R p2h
oy ky Zt:T+1Ft2—1 = o,k "H Zt:TH Ft2—1+OP <min{Nh2,T}>+Op <mm{NT}

hk*l —h hhk*l
+Op —h + Op . ah ph h ,
min { N, T"/2} min { N'/2,T%/2}
by using Lemma B.6 (q) and the four terms of the factor estimation errors are op,(1) under the

stated conditions.

The numerator of I is o,(1) by using Lemma B.5 (c). For the numerator of 11,

- —1/2 h h 1/27,—1/2
—h1—1 ~T+h — hl/Qkhl nh” "k
oy, k), Zt:TJrl(Ft—l —HF 1)e; = Op (min{N,Tl/Z} +Op mln{Nl/Q T1/2}

by using Lemma B.6 (g) and it is 0,(1) under the stated conditions.
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For the numerator of I11,

“hANSTH B P _ 0 afhk, ! 0 plhk;!
ap Ky, Zt:T—l—l tfl(ft - ft) - D W +0Up min {NI/Q,Tl/Q}
—h 2hp7.—1
ay, " Py, by,
“h Fh ""h ) _ 1
+OP(min{N,T}) op(1),
by using Lemma B.6 (o) and it is 0,(1) under the stated conditions.

For the numerator of IV,

—hp-2~T+h 7 aphk;! phhk;

a, "k, " Y Fia(Fii —HE 1) = Oy W +0p min{Nl/Q,Tl/Z}
o [ cheihky
P\ min{N,T} |’

by using Lemma B.6 (f) and it is 0,(1) under the stated conditions so that I proceed with 6* — =
Op(a; "k, ) and o = O, (k; ). Then,

6* = WS r (- S F)

= WIS Hf = 0 HF oy + (fo — Hft) — 6" (Fry — HF )2,

= WS H - HEF o — (0" = £)HF 1 + (fi — Hfy) = 6*(Fo1 — HF, 1)),

= S He — (0F — &) HF -y + (fi — Hfy) = 0" (Fia — HF, )2,

= WU HRER + (6% = £ HPFR + (fr — Hf)? + 0 (Fra — HF )
+2H?(5* — k—h)Ft_let + 2H(f; — Hf)es — 26" (Fy_1 — HF,_1)He,
+2(5% — k%)HFt_l(ﬁ —Hf) — 26" - I?Ch)S*Iirz«}_l(ﬁt_1 — HF, ;)
+25*(ft - Hft)(Ft—l — HF;_41)],

1 ~T+h 9
= bt Zt:+T+1 H?e} + >4y Dy,

has nine terms of the factor estimation errors. I now show that they are all 0,(1) under the stated
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conditions. For Dy,

S T+h
Dy = (5 )2H2h Zt+T+1Ft21a

kn,
= Oyl "k, ") x Oy (aizzhhflkla ,

= 0,(h7") = 0,(1).

For DQ,

Dy = h™ ZZUFT}LH( — Hf:)?,
= 0 ﬂ +0 ka:l
P\ min {N2, T} P\ min{N,T} |’

by using Lemma B.6 (k) and it is 0,(1) under the stated conditions. For Ds,

Dy = 6?h S (B - HE ),
2h 2h
3 s _ %%kn _ Prkn
= Op(k,") % [Op (min{NQ,T}) +0p (min{N,T})}’
= Op Lkh_l +Op Lk‘;l ’
min { N2, T} min {N, T}

by using Lemma B.6 (d) and it is 0,(1) under the stated conditions. For Dy,

Dy = 2H2(5 i )h Et T+1Ft71€t,

= Oplay, k:hl) X 0p (ahh lkh) ,

by using Lemma B.5 (c). For Ds,

D5 = 2Hh 2?4_7’«1_,’_1( Hft)et,

—1/2 —1/2
o (RN ok, !
b min { N, T1/2} b min { N1/2,T1/2} |”
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by using Lemma B.6 (p) and it is 0,(1) under the stated conditions. For D,

D6 = QS*Hh_l Zzﬂ;ﬁ_f_l(ﬁtfl - Hthl)eta

hh1/2k.1/2 hh1/2k‘1/2
= Oplk ") x |0, [ 22 _Th ) 40, [ —Ln2_h ,
min { N, T1/2} min { N1/2,T1/2}
o aZhl/zk‘}jl/z o pil;hl/Zk;l/Q
b min { N, T"/2} b min {N1/2,T1/2} |

by using Lemma B.6 (g) and it is 0,(1) under the stated conditions. For D7,

D; = 2(5* — é)Hh_l Z?jjil.i_l Ft—l(ft - Hft)v
2h h ,h
_ —hp.—1 %% “nPh
= Op(ah kh ) X [Op <m1n {N, T1/2}> + Op (mln {N1/27T1/2}>] )

o k' o Phky "
P min { N, T1/2} P min { N'/2, T2} |’

by using Lemma B.6 (o) and it is 0,(1) under the stated conditions. For Dg,

C |y _ ~
—)HR Y By (B — HF, ),

kp,
a2k, al P P,
O h O h”h
p(mln{N,Tl/2} T mm iz ey )|

o k' o Phky "
P min { N, T'/2} P min { NV/2, T2} |’

by using Lemma B.6 (e) and it is o,(1) under the stated conditions. For Dy,

Dg = 2(6* —

= Oplay,"k;, ") x Op(k, ") x

Dy = 25*h 'S (fe - Hf)(Fioy — HE ),
2h h h 2h
Y% _ OnPh_ _Ph
O <min{N2,T}> O (min{N3/2,T}> O <min{N,T})
= O a%hkgl +O ahphk ! —I—O p%hkgl
P\ min {N2,T} P\ min {N3/2,T} P\ min{N,T} )’

by using Lemma B.6 (1) and it is 0,(1) under the stated conditions. Therefore,

= Op (k’fjl) x

T+h
P=n"tYy, +T+1 %ef + 0p(1),
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under the stated conditions, which yields the result. Note that carefully investigating all 17 terms of
the factor estimation errors gives the dominating terms O __oghk, and O L
P\ min{N,11/2} |’ P\ min{N1/2,71/2}

that appear in the numerator of V. R

Lemma B.8. Under Assumptions 2.1-2.5, the following hold:

(a) Fort =T +1,...,T + h uniformly in t,

1/2 1/2
Uit — Uiy = O —ahkh/ +0 pgkh/
" " P min { N, T1/2} P min { N1/2,T%/2} |7

(b)
h ~ a2hk th
WY (Uieer = Uig1)® = Oy (WN;TQ +0p (%) '
(c)
h O{h hkL 2hkL
B Y Uiama Uiy = Uie) = Oy <m{f3T'/}> +Op <m{lffh/}T/}> :
(d)

ST F (T —Usp) = O, (B Y o [ ohpikn
t=T+1 Vit—1\Vit—1 L 4 min {N?, T} P mm{N,Tl/Q}

2h
Py kn
+0, (min {N1/2,T1/2}) ;

(e)
~1/2 T4h ~ Ochk‘l/2 phk‘l/2
W User = Uig)zie = Op <min{}§\7,}§“1/2} +0p min{]\?l/gyTlﬂ} ’

(f) Fort =T 4+ 1,....,T + h uniformly in t,

hp.—1/2 hp.—1/2
ait — Uit = Op —ahkh + Op phkh 5
’ ’ min { N, T"/2} min { N1/2,T1/2}

(9)
_ T+h ~ 2hk*1 2hk,*1
W32 (g — wie)® = Oy (rnzlh{lng}> O <rr§ﬁ{1\/@T}) 7
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(h)

LIS T+ () i 0 o o) Gt
Zt T+1( it—1 — Ui,t—l)(uz’,tfui,t) = p<W> +0p W

pil
0, (i)

(i)
T+h ~ Oéh' h 2h
W 32 Uit = Unm)uig = Oy <mn{fépz'3uz}> +0p <mn{1vpl7m/2}>
()
T+h ah h 2h
WS Ui (g — i) = Oy <m{f$’}u2}>+0p <m{Np7T/})
(k)

T+h 7 o ik
W2 Ui (g — wig) = O, <mm{N2T})+O min {N1/Z, 7172}

apph
+0, (min (N, T1/2}> ;

()
_ T4h hk71/2 hk71/2
W3 (g — wie)zie = Oy <mi:ho,T1/2} +0p W ’
(m)
7 T+h ~ T+h 2hp—1p 2hp—1p
WS U = RS U+ 0y (it ) + O (i)
hh_lk th—lk
o, [choh Tk ) o (e )
min { N, T"/2} min { N'1/2,T1/2}
(n)

I=T4h f 1 ~T+h
R i Uiazie = b 3 2p Uiz

a2h71/2k2/2 pzhfl/Qk}ll/Q
O, | —————"=—~ @) .
O\ S,y | O i (N2, T
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Proof of Lemma B.8.
(a) Since

Ui —Uy = (N —H "W)HF, +H '"\/(F, - HF,)

)

(A — H™I\)(Fy — HE),

1/2
- O agkh/
? \ min {N, T1/2}
1/2 h.1/2
apky, Prkr
+Op <m1n {N,T1/2}> +Op (min {Nl/Q,Tl/Q}
1
o.l—
+ p(min{N,T1/2}>
O ok’ N\, oty
P min { N, T'/2} P min { NV/2, T2} ||~
o N
- r min { N, T"/2} b min {N1/2,T1/2} |’

by using Lemma B.6 (c¢) for t =T +1,--- , T+ h uniformly in ¢. (b) The result is straightforwardly

X

shown from (a).

(c) Since

Uii(Uis —Uiy) = O, <szfl/2> X

1/2 1/2
O O‘Zkh/ +0 pzkh/
P\ min {N, T2} P\ min {N1/2,1T1/2} ||
ay, Pk pizzhkh
O, | — Rt __ @)
P (mln{N,T1/2}> +0Up (min{Nl/Q’Tl/Q} ’

uniformly in ¢, the result follows.

(d) By using (b) and (c),

Uip(Uig = Usy) = Uip(Uig — Uiy — Uiy)?,
_ O‘hph 10 Pk,
min { N, T"/2} P\ min {N1/2,T1/2}
+0, ok +0 _Akn
min { N2, T} min {N,T} )’

P
- 0 Oéh kh L0 ahphkh L0 P}%hkh
P\ min {N2, T} b min { N, T1/2} P min { N1/2,T1/2} |~
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uniformly in ¢ for t =T+ 1,--- ,T + h. Hence,

h—1ZT+h U (ﬁ, — U ) = O M +0 M
t=1+1 Vit—1(Uit—1 it—-1) = Up min {NZ2, T} p min{N,Tl/Q}

Pk
+0p min {N1/2 172} |

(e) Since

- ahk1/2 Phk1/2
Uit1 = Uig1)zip = Op | —— Py O Gy ’
(Uig—1 = Uig-1)zit = Op <mm N, T2} T\ (N2, 7172}

and (U;4—1 — U;4—1) and z;; are independent with z;; being i.i.d. with E(z;;) = 0, I have

~ 1/2 h11/2
—1/2 -~ T+h . , = apk, Prk
h / t:T—i-l(U%t—l - Uz,t—1)217t - Op <min{N,T1/2} + Op min{Nl/Q,Tl/Q} :
(f) This is because

Uip — Ujp = (j\f_H_l)\i)Hft+H_1)\i(ﬁ_Hft)

) )

AT = H)(fe = H o),
—1/2 —-1/2
19) a’fikh / +0 szh /
?\ min {N, T1/2} P\ min {NV/2,T1/2} ]°

uniformly in ¢ by using Lemma B.6 (j).

(g) is straightforwardly shown from (f).
(h) (a) and (f) imply that

~ ofit” i
Uip—1 = Uip—1)(Gig —uig) = |Op | ——F~ 107 | 79
(Uit—1 t—1)(Tip — uig) P min{N,Tl/Q} T Op min{Nl/Q,Tl/Q}
o, (o™ N\ o (k"
P min { N, T"/2} P min {N'/2, T2} | |’
2h 2h
% _ P
Or (min{N%T}) O <min{N, T}) |

uniformly in ¢, which yields the result.

X

133



(i) Since

Op(PZk;1/2)a

- osz:,ll/2 k1/2
Uji—1 —U; 41— i = 0) _— O
(Ui 1) P\ min {N, 7/2} + min {Nl/2 T2}

@) —aﬁpﬁ +0 il
b min { N, T"/2} b min {N1/2,T1/2} |

uniformly in ¢, which yields the result.

(j) Lemma B.6 (b) and Lemma B.8 (f) imply that

—~1/2 —1/2
9] O‘Zkh / +0 PZkh /
P\ min {N,T"/2} P\ min {N1/2T1/2} ||
h h 2h
Oy —1lh )40, —1Lh ,
min { N, T"/2} min { N1/2,T1/2}

uniformly in ¢, which yields the result.

Uir—1(tir —uig) = O (Phkl/Q)

(k) By using (j) and (h), I obtain

Uit—1(Gig —uir) = Uiz—1(@it — uit) + (Uig—1 — Uir—1) Qi — uit),

- 0 ahph P
P\ min {N T2} min { N1/2,T1/2}
ah oy
O <m1n{N2 T}) (mm {N3/2, T}>
O (mln {N, T})
o Yo ke
P\ min {N2, T} min { N, T1/2}

Ph
+0, (min {N1/2,T1/2}> ;

uniformly in ¢, which yields the result.

(1) From (f), I obtain

S1T+h - apk,'/? Pk,
h™ 3 i (i — ig)zip = Op (minij}jTlﬂ} +0p min{]}\Lfl}/ZQ,Tlﬂ} :
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(m) I have

T+h (77 2 _ T+h 2 T+h 2 T+h 77 i
Zt T+1( Bt—1 = Ui,tfl) = Zt:T—f—l U t—1 + Zt T+1 Ui,t—l - 2Zt:T+1 Uz,tfle,tfla
_ T+h 2 T+h 2
= DT U; o1t 21 Uiy

2 ST (Uit — Uipm1) U1 — QZf#ﬂﬂﬁtp

T+h 2 T+h 2 T+h 7 . .
- t=T+1 Uzt 17 Za=T+1 Ui,t 1 221‘, T+1( i,t—1 — Uz,t—l)Uz,t—l'

Solving the first term on the right-hand side gives

T+h T+h
Zt:+T+1 U2t 1 _Zt +T+1 U2t 1+Zt T+1(Ui7t—1 _Ui,t—l) +221; T+1( Bt—1 = Ui,t—l)Ui,t—la

so that

_ h d h T+h &
h 2ZthJFTH Uiz,tfl = h” ZtT+T+1 it— 1+h ta +T+1(Ui,t—1_Ui,t—1)2
+2h” ZtTJrszH(Nzt 1= Uit—1)Ui-1,
T+h
= h” Zt+T+1 th1
o, (Gith Tk ) o (eRh
P\ min {N2, T} P\ min {N, T}

appph Lk, pihhflkh
+Op(mm{N,Tl/Q} +Op min { N1/2,T1/2} |”

by using (b) and (c).
(n) I have

A=THh P 1 ~T+h 1
WS Uiprziy = R S Uiz + B S (Uit — Uig—1)zigs

T+h
= h” Zt 71 Uit—12it

o, (WY o ok
? \ min {N, T1/2} P\ min {NV/2,T1/2} ]”

by using (e). B

Lemma B.9. Suppose Assumptions 2.1-2.4 and B.1 hold or Assumptions 2.1-2.5 and the following
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conditions hold:
hhk_l hhk_l
QR — 0 and Prl*%h

min { N, T1/2} min { N1/2,T1/2} -0

Then, I have

for any i as N,T,h — oo, where

62 = ! Z;-F:JrThﬂ(ai,t — 8;(7@15—1)27

with
T+h 7 ~
a  2ateri1 Uig—1ig
i T+h 772 :
t=1+1 Vi1
Proof of Lemma B.9.
I start with the AR coefficient estimator,
T+h = ~
§r _ 2ut=r41 Uin—1lig
T T+h 02 ’
> =141 Vi1

Since

Uiy = Uip — U1,

)

= Uit —Uip1+ Uip —Uip) — (Uit—1 — Uig—1),

C; . B
= ?;Ui,t—l + zi¢ + (U@t — Ui,t) — (Ui,t—l _ Ui,t—l),
C; ~ B Ci o~
= U1+ 2+ (g = wig) = - Ui = Uig-),
kp, T
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I obtain

T+h 77 T+h 77 ~
o= G4 2 i=r1 Uit—1%i tm1 Uit—1 (T — uit)
i kh ZT+h 2 ZTJrh 2

t=T+1 zt 1 t=T+1 zt 1

ﬁztzm Uit-1(Uig—1 — Uiy—1)

K tT+Th+1 U2 7
I . Y Ui,t,lzi,t P S (Ui = Uig1) 2
= T —th—Q ZZ“+7@+1 UQ B p}ZQhk}:Z ZtT:Jrjsz Uzt_l
2hk 2 Z:?FJFJ?H Ui = 1(Uzt Ui t) 4 gpﬁ%kf Z;‘F:Jriflﬂ Ui,t—l(ﬁi,t—l —Ui-1)
Pﬁ2hkh it U1 ki e Dl U2y '

This yields

p_hki_l <$* _ CZ> _ hk Zt T+1 Uzt 1%t I Phhk Zt T+1( it—1 — Uit 1)Zi,t
h"h Lk, Qhk 2ZtT+jg+1 U2 p’:2hk QZtT+7{z+1 U2
hk Z?+7{l+1 ~zt l(uzt ui,t) + = C; phhk Z?+ﬁ+1 ~zt I(Uit 1— Ui,t—l)
—2h T+h —2h T+h d
P, k’h D =T U2 n Pp kh D ot=T41 UQ
= I+4+1I1+4+1I1+1V.

For the denominator,
—2h,—2 \~T+h —2h},—2 ~T+h 2 pg, k!
Pn Ry Zt +T+1 U2 = Pk Zt:T+1 Uz?,t—l +0p (aﬁuﬁ’%wz T} >+OP (min{?\f,T}
R k! hk, !
v, (St Y o, (L),
min { N, T1/2} min { N1/2,T1/2}

by using Lemma B.8 (m) and the four terms of the factor estimation errors are o,(1) under the

stated conditions.

The numerator of I is 0,(1) by using Lemma B.5 (h). For the numerator of I1,

~ —hp1/27.—1/2 1/27.—1/2
h T+h ' o alp w2k, h'/2k,
ky, Py 71 Uit—1 = Uig—1)zig —Op( min{ N,71/2 } +0p min{ N1/2,71/2} |°
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by using Lemma B.8 (e) and it is 0,(1) under the stated conditions. For the numerator of 111,

ol phk, pithk; !

h T+h 77 . — _nTh —h
k Zt T+1 zt 1(“215 “zyt) - OP <m1n{N2,T}>+OP (min{Nl/Q,T1/2}>
P min { N, T1/2} |’

by using Lemma B.8 (k) and it is 0,(1) under the stated conditions. For the numerator of IV,

h hpp.—1
Tah = ag'p, " hk, aphk
i k" Lo Uit Usas = Uiaet) = Oy (Inhn{thT}> O <mfzv'}1/2}

+0 phky
P\ min {N1/2,11/2} ]”

by using Lemma B.8 (d) and it is 0,(1) under the stated conditions. Therefore, I proceed with

(2

oF — == Op(py "k 1) and §F = Op(k; ). T now consider

67 = W S e — 07 Ui)?,
= NS i — 05Ut + (g — i) — 05 (U g1 — Usp1))?,
= nt ZtTJE@H[Uz t— 2 Ui — (6% — o )Uig—1 + (i — uig) — 0¥ (Uit—1 — Ui 1)]?,
= ht ZtTJFThH[Zm (6 — o )Uig—1 + (Ui — uig) — 05 (Ui 41 — Uig—1)]?,

= BNl A (O — )P0 A+ (g — wig)? + 072 (U1 — Uigr)?

-1‘2(52k - ?;)Ui,t—lzi,t +2(Wi ¢ — wig)zip — 25?((7@',75—1 —Uii—1)zi¢
" . Ay C; - -
+2(87 — )Uzt 1(Wip —uip) — 2007 — —)0;Uip1(Uip—1 — Uj 1)
kh kh

+25£k(ﬁz',t — ui,t)<Ui,t—1 —Uit-1)],

_ -1 T+h
= h > T+1Zzt+2k 1 Dk,

has nine terms of the factor estimation errors. I now show that they are all 0,(1) under the stated

138



conditions. For Dy,

Lx C; — T+h
Dy = (51' *k*;yh lzth-s-l Uig,t—lv

= Oy 2"k %) % O (pB'h7'R7)

= Op(h™") = 0p(1).
For DQ,

Dy = h! Z?;Thﬂ(ﬂi,t —up)?,
hy.—1 hp.—1
- 0O ai kh +0 p}% kh
P\ min {N2, T} P\ min{N,T} |’
by using Lemma B.8 (g) and it is 0,(1) under the stated conditions. For Ds,

Dy = §2p7! Z?:QflJrl(ﬁi,t—l —Uit—1)?,
= 05 x [0, <m{NkT}) tO (mp{z@nﬂ |
1 -1
- 0, (%) +0, @%) :
by using Lemma B.8 (b) and it is 0,(1) under the stated conditions. For Dy,

o Ci .
D4 = 2(51 — ?;)h ! Zz:rjfb_'_l Ui,tflzi,tv

= Op(p,"ky ") x 0p (szhh_1> = op(1).

For Ds,

D5 = 2h_1 Z$:+jil+1(ﬁi,t - ui,t)zi,ta

—1/2 —1/2
= 0O M + 0 pzkh /
? \ min {N, T1/2} P\ min {NV/2,T1/2} |
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by using Lemma B.8 (1) and it is 0,(1) under the stated conditions. For D,

De = 207h7! Z?jﬂﬁ_u,_l(ﬁi,tfl —Ui—1)%its

hh1/2k.1/2 hh1/2k‘1/2
= Ok ) x |0, [ 22 _Th ) 40, [ —Ln2_h ,
min { N, T1/2} min { N1/2,T1/2}
o aZhl/zk‘}jl/z o pil;hl/Zk;l/Q
b min { N, T"/2} b min {N1/2,T1/2} |

by using Lemma B.8 (e) and it is 0,(1) under the stated conditions. For Dr,

- C; _ ~
D7 = 2(5; — ?;)h ! ZLZ@H Ui,t—l(ui,t - Ui,t),

o clth Nio (
P min { N, T1/2} P min {N1/2,T/2} ||
h1.—1 hp.—1
apky, Phk
Op <min {N, T1/2}> + Op (min {Nl/Z,T1/2}> ’

by using Lemma B.8 (j) and it is 0p(1) under the stated conditions. For Dg,

= Ou(p, "k 1) x

Ci

Ds = 206 —
8 (z kh

)orh! Z?;Thﬂ Uii1(Uip—1 — Uig—1),

h hk} Qhk
0, : Oy Pph +0, : Ph Fh 7
min { N, T1/2} min { N1/2,T1/2}

0,4 )10 bl
P min { N, T1/2} P min { N1/2,T1/2} | ”

by using Lemma B.8 (c) and it is o,(1) under the stated conditions. For Dy,

= Oplp;"k; ") x

Dy = 20:h7! Z?;Q{Z+1(ai,t — i) (Uig—1 — Uip—1),
1 ap’ Pi'
— ki —h —
Op( h ) % [Op (min{N2,T}> +0p (min{N,T}>] ’
-1 -1
o, [0tk ) o (A
min {N2,T} min {N, T}
by using Lemma B.8 (h) and it is 0,(1) under the stated conditions. Therefore,

2 —1—T+h
G, =nh Zt:T—H ziQ,t + op(1),
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under the stated conditions. Note that the two conditions

hy7.—1 hp7.—1
aphky, prhk,
— 2t 5 (and —
min { N, T1/2} o min { N1/2,T1/2}

0,

are obtained by carefully investigating all 17 terms of the factor estimation errors. W

Lemma B.10. Under Assumptions 2.1-2.5, the following hold:
(a)

_ - Ozhkl/2 phk1/2
F-HF =0, —%" ___) 40 W :
P (min{N,Tl/Q} O min { N1/2,T1/2}

(b)

_ - Cthk'_l/Z phk—l/Q
f-H] p(mgwjm}'*p min {NV2, 7172

Proof of Lemma B.10. (a) I have

= _ _ ~ hkl/2 hkl/2
FotF = S (s = 1) = 0y ( iy ) +00 (g

by using Lemma B.6 (c). (b) I have

—= _ -~ T4h ~ hk71/2 hk*1/2
f=Hf=h"" 3 00 (fe—=Hf) =0, (rm:jf]\;lqﬂ/z} +0p W

by using Lemma B.6 (j). W

Lemma B.11. Under Assumptions 2.1-2.5, the following hold:

(a) Fort =T + 1,...,T + h uniformly in t,
Ff = Oplaply?),
(b) Fort =T +1,....T + h uniformly in t and all i,

e

2,0

1/2
= Op(pﬁkh/ ):

141
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(c) Fort =T +1,....,T + h uniformly in t,

~ Ozhk‘l/Z phk‘l/2
FC— HFS =0 h™h 19) h™h
t t p(min{N,Tl/z} O min {N1/2,T1/2} |

(d)
_ T+h Fe c a2hk 2hk
WY (B — HFE,)? = O, (WN;TQ +Op (%) ;
(e)
— T+h c e c a?hk alplk
WY B (B — HEE ) = Oy <nm{?mﬁ/z}> + Op <W) ;
(f)

2h h  h
15 T+h e (fc c _ g, ' kn O Ppkn
h Zt:T—i—l Fe (F,—HFZ) = Oy (W) +Op (min {N1/2,T1/2}>
2hk
+0, M :
min {N, T}
(9)
_ T+h = c alkt/? hpl/2
WP (FEy — HEE e = O, (Imn{}}v%/z}> +0p (mlm{%/ép/z} :
(h) Fort =T + 1,...,T + h uniformly in t,
1 = Oplafik, ),

(i) Fort =T+ 1,...,T + h uniformly in t and all i,

C —1/2
ufy = Oy(plik; ),

(j) Fort =T+ 1,...,T + h uniformly in t,

—~1/2 —1/2
fc_ch:O O‘Zk‘h / +0 pzkh /
t t P min { N, T"/2} P min { N'/2, T2} |
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(k)
¢ a2hk—1 Qhk—
WS (e = HEE? =0, <min}f{N§L,T}> +0p <mm{N T})

(1)
~ ~ a2h 2h
WS (B — HEE ) (f — Hff) = O, (m> +0p (m)
(m)
~ C|{2h ah h
WS P~ B = O iy ) + 0 (i ).
(n)
-1 ~\T+h c re c O‘ih aﬁp’é
WY FEA(ff —Hff) =0y min{NTT2Y +0p (V2T )
(o)

hUSS TR Fe Hff) = O o’ o) G
ST Fa (- 1) = 0y min (v, 772} | O G i, 7i72)

(p)
Toh . ahk71/2 hk’ 1/2
WU 2 (= Hff)er = 0y <mnffzvhwz}> +0p <mffwzwz} :
(4)
_ = _ " a2hh=1k 2hp—1)
h=? Egjiil+l Ft—21 = h7?H? ZtT:JrziLJrl Ft—21 +Op (W) +0p (%)
40 a%hhflkh L0 aZthilkh
P\ min {N, T2} P min { N1/2,T%/2} |’
(r)

h_12?+7}‘1+1p 16t = h_lzttr—F:F}LJrch 16t
hp— 1/2k1/2 hh_1/2k1/2
+0, (b0 ) 10, [ —h " :
min { N, T1/2} min { N1/2,T1/2}
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Proof of Lemma B.11.
(a) I have

c _ -1 T+h
i1 = Fa—h Et:THFt—la

= Op(afky?),

by using Lemma B.6 (a).
(b) The proof is the same as (a).
(c) T have

e~ HFYy = (Fy— HF) = (F = HF),
1/2 1/2
O __ofh +0 ok
P min { N, T1/2} P min { N1/2,T1/2} |~

uniformly in ¢, for t = T'+1, - - - T+h, by using Lemmas B.6 (c) and B.10 (a). (d) is straightforwardly

shown from (c).

(e) I have

I
RS
—~
>

N
>
~
[\o}
N—
X

Ftc—l(ﬁ‘tc—l - HFtc—l)

1/2 1/2
19) aZkh/ +0 szh/
b min { N, T"/2} b min {N1/2,T/2} ||’
0 oz%lhk:h 40 aZka:h
P\ min {N,TV/?} P\ min {N12, T2} )7

uniformly in ¢, for t =T+ 1,---T + h, by using (a) and (c). The result follows.

(f) T have

~tc—l( ~tc—l - HFtc—l) = HFtc—l(Ftc—l - HFtc—l) + (Ftc—l - HFtC—1)2>

_ 0 a,%hkh 40 aZkah
P min { N, T'/2} P min { N1/2,T1/2}
2h o
oy kp Pi. kn
*Op<mm{N%z}>+C%<mm{Nﬂq>’
OéQhkh Oéhphkh
= 0o | ——h™™ 1) hPh
p<mm{N,Tl/2} O\ i {1z, 7172)
oh
Ph kn
0, (arn'y)
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uniformly in ¢, for t =T + 1,---T + h, by using results derived in (e) and (d). The result follows.
(g) I have

(Ftc_l — HFtC_1>6t = (Ft—l — HFt_l)et — (F — Hf)et,

so that

1/ f+ﬁ+1(~c — HFf e, = B1/2 ;‘F:ﬁH(Ft_l—HFt_l)etJr(f—HF)h‘l/? T+h

t=T+1 €t
1/2 1/2
= 0O aijh/ +0 szh/
P\ min {N T1/2} P\ min {N1/2,T1/2}
hk1/2 hk1/2
40, [ —hh ) 4o, [ ——Phth :
min {N Tl/z} min { N1/2,T%/2}
P +0 ol
P min { N, T1/2} P min { N1/2,T1/2} |”

by using Lemma B.6 (g) and Lemma B.10 (a).
(h) I have

c —1/2
It = f+ﬁ+1 Op(a’ﬁkh / )-

(i) can be shown same as (h).

(j) I have

fe-Hff = (f-Hf) - (f-HJ),
ok, gL/
O (mmf}\?,Tl/Q}> +0p (min {Jlifll;?,Tlﬂ}) ,

uniformly in ¢, for t = T+ 1,---T + h, by using Lemma B.6 (j) and Lemma B.10 (b). (k) is

straightforwardly shown from part (j).
(1) I have

(Fey — HEC)(fF = HFf)

hk1/2 p’ﬁk}lm
Op | — -+ | +Op
min {N T1/2} min {N1/2,T1/2}
1/2 ~1/2
0 apky, / L0 Pk /
P min { N, T1/2} P min {N1/2,T1/2} ||
2h 2h
%% _ P
O <min{N2,T}) O <min{N,T}>’
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uniformly in ¢, for t =T +1,---T + h, by using the results obtained in (c) and (j). This yields the

result.
(m) I have
h1.1/2 hy1/2
I c c  _ ahkh phkh hp.—1/2
(F_,—HFL)ff = [Op (min {N,T1/2}> +Op (min (N1/2,T1/2) x Op(aky, '),

o, (— )0 e
P\ min {N, 71/2} P\ min {NV/2,T1/2} |

uniformly in ¢, for t =T+ 1,--- T + h, by using the result obtained in (c). This yields the result.

(n) (a) and (j) imply that

Fe(fe—Hf) = Op(afky/*) x

—-1/2 —-1/2
O aZkh / +0 pzkh /
P\ min {N, T1/2} P\ min {NV2,11/2} | |7

2h h oh
A XpPh
Op (min {N,T1/2}> + Op (min {N1/2’T1/2}> ;

uniformly in ¢, for t =T + 1,---T + h, which yields the result.

(o) I have

e HS) = HEL(F = HfY) + (Bf — HE))(ff — HIY),
2h h h
_ Oh *hPh
= Op (min{N, T1/2}> + Op (min{Nl/Q,Tlm})
2h h h
_ %% _ %Ph
O (min{N2,T}) +Op (min{N?’/?,T})
2h
Ph
+%<mMMTQ’
2h h h
_ Oh *hPh
= Op (min{N, T1/2}> + Op (min{N1/2,T1/2}>
2h
Ph
O <min{N,T}>7

uniformly in ¢, for t =T + 1,--- T + h, by using the results obtained in (n) and (1). This yields the

result.
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(p) I have

WS (fe—Hffee = WIS (fo— Hfeo+ (f — HHORE S e,

hk.—l/2 hk_l/2
= O (mm{N T1/2}> <mm{N1/2 T1/2}>
h1—1/2 hi.—1/2
o [k T o ek ,
min { N, T"/?} min { N'/2,T"/2}

—~1/2 —-1/2
- 0 azkh / +0 pzkh /
? \ min {N, T1/2} P\ min {NV/2,T1/2} |

by using Lemma B.6 (p) and Lemma B.10 (b). Hence,

Toh hk71/2 hk71/2
W Y (fE = Hff)er = p<mff{NhT/} +0p W -
(q) I have

ZtT:jszLH(Ftc—l - HFtC—1)2 = Z?;Thﬂ Ftc_21 +H? Z?;Thﬂ Ftc—21 —2H ZtT:JrTthl Ftc—lFtc—h
= Yt FS Y B
—2H Z?JFI?H( ~c — HFy 1)Ft 1= 2H? tT:+1£L+1 Ftcglv
= Z?:+7£1+1 Ftc—21 —H? EtT:ThH Ftc—zl

T+h n
—2H 3, +T+1( — HF{ )Ff .
This yields

T+h 72 p2~T+h e T+h &
S A = HP Y L FA + Y (FE — HFE )?

T+h &
+2H Zt;T+1(Ftc—1 — HF{ ) Ff 4,
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or

— T+h £ — T+h _ T+h
h 2Zt:+T+1 Ftc—21 = h’H? Zt:JrT-i-l Ftc—21+h 2Z,::JFTH(FtCA*HFf—QQ
— T+h £
+2h*H Zt:+T+1(Ftcfl — HFf )F¢ 4,

— T+h ¢
= h7*H? t+T+1F2
th I,IC 2hh_1k‘
O, hih +0, M
min {N2,T} min {N, T}

2hp—1 -1
+Op (min {N, T1/2}> + Op <m1n {NI/Q,T1/2} )

by using (d) and (e).
(r) I have

-1 T+h -1 T+h T+h
h Zt T+1 FC 160 = h HZt =T+1 Fi et +h™ 1Zt =T4+1 Ftc—l — HF{ )et,

_ —1 T+h c
= hTHY,” T+1Ft—1€t

b mm{N,Tl/Q} b mm{Nl/?,Tl/Q} ’

by using (g). W

Lemma B.12. Suppose Assumptions 2.1-2.4 and B.1 hold or Assumptions 2.1-2.5 and the following
condition hold:
Oéhphhl/2k‘ 1/2

min {N1/2, 7172) O

Then, I have

5_2 £> Q_QO'Z,

as N, T,h — oo, where

=h" EtTjLThH( 5*Ftc 1) .

Proof of Lemma B.12. The proof follows that of Lemma B.7 by replacing Lemma B.6 with

Lemma B.11. Thus, it is not repeated.

Lemma B.13. Under Assumptions 2.1-2.5, the following hold:
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(a) Fort =T + 1,...,T + h uniformly in t,

1/2 1/2
0r, — g, = 0, [} Lo bk,
wt Lt b min { N, T"/2} b min {N'/2,T1/2} |

()
— T+h e c o2k 2h .
W Y 2 Uy = Ufy1)? = Op (W;T}) +Op (%) ;
(¢)
— T+h c e c afphk 2h
ht Zt;T+1 Ui,tfl(Ui,tfl - Uz’,tfl) =0p <nml{h]$}}?/z}> +Op <nnn{]\/1/2h;p1/2}>
(d)

2h
1 T+h  Tre e c g, apPpkn
h! Zt:+T+1 i,t—l(Uz‘,t—l - Ui,t—l) = Oy <min {th T}) + Op (mln{hNhTUz})

+O ik
P\ min {N1/2,11/2} ]°

(¢)

B2 THh (e e -0 ok, 19 Pk
>t ( it—1 i,tﬂ)zi,t— P\ min{N,1772} + Up min{ N1/271/2} |

(f) Fort =T +1,...,T + h uniformly in t,

—1/2 1/2
ac, —us. = O azkh +0 szh
ne o Tt b min { N, T1/2} P\ min {N1/2,11/2} )7

(9)
A 5 . Oé2hk,*1 2hk.*1
h™ Zf+T+l< ui,t)2 = OP <rmnh{N}2],T}> + O (mln{N T})

(h)
o h b
1 ~T+h o ~ c o Q) Py
W= 3 e (Ul = US )5, —ugy) = Op (W) +Op (W)
oh
Ph
+0p <min{N,T}>’
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()
1 T4h - aliph p2h
WS Ty - Uit = Oy (nlthiny ) + O (cngitiy )
(3)
1 =T4h B aliph p2h
W3 Uiy (@5, — ugy) = Op (min{]}\;jzl/2}> +Op <rnln{]v1}/l27*1/2} )

(k)

“1~T+h 7 ~ O‘f%h p%h
R X e tro1(Ufy —uiy) = Op <m1n{N2 T}) +0p min{N1/2,T1/2}

apph
+0, (min (N, T1/2}> ;

()
_ T+h - hp—1/2 hp—1/2
WS (65, — )z = Oy <mi:f1\;jT1/2} +0p W ’
(m)
7 T+h ~ T+h 2hp—1p 2hp—1p
WL U = S US L+ 0y (et ) + O (i)
4O ahphh Tk L0 pihh_lkzh
P min { N, T"/2} P min {N1/2,T1/2} |
(n)

T+h 7 T+h
h™~ Zt+T+1 it—1%4t = h™~ Zt+T+1 it—1%5,t
a h—1/2k'1/2 ph,h—l/le/2
9] h h 9] h h )
p(min{N,Tl/Q} T\ nin {172, T172)

Proof of Lemma B.13. They can be shown straightforwardly from Lemma B.8 as I did in

Lemma B.11 from Lemma B.6. Thus, the proof is not repeated. B

Lemma B.14. Suppose Assumptions 2.1-2.4 and B.1 hold or Assumptions 2.1-2.5 and the following

conditions hold:

hy1.—1 hpp.—1
aphk, prhk,
—h h 50 and — 0.
min {N, 772} 0 " i (N2 T172)
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Then, I have

for any i as N, T, h — oo, where
~2 31 x~T+h [(~c SxTTC 2
o, =h Zt:TJrl(ui,t —9; Uz‘,tq) .

Proof of Lemma B.14. The proof follows that of Lemma B.9 by replacing Lemma B.8 with

Lemma B.13. Thus, it is not repeated. B

Lemma B.15. Let © ~ N(0,02/2c) and ©; ~ N(0,02/2¢;). Under Assumptions 2.1-2.5, the
following hold as T and h — oo.

(a) Suppose ¢ > 0.

If T/kp, — 0, then

—2h1,—2 T+h 2 ~ 102
Oéh kh Zt:T-i-l Ft—l ~ %@ .

If T/kp - m (0 <7 < 00), then
2
_oh, —2 ~T+h
o2 ST R~ L (%ﬁJr 6) :

If T/kp, — oo, then

2
—2hp—1m—1 ~T+h 2 1 (Fr
o kT Y B R g (7) :

(b) Suppose ¢; > 0.
If T/kp — 0, then

—2h1.—2 ~T+h 2 12
Pin ky, Zt:TJrl Ui = Tci@i'

2y

IfT/kp —m (0 <7< o0), then

2
—2h.—2 \~T+h 9 1 (U A
Pih Ky~ 2 ieri Ui = % (ﬁﬁ%—e)z) .

If T/kp — oo, then

2
—2h.—1p—1 ~T+h 2 ~ 1 (U
Pin k" T Zt:T-H Ui,tfl ~ 2 ( .

3
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Proof of Lemma B.15.

(a) I take squares of both sides of F; = apF;_1 + e; to obtain

F? = o}F? | +20,F 1e; +e2,

(a2 —1)F2, = F?—F?,—2a,F_je; — e

I then take summations over t =T + 1,...,T 4+ h to obtain

2 T+h 2 2 2 T+h
(o, — 1) Zt:T+1 Fy = Fro,—Fr—) 4714 et 200, Zt —741 Fr-1es,
T+h 2 1 2 2 T+h o T+h
Zt:TH B, = a2 —1 {FT+h —Fr =2 T41 € — 20n Et:TJrl Ft—let} )
h
ohp-2~T+h 2 _ 1 _oh 2) a2y T 2
a, kT e Fi = K2(a2 — 1) { (Ffyp — F7) — doi—T41€
h

—2h 1T+
—20;, " Et T+1 Ft—let}v

_ 1 0‘}7% (F2 F2) aﬁgh ZT+h 2
- k’h(a}% —1) k, - Lth T kn t=T+1 €t
2 —2h+1

Zt T+1 Ftlet} )

- kh<ai ){1 11 —1II1}.

I now consider terms 11, I11, and [ in order. For I1,

—2h

Trh 2 = <ai72hkf;) ( ZZUFThH %) = 0(1) x Op (1) = 0p(1),

by using Proposition A.1 of Phillips and Magdalinos (2007) a}:% = o(k2h~?) for the first component
and the weak law of large numbers for the second component.

For 111, by plugging

—-T-1 t— T 1 t—-T—j5-1
Fi 4 :a Fr —|—Z = oy, J €T+7,
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in I11 (divided by 2) yields

a—2h+1 a—2h+1

_ h T+h t—T—1 t—T—j—1
Zt T+1Ft*16t = DTt <Zj:1 ap €T+j) €t

SMLST4R T
+k Fray, DT €t

T+h t—T—1 t—T—j T+h t T—h
— <Zj:1 ay, 6T+]> €t + FTah Zt T+1 & €,

a2 .
_ h T+h t—T—1 t—T—j )
- kp, t=T+1 (Zj:l ay, €T+j) €t

+ @ <\/Z ‘h> ( \/11?h St QE_T_het)

=0p(1) _y(1/2p-1/2) =0p(1)

—2h
«
Y Tk =T t-T—j 1/2p-1/2
= g, ZtTH (Zj:l o €T+J) et +op (TH2h712)

because 4/ %a;h = ,/%xo (kph™1) =0 <T1/2k,1l/2h_1) =0 (T1/2h_1/2). For f th+Th+1 o T-he, =
Op(1), I used Lemma 4.2 of Phillips and Magdalinos (2007). In addition, I can show

—2h
a T+h t—-T—h t—T— —h
Zh t:+T+1 (Zj:l Qy, ]eT—i-j) €t = Op(ah )= 010(1)7

by following Phillips and Magdalinos (2007).

Finally, I consider term I as follows.

_ _ T+h 1 OJ_Qh _
@, 2hkh2 Zt:+T+1 Fr, = Fn(aZ — 1) Zh (Ffyp — F7) +op (Tl/Qh 1/2> ,

_ 1 a}:2h F2
T k(@ -1\ Ky T+h
1 o T Ff 12, -1/2
SR — -r T2,
kh(a% — 1) <ah kh) T to ( ) ’

because kp(ai — 1) — 2c. But the second term is o,(Th™!) because a}jzh = o(kph™!) so that
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a;;Qh(T/kh) =0 (Th™') and F}/T = O,(1). Furthermore,

oh,—2~T+h 2 _ 1
a, "k, Zt:T+lFt—1 =

kn(of — 1)
_ 1 1 Ly B
- m kh) (FT+2j:1 o, eT+J> +o, (Th7Y),

= mai—w (ﬁ;ﬁ + =T a;jem)g +op (ThY).
Therefore, if T'/kp, — 0, then T'/h — 0 by Assumption 2.5 and
a;2hk’{2 Z?;j{l+1 F? =~ 5 (\/kan 2?21 a};jeTﬂ)? = £02%
by Lemma B.5 (a). If T'/k;, - m (0 < m < 00), then T'/h — 0 and
02 S B~ (Brvr o)
If T'/kp, — oo, then

—2hy—1m—1 ~~T+h 2 _
o, kT Zt:T—i—lFt—l =

1 k(P [T
VTV kn VE

2
1 ho - ~1
o R o - knh
DT 7 ) +op (hnh™).
2

1 Fr kp 1 ho —j -1
s — y 1 k h
oz =) | VT Y T R o eers | e (kT

=0(1) =0, (1) by Lemma A5(a)
L (Fry
2¢ \VT ‘

: c : c .
f )
(b) I follow the same steps as above by replacing Ff and F} with Ujy and U; ¢ to show the results

%

Hence, the proof is condensed. W

I now provide a proof for the asymptotic properties of the CS tests under the LTU frame-

work (Theorem SA-2) provided in Appendix B.1 and under the MLTU framework (Theorem 2.2)
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presented in Section 2.4.

Proof of Theorem SA-2.

(i-a) The ¢ test statistic is

1I~T+h B F
Zt:T—H F1f

= .
F 1/2
o (h_2 ZtTJrifLﬂ FY )

The numerator is

WY FBaf = %Z$:+7{Z+1 F2 +n tH2 Y 0 Froe
g S (P2 — H2FE)
+hH EtT;ThH(th —HF1)fi
RS B (fe - Hf),

= S FR T I+ I+ 1V,

but I = op,(1). Further, II, I11, and IV are shown to be 0,(1) by using Lemma B.6 (q), (m), and

(0) because o, pt = O(1) when ky, = h. For the denominator,

~ p2h
31:+7{Z+1 Ft271 = h72H2 z:+7{l+1 Ft271 + Op (min{]l\f2,T}) + O (mln{N T})
1 pZ
O _— O = 1),
+0p (min {N,Tl/2}> +0Up (min {N1/2,T1/2}> OP( )

by using Lemma B.6 (q). The consistency of & is shown in Lemma B.7 because under kj, = h,
oppph 2k, 2
min{Nl/Q,Tl/Q}

o(1). Therefore,

1/2 S B e
tr=c (RS FR) L+ 0,(1),
T+h
<h 2 FE )

which leads to the result.
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(i-b) The t test statistic is

T+h 17
t*(): t=T+1 zt luzt

J . - Toh 1/2°
0 (h 2 Zt:JrT-i-l Uz%tfl)

The numerator is

“1~T+h 77 =~ G TR 2 1 \~TH+h 4 , ¢ N~T+h (772 2
h Zt:T+1 Uig—1tip = h2 Zt:T+1 U -1 h= > T+1 Uit—1%i¢ — 3% Zt:T—i—l(Ui,t—l - Ui,t—l)
T+h (77 1~T+h 77 .
+h~ Zt T+1( it—1 _Uzt 1)uzt+h Zt T+1 Ui,t—l(ui,t_ui,t)a

— hQZﬁhﬂ 2 T+ IT+IIT+1V,

but I = o,(1). Further, I, I11, and IV are shown to be o0,(1) by using Lemma B.8 (m), (i), and

(k). For the denominator, under kj, = h

—2~T+h 72 _ T+h az’
h Zt:TJrlUi,tfl - t= T+1 t 1+O <min{N2,T}

1 aZ
O (min{N,T}) O (min{N,T1/2}>

0 1
T\ in (N2, T2 )

by using Lemma B.8 (m) and the four terms of the factor estimation errors are o,(1). The consistency

1 —
of &; is shown in Lemma B.9 because under kj, = h, % op(1) and W op(1).
Therefore,
T+h
1/2 z
* [ —2~T+h tT+1ztlzt
() = e (W2 U2 L) T + +0p(1),

o ~~T+h 1/2
0 (h QZt:+T+1 Uiz,tfl)

which leads to the result.

(ii-a) The result is directly shown from (i-a) by using Lemmas B.11 and B.12 instead of Lemmas
B.6 and B.7.

(ii-b) The result is directly shown from (i-b) by using Lemmas B.13 and B.14 instead of Lemmas
B.8and B.9. &
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Proof of Theorem 2.2.

(a) When ¢ = 0, the ¢ test statistic is

T+h [c fc
=111 Fro1ft

F— 12"
~ _ T+h
& <h 2 Et +T+1 F62 )

The numerator is
_ T+h — T+h T+h
h 127& +T+1FC 1ft = hT'H? t+T+1F 16t +h” HZt +T+1 Ftc—l_HFtc—l)et
T+h 1
+h~ Zt +T+1 Ftc (fE = Hff),

— 1/2
_ “1g2T+h  pe R/ 2k,
= H Zt T+1 Fi et +0p <min{N,T1/2}

o, P e o, 1
* min {N1/2, T1/2} min { N, T1/2}
2h
Ph Ph
+0, (min {N1/2,T1/2}> + 0, (min (N, T}> )

by using Lemma B.11 (g) and (o) and the five terms of the factor estimation errors are op,(1) under

the stated condition. For the denominator,

-2 x~T+h 2 -2 172 ~T+h 2 phh 1k
WY B = hTHEY T P2+ O (m)JFO (nﬁTNﬁ)

h_lk‘h phh_lk‘h
+0, (min{N, T1/2}> + Op (min{Nl/Q,Tl/Q} ;

by using Lemma B.11 (q) and the four terms of the factor estimation errors are o,(1) under the stated

condition. The consistency of ¢ is shown in Lemma B.12 under the same condition. Therefore,

T+h Fe¢ e
R =141 £{1
lp = Op(l)v

1/2
_ h c
U<h 2ZtTJFTHF 2 )

which leads to the result.

When ¢ > 0, the ¢ test statistic is

AT+h Fe¢ F
. ky, Zt:T—i—l Feaff
_ 1/2°
A (1.-2 ~T+h 2
o (k?h Zt:T-H Ff—l)
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The numerator is

“1~T+h ¢ Fe _ € T+h 122 —1 72 ~T+h c
k?h Zt:T+1Ft—1ft = ?Zt:T-&-lFt—lekh H Zt:T+1Ft—let
h
C T+h (e 2 1c2
2 2= (B — HOF)
h

_ e
+ky, 1HZthJr:FH(Ftc—l —HFZ ) ft
‘H‘?}:l Z,:T::/{ZH Ftc—l(ftc — Hff),

C T4h ~
- = STHh ER2 4 T+ 11+ IIT+1V.

Therefore, if I scale the t test by a}:h

—h* c — — T+h I 1/2
ay htﬁ, _ g (ah Qhkh 2 Zt:+T+1 Ftc—21>
a_2h
- b L+ 1T+ IIT+1V).

o —2h;—2x~T+h 2
g (O‘h k" 2 =T Ftcfl)
I now show that the first term is asymptotically equal to a positive value or diverges to positive
infinity and the second term disappears. The first term is
—2h—2~T+h  fe2 o —2h—2 72 ~T+h 2 —2h,. -2 ~T+h [ fe2 2 12
a, k7Y FZy = ok TH Y py FEy + o, 7k > (FE, — HOFZ),

t=T+1
— g2 Tth pe hky,
= & Ry >i—r FZ1+ 0p min{NZ,T}
—2h —1 ~1
o (e hk;,
P\ min{N,T} "\ min {N, T1/2}

—h _
i) oy phhky !
P\ min {N12, T2} )7

by using Lemma B.11 (q) and the four terms of the factor estimation errors are o,(1) under the

stated condition. I next consider the second term.

_on, oy g2~T+h e
o, ) I =y kg HE Y o FYE e = 0p(1),

158



by using Lemma B.5 (c),

03,2 11 =l ST (R, — HPE) = o,(1),

as shown in the first term,
"X I = Oéf:%k;lH Z?;Thﬂ(ptc—l - HFZ ) [,
_ 0 hi;, ! Lo o Pk,
- r min { N, T"/2} P min {N'/2,T1/2} |

by using Lemma B.11 (m) and it is 0,(1) under the stated condition, and

aph X IV = e VST Fe L (ff - HY),

_ o, hk;,* 1o, oy "ol hk, !
min {N T2} min { N1/2,T1/2}
—2h 2h
hk,
vo, (St
min {N, T}

by using Lemma B.11 (o) and it is o,(1) under the stated condition. The consistency of ¢ is shown

in Lemma B.12 under the stated condition. Therefore,
“hp €[ _oh, 2 <~T+h 1/2
a, = s (O‘h k" 2= Ftcg1) +0p(1),

under the stated conditions.
Finally,

—hf*

1/2
—ohg— T+h
I3 (O‘hZ k2 H? =11 F ) + 0,(1),

Qo Qo

_\1/2
(0 2k B2 S FEy = ok 2hHPF2) T o)1), (BA)
but because F2 = Op(kh™1) + Op(a2"k3h=2) from Lemma B.5 (b) and kph™! = 0,(1),

o, 'l PhH2F? = Op(a, ®") 4+ Op(kph™h) = 0,(1).
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By using Lemma B.15 (a), a;QhkaQ ZtT:JrThH F? ., or oy 2"k, ' T H? ZtTJE@H F? | is asymptoti-
cally equal to the stated values. Plugging these into (B.4.1) yields the final results.

(b) When ¢; = 0, the ¢ test statistic is

Bl T+h 717¢ ~c
. PO T4+1 Uzt 15

t=(i) = .
U 1/2
T+h e
(h’ 2 Zt JrT—l—l z% 1)

The numerator is

T+h T+h 1~T+h (77
h™~ Zt 11 Uig Uiy = h™~ Zt 741 Uig— 1Zit FhT Y T+1( i(ft—l_Uz'ft—DZi,t
—1~T+h
+h Zt:T—H zct (ag _uf,t)7

alh=1/2p) /2

= W LR Uz + Op (mm{NTl%})
hh 1/2k:1/2 %h
0 i (v, iy | O <mn{N2T}>

—|—0 ph O OZZPZ
min { N'/2,T"/2} min {N,T"/2} |’

by using Lemma B.13 (e) and (k) and the five terms of the factor estimation errors are o,(1) under

the stated condition. For the denominator,
o ~T+h 72 _ T+h  rre2 a?hh =k,
W2y crn Ui = =141 Uii—1 + Op (m)
40 p,%hhflkh L0 aﬁpﬁhﬁlkh
P\ min {N, T} P\ min {N, 71/2}
+0 pi bk
b min { N1/2,T%/2} |’

by using Lemma B.13 (m) and the four terms of the factor estimation errors are o,(1) under

the stated condition. The consistency of &; is shown in Lemma B.14 under the same condition.

Therefore,

Tk [ ht ZtT:ThH U; t—17it
tU(Z) = + Op(l)a

1/2
. —2 T+h c2
0; (h Zt:T-H Ui,tfl)

which leads to the result.
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When ¢; > 0, the t test statistic is

T+h
. ky, Zt T+1 tluzt

te(i) = .
U 1/2
5 T+h 2
( Zt T41 zct 1)
The numerator is
T+h 7 . Tth e T+h T4h /7
ky, Py T Uiy = Zt T Ui Tk L 1 Uir—1%it — Zt 701U Ut Uzt 1)
1T+h (F T+h 7 -
+kh Zt:T-H( z‘ft—l_Uzt 1)“11?‘”€ Zt 71U 1(“5,15_“5,7:)»
e
= = P US4 T+ 1T+ IIT+1V.
h

Therefore, if I scale the ¢ test by p;h , then

—hox Ci [ _op T+h 1/2
Ph, t;}(z) = JZ ( Ky, Zt T+1 C% 1>
7

—oh
Ph

1/2(
T+h e
o1 (o 2k S U

I+ IT+IIT+1V).

I now show that the first term is equal to a positive value or diverges to positive infinity and the

second term disappears. First,

—2h T+h {72  oh,-2~~T+h 2 2 T+h ({72, P
[ it USon = o k" 2o Uy + 05 Ky, I 71Ul = Uiiq),s

—oh, — a2l p, 2 hk, ! hk; !
:pf%ﬁzﬂﬁﬂﬂl+o(zﬁmw})+%(mﬁwﬂ
h, —h -1 -1
hk hk
+0, [ —22Ph Mn__) Lo, ([ —— ,
min { N, T1/2} min { N1/2,T1/2}

by using Lemma B.13 (m) and the last four terms of the factor estimation errors are o,(1) under

-1
aﬁhk’h

W — 0. I next consider the second term.

—2h T+h
Ph X I = Pn Ry, Zt 71 Ul 1% = op(1),
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by using Lemma B.5 (h),

1743 T+h (7
hxIr=2 h Zt +T+1(Uic,%—l —Ufiy) = 0p(1),

as shown in the first term,

"X IIT = p 2t ZtT+T}L+1([~]z'C,t—1 —Uf1)uit,
—hy - 1
hk hk
o, (_chottit \ o (b |
min { N, T1/2} min { N1/2,T1/2}

by using Lemma B.13 (i) and it is 0,(1) under the stated condition, and

pﬁzh v = _2hk Z:{JFThH ~th 1 (Uit — uig),
—2h -1
hk, hk
= 0, i py "k ! +0, [ — h
min { N2, T} min { N'/2,T1/2}
“hi—
o, [ ke )
min { N, T"/2}

by using Lemma B.13 (k) and it is o,(1) under the stated condition. The consistency of &; is shown

in Lemma B.14 under the stated condition. Therefore,

_ C; _ _ T+h 1/2
P hx (i) = ﬁ (phthhQZt;T+l Uﬁq) + 0p(1).
3

Finally,
_ C; _ _ T+h 1/2
() = o—i- (ph2hkh22t:+T+1 Uﬁ_1> + 0,(1),
(2
Ci (—2hy—2~T+h b —2, o\ /2
- ;z, (ph2 kh22t:+T+1 U, —PhQ kh2hU2> +0,(1), (B.4.2)

but because U2 = Op(k2h~1) + Op(a2'k3h=2) from Lemma B.5 (g) and kph ™!t = 0,(1),
py 2 2hU? = Op(ag, ) + Op(kph ™) = 0p(1).

By using Lemma B.15 (b), p}:%krlf ZtT;jf"H U2, or p}:%k‘ng_l ZtTjjfLH U2 | is asymptotically
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equal to the stated values. Plugging these results into (B.4.2) yields the final results. B
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