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Abstract

In this study, we investigate the least squares (LS) estimator of a structural change point by
the in-fill asymptotic theory, which has been recently used by [Jiang, Wang and Yu/ (2018, |2020),
when the model with two structural changes is estimated as the model with only a one-time
structural change. We, hence, show that the finite sample distribution of the estimator has four
peaks, which is different from the classical long-span asymptotic distribution, which contains only
one peak. Conversely, the in-fill asymptotic distribution of the estimator has four peaks and can
approximate the finite sample distribution very well. We also demonstrate that the estimator
is consistent in the in-fill asymptotic framework with a relatively large magnitude of the break.
In the latter case, the finite sample distribution of the estimator has only one peak and is well
approximated by both the in-fill and long-span asymptotic theory.
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1 Introduction

This study investigates the break point estimator by the least squares method under continuous record

asymptotics or the in-fill asymptotic scheme developed by such as [Phillips| (1987)), [Perron| (1991)), and

|Jiang, Wang and Yu| (2018), among others. We suppose the level-shifts model, that has two break

points and consider the case where they are estimated one at a time.

The break point estimator has been investigated in the statistics and econometrics literature. For

example, Hinkley] (1970) and |Yao| (1987) investigated the change point estimator using the maximum

likelihood method. Conversely, applied the least squares method for the estimation. He
showed, by assuming that the samples before and after the break increase proportionally to the whole
sample size while the break fraction is fixed—sometimes called the long-span asymptotic scheme—that
the break fraction estimator is consistent, unimodal, and symmetric. However, the corresponding finite
sample distribution can be trimodal and asymmetric, particularly when the break size is relatively

small.

To explain the discrepancy between the finite sample and asymptotic distributions, |Jiang, Wang

land Yul (2018, 2020) investigated the break point estimator of the continuous time model with a

one-time break and of the corresponding discrete model under the other scheme, called the in-fill

asymptotic scheme. Here, sampling frequency goes to infinity in the fixed interval, or equivalently,

the sampling interval becomes zeroll] Under the in-fill asymptotic scheme, [Jiang, Wang and Yul

(2018) derived the asymptotic distribution of the break point estimator for the level shift model,
which can successfully replicate the important properties of finite sample distribution; trimodality

and asymmetry. El

In this study, we extend the methodology of |[Jiang, Wang and Yu| (2018)) to the local level model

with twice shifts. Although two change points exist in the model, they can be estimated one at a

time as considered by (1995) and (1997). They then fit the model with a one-time break

to the two breaks model and showed that the estimated break fraction is consistent with either of
the true break fractions. Using the long-span asymptotic scheme, (1997)) derived the asymptotic

distribution of this break point estimator, which is unimodal and asymmetric. However, as the later

Y[ (2014) and [Zhou and Yul (2015) also used the same technique.
Casini and Perron| (2018} [2021)) studied a feasible break point estimator of the continuous time model; however, we
do not cover this in the study.
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section demonstrates, the corresponding finite sample distribution of the estimator can have four
modes and be asymmetric. Hence, we use the in-fill asymptotic scheme and investigate the same
break point estimator. We will show that the in-fill asymptotic scheme can capture the important
properties of the finite sample distribution such as four peaks and asymmetry when the level shifts
shrink to zero at the rate of the square root of the sampling interval (called “small shift” in this
paper). Additionally, we investigate the case where the break size shrinks to zero at a slower rate
than in the above case (called “large shift” in this paper). We derive the asymptotic distribution of
the break point estimator under the in-fill asymptotic scheme, which is the same as that obtained by
Bai| (1997)); it is unimodal and asymmetric. We will demonstrate that when the break size is relatively
large, the finite sample distribution of the estimator has the same properties. Therefore, both the
in-full and long-span asymptotic schemes can explain the finite sample properties of the estimator in

this case.

The rest of the paper is organized as follows. In Section [2] we review the long-span scheme and
demonstrate discrepancy between the finite sample and limiting distributions. In Section |3 we derive
the in-fill asymptotic distribution in the case of the “small shift”. Conversely, Section [4] deals with
the case of the “large shift.” Concluding remarks are given in Section[5] All proofs of the theoretical

results are relegated to Appendix.

2 Long-span Asymptotic Theory and Finite Sample Distribu-
tions

In this section, we briefly review the long-span asymptotic theory developed by |Bai (1997) and compare
the limiting distribution of the break point estimator with the finite sample distribution. Consider

the level-shifts model given by

pr+ Xy for 1<t <kY,
yr=1Q 2+ Xy for K9 +1 <t <KY, (2.1)
ps+ Xy ifES+1<t<T,

where {X;} is a linear process satisfying the conditions given in the next section. |(Chong| (1995)) and
Bai| (1997)) proposed estimating break dates one at a time despite the two breaks and showed that the

estimator is consistent with one of the two break fractions. Hence, they fit the model with a one-time



break and the (first) break point estimator is given by

k= arg min {Sy(k)}. (2.2)
k=1, ,T—1

where St(k) is the sum of the squared residuals given by

k T k T
— - - 1 - 1
Sr(k) = Z(yt —Y)% + z (y: — Y¥)?, where Y = Z Zyt and Y] = T—% Z Yt
t=1 t=k+1 =1 t=k+1
Proposition 4 in |Bai| (1997) gives the limiting distribution of k— kY when
0 0

71 2 1—7 2

— — > - . 2.3

2 (u1 = p2)” > 37— - (12 — p3) (2.3)

Figure [I] demonstrates the histogram of the corresponding limiting distribution under Gaussian as-
sumption with 79 = 0.33, 79 = 0.67, u1 = 0, o = 4, and p3 = 1. The limiting distribution is unimodal
and skewed. Conversely, the finite sample distribution with the same parameters with 7' = 120 (the
number of replication is 10,000) is asymmetric and has four modes (Figure . As the finite sample
distribution is rather different from the asymptotic distribution, we use the in-fill asymptotic theory

in the next section.

3 In-fill Asymptotic Distribution with Small Shifts

In this section, we develop the in-fill asymptotic theory and show that the limiting distribution devel-

oped in this section has four modes, as in the case of finite samples given in Figure

Let {g} fort =1,2,...,T be the discrete time observations of a continuous time process on [0, 1],
where h is the sampling interval and Th = 1. By extending [Jiang, Wang and Yu| (2018]), we consider
the discretized model with twice level shifts given by the following:

ulﬁ—&— VhX; for 1 <t <kY,
Uth — Y(t—1)h = puavVh +VhX, for K +1<t <Kk,
psvVh+VhX, fork§ +1<t<T,

where kY and k9 are the break dates and j; for i = 1, 2, and 3 are defined below. Corresponding break
fractions are given by 7 = k9 /T and 79 = k9 /T, which we assume holds not only asymptotically but

also in finite samples for simplicity. By letting y; = (Jin — G—1)n)/ V'h, the model is expressed as

p+ Xy for 1<t <k{,
y=14 po+ Xy for k) +1<t <k, (3.1)
ps + Xy for k+1<t<T,



where p; = (,u + ?) Vh

for i =1, 2, and 3. We allow for serial correlation in X; by considering a linear process provided by
o0 o0 o0
X = Zajet_j, where a(1) = Za]— #0 and Zj|aj| < 0.
j=0 j=0 §=0

For the innovations {e;}, we make the following assumption:

Assumption 1 Innovations {e;} are martingale differences satisfying Ele;|Fi—1] = 0, E[eZ] = o2,
and there evists a 6 > 0 such that sup, E[|e;|**°] < oo, where F; is the o-filed generated by ey for

s <t.
For two structural change points, the following assumption is made throughout the study.
Assumption 2 (i) 70 € (0,1) fori =1 and 2 with 70 < 79. (ii) 61 # 52 and 53 # 53.

Assumption i) implies that the break fractions are distinct and k9 and kS are not too close each
other. In contrast, Assumption (ii) guarantees that the structural changes occurred twice and there
are three regimes.

We investigate the asymptotic behavior of ki given by , the (first) break point estimator
considered by |Bai| (1997)), wherein break dates are estimated one at a time. As shown by Bai (1994]),

the least squares estimator k can be expressed as follows:

k = arg max { (\/TVﬂk))Q} ,  where Vr(k)= w (Y- 1) (3.2)

To develop the in-fill asymptotic theory, we assume that the sampling interval h goes to 0, whereas
€ in p; is different from 0.

Assumption 3 h — 0 and € # 0 is fized.

AsTh =1, h — 0 implies that T'— oco. Under Assumption [3] the magnitudes of the breaks are of
order vh = 1/+/T and thus, as discussed in Elliott and Mller| (2007) and |Jiang, Wang and Yul (2018),

T = l%/T cannot be consistent with 70 and 73, as provided in the following theorem

3Bail (1997) proposed to estimate the second break point by splitting the sample at the first estimator k. However,
because the first break fraction estimator is inconsistent, there is no room for estimating the second break point in our
setting, thus we focus on only the first break date estimator k.



Theorem 1 Under Assumptions[IH3, the in-fill asymptotic distribution of 7 is given by the following:

# % arg max { (mJ(T))Q} , (3.3)

0<r<1

Ji(r) if T <,
where  J(T) =< Jo(r) if ) <7 <19,
J3<T) Zng <7,

~ & W76 -1 1-795
J =B — - - — = - =
1(7) (T’U)+s 1—-7 ¢ 1—-7 ¢ 1—7 ¢’

7951 7779572778—752 1—78573

T € T € 1—7 ¢ 1—7 ¢’

0 0_ .0 0

TP01 T —T] 0 T—1T503 I3
+ 2y 2=

T € T € T € e’

Remark 1 Our model (3.1) becomes a one-time structural break model when 78 =1 (k9 = T) and
03 = 02 (u3 = pa). In this case, if {X;} is an i.i.d. sequence as considered in |Jiang, Wang and Yu
(2018), we have a(1) =1 and thus, by the straightforward calculation, we can show that
B(r)—7B(1 1—7 6y — 0
) — o (BOZTBO) (=) (88
VTl —=7) V-1 o€

_, <B<T?+u> ~ (@ +wBL) (1 —T?>\/T9+ué*>
VAToi-m-w  JI-d-u o

for 7 < 10, where the second equality holds by defining T = 10 + u and 6* = 6 — §;. Conversely, for

T>T{),

AT () = o B(T)—TB(l)_T{)\/(l—T)((SQ—(Sl)
V (1 )J2() ( 7_(1_7_) \/;_ oc )

_, B(T?—i—u)—(r?—i—u)B(l)_T{)\/l—rf—u(z‘
VARl w A )

These distributions are the same as those in Theorem 4.2 of |Jiang, Wang and Yu (2018). Therefore,

our result in Theorem includes the in-fill asymptotic theory developed by|Jiang, Wang and Yu| (2018).

To investigate distributional property (3.3)), we draw the histogram with the same parameters as in
the previous section; 70 = 0.33, 79 = 0.67, 02 =1, a(1) = 1, 61 /e = 0, d2/e = 4, and J3/c = 1. Figure
shows that the limiting distribution has four modes around two break points and the ends of the

samples. Hence, the in-full asymptotic distribution can successfully replicate the important property



of the finite sample distribution in Figure 2] That is, in the case where break dates are estimated
one at a time with relatively small shifts, the in-fill asymptotics is useful to capture the distributional

property of the estimator in finite samples.

4 In-fill Asymptotic Distribution with Large Shifts

In this section, we investigate the asymptotic behavior of the break point estimator when the mag-
nitudes of the breaks are larger than those given by Assumption While break fraction estimator
is inconsistent when the breaks are small under Assumption [3| (Theorem , we may expect that it

would be consistent with either of the two break fractions for the larger breaks.

To consider the in-full asymptotic theory with large breaks, we make the following assumption:
Assumption 4 (i) h — 0 and ¢ — 0. (i) elogT — 0. (iii) Vh/e — 0.

As the magnitudes of the breaks are given by (32 — 61)v/h/e and (03 — 62)v/h/e, Assumption (1)
implies the larger break sizes compared to Assumption [3] in which ¢ is fixed. However, we still assume
the shrinking shifts of the breaks by (iii). Assumptions [(ii) and (iii) impose the converging speed of
£; it goes to zero strictly faster than 1/logT = —1/logh but slower than 1/v/T = v/h. This speed is
essentially the same as that supposed in Bai (1997).

Whether 7 converges to 70 or 73 depends on the relative magnitude of the two breaks. Let

Ur(k/T) = Sr(k)/T.

Assumption 5

plim (ﬁ> U2 (K /T) = Ur(/T)) < 0.

Assumption [5| corresponds to Assumption B2 in Bai| (1997)). To obtain the probability limit given
in Assumption [5 we note that Uz (k?/T) and Ur(k3/T) can be expressed as, from (6.3) and (6.11) in



the appendix,

0_ 10 2
(k) = (- ) ) )

(T—-k) [ 1
T T — k9

_|_

2 T
1
(kg —Kk9)(us — M2)> 7 ZXE + Rir(KY),

t=1

T
1
+ T ZXE + RlT(k(lj)

t=1

B = k) (62— dVE
- T(T - k) €

and

2

KOS — k9) [ (61 — 62)V/h 1 &

0y iRy — F] = 2 0
UT(kQ/T) - kST c + T t:Zl Xt + RQT(kQ)’

where Ryr(k) and Rop(k) are defined by (6.4) and (6.12), which are shown to be O,(h/e) in the

appendix. Then, we have the following:

<\£ﬁ> (Ur(K))T) — Ur(k3/T))

_ 2.0\(20 _ 1.0 O(k9 — k0 -~

:(T T](f;)(kz?) k1) (82 — 53)2 _ W (6, — 52)2 + (éﬁ) (Ri7(E?) — Ry (KS))
— N7 =70 2 T 2

ENC 12)_(729 D (5, 53) (7 =) (0= 8"

Hence, Assumption [5] can be written as follows:

1— 0 0
T% (62 — 33)* < % (61— 82)°, (4.1)
1—7p Ts

which is equivalent to (2.3]). Hence, Assumption [5{implies that the first break dominates the second

one in terms of break magnitude and the relative time span of the regimes.

To derive the in-fill asymptotic distribution of 7, we first show that it is consistent with 7.

Proposition 1 Under Assumptions[1], [, [, and [, we have the following:

%—Tonp(s).

Note that because 7 is inconsistent when ¢ is fixed (Theorem , we observe that Assumption [5|is

key for the consistency.
Proposition [1| relies on the inequality given by Assumption [5| If the inequality is in the opposite
direction, 7 becomes consistent with 79. As discussed by Bai (1997), # will converge in probability to

either 70 or 79 with each probability 1/2 if the equality holds.



As we obtained the consistency of 7 by Proposition [l we can focus on the behavior of Sp(k)
only in the small neighborhood of 70. Let us define Dy = {k : Tn < k < T79(1 — 1)}, where
n is a small positive value such that 70 € (n,779(1 —n)) and Dy = {k k=K <M (\/65)2}
for some given large value of M. Let us define the intersection Dy and complement of Dy, as
Drpype ={k:Tn<k<Trd(1—-mn), |k—k)| >M <4>_2} In the appendix, we show that Sy (k)
cannot be minimized on Dr pse with the probability approaching one. We then obtain the following

proposition.

Proposition 2 Under Assumptions[1],[4 [{, and[3, for every e > 0, there exists an M < oo indepen-
dent of T such that, for all large T,

—2
h
P T%—T{’|>M<{> <e.

Proposition [2] implies that

2
T (ﬂ (F =)= 0,1

and gives the asymptotic order to derive the limiting distribution. Note that because Th = 1, 7

approaches 70 at a rate of €2.

The in-fill asymptotic distribution of 7 is given by the following theorem.

Theorem 2 Under Assumptions [} [2 [ and[3, we have

2

T (@) (62 — 61)2(% — T{)) 4, 02a(1)2 arg min {I'(u, A1)},
u€ (—00,00)

where

1-— T20 (53 - 62

1 — T{) (52 — 51 ’

P 3) = {QBl(u) Fu(l =) ifu>0,

A=

2Bo(—u) + |u|(1+ A) ifu <0,

and B1(+) and Ba(-) are two independent standard Brownian motions on [0,00).

The in-fill asymptotic distribution derived in Theorem [2]is the same as the long-span asymptotic

distribution obtained in Proposition 8 of [Bai| (1997). This limiting distribution is generally unimodal



and asymmetric. Figure [d]shows histograms of the asymptotic distribution obtained in Theorem [2] for
the same set of parameters as before. Moreover, the distribution in Figure 4| is unimodal and skewed
to the left, which is rather different from Figure [2} However, as demonstrated by Figure [5] in which
the data generating process is given by for ¥ = 0.33, 70 = 0.67, u =0, =0, 6o = 4, 03 = 1,
h=1/T =1/120 and € = h'/* (large shifts), the finite sample distribution can be approximated well

by the in-fill asymptotic distribution with ¢ — 0.

5 Concluding Remarks

In this study, we applied the in-fill asymptotic scheme to the level-shifts model when the break date
is estimated by fitting the misspecified one-time break model. We first showed that the finite sample
distribution of the break point estimator obtained by the least squares estimation has four modes,
which is quite different from the traditional asymptotic distribution by Bai| (1997). We then derived the
in-fill asymptotic distribution with small shifts, which has four modes and is a better approximation
to the finite distribution than that in the long-span asymptotic scheme. Additionally, by considering
the model with large shifts, which still shrink to zero but at a slower rate than in the small shift case,
the in-fill asymptotic distribution was shown to become the same as that derived in the long-span

scheme. In this case, the break fraction estimator is consistent, unimodal, and asymmetric.

Although the finite sample properties of the break point estimator could be replicated using the in-
fill asymptotic scheme, constructing the confidence set under the assumption of small shifts is difficult
because the break fraction estimator is inconsistent, which results in the inconsistent estimation of
the nuisance parameters required for constructing the confidence set. We may need to impose some
mild regularity conditions on the model considered by |Casini and Perron| (2018, 2021)), and this is our

future research.
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6 Appendix

Proof of Theorem (1} Following [Bail (1994), (2.2) is expressed as

. 2
k = arg min{Sy(k)} = arg max { (\/TVT(IC)) } , (6.1)
k k
where
k(T -k -
vtk =M (). (62
B 1 E B 1 T
Vi = gzyn Yo =77 > w
t=1 t=k+1
Under Assumptions[I] and [2] we have, by the functional central limit theorem (FCLT)
VT & T 1 <
X i e eleB)
t=1 t=1
T T
T 1 1
> X = TR > Xi= ——a()e(B(1) - B(7)),
t=k+1
. We show

for k = [rT] with a given 7 € (0,1), where B(-) is a standard Brownian motion on [0, 1]
that the limiting distribution of (6.2]) depends on the regime wherein k is located

For k = [7T] < kY, we have, by the FCLT,

( Z?Jt Z yt>
t k+1

1 1 Ky ks T
Zyt T o wt D wt D wm

t=k+1 t=k9+1 t=k9+1
VT &

h

kZ +f< e)f

52 0 53
+ 2 )V (@ =k (n+ 2 ) VR

01
\F<t§k;rlXt - )<u+€)\/ﬁ+(k8—k?) (M
\fi ¢ th;LlXt
51f\7 T\Fk( )51f \F(kQ k0)52f \Fk(T k2)53f
o)~ psathetot) s+ - {22 - AR -



Similarly, for kY < k < k9, we have

1 1 &
ﬁ(k;yt_Tk Z yt>

t=k+1
(& k 1
=T % Zyt-i- Ye | = 7 Z Yt + Z Yt
t=1 t=k0+1 t=k+1 t=k9+1
VT (& 51vVh 5ovV'h
_VvVi X 0 30
i tz:; + + kpvh + K - + (k — kY) -
T 0oV h 03V h
- (z Xt (- ki + 8~ 020y () M)
t=k+1 € €
\/Tz’“: VT ET: ¥
=— Xt — t
k t=1 T_kt k+1
\f 51\f VT 0\0aVh VT Sovh T 0y 03Vh
€ (k k) T k;( —#) € _ﬂ(T_k2> €
1 1
=-a(l)oB(1) — a(l)o(B(1) — B(1))
T -7
0 0 0 0
7'71671 7—7'1672_7'2—7@_1—72673
+ T € + T € 1—7 ¢ 1—7 ¢’

and for k9 < k,

( Zyt T % Z%)—\IC Zyt-i- Z Y + Z Yt _Tg
t=k+1 t=k{+1 t=k§+1
k
f( Xt+kﬂf+k01f+(k2 k°)6 h (k—kg)éf‘f)
VT [ 53Vh
H<t_zk;1Xt+(Tk)m/E+(Tk) 35 )
:%aa)aB(T) - iTa(l)a(B(l) - B(7))

o o Toml &
T € T € T & €

Therefore, we have

# Sang m{ (VA7)

0<r<1

where J(7) is defined in the main statement of Theorem [1} M

We need several lemmas to prove Propositions and Theorem

Lemma 1 Under Assumption[1], there exists an M < oo such that, for all i and all j > i

12



@ 2| (Zias %) (Zhei %) < 20

(b) ‘E [i (S ) H < M.

Proof: (a) and (b) are given by Lemma 11 and (A.12) in Bai| (1997)), respectively.ll

Lemma 2 Under Assumptions[1] and[3, there exists an M < oo such that, fori =1, 2, and 3,

TIE R (b)] - BlR ()] < L~ H g

Proof: These relations are given by (A.14) in Bai| (1997)).H

Lemma 3 Under Assumptions and [ in which e — 0 and h — 0, the following relations hold:
(a) supy<ier Ur(k/T) — E[Ur(k/T)] = T~ 32/, (X} — EIX?])| = Op(h/e).
(b) There exists C > 0 for all large T such that

E[Sz(k)] - E[St(k)] = C(Vh/e)*|k — K]

Proof: (a) Let

k T
1 X 1
ATk = % E Xt and ATk = m E Xt.
t=1 t=k+1

To prove (a), we consider the three cases; (i) k < k9, (ii) k9 < k < k9, and (iii) &9 < k. For k < k9, it

can be shown that

T
Ur(k)T) — E[Urp(k/T)] — Z = [Rir(k) — E[Rir(K)]],

13



where, as given by (A5) in [Bail (1997)),

Ur(k/T) =7:52(4)

(K — k) (k9 — Kk9) (T — k9) 1«
B G 1S xR, 09
1 K9 kS
RlT(k) *T 2arg Z X+ 2bpy, Z X+ 2cr Z X
t=k+1 t=k{+1 t=k§+1
2
T[(k? — k)ary, + (k3 — k)bri + (T — k3)eri] Az,
k T—k
(A - T (A (6.4)
1
ark Zm{(T_k(l))(/il — pi2) + (T = k3) (2 — 1)}, (6.5)
1
brk :m{(k(f—k)(u2 — ) + (T = k3) (2 — )}, (6.6)
1
CTk Zﬂ{(k’? — k) (2 — ) + (k3 — k) (us — pa)}- (6.7)

Note that ary, by, and cry are O(ﬂ/a) from the definitions of p; for i = 1, 2, and 3, respectively.

To investigate Ry (k), we observe, by the FCLT, that

kD
1 _
7 > Xy =0,(T71?), § Xy =0,(T7Y?), and § X; = 0,(T~?).
t=k+1 Tz k9+1 T k3+1

Thus, the first term on the right-hand side of Ry (k) in is O,(T~'2Vh/e) = O,(h/e).

To evaluate the second term, because A%, is O,(T~1/2) = O,(h'/?) uniformly in k < k9 by the
FCLT, we can observe that the second term on the right-hand side of is O,(h/€) uniformly in
k < KJ.

For the third term, we use Hajek-Rényi inequality given in Proposition 1 in Bai| (1994); for a given

a > 0, there exists some constant C; > 0 such that

k

>,

t=1

1 Ch
P su — >a| <—logT. 6.8
(k—l,P,T VE ) =a2 8 (6.8)

implies that sup,, f ‘Zt 1 Xt‘ =0, (v1ogT) and thus

b A = ( IZ ) 0, ((VioeT)") = o)

uniformly in k € [1,7] under Assumption

14



Because A%, = O,(T~1/2), the fourth term on the right-hand side of (6.4) becomes
7 (Aijl“k)Q = 0y(T7) = 0p(h/e)

uniformly in & € [1, k9.

Combining these results, we have
Rir(k) =0, (h/¢) uniformly in k < k}. (6.9)

Next, we investigate E[R;r(k)]. Note that the expectations of the first and second terms on the
right-hand side of ([6.4)) are zero, while those of the last two terms are O(T~1) by Lemma b). Then,

we observe that
E[Ri7(k)] = O(T") = O(h) = o(h/e) uniformly in k < kY. (6.10)
From and , we observe that
|Rir(k) — E[Ri(k)]| = Op(h/e) uniformly in k < &Y.

In the case where £ < k < kY, Ur(k/T) can be expressed as (see (A.9) in Bai (1997)),

K (k — K9 kY — k) (T — k9
() =210 gy BT R
1 T
+ fZXf—&-RzT(k% (6.11)
t=1
where
1 K k kS T
Ror(k) =7 | 2drs Yo Xi+2eme Y, Xe+2fri D, Xet+20m Y X
t=1 t=k{+1 t=k+1 t=k9+1
2 2
—7 [kYdry. + (k — kY )ers] Ary, — T (k3 = k) fre + (T — k3)gre] Az,
k Tk, .
— 7 (Ark)® = ——(A7)*, (6.12)

dri, =[(k — kD) /K] (11 — pa),
ere =(k7/k)(p2 — ),
fre =[(T — k) /(T = k)] (2 — p3),

gk =[(k3 — k) /(T — k)] (13 — p2),
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and we consider
Ur(k/T) — E[Ur(k/T)] — Z = |Ror (k) — E[Rar (K)]|-

In exactly the same manner as in the case of k < kY, we can show that (a) holds.

For k9 < k, as given by (A.11) in Bai| (1997),

Ur(k/T k?h Ll S Ll 12T:X2 Rar(k 6.13
T(k/T) = Trt T Pri + T QTk‘f'ft_l i + Rar(k), (6.13)
where
1 K9 kS
Rar(k) == [2hre Y Xe+2pr > Xi+ 2qrk Z X
t=1 t=k{+1 t=k9+1
2
~ (F0thrs + (4~ Ko+ (5= )ad ) A
T—k
- E g - TP g, (6.14)
1
Iy = [0k = k) (1 = o) + (k = k3) (2 — pis)),
1
DTk :%[k(l)(lw — p1) + (k= k3) (p2 — p3)];
1
qark ZE[’C?(M — p1) + k3 (ps — pa2)],
and we consider
T
Ur(k/T) = E[Ur(k/T)] Z = |Rar (k) — B[Rsr (k)]

The order of the preceding equality is obtained in the same manner.

(b) For k < kY, the left-hand side of Lemma (b) becomes, as given by (A.17) in [Baif (1997),

E[St(k)] — B[S (k)]

P - 2
- k/’%(l k_ K0 /T) (1= K/T) (1 — p2) + (1 — kS /T) (2 — p3)]
T (B[Rir (k)] — B[Rar(KY)]) - (6.15)

We first note that

(L= KY/T) (1 — p2) + (1 — k3/T)(p2 — p3) # 0,

16



which can be obtained in the same manner as (A.18) in Bail (1997). Therefore, there exists a C > 0

such that
bk 0 0 2
(1—Fk/T)(1—kY/T) (1= EY/T) (1 — p2) + (1 — k3/T) (p2 — p3)]
0_ 2 2
:u6&fﬂ9<ﬁﬁ[ﬂ—ﬁwrwg+u_gmrwﬂ
2
S (ﬂ> .

On the other hand, for the second term on the right-hand side of (6.15]), we observe by Lemma[2 that

TIBIRir () - ElR ()] < P

h
M:|k9—k|Mh=|k?—k|><o<€2).

Thus, we have

BISz(k)] - BISr()] > C (“ﬁ> b — K9] — K9 — kM
>C (@)2 |k — k2|/2.
For kY < k < k9, it can be shown that, as given by inequality below (A.20) in Bai (1997),
{570~ Blsr()] 20— k)5 [ —y? = T8 s =

+ T [E[Ror (k)] — E[Ror(K))]] -

Because
k(l) 2 (T_kg) 2 T{) 2 (1 _Tg) 2
i (12 — ) 7= ) (13 — p2) 0 (12 — ) i) (13 — p2)

as implied by (4.1)), and using Lemma [2| we have

27_0 70 —
B[Sr (1] = E[Sr(k) = (k — k) (\/ﬁ> e

+T [E[Ror (k)] — E[Ror (k)]

2
>(k —kY) (@) C — M|KY — k|h

> (k= k) (“f) c/2

17



for some M > 0 and C > 0.

For k > k9, S7(k) becomes, from (6.13)),

T
Sr(k) = Khgy, + (k3 — k)pgy + (k — k9) gy, + Z X7 + TRsr(k).

t=1

Similarly to the case k < k?, it can be shown that
vi\®
ESr(k) — ESp(kY) > (k — kY) <€> C
for some constant C.H

Lemma 4 Under Assumptions[Q[3[J and [ in which ¢ — 0 and h — 0, for every e, there exists an

M < oo such that

k€D ppe

P ( min  {Sp(k) — Sp(k?)} < 0) <e,
-2
where Dy pre = {k Ty <k <Tr01—n), [k—k|>M (ﬂ) }
Proof: The proof proceeds similarly to that of Lemma 4 of Bai| (1997). For k < k9,

St (k) — St (k)
=S (k) — E[Sp(k)] — (Sr(k)) — E[ST(K)]) + E[ST (k)] — E[ST(KY)]

>Sr(k) — B[St (k)] = (St (kY) — E[ST(k))]) + C|k — k]| (f) (6.16)

for some C' > 0, where the inequality holds by Lemma (b) Then, S7(k) — St(ky) < 0 implies that

c (ﬂ) < g I570) = ElSr ()] - (Sr(k9) - ElS:(K)].

By Lemma [2] we have, for some M < oo,

|S(k) — E[Sr(k)] = (Sr(k7) — E[ST(kY)])]

=|T(Rir(k) — E[Rir(k)]) — T(Ryr(k)) — E[Rip(K))])|
[k — k7|
T

<|T (R (k) — Rir (k)| + M

Therefore, it is sufficient to show that for every n > 0 and € > 0, there exists an M > 0 such that

P (77 (ﬁ> < s { ot TR () = Bl ()] + ]jvf}) <e

18



but, because M/T = O(h) = o ((\/5/5)2), we shall show that

P sup { |k—1k?| |T(Rar (k) — E[RlT(k)])|} > <\£E> <e

k€D e

For k < kY, note that by (6.4)),

T|Rir(k) — Rur(kY)|

i k3 T
=2ary Z X + 2(ka — ka?) Z X+ 2(CTk — ch‘f) Z X
t=k+1 t=k9+1 t=k3+1
= 2(kY — k)arw Afy, — 2(ky — kY) (bre ATy, — brwo ATyo)
—2(T — k3)(eru Aqy — CTk) A*Tkg)
+ (k(fA?Fk? - IcAsz> + ((T — KA, — (T - k)A;i) . (6.17)

Subsequently, we shall show that each term on the right-hand side of (6.17)) divided by kY — k is of
smaller order than (v/h/e)? uniformly.

As |ai| < @Cl for some C7 < oo uniformly, the first term on the right-hand side of (6.17) is
evaluated as, by Hajek-Rényi inequality,

K9 2

ary Vh

P X, —
hary - 5, >”< )

k<kg—M (2 t=k+1
o N 20
SP sup m Z Xt >n ( - ) Ol_l S 21M (618)
kgk‘l’fM(@)72 1 t—Ft1 n

for some C' < oo. By taking a large value of M, the right-hand side of (6.18)) becomes small.

For the second term on the right-hand side of (6.17), because T'— k9 < T — kY, we have

bk — bpgol
1 1
= T_k{(k?—k)(ﬂz—M1)+(T—kg)(uz—ﬂs)}—m(T—kg)(Mz—us)
KO — k k— k9 .
= m(uz—m)‘f'm@_kz)(ﬂz—%)
KO —k Vh| k) —k Vh
< _ A _ vy
S el R o C s
K —k| , Vh
S 27
T—k €

19



for some C5 > 0. Then, we have

k3

b — bryg 1 Vh
k) — k 2, X T tz Xe

t=k9+1
h
<Cx O, (5)

~())

For the third term on the right-hand side of (6.17)), we note that

ek — CTkt1>|

= ﬁ {(k) = k) (p2 — p1) + (K — k) (3 — p2) } — T%k(l’(kg — k9 (s — pi2)

K — k k) —k kY — kD
= ;_k(m—ul)‘*‘(;_k—;_k(E)(M?)—Mz)
KO — k Vh| K —k Vh
< — i _ 2
Slp= )| T p =g G %)
K —k| , Vh
< -
>~ Tk’0357

for some C3 > 0, where the first inequality holds because

(kS—k kg—k;?)_(T

) TR k) _ K-k
T—k T—k (T

T —&) =Tk

T—k)
T—k

o

as < 1. Then, it can be seen that

=

T T
CTk — CTk0 Cs Vh
_— Xi| K———— X
k) —k 2, X “T—Fk ¢ 2, X
t=k9+1 t=kJ+1

h
SC X Op (5)
2
Vh
|\ =
2
The fourth term on the right-hand side of (6.17) divided by (k9 — k) (@) is

3

-2
(K — k)~ <ﬂ> (K — k)ari Ay, = op(1),

because |arg| = O, (@) and A%, = O,(T71/2) = O,(h'/?).
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For the fifth term on the right-hand side of (6.17]), we observe that
(k3 — k) (bre ATy — brgo AZyo)
=(k3 — k9)[brk — brwo] Ay — (K5 — Kby (Ao — ATw]- (6.19)

The first term on the right-hand side of (6.19) divided by (k9 — k)(v/h/e)? becomes

) 9
VR K — K . _(Vh Vi
< ]:(1) — kl [bri — brro] ATy = = Op ?T 121 = 0,(e),

g

while the second term is given by

AR Y
( P kl brig[Awg — ATl
1

g
VR TR - 1
) () Wk T (R )l — A
—1
VRY K — K0T — k9 . x
-(F) HE T s i
Note that
BB K- i
Wk Tk%*AT’f]:m—Tko Z R g () Z .
= ko+1 t k+1
h
= Op(\/ﬁ) ~—Op ({) : (6:20)

Here, the first term on the last expression holds by FCLT, and the order of the second term is obtained
from (6.18). Hence, the fifth term on the right-hand side of divided by (k9 —k)(Vh/e)? is 0,(1).

The sixth term on the right-hand side of divided by (k9 — k)(v/h/e)? is treated similar to
the fifth term.

For the seventh term on the right-hand side of (6.17)), we note that kA%, = O,(1) uniformly on
D are because k is proportional to T on Dy ase. Thus, we have

2 -2
(K k)~ <f> W2 — ka2 | < (“ﬁ) (*/H> 0y(1) = 1:0,(1),

which can be small for all large values of T by choosing a large value of M.

Similarly, the eighth term on the right-hand side of (6.17)) can be evaluated as

Vh

—2
(K — k)" <> ’(T ko)(ATkO — (T — k)AZ, !

< MOP(l)

3
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on DT,MC .

As all the terms on the right-hand side of (6.17)) divided by (k? —k)(v/h/e)? converge in probability

to 0, we have

P sup {|k 1k0| |T(R1T(k) — E[RlT(k)])|} >n <\£E> < €.

k€D e

The case where k? < k is proved in the same manner and thus omitted.H

Proof of Proposition 1: The proof proceeds similarly to that of Corollary 1 in [Bai| (1997). For

some C' > 0, we have
Sr(k) = Sr(k?)

=57 (k) — E[Sr(K)] — [Sr(k}) — E[ST (k)] + E[S (k)] — E[ST(kY)]

(3o - mom) - (oo - o)
> — 2121]_1£)T{ St(j) — E[ST(5)] - (Z XP - ) |} — E[Sr (k)]
> —2131;5T{ Sr(j) — E[Sr(j)] — (ZXE )‘} ( ) |k — k1],

where the last inequality holds by Lemma ( As ST( ) — S7(kY) <0, the above inequality implies

—2 T
s (8) s - (- )}

Dividing both sides by T', we have, by Lemma a),

7 =] <2071 (f)zOp (};) =0,() .|

Proof of Proposition 2: As 7 is consistent with 7y by Proposition [I} we can observe that, for any

given value of € > 0, P(l% ¢ Dr) < e for all large T. Thus, we have, using Lemma

2 -2
P T|T—7‘1>M<\£E> < P(k¢ D)+ P l%eDT,fc—k>M<\f>

<e+P ( min {Sr(k) — Sp(k{)} < 0> <20

k€D e

Proof of Theorem 2: The proof proceeds similarly to Proposition 8 in Bai (1997). Given the
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convergence order of 7 obtained in Proposition [2, we focus on the O((v/h/e)~2) neighborhood of &Y.

More precisely, let M be an arbitrary large positive value and k be given by, for s € [-M, M],

—2
h
E=k+¢, es<vﬁ> .

€
Then, we can observe that k& = k§ + ¢ and
(=k—K
= argémin{ST(kgJ +0) — Sp(k)}. (6.21)
Thus, we investigate the asymptotic behavior of Sz (k9 + £) — S (k?).

First, we consider the case where k > k?. This implies £ > 0 and s > 0.

For ¢ > 0, define

K2 T
T T AL
H1 = Y, pH2 = Yt
k9 T — k(l’

Li=1 t=kO+1
1 kY4 1 T
t=1 t=k{+0+1

It is not difficult to show that

ﬂ{ —H1 = OP<T_1/2) = Op(hl/Q)a f1—py = Op(T_1/2> = Op(h1/2)a

1—79 _ PN .
2 (13 — pg) = Op(TY2) = 0,(hM?), jf — fis = Op(eh/?) for i = 1,2.

NZ_M2—q

We decompose the sums of the squared residuals into

K0 K040 T
Sr(ki +6) = Z(yt - )%+ Z (ye — 7)* + Z (e — f15)%, (6.22)
t=1 t=k{+1 t=k9+0+1
K k940 T
St(ky) = Z(?Jt — 1)+ Z (ye — f2)* + Z (ye — f2)*. (6.23)
t=1 t=k9+1 t=k{+E+1

The differences between the two first and third terms on the right-hand side of (6.22)) and (6.23])
are given by

0
kY k3

Dy =) =Y (v — in)* = k(45 — in)* = Op(T)(0p(eVh))* = Op(£%),

t=1 t=1
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and

T T
Yoo =)= Y, (i) == (T =k -0 —p3)°
t=kQ+0+1 t=kQ+L+1

=0y(T)(Op(eV'h))* = Op(€?).

Meanwhile, the difference between the two second terms on the right-hand side of (6.22]) and (6.23])

becomes
k940 k940 k940
o=t = D (= pe) =2 —p7) Y, Xe+L{(n2—p})’ — (2 — f12)°} -
t=k9+1 t=k9+1 t=k9+1
Note that
fiz — 7 = {(p2 — p1) + (1 — 3)} — (p2 — fi2)
ok 1—79
={(p2 —p1) + (1 — @)} + ﬁ(ﬂs — pi2) + Oy(h'/?)
1
= (2 — p1) + M(p2 — 1) + Op(h'/?)
=(14X\) (W) + Op(hl/Q),
and

(2 — 3)? = (p2 — f2)® ={(p2 — pa) — (&5 — ) }* — (2 — fi2)?
={(p2 — 1) — Op(h/?)}? — { X1 (12 — p1) + Oy (h/?)}?
=(p2 — p1)* + Op(h) — 2(2 — 111)Op(h*/?) = (A1 (p2 — 1)) — Op(h/e)

=(u2 = 1)*(1 = A1) + Op(h/e)

_ (“2 ‘:1)*/5> (1= 22)+ 0, (h/e).
Thus,
K942
2002 — 7)Y Xe+ €{(n2 = 7)* = (p2 — f12)*}
t=k{+1
k9+e 2
=2 {(1 + A1) (W) + op(hl/Q)} > X+t { (W) (1-22)+ op(h/g)}
t=k{+1
:>2(1 + )\1)((52 — (51)0’&(1)31(5) + 8((52 — (51)2(1 — )\%), (624)
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where Bj(+) is a standard Brownian motion on [0, 00). Then, we obtain

§= arg;(r)ﬁn {2(1 4 A\1)(02 — 81)oa(1)Bi(s) + s(d62 — 61)%(1 — A]) }

= ar%;(I)liIl {(1 + )\1){20’6L(1)B1(5(52 — 51)2) + 5(62 — 51)2(1 — )\)}}

= (62 — 61)*0”a(1)? arg min {20a(1)Bi(0?a(1)*u) + o*a(1)*u(l — A)}

u>0

= (69 — 61) " %c%a(1)? ar%:gin {o*a(1)*{2B: (u) + u(l — \)}}

L (65 — 61)20%a(1)? arg min {T'(u, A1)}, (6.25)
u>0

where the last equality in distribution is obtained by letting u = s(dy — d1)%02a(1) 2.

Then, we consider the case where k = k¥ — £ and ¢ = s(v/h/)? > 0. As in the case of k > k9, we

observe that

KO—¢ K9 T
St(k) =0 = (e~ i)+ D =i+ D (v~ i) (6.26)
t=1 t=k)—0+1 t=k9+1
EQ—2¢ K9 T
Se(R) = (=)’ + D (we—m)’+ Y (y— ) (6.27)
t=1 t=k{—0+1 t=k{+1

The difference between the two first and third terms on the right-hand side of (6.26) and (6.27)) is
shown to be 0,(1) in the same manner as in the case of k > kY, whereas the difference between the

two second terms converges in distribution to

Z (ye — ﬂ;)z - Z (ye — ﬂl)z
t=k—L+1 t=k—0+1
k9
=2(fnn — 13) Z Xe+0((05 — 11)* = (u — 1)?)
t=k9—0+1
= 2((52 — (51)(1 + )\1)0’@(1)32(8) + |S|(52 — (51)2(1 + )\1)27 (628)

where Bsy(+) is a standard Brownian motion on [0, 00) independent of By (-).Thus, we have

3 :arg;glin {2(62 — 61)(L 4+ A1)oa(1)Ba(s) + |s[(62 — 61)*(L + A]) }
:ar%ggin {2(62 — 61) (1 4+ A1)oa(1)Ba(—s) + |s|(d2 — 61)* (L + A) }
g(ég — 1) %0%a(1)? arg min {I'(u, A1)} . (6.29)

u<0

. 2 2
By definition, § = ¢ (4) =T (4) (1 — 7)) and thus we obtain the theorem.H
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-300 -200 -100 0 100 200

Figure 1: The long-span asymptotic distribution of Bai| (1997) for 7 = 0.33, 7§ = 0.67, u =0, 6, = 0,
5224, and<53:1
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Figure 2: The finite sample distribution from DGP [2.1)) for 7{ = 0.33, 79 = 0.67, T = 120 ,u = 0,
5120, 5224, and63:1
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Figure 3: The in-fill asymptotic distribution with ¢ fixed for 7 = 0.33, 79 = 0.67, . = 0, §; = 0,
5224, 5321, and € =1
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Figure 4: The in-fill asymptotic distribution with ¢ — oo for 70 = 0.33, 79 = 0.67, u = 0, 61 = 0,
52 24, 53 = 1, and6:h1/4
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Figure 5: The finite sample distribution from GDP (3.1) for 70 = 0.33, 7 = 0.67, u = 0, §; = 0,
0y =4,03=1,h=1/T =1/120 and € = h'/*
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